THREE-DIMENSIONAL MATHEMATICAL PROBLEMS OF THERMOELASTICITY OF ANISOTROPIC BODIES

Lothar Jentsch Fakultät für Mathematik, Technische Universität Chemnitz D-09107 Chemnitz, Germany

David Natroshvili Department of Mathematics, Georgian Technical University Kostava str. 77, Tbilisi 380075, Republic of Georgia

Contents

CHAPTER I. Basic Equations. Fundamental Matrices. Thermo-Radiation Conditions

1. Basic differential equations of thermoelasticity theory 2. Fundamental matrices 3. Thermo-radiating conditions. Somigliana type integral representations

CHAPTER II. Formulation of Boundary Value and Interface Problems

4. Functional spaces 5. Formulation of basic and mixed BVPs 6. Formulation of crack type problems 7. Formulation of basic and mixed interface problems

CHAPTER III. Uniqueness Theorems

8. Uniqueness theorems in pseudo-oscillation problems 9. Uniqueness theorems in steady state oscillation problems

CHAPTER IV. Potentials and Boundary Integral Operators

10. Thermoelastic steady state oscillation potentials 11. Pseudo-oscillation potentials

CHAPTER V. Regular Boundary Value and Interface Problems

12. Basic BVPs of pseudo-oscillations 13. Basