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Abstract. Looking for a new optimal location point for m given location points such that the
sum of the distances between the new location point and the given location points becomes
minimal is called 1-location median problem. If even n new location points are searched then
it arises the n-location median problem.

In this work this n-location median problem with restrictions is investigated. Powers of several
gauges are chosen as distance functions. The considerations happen in Hausdorff locally convex
topological real vector spaces.

This generalized location problem can also be interpreted as a control-approximation problem
with m state variables and n control variables.

After the formulation of the primal location or control-approximation problem some considera-
tions to the gauges are performed.

Then a dual problem is given. As a relation between the primal and the dual problem a weak
duality assertion follows. With the help of the duality theory of Fenchel and Rockafellar a
strong duality assertion can also be derived.

Keywords: location problem, control-approzimation problem, gauge, duality
AMS subject classification: Primary 49N15, 90B85, secondary 41A65, 90C25.

1. Introduction

In this paper convex programming problems of the type of the so-called control-approx-
imation problems with respect to Hausdorff locally convex topological real vector spaces
and with several control and state variables are considered. = So m state variables
ai,...,ay, and n control variables z,, ..., z, should be considered.

As typical for control-approximation problems there are measured the distances
between the control and the state variables. Location problems can be considered as
special cases of such problems (cf. [5]). Here additionally distances between the control
variables themselves are included into the objective function which represents in general
a function of these distances and has to be minimized. In location theory corresponding
problems are refered to multifacility location. There are also problems which contain
the optimization concerning the largest distance, e.g. the obnoxious facility problems
(ct.[1]). ‘

The starting point of this paper is to formulate a general control-approximation
problem and multifacility location problem (in a specialized version) respectively by
means of gauges instead of norms for measuring the distances as this done for classical
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location and control-approximation problems in normed spaces. And because the topic
is duality there is derived a dual optimization problem as well as weak and strong
duality assertions are started. Further it is remarked that this strong duality relation
can be used to establish optimality conditions for the control-approximation problem or
muttifacility location problem (in a specialized version). Before the beginning of these
investigations it is recalled the formulation of the classical multifacility problem and it
is also given a vectorial formulation.

At that for the further handling two kinds of location problems follow. Let be given
m location points a;,¢ = 1,...,m, in a suitable space X. Then n new location points
2 € X,j=1,...,n, should be established, such that

(1) the sum of the distances between the given and the new location points and
between the new location points among themselves is minimized, or

(2) the distances between the given and the new location points and between the
new location points among themselves are minimized simultaneously.

So the given variables a;,7 = 1,...,m, should be approximated by the new variables
x5 € X,j=1,...,n. The problem (1) is called the n-location median problem, in the
literature it is also often named the multifacility problem. The problem (2) is the
multifacility problem as a multiobjective problem for m given location points and n
new location points.

If the considered variables are elements of a Banach space B or generally of a normed
space and the distance functions are weighted norms, then problem ( 1) runs as follows:

m n n—-1 n _
~ Aillzs —ad + 30 3 Ryller -
LT 3 RV EEPIES 3P op NERSY

m n n—-1 n _
=33 nlay —all+ 30 Y Ayl - a5
i=1 j=1 =1 j=l+1

with A\j; > 0;¢=1,...,m,j5 =1,...,n; and :\1]- >0;1< 1< j<mn In[3]and [5]
problem (1.1) is investigated under special assumptions with respect to the considered
spaces, e.g. for a finite dimensional space.

With weighted norms as distance functions problem (2) runs as follows in the Banach
space or normed space B:
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with Aj; > 0;4i=1,...,m,57=1,...,n; and ;\lj >0;1<1l<j5<n. Here v-min is
a symbolic notation meaning to observe a vector minimum problem. In [12] problem
(1.2) is investigated for A\j; =1;i=1,...,m,j=1,...,n; and ;\zj =1;1<l<j<n.

Now in this work merely the scalar location problem (n-location median problem) is
investigated and for this the location problem (1.1) for the establishing of n new location
points which can also be interpreted as control-approximation problems is generalized.

The variables z;,7 = 1,...,n; a;,¢ = 1,...,m, are elements of different HausdorfT
locally convex topological real vector spaces. Because of the inducing of the locally
convex topology by seminorms in such spaces there are seminorms in any case, and
they do not have to be norms. But the distance functions should be more general than
norms or seminorms. Here different gauges which can be seminorms in a special case are
to be chosen and as distance functions powers of these non-negatively weighted gauges
are used. At the same time the exponents of the powers shall not be smaller than one. To
attach to each different pair of variables a distance the variables of the pair are mapped
by appropriate control operators in a common space. Some distances between the
location points are perturbed by a linear and continuous functional. Additionally a set
of restrictions is presented. From it the admissible location points are elected. The set
contains cone and subset restrictions and its elements must fulfil operator inequalitics.

This location problem or control-approximation problem is exactly formulated in
section 2. Remarks to gauges are performed in section 3. A dual problem to the
primal problem of section 2 is formulated in section 4. Section 5 contains weak and
strong duality theorems for the dual problem. Section 6 finishes with summary and
conclusions.

Duality statements for special cases of the considered generalized location problem or
control-approximation problem are treated in [6]. At that norms are elected as distance
functions and the spaces are normed spaces. Duality for generalized location problems
in reflexive Banach spaces with norms as distance functions and with restrictions is
considered in [8]. Duality statements for location problems in reflexive Banach spaces
with restrictions and with gauges as distance functions are investigated in [7], but there
the location problems are multiobjective location problems. And in [8] and [7] all
investigations happen without considerations of the distances between new location
points among themselves.
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At the end of the introduction a few remarks are made about symbols, notations
and definitions. The set of the real numbers is abbreviated by IR; the extended set of
real numbers is R, R = RU {+0co} U {—00}. If Pis a linear and continuous operator
mapping the space G into the space H, then it is denoted by P € L (G — H). The space
H’ is the algebraic dual space to H, the space of the linear functionals on the space H and
the space H* is the topological dual space to H, the space of the linear and continuous
functionals on the space H; it holds H* C H’'. A cone K in a real vector space H is a
subset from H, K C H, with the property fk € K Vk € K and V(3 € R,. For any
convex cone K a partial ordering is defined by x < y: <= z5y:<= (y — z) € K. The
dual cone K* to a cone K is defined by K* := {h* € H*| (h*,h) > 0 Vhe K C H}.
A subset N of a real vector space H is called absorbent if, for each h € H, there exists
an « such that [0,a]-h € N. If for a subset N of a real vector space H it is valid
AN C N VX e R with |A] <1 then the set N is named circled. Let be r a number
with 7 € (0,1} then a subset N of a real vector space H is said to be an r-convex set if
it satisfies AN + uN C N VA, u > 0 such that A" + u" = 1.

2. The control-approximation problem

It is given a certain number of different Hausdorff locally convex topological real vector
spaces Vi, 7 = 1,...,n; X5, =1,..n; Yy,0e = 1,...,m, and Z;;,1 = 1,...,m,j =
1...n. In each space Y; an element a; which can also be interpreted as a location
point or as a state variable is considered. In each space X; an element z; which can
also be interpreted as a location point or as a control variable is searched. Each pair
(ai,x;),i=1,...,m,j=1...n, and each pair (z;,z;),1 <l < j < n is associated with
a distance by means of a belonging distance function. Then it is looked for the infimum
of the objective function which consists of different distances among certain restrictions.
The control-approximation problem or multifacility location in the case of all occuring
control operators S;;,¢ =1,...,m,j=1,...,n,and Tj;,1 <1 < j < n, turn out to be
the identity mapping is given by:

S(z,a) — inf P
(117 a) (z,al,IJ)eM ( )

with

n

(N * g (Sjamg — @)™ + (U™, 25)) +

S(z,a) :Z .

i=1j
1

ST g (T — 25)]™.

