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Abstract

The present paper is a continuation of [2] where we deal with the
duality for a multiobjective fractional optimization problem. The basic
idea in [2] consists in attaching an intermediate multiobjective convex
optimization problem to the primal fractional problem, using an ap-
proach due to Dinkelbach ([5]), for which we construct then a dual
problem expressed in terms of the conjugates of the functions involved.
The weak, strong and converse duality statements for the intermediate
problems allow us to give dual characterizations for the efficient solu-
tions of the initial fractional problem.

The aim of this paper is to compare the intermediate dual problem
with other similar dual problems known from the literature. We com-
pletely establish the inclusion relations between the image sets of the
duals as well as between the sets of maximal elements of the image sets.

1 Introduction

In this paper we continue the study in [2] on duality assertions for multiob-
jective fractional optimization problems. In the mentioned paper, considering
a primal optimization problem having as objective function a vector function
with components that are quotients of a convex and a concave function, we at-
tach to it an intermediate multiobjective convex optimization problem by using
an approach due to Dinkelbach ([5]), which we denote by (P,) for 4 € R™. To
this last problem we construct a multiobjective dual (D,,) expressed in terms
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of the conjugates of the functions involved. For the intermediate primal and
dual problems we prove weak, strong and converse duality assertions which we
use then to give dual characterizations for the efficient solutions of the initial
fractional problem.

The aim we follow in this paper is to make a comparison of the dual (D)
with different dual problems to the parametrized multiobjective optimization
problem (P,) given in the past in literature. On the one hand we consider
two multiobjective problems constructed by using the approach described in
[3] and on the other hand the multiobjective dual due to Ohlendorf and Tam-
mer ([10]). The approach described by Bot and Wanka in [3] for constructing
multiobjective dual problems by using different scalar dual problems extends
the results of Jahn ([7]) for Lagrange duality. Here we consider the multiob-
jective duals based on some conjugate duality concepts like Fenchel duality
and Fenchel - Lagrange duality (for more on this see [13]). For the four dual
problems we completely establish inclusion relations between the image sets of
their feasible sets through their objective functions. Moreover, we prove that
the sets of maximal elements of these image sets are equal for all u € R’

Similar investigations on the existence of inclusion relations between the
image sets and, respectively, between the sets of maximal elements of the im-
age sets of different multiobjective duals have been done by two of the authors
in [3] and [4]. A general scheme containing the relations between the multiob-
jective duals of Jahn ([7]), Nakayama ([9]), Wolfe ([14]), Mond-Weir ([15]) and
a conjugate dual introduced by Wanka and Bot, in [12] is presented. Further-
more, conditions under which the dual problems are equivalent are given. In
the current paper we extend these investigations to fractional multiobjective
optimization problems.

The paper is structured as follows.

In Section 2 we introduce some preliminary notions and we formulate the
multiobjective fractional primal problem and the intermediate convex problem
(P,), € R™, which is equivalent to the original in some sense. Furthermore,
we introduce the dual (D,,) for (P,) and recall the weak, strong and converse
duality theorems given in [2].

In Section 3 we introduce the other multiobjective duals to (P,) and then
we give the relations of inclusion between the image sets of these problems.
The existence of strict inclusion relations is shown by some examples. Finally,
we prove that the sets of maximal elements of the image sets are equal for all
e R



2 Preliminaries

In this section we give some notations and preliminary results used later in the
paper. The first definition introduces the ordering relation induced on R¥ by
the ordering cone R .

Definition 2.1. For y,z € RF we denote y < zif z —y € RE = {u =
(ug,...,up)T € RF 1wy >0,i=1,...,k}.

The notions we introduce now come from convex analysis.

Definition 2.2. Let be A C R". The indicator function of the set A, x4 :

R"” — R, is defined by
0, if x € A,
XA =

400, otherwise.

Definition 2.3. Let f : R" — R be a given function. Then the conjugate
function of f, f* : R" — R, is defined by f*(p) = sup {p’x — f(z)}. Having a
rER”™

given subset A C R" we define the conjugate function of f with respect to A,
fi:R" = R, as being

fap) = (f +xa)*(p) = igg{p% — f(z)}.

The primal multiobjective fractional optimization problem considered here
is

(P) V- rxrg“l O(x)

A={aer: y@) = [n@. - a@)]) <0},

where A is assumed to be non-empty, Vo € R", ®(z) = [®1(x),- - ,@m(x)}T
T —_

,ﬁ((ig, ,}{ZE?)} , fi it R" - R = RU {+oo} are convex and proper

functions, (—h;) : R" — R are convex functions fulfilling h;(x) > 0, Vax € A,

t=1,...,m, gj : R" — R are real-valued convex functions, j =1,...,k, and
m

N ri(dom f;) # 0.
i=1

Note that A is convex, but nevertheless (P) is in general a non-convex
problem.

In order to point out the optimal solutions of the problem (P), let us

introduce the following definitions of efficiency and proper efficiency.
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Definition 2.4 (Efficiency for problem (P)). An element T € A is said to be
efficient (or minimal) for (P) if

{®(7) - RY}NO(A) = {0(7)},
or, equivalently, if there is no x € A such that
B(2) < 4()
and
O () # P(7).

Definition 2.5 (Proper efficiency for problem (P)). A point z € A is said to
be properly efficient for (P) if there exists A = (A1,..., A\p)? € int(R7) such
that

=1 =1

Let us notice that any properly efficient solution turns out to be an efficient
one, too.

In order to investigate the duality for (P) we considered in [2] the following
parametrized optimization problem by using an idea due to Dinkelbach ([5])

(P v-min &% (z),
where
o (x) fi(z) pa - o (z)
oWy =1 : |=| & |- 5
(I)S#)(w) fm() fin P ()

and = (g, ..., t)T € R™. Note that @E“) are proper and convex if p; >
0,2=1,...,m.

Efficiency and proper efficiency for (P,) are defined in an analogous manner
as done above for (P).

Kaul and Lyall ([8]) and Bector, Chandra and Singh ([1]) stated the con-
nections between the efficient elements of (P) and (F,).

Theorem 2.1 ([1], [8]). A point T € A is efficient for problem (P) if and only
if T is efficient for problem (Py), where ji = (fin, . .., flm) and ji; = ]{ZE?),

1,...,m.

7 =

Another efficiency notion used in [2] is the so-called properly efficiency in
the sense of Geoffrion.



Definition 2.6 (Proper efficiency in the sense of Geoffrion [6]). A point 7 € A
is said to be properly efficient in the sense of Geoffrion for (P) if it is efficient
and if there is some real number M > 0 such that for each ¢ = 1,...,m and
each x € A satisfying ®;(x) < ®;(z) there exists at least one j € {1,...,m}
such that ®;(z) < ®;(z) and

O,(z) — Py(x)

&y0)— &y

Proper efficiency in the sense of Geoffrion for problem (P,) is defined in an
analogous way, with ®® instead of ®.

Theorem 2.2 ([2]). Let be z € A and assume that fi; = % > 0,1 =
1,...,m. The point T is properly efficient in the sense of Geoffrion for problem
(P) if and only if T is properly efficient (in the sense of Definition 2.5) for

problem (Py), where i = (fi1, .., fim)" .

The multiobjective dual problem to (P,), 4 € R™, introduced in [2], based
on the duality concept developed by two of the authors in [12], is the following
one

_ p (k) A\t
(‘DM) v (u,v,rqr})ét}iél’)’u (u’ Vs )’
where

T
\If(“)(u,v,q,)\,t) = [\Ilg“)(u,v,q,)\,t), . ,\I/%)(u,v,q,/\,t)} )

N |
_(qiTg) <_m)\.z>\j(uj+vj>> +t,1=1,...,m,

j=1

the set of constraints is defined by

B“ = {(U,’U,q,)\,t) S AE 1ntRT, Z)\lql z O, Z)\ltl = 0}

i=1 =1

and the dual variables are u = (ug,...,upy),u; € R v = (v1,...,0n),0;
ER" ¢g=(q1,--,qm), ¢ ERFi=1,....m, A= (A,..., )" € IntR?, ¢
= (t1,...,tm)? € R™.

The efficient elements of (D,) are defined in an analogous manner as for
(P).



Definition 2.7 (Efficiency for problem (D,)). An element (u,v,q, \, ) € B,
is said to be efficient (or mazximal) for (D,,) if

{09(a,0,¢, A, 6) + R} N 0(B,) = {9 (a,0,q,A,1)}.
We were able to prove the following weak duality result.

Theorem 2.3 (Weak duality [2]). Let be p € R™. There is no (u,v,q,\,t) €
B, and x € A such that

T (w0, g, N, t) = W (),

and

\I}(/‘)(u’ v,4, >‘a t) 7& (I)(M) ($)

For the strong duality theorem and the optimality conditions we need
a constraint qualification. In order to formulate it let us consider the sets

L={je{l,..,k}:gjisaffine} and N = {1,...,k} \ L.

Constraint qualification (CQ)
There exists an element 2’ € () ri(dom f;) such that g;(z’) < 0, j € N, and

=1
gi(z') £0,j5 € L.

Theorem 2.4 (Strong duality [2]). Let p € R and (CQ) be fulfilled. If T
is a properly efficient element of (P,), then there exists an efficient solution
(@,v,q,\t) € B, of (D,) and strong duality holds, i.e.

W (z) = W (a,v,q,A,1).

Let us introduce now the following condition which will be helpful for the
converse duality theorem.

Definition 2.8. Let be € R} and A € int(R7). The condition (Cy ) is
fulfilled when from

inf ) _
;EA;& () > —o0

it follows that there exists z, € A such that

inf S 0W(2) =S AW ().
52,4; (@) ; (@)



Now the converse duality theorem for (P,) can be formulated.

Theorem 2.5 ([2]). Let be p € R given, (CQ) be fulfilled and assume that
(C,.0) holds for all X € int(R'}?).

(1) Let (@,v,q, A\, t) be an efficient solution of (D). Then

(a) WO(3,3,9,7,1) € cl(BH(A) + RT),
(b) there exists a properly efficient solution Tx € A of (P,) such that

ZA (@ (z5) — U (4, 9,q, X\, )] = 0.

(2) If, additionally, ®*)(A) is RT-closed (W (A)+R™ is closed), then there
exists a properly efficient solution © € A of (P,) such that

Z}\(D(H Z/\q)(u

and
W (z) = W (u,v,q, A, ).

By using the previous results, one can give dual characterizations for the
solutions of the fractional multiobjective optimization problem (P).

Theorem 2.6 ([2]). Let (CQ) be fulfilled and T € A be properly efficient in
the sense of Geoffrion for problem (P) with fi; := fl((ig >0,i=1,...,m.
Let be fi == (fi1, ... fim)". Then T is properly efficient for (Py), there exists
(@,v,q, A\ t) € By that is efficient for (Dy) and strong duality between (Py) and
(Dy) holds.

Theorem 2.7 ([2]). Let (CQ) be fulfilled and i € R such that the set ®*(A)
is R -closed. Moreover, assume that (Cpx) holds for all A € int(R7"). Let
(4,,q, \,t) be an efficient solution for (Dg). Then there exists T € A, a
properly efficient solution for (Pz), and strong duality between (Pg) and (Dy)
holds. If ®(z) = [ then T is properly efficient in the sense of Geoffrion for
(P).

3 Comparison with other dual problems

In this section we make a comparison between different dual problems to the
parametrized multiobjective optimization problem (P,) when ;1 € RY. Along
the problem (D)) introduced in the previous section we consider other two
multiobjective problems constructed by using the approach described in [3] as
well as the multiobjective dual due to Ohlendorf and Tammer ([10]).
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3.1 Formulation of the dual problems

Bot and Wanka developed in [3] an approach for constructing multiobjective
dual problems by using different scalar dual problems. They extended the re-
sults of Jahn ([7]) for Lagrange duality to different conjugate duality concepts
like Fenchel duality and the so-called Fenchel - Lagrange duality (for more
on this see [13]). We also take these two duals into consideration in order to
formulate two further multiobjective dual problems to (P,)

H v- max U (w0, N\ ),
(DF) (uv ) BE ( y)
where

\Ing)(uava)‘ayl) Y1
QI(F)(IUW v? )\7 y) = E = S bl
o) (u, v, A, Y Ym

35 _{(u,v,)\,y) A€ intRT,Z/\iyz’
i=1

m

< =D Nlfi(ui) + (=paha)*(vi)] — X4 <— Z Ai(u; + Uz‘)) }

=1

and
K V- max ED (u, 0,9, M\, y),
(DFL) (uvg ) B ( q y)
where
\IngL) (’LL, v,q, )\7 yl) Y1
U (0,0, q,\,y) = : =1 :/,
\Ing)(U,U,q, )‘7ym) Ym

BiL :{(u,v,q, Ay): A€intRT, g € RE,
D Ay <= N [f (w) + (—pihi) (vs)]
i=1 i=1

—(¢"9)* <— Z Ai(u; + vz)> }

The fourth multiobjective dual problem considered here is the so - called
Fenchel - type dual according to Ohlendorf and Tammer [10]
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(D5) v- max U9 (p,\y),

(pAy)eBY
where
\I’go) (P7 A, yl) U1
\Ijgfl))(pa Aaym) Ym

BS :{(p, Ay): AeintRY, pe R,
Z ANiYi = — <— Z )\iuihi) (—p) - (Z )\sz> (P)}
i=1 i=1 A =1 A

The weak and strong duality assertions for the presented problems have been
proved by Bot and Wanka in [3] and Ohlendorf and Tammer in [10], respec-
tively.

3.2 Inclusions between the image sets

For p1 = (p1, ..., im)” € R we denote the image sets of the feasible sets of the
four multiobjective duals through their objective functions by D, := W (B,,),
DJ(#L) = \I/(FL)(BfL), D%‘) = \II(F)(BS) and Dg’) = \II(O)(BI?). Next we study
the inclusion relations which exist between them.

We omit proving the theorem below as this result can be derived from
Proposition 5.2 in [3] and Proposition 2.1 in [4].

Theorem 3.1. It holds D, NR™ C D% C DWW vy e R™.

Example 5.2 in [3] and Example 2.1 in [4] show that the relations of inclu-
sion in Theorem 3.1 can be also strict.

Assuming the constraint qualification (C'Q) is fulfilled, Proposition 3.1 in
[4] offers a refinement of the relation above.

Theorem 3.2 (Proposition 3.1, [4]). Let (CQ) be fulfilled. Then it holds
DY — DWW vueRT.
This means that if (C'Q) is fulfilled, then we have for all u € R
D, NR™ C DY) = DWW,

In the next example we show that the first inclusion in the relation above
can be strict.



Example 3.1. Let n = 1,m = 2,k = 1, fi(x) = z, fo(z) = 0,z € R,
g(x) = —z,x € R, hy(x) = ho(x ) =1L,z € R, and p = (1,1). Thus the
feasible set A looks like A = {x € R : x > 0} and it is obvious that the
constraint qualification (CQ) is fulfilled.

The conjugate functions turn out to be

fi () = {0’ e

400, otherwise,

0 1 U2:07
f2*(u2):{ 7 / .

400, otherwise,
and, respectively, fori=1,2,
* ]-a Zf v; = 07
(—hi)*(vi) = .
400, otherwise.

For u = (1,0),v = (0,0),A = (1,1)T and d = (=2,—2)T we have that
Aidi + Aady = —4 and, on the other hand,

=M [f7 (ua) + (=ha)" ()] = Aol f5 (u2) + (—he)"(v2)]
—Xa (_ Z Ai(u; + Uz)) =—-2+4+ ggx = —2.

This means that (u,v, \,d) € ij, which is nothing else than d € D;-’f).

Let us show now that d ¢ D,,. If this were not true, then there would exist
an element (4,v,q, \,t) € B, such that

—fi(w) = (=h)*(v1) — (q19)" <—5§—1 il/_\j(ﬂj + 77;’)) +t

l\')
[\

J

=[5 (u2) = (—h2)*(02) — (229)" (— , X i(1 +17j)) +t

In order to happen this we must have u; = 1,4 = 0,0, = 0,75 = 0 and so

L —linf [(; - @) =] +4
—2 -1+ mf [(;\TQ — 72) .CE] + 2?2
This relation can be true just if ¢ = 3, G = % and t; = t = —1. As

2
Mti + Moty < 0, this leads to a contradiction to (a,

10



Next we study the existence of an inclusion between ng ) and D%‘), assum-

ing that the constraint qualification (C'Q) is fulfilled. To this end we formulate
and study the Fenchel dual to the following scalarized primal

inf @A)
(Bu) inf (),

where

V) =D N @) = 3 A (file) = i hulw)) 0 € R

and \; > 0,7 =1,.
The Fenchel dual to (P x) is (see, for example, [11])

(D) sup {—(24) () = Xa(-p)}

As we will see in the proof of the next lemma, the Fenchel dual to (P, ) turns
out to be

(Dl(t>\)) SuII)R {_Z)‘Z[fz*(ul)_'_(_,uzhz) z ( Z)\ U; + v; )}
S Lo

Lemma 3.1. Assume that (CQ) is fulfilled and inf(P, ) is finite. Then there
18
inf(P, ) = maX(Dl(f’F/\))7
and the dual problem (D;(f;\)) has an optimal solution.
Proof. The constraint qualification (C'Q)) being fulfilled, according to Theorem

31.1 in [11], it follows that between (P, ) and (D;(f;\)) strong duality holds,
namely

inf(P,,) = max(pgf}),

and (DLI?) has an optimal solution. Thus there exists p € R™ such that
inf(Pup) = —(@¥Y)*(p) — xa(-p).

On the other hand, as ﬂ (ri (dom f;)) # 0, the conjugate function of ®*A)

turns out to be Vp € R™ (cf Theorem 16.4 in [11])

(®#M)*(p) = min {Z (Nifi) () + Z T NED)
= min {Z i f(ug) + Z Ai(—pihi)*(v;) -

Ms

(ri +si) = p}

1

Ni(u; +v;) = p} )

EMS i

11



One can see that indeed

(DLFA)) Sub {_Z)‘i[fi*(ui)Jr(—Mihz) v;) ( g i Uz+vz>}
u;, v, ER™, i1
i=1...m

is the Fenchel dual of (P, ) and that strong duality holds. O
Theorem 3.3. Let (CQ) be fulfilled. Then it holds DX C D).

Proof. Let be d € Dg‘ ) with corresponding (A, p) € int R™ x R™. Then we get
the following relations

. i i=1 A

A

_ =T, N1 h. ; _ s . f.
= inf {p T Z&mhz(w)}wL;gg{ p w+;&ﬁ(l‘)}

The right-hand side is nothing else but the scalarization of the parameterized
primal problem (P,). According to Lemma 3.1 there exists an optimal solution

to (D( )) say (,0) = (Uty ..y U, U1y« -5 Om), Ui 0; € R" 4 =1,... m, such
that strong duality holds.Thus,

Z /_\zCL S maX(D(F))
=1

:—Z ZS\ —ih Z v, ( ZS\ uﬁ—v,).
This means that (,v, A, d) € Bf and so d € ¥¥(BF) = DY O

Assuming the constraint qualification (C'Q) is fulfilled, by Theorem 3.2 and
Theorem 3.3, we have for all u € R

Dy’ C Dy =Dy,

Below we introduce a further example which shows that, in general, one
can find an element ;1 € R such that the inclusion D, NR™ C Dg ) fails. This
implies that the inclusion in the relation above can indeed be strict.
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Example 3.2. Let n = 1,m = 2,k = 1, fi(zx) = 2 + 2, fo(z) = —z + 2,
hi(z) = ho(z) = 1,2 € R and p = (1,1)T. For

(&) = {(:c—1)2—1, ifr <1,

—1, otherwise,

the feasible set is defined as A = {x € R : g(x) < 0} = [0,+00). The constraint
qualification (C'Q) is again fulfilled. The conjugate functions become

i) = {‘2’ e

400, otherwise,

fi(uz) = {‘2’ el

400, otherwise,
and fori=1,2

1, Zf?)z = 0,

oo, otherwise.

Choosing u = (1,—1),v = (0,0),q = (1,1),A = (1, )T, t = (0,0)T, we get that
2 2
(u,v,q,\,t) € B, because A € nt R, Y Ng;=14+1=22>0 and Z Ait; = 0.

i=1 =1
Furthermore

2
1
(k) — * , ,
\Ili (uaUaQ7)\7t) =2-1- (19) <_§;(uz+v7,)> +0
= 1—1—;161]129(95) =0,i=1,2.
This means that the element d = (0,0)T € D, N R~

_ But d ¢ Dg‘), because in the opposite situation there would exist X =
(M, )T € intR? and p € R such that

2 2 *
i=1 i=1 A

= %ga[px] + A+ A+ ;22[(—]9 + A1 — Ag)z].

*

(
A

This can be the case just if p >0, —p+ A\ — Xa >0 and A\; + Xy = 0. As this
can never be the case, the assertion is proved.
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The last example of this section shows that, in general, one can find an
element p € R’ such that the inclusion Dg ) C D, NR™ also fails. This means
that, even if the constraint qualification (C'Q) is fulfilled, between the image
sets Dg ) and D,, NR™ there exists no relation of inclusion which holds for all
e R

Example 3.3. Let n = 2,;m = 2.k = 1, fi(z1,22) = o, fo(xy,29) =

0, (z1,79)" € R?, hy(x1,22) = ho(z1,79) = 1, (21, 722)7 € R?, and p = (1,1)7.

For g(x1, 1) = 22 —x9, (x1,79)T € R?, the feasible set looks like A = {(x1,z2)T

€ R?: 2?2 < x5} and it obvious that the constraint qualification (CQ) is fulfilled.
The conjugate functions turn out to be

fl*(ul) _ {07 qul = (07 1)T7

400, otherwise,

N T
fr(u?) = {O, if u* = (0,0)",

+00, otherwise,

and, respectively, fori=1,2,

=i 0=om

400, otherwise.

Forp=(-1,2), A= (1,1)T and d = (=2, —1)" we have that X\1d; +Aads =
—3 and, on the other hand,

—(=Athy = A2h2) 4 (=p) — (M fi + Xafo)u(p) =

. 1 . 1 1 1
inf |—z1+ -2 —2| + inf |21+ -29| =—2—-2—-=-3.

w%§x2 2 x%§x2 2 2 2

This means that (p, \,d) € Bl?, which is nothing else than d € Dg).

Let us show now that d ¢ D,,. If this were not true, then there would exist
an element (4,0,7,\,t) € B, u = (a',7°) € R? xR?, 7 = (7",9%) € R* x R?,
§=(q1,3) €RZ, A= (A, \)T € ntR2, ¢ = (t1,12)" € R?, such that

—fi@) = (=h1)*(@") = (qrg)” (—ﬁ >0 A (@ + W)) +h

J=1

—f3(t2) = (=h2)*(v*) — (G29)" (-ﬁ 223 (W + vj)) + 1

j=1

14



In order to happen this we must have u' = (0,1),u* = (0,0),v' = (0,0),v?
= (0,0) and, so,

—2 i (Il,ﬂciSfT‘eR?. [QIZE% + (% - QI) xQ} + 7?1

U\t e et (R - ) ] <0
This relation can be true just if g = %, G2 = ;‘Tlg, t1 = —1 and t, = 0. As
Mti + \aots < 0, this leads to a contradiction.

What we succeeded to prove is that, assuming that (CQ) holds, for all
p € R,

D, NR™ C D = D

and

DY c D) = DY,

In general, both inclusions in the relations above can be strict. Moreover,
between the image sets D(O“ ) and D,,NR™ there exists no relation of inclusion
which holds for all € R’

3.3 Inclusion between the efficiency sets

In this section we extend our study to the comparison of the sets of maximal
elements of the image sets we dealt with in the previous subsection. Having a
given subset D C R™, an element d € D is said to be maximal if there exists
no d € D such that d —d € R’ and d # d. The set of maximal elements of D
will be denoted by vmax(D).

In the following we assume that the constraint qualification (C'Q) is ful-
filled. Under this assumption we can derive the first theorem from Theorem
3.2 and, respectively, Theorem 5.4 in [3].

Theorem 3.4. [t holds
vmax(D,,) = vmax(DEp“)) = Vmax(D%LL)), Ve RY.

The sets of maximal elements are nothing else than the image sets of the
efficiency sets of the corresponding dual problems.

Now it remains to investigate if there are some connections between the
set of maximal elements of VmaX(Dg )) and the sets in the relation above. We
prove first the following theorem.
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Theorem 3.5. [t holds
vmaX(Dg)) - VmaX(Dgf)), Vi e RY.

Proof. Let be p € R fixed and d € VmaX(Dg)). This implies that d € Dg”

and, according to Theorem 3.3, we have d € D%).

Now assume that d ¢ VmaX(D%L)). This means that there exists (u, v, \, d)
€ Bl such that d € d — {R7\{0}}. Furthermore it holds

fj f:xcz

The supremum of a function over the whole space is always greater than or
equal to the supremum over a subset of this space. Thus it follows

. \od < — . \ i . i B
Z)\ldz< Z)\Zsup{u T — Z sgﬁ{le—l—ulhl(:c)}

Z)\ d; < — 21613 {Z Nlu] © — fz(x)]} - 21613 {Z S\I[fo—l-uzhz(x)]}
_ilelﬁ <—;>\i(ul +vl)> x
< — ileli)l {— ZZ:;)\Z[UZ T — thz(ﬂﬁ)]} — 21613 {; N[} © — fz(x)]}
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Choose now d € d + R?* such that

(o] (25, (£5)

As for p = Y N, (P, )\,CZ) € BO, it follows d € D(”). But d € d +
i=1

-

{R7\{0}} and this contradicts the maximality of d in D(O“ ), O

The next theorem shows that the reverse inclusion also holds.

Theorem 3.6. It holds
Vmax('D%“)) - VmaX(Dg)), Vi e RY.

Proof. Let be p € R fixed and d € VmaX(Dl(#)). As d e Djp”), there exists
U= (Ug, .oy Um), U= (V1 e; O, Uy, 03 € R™ i =1,...;m, and A € int RT?, such
that (u,v,\,d) € 5’5. Thus

= inf i(fi(x) — pihi(z)) < 400,
zeA P
because of Lemma 3.1. The supremum in the relation above must be finite

and, from the maximality of d in Dl(m“), one has the following equality

ijidiésup {—Z)\i[fi*(ul)jt( wihi)* (v;) ( Z uz—l—vz>}.



This means that
Z /_\z Z 5‘ fz Hi z( ))
i=1 i=1

On the other hand, the infimum above can be written, equivalently, in the
following way

12£ZXl(fz(x) — ih = rleann (Z)\ filx) = pihi(z)) + xa(z ))
: ([z S v ) o).

Using again the constraint qualification (C'Q), it follows by Theorem 16.4 in
[11] that there exists p € R™ such that
) (0) =

< [Z Aifi + XA
(Z /_\zfz + XA) (Z 7 :ul h + XA) (_ﬁ)

Z Ai(—pi)hi + xa
i=1

Z 5‘i<_ﬂi)hi + XA
i=1

i=1 i=1
This means that

Z Aid; = — (— Z )\i,Uihi) (=p) — (Z Azfz) (p),
i=1 i=1 A i=1 A
which is nothing else than (p, A, d) € BS. Therefore d € Dg‘ ),
Assuming that d ¢ VmaX(Dg )), there must exists d € Dg ) such that
d € d— {R7\{0}}. According to Theorem 3.3 we have that d € Dg‘) C D;i”)
and this contradicts the maximality of d in D;ff). In conclusion d must belong

to VmaX(D((J”)). O

We conclude the paper by giving the relation which exists under the stated
assumptions between the sets of maximal elements of the image sets of the
multiobjective dual problems treated, namely

vmax(D,,) = vmax(Dg)) = Vmax(Dl(m“)) = vmaX(DgﬁL)), Vi e RY.

In other words, the image sets of the efficiency sets of all multiobjective dual
problems (D,,), (D%), (D%;) and (DF) to the primal problem (P,) coincide
for all p € R
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