The set M is defined through
a; e Wi,i=1,...,m; ijZX.O,ijZV‘O,j =
J 7
M = (117,(L,U) € (X, Y, V) 1, . .,n;A,-jai + Bij.'I?j + C,'j’Uj + fij Ki_O,
ij

t=1,...,m,3=1,...,n
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At that it holds:

- z=(z1,...,2n)T,a = (@1, s am) v = (v1,...,0,)T;
- (va)v):(Xl)'"’X'n;Yl"-'7Ym;Vl’-"7Vn);
- 7ij is a gauge in the space Y;,i=1,...,m,j=1,...,n, and Yi; is a gauge in the

space X;,1 <l < j<m;

- /\ij20,i=1,...,m,j:1,...,n;/~\lj20,1§l<j§n;

- aijZl,i:1,...,m,j:1,...,n;5qj21,1§i<j§n;

- SjieL(Xj—éYg),i:1,...,m,j=1,...,n;T1]-€L(X,—>Xj),1§l<j§n;

- lLj*e X" i=1,...,m,j=1,...,n, and () X xX;5oR,j=1,...,n,is a
bilinear form, the duality pairing between X7 and Xj;

- W;CYisconvex,i=1,...,m; Kx; CXj,Ky, CV;,j= L,...,n; Kz, C Z;,i=

I,...,m,j=1,...,n are closed and convex cones;

- Aij € L(Y', "‘*Zij),Bij € L(X] - Zij),Cij € L(V} —)Zij), f,’j S Zij, 1=1,...,
m,j=1,...,n.

3. Gauges

The distance functions ;5,1 =1,...,m,j=1,...,n, and Y5, 1 <1 <3< n,in (P) are
different gauges. Now a few remarks to the introduction of gauges with using assertions
from [4] follow.

Let be H a real vector space and G a nonempty subset of H, G C H. The functional:
Ye: H — R4 with

(h) = 00 for {A>0heAG}=0,
T = inf {A > 0jh € AG) else

is called Minkowski functional of the set G..
Now it is defined Gg := [0,1]- G (It holds G = G if G is circled or G is r-convex,
r € (0,1) with 0 € G.) and G is assumed as absorbent. Then the functional

Yg(h) =inf {A>0]lhe€ AGEg} _ (3.1)

is well-defined, that means dom(yg) = H and 4¢ is continuous .
Henceforth the subset G is specified. The set G is absorbent and r-convex, r € (0,1],
1.e. G = Gg. Then according to definition (3.1) it holds for ~¢:

7v¢(h) > 0 VheH, (3.2)

gle (0) = 0 (3'3)

myg(h) = ye(ph) Vpe Ry, Vhe H, (3.4)

[’)’G (hl + hz)]r S [’)’G (hl)]r + [’)’G (hz)]r Vhl, h2 € H, T (0, 1] (35)

Here v¢ is said to be a r-gauge. If additionally the property
Yo (uh) =|ul ¢ (h) Vhe RVhe H

is fulfilled, that happens if the set G is extra circled, i.e. the set is on the whole
absorbent absolutely r-convex, then the r-gauge is named r-seminorm. Finally the r~
seminorm becomes with

YG (h) =0=h=0
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an r-norm. For r = 1 gauge, seminorm and norm are simply used instead of 1-gauge, 1-
seminorm and l-norm. An example for a proper gauge g that is a gauge which is not a

norm and not a seminorm is given with the set G := {(w, N eR?|ze[-1,2] ,y€ IR}.
The gauge v¢ in H = R? is then defined with (3.1) by the help of G.

Here gauges, that means functionals with the properties (3.1) - (3.5) with r =1 in
(3.5), are only considered until to the end of this work. For the set G it holds then:

{he Hlvg(h) <1} CGC{heH|ys(h)<1}. (3.6)
If the set G is even closed then (3.6) becomes
G={he Hlyg(h) <1},

Now the dual gauge yg* to the gauge ¢ in the algebraic dual space H' is introduced
by means of the polar G° of the set G. With the bilinear form (-,-) : H' x H — R the
definition of G° is:

G° = {h* € H sup(h*,h)gl}.

heG

And the dual gauge is:

ve* (R*) := sup (h*,h). (3.7)
heG

It holds the generalized Cauchy-Schwarz inequality in the following manner for gauges:
(h*,h) <~vg(h) ve* (h*) Yhe H,Vh* € H'. (3.8)
So the gauges y¢ and yg* which are dual to each other can also be given by:

ve (h) = sup (h*,h),
h'EGO

ve* (h*) =inf {A > 0|h* € AG°}.

The different gauges v;; in the space Y;, i =1,...,m,j=1,...,n, in the problem
(P) are formed through the election of different absorbent and convex sets G;; C Y,
i=1,...,m,j=1,...,n, so that (3.1) - (3.5) with r = 1 are fulfilled. The belonging
dual gauges v;;*, i = 1,...,m,j = 1,...,n, are built with definition (3.7). It is handled
in an analogous way for the introduction of the gauges 7;; in the space X;, 1 <l <3 <
n, and its corresponding dual gauges ¥;;.
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4. The dual problem

Similar to the investigations in [8] and following the Fenchel-Rockafellar approach of
duality by means of the perturbation of the given optimization problem a dual control-

approximation or location problem can be associated to (P). Thereby the derivation in
[8] must be changed in the following way.
A perturbation function @ is introduced by

®(z,a,v,p,q) :=

m n

DO (M by (Sjimj — ai + pig)]|™ + (Aiai + Bijzj + Cijoj +
i=1 j=1 fij Kz, %id> t=1...,m,
Li* z; J=1...,n;
(1,_7 _7))+ for \ a,EWi,i—la y 15
4 n—-1 n B Zj K%(. O’vj K% 0’
- . - T . J
Ay g (Tijm — o5 + )| LJ=1...,n
I=1 j=i+1
\ 00 else
and N(p, q) = inf d (:L', a,v,p, q)

(z,a,v)E(X,Y,V)
Here it is p = (p11, P12, P13, - -, Pmns P12, D185 - - - Pr—1,n) » 4 = (Q11, G125 - - - » Q) ; Pij €
Yi,@;€Zi,i=1,....m,j=1,...,n; Py € X;, 1 <1l <j<n. Itis abbreviated
by (p, q) € ([Yn,f(} ,Z). Then it holds
N (0,0) = (z,alyg)feMS(:c,a) = inf (P).
It remains to determine

sup (P*) = sup [-®* (0,0,0,p%,q%)].
(r*.q")e([Yr.X"],2")

Here the conjugate function to @ : (z,a,v,p,q) € (X, Y,V, [Yn, X] ,Z) — ® (z,a,v,
p,a) € R is denoted by &* : (z°,a*,v*,p*,¢*) € (X*,Y*,V*, [Y;,X*} ,Z*) —
®* (z*,a*,v*,p*,q*) € R and defined by

3

®* (z*,a",v",p*, ¢*) := sup ) (™, 25) + (5", v5)) +
(w,a,v,p,q) € (X)via[YYIyX]vZ) ]:1
m m n
D@t a) + 30> (i pig) + (ais ai)) +
im1 i=1 j=1

n—1 n '
Z Z <ﬁlj*’p’j> - (D(x,a,'u,p, Q)
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At that (X*,Y*, V=, [Y,{‘,X'*] ,Z*) is a collection of topological dual spaces to the

collection of topological spac

es (X, Y,V, [Yn,f(] ,Z).

Then the result of the calculation of the above supremum (cf. [8] for analogous calcu-
lations with norms as distances) is the dual problem

R(p*,q¢") — sup (P*)
(p*.q*) € M~
with
m n o
R at) =20 > (1= a) b (i)™ +
=1 j3=1
a;;>1
n-1 n _511‘ -
Z (1 — duy) [:Y;j* (ﬁlj*)} -
I=1 j=I+1
ari>1
m n
Z su <Z Qg4 szzj +Az] qij )> i>_
— a.GW; -__
=1 j=1
m n
Z Z qa] 7f1]
i=1 j=1
and
( 7" (pi") < 1for a;; = l,i=1,....m,j=1,...,n;)
Y (b)) < 1foray; =1,1<1<j<n;
G s 0,i=1,...,m j=1,...,n;
i
m
Cii* L0,0=1,...,n;
(I)* q*) c Z ij qU yJ
M* = — .
(15517 | S a1
> (Bif" @i — g Ay Sji* pig* — li™) +
=1
j—1 n
Y= ~ 3 * ~ x <
Z Qi \ij i — Z ajt At Tyt pyi Kx,* 0,
1=1 I=j+1
\ ]: 17 ’n 7
At that it holds: T
- (p*aq*) = (Pll*»Plz*,PIB*,---7Pmn*,1~’12*,1513*,~-~»I3ni1,mfI1l*7(I12*,---,an*) 3
- pij* eY;", (Iij* EZ,'j*,i:1,...,m,j:1,...,n; ﬁlj* EXJ'*, 1<l<j<n;so iti_S
valid: ([Y,:,X*] ,Z*) - (Yl*,...,YI*, YL Y Y Y, X
n(;:nes nt;:nes nt;r:es
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X3 X X Xy X X X X ,Zu*,Zlg ooy Lin'y Zo ",
222", 2" 2 2 Zmn*) with Y;*, X;*, Z;;* are topological
dual spaces to Y}, X;,Z;;,i=1,...,m,j=1,...,n;

- 74 is the dual gauge to v;; in the space ¥;*,i=1,...,m,j=1,. , and ;"
is the dual gauge to 4;; in the space X;*,1 <! < 7 < n; at that the dual gauges
vij* and 7,;* are defined by (3.7) depending on the deﬁmtlon of vi; and y;;

- 83" € L(Y;™ — X;%) is the adjoint operator to Sj;, i =1,...,m, j=1,...,n, and
Ty" € L(X;" — X;7) is the adjoint operator to Ty, 1 <! < j < n;

- Kx,;” C X;" is the dual cone to Ky, , Ky,* C V;* is the dual cone to Ky,j=1,...,

n and Kz, C Z;;” is the dual cone to Kz,,,i=1,...,m,j= 1,...,n;
- Ay €eL(Zij* = Y"), By € L(Z,] — X ), C’,J* € L(Zij* — V;*) are the adjoint
operators to A;;, B;;,Cij, t=1,...,m, j=1,.

The other occuring symbols were explalned after the definition of M.

5. Duality assertions
Here a first duality assertion, the so-called weak duality, for the problems (P) and (P*)
is given with the following theorem:
Theorem 1. For the objective functions S, R and the restriction sets M, M* from
the problems (P), (P*) which are described in section 2 and 4 it holds:
S(z,a) 2 R(p*,q") V (z,a,v) € Mand ¥V (p*,q") € M*. (5.1)

Proof of Theorem 1. Let be given (z,a,v) € M and (p*,q*) € M*. Because of
the statement of problem (P) it is valid:

S(@0) =3 3 O™ b (Sizs — @] + (", 20) +
= (5.2)
S 3 by Ty - ).
=1 j=I+1

For a,b € R, the Young inequality is fulfilled:

Pobe 1 1
ab< L + X with =4 - =1,
D q D q

If a;; > 1 then it is appointed p := a5, a := Ai; 145 (Sjizj — a;) and b := v;;* (pij*) ,i =
L,...,m, j=1,...,n, and it results with inequality (3.8)

* _ﬁJ_— l i
aij Mij (pij" Sty — ai) + (1 — agg) [vi" (pi")]59 T < A7 [y (Sjazy — i)™
1= 1,...,m,] =1,...,n
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If ;; = 1 then it is originated directly from inequality (3.8). And on the ground of
(p*,q*) € M* it holds v;;* (pi;*) < 1 such that the following inequality results

)‘ij (pij*,Sjimj — a,-) S : )‘ij ’Yij (Sj,-:z:j — ai) s 7= 1, N ([ ] = 1, NN (B (54)

For the gauge vi; and its dual gauge 7, ,1 < | < j < n there are analogous inequalities
as (5.3) and (5.4). They can be produced also by using the Young inequality and
inequality (3.8).

If all these new gauge inequalities as e.g. (5.3) are applied to inequality (5.2) then
it is valid:

[ ¥ ¥

S (x,a) 2y Y (1—ay) [ (pif)])™ 7 +

i=1 j=1

a,‘]‘>1

m n
YD (e (pif®, Sjiws — i) + (5", 25)) +
i=1j=1
ol n (5.5)
>N @y (B Tym — z5) +

=1 j=l+1
n-1 n LI
- - . «\]35 -1

> >0 (=) [t ()]
1=1 j=I+1 '

G;>1

In addition to this the assumptions (z,a,v) € M and (p*,6*) € M* also induce the
inequalities

(‘h’j* ,Ai]‘ai + B,’jil)j + C,'j’l)j +f,'j) >0; 1=1,...,m,3=1,...,n. (56)
By means of some technical calculations the following identity can be pointed out:

n

3—-1 n
~ X o~ % ~ 3 * ~
E Qi \ij by — E ajt A T Pji %5 =
j=1 1=1 1=j+1

n-1 n

~ N ~ %
oy Al <sz ,x; — T .
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The inequalities (5.5), (5.6) and this identity imply

m n .
l!
S(x,a) 2D Y (1 —aij) by (i)™ 7 -
i=1 j=1
a.j>1 :
m n
> <Z Aij" qi* + i Nijpis”, ai> -
i=1 \j=1
m n
ZZ Qz] 7f1_] ZZ ij Q1,] ,’U] +
i=1 j=1 i=1 j=1

(5.7)

m n
Z (@ijAijSiipij* + lij* — Bij*qi;*) + Z i Ty by —
i=1 l=14j

-1
Z az])\“p,],x]> +
=1
SRy B

n—1

~ o x [~ % apj — 1
Z Z = Guj) [“Ytj (p,j )] :
=1 j=I+1
Gyj>1

Finally it holds

m
<Z Cij" (Iij*,vj> <0, j=1,.

S
N

i=1

k)

i=1
m ij—-1 _

<Z (Bij" qi" — i Aij Sji* pig™ — Lig*) + D> éuj Ay By —
i=1 I=1

n
Z d]l/\]lTJl*ﬁ]l*7zJ> S O, ]: 1,___,n,
I=7+1

because of (z,a,v) € M and (p*,¢*) € M*. So inequality (5.7) becomes

117 Cl >ZZ — gy [71] (pz] )]'_J._L—+

i=1 j5=1

a;; >1
n—-1 n Gy;

~ - - ap; — 1

> > (1-ay) [’YU* (p,j )] -
=1 j=I+1

ap;>1

m n
> sup > (euj A pift + Aift ai”), @i ) -
i=1 “EWi \;5)

m n

> @i fi) =R, q%).

i=1 j=1

The proof of Theorem 1 is completed. B
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The next theorem makes a strong duality assertion.

Theorem 2. Let be oo > inf S(z,a) = inf (P) > —oo and there exists an
(z,a,v)EM

admissible element (Z,a,v) € M with
Aijai + Bij.’l_ij +Cij ﬁj + fij € int (*KZ.-]-) ,i = 1,...,m,j = 1,...,71,. (58)

Then there is a solution (ﬁ* 0 ) € M* of the dual problem (P*) with the strong duality
assertion

inf S(z,a)= max R(p*,¢*)=R(p*,q* 5.9
(z,a,v)EM ( ) (p*,q*)EM* (p Q) (P q ) ( )

Remark 1. Condition (5.8) is a regularity condition and it is also said to be a
Slater condition.

Proof of Theorem 2. According to the assumption inf(P) is finite and it holds

m n
inf  S(z,a)= inf Yi s — ag)]™ (L x)) +
(z.0,0)EM (,0) (z,0,0)EM ;; s (Ssims ) (s 25))

Z > Ay Ty —2,)| | = i (P).

1=1 j=I+1

If the problem (P) is stable then there is a solution (p*,q¢*) € M* of (P*) according
to the Fenchel-Rockafellar duality theory with (cf. [2]):

inf S(z,a) = max R(p*,q*) = R(p*,q*).
(a.v)EM (&) (p*.q")EM* (P".q°) (»*.q")

Indeed on the ground of the Slater condition (5.8) the stability of (P) can be proved.
Here the fulfilment of two criteria for the stability of (P) must be shown:
1. oco> inf S(x,a)> —o0,
(z,a,v)EM

2. the subdifferential of the function N in point (p, ¢) = (0,0) is non-empty, N (0, 0)

# 0; the function N is here the infimum function of the perturbation function

® from section 4, N (p,q) = inf d(z,a,v,p,q).

pa)= o o, 2 P, q)
The first condition is an assumption of the theorem 2. The second condition is

a conclusion that function N is convex and continuous in (p,q) = (0,0). It is easy
to show the convexity of N because it is built by convex functions, restrictions and
perturbations. The continuity of N in (p,q) = (0,0) is implied by the Slater condition



Duality for optimal Control-Approximation Problems 13

(5.8). So the problem (P) is stable and a solution (p*,q*) € M* exists with:

m n
amens (w,0) = o ne D> O™l (Sjims — an)]™ + (L% 25)) +

i=1 j=1
n-1 n o _
Do > A (T — )]
I=1 j=l+1
aiz'
_ZZ am) Yij" (th )] B o
i=1 j=1
@ij>1 (5.10)
n-1 n &y
-~ ~ % O . aps — 1
> > (1-ay) [%]— (p,j)] -
=1 j=Il+1
d(j>1
n
Z s <Z (eij Aij pis* + Aif” 45%) ai>—
i=1 1=1
m

Z Z (4", fis) =R (P* ,q").

The proof of Theorem 2 is completed. il
Remark 2. If even the infimum value is assumed in problem (P) that means there

is an element (£ ,d ,9 ) € M with

inf S(z,a)= min S(zr,a)=8(£,4
(z,av)eM ( ) (z,av)eM ( ) ( )

then with the Slater condition (5.8) the strong duality assertion is also fulfilled. So
there is an element (p* ,q* ) € M* with

S(€,a)= min_ S(z,a)= max R(p*,q¢*)=R(p*, ¢ ). 5.11
( ) ($,G,1))EM ( ) (pt,q-)eM. (p q ) (p q ) ( )

Then with the Young inequality and inequality (3.8) the following optimality conditions
can be derived from (5.11) in a similar way as in [11]:

m
(1) <Z Cz]*QU*)’U3>:OaJ:1’an7

i=1
(ii) <q3j*, A,-ja°,- + Bijil,';' + Cij’l}; + f,'j> =0,2=1,..., m,j=1,...,n;
(pif, Sjia — ai) = Ay ™! [%‘j (Sjiz§ —ai)]™,

a; > 1: o , > \jasi—1
N 71] (pz] ) /\ija'] [71] ( ]1-T] a; )]a 7 ,
. <p,J ,SjiTg — ai> Yij (Sjizy — ay ),
aij =1:

'YzJ (pu)*“la
1=1,....,m, j=1,...,n;
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-0 o) o Yapi—1~ o 0 ) 4
<P:j ,Tija — > = N7 By (Tya —25)]°7,
~ o f ~° Tapi—1 -~ o o ey —1
Vi (Pu' ) =Xy [y (Tya —25)]77 7,
<15:j*, Tz, — = > =4 (Ti;L1 — 25 ),

:Ylj* (ﬁzj*) =1,
1 <1l <y < n

m o . j—1 o~
(iv) qz (Bij" 4if" — iz Mij Sig™pig* — Lig™) + 3 @My~
i=1 =1
, L > =0,j=1,...,n

(v) sup <Z (ijAijpis* + Aji* i) » @ > =

a; €EW;

(lll) dlj >1:
(31[]' =1:
n

~ 3 * ~0 4
DRTIR VTV AT OF
I=j+1

<Z(a1.’1)‘1jp13 +A_11q:_7) O>,i:1,...,m.

i=1

(5.12)

These necessary optimality conditions can be interpreted as a mixture and generaliza-
tion of the classical Kolmogorov conditions in best approximation theory and of the
maximum principles in optimal control theory (special version) and finally of the com-
plementary slackness conditions in linear programming.

6. Conclusions and summary

Outgoing from results by former and recent researchers about location theory loca-
tion problems or control-approximation problems were generalized. This happened in
Hausdorff locally convex topological real vector spaces. As distance functions powers of
gauges were used. A primal control-approximation problem (P) was formulated. For
the problem (P) a dual problem (P*) was produced. With the help of the Fenchel-
Rockafellar theory of duality and former obtained results weak and strong duality as-
sertions were derived. So the following results arose:

1. For all elements (z,a,v) € M and (p*,¢*) € M* it holds the weak duality assertion
(5.1).

2. If inf(P) is finite and the Slater condition (5.8) is fulfilled then there is a solution
(p* ,q*) € M* of the dual problem (P*) so that the strong duality assertion (5.9)
is satisfied and if the infimum of the objective function in problem (P) is attained
then the strong duality assertion (5.11) and the optimality conditions (5.12) are
also fulfilled.

In a forthcoming paper it should be tried to apply the derived results to the in-
vestigation of multiobjective multifacility location and control-approximation problems
concerning vectorial duality. So the results contained in [9] and [10] are intended to
become.
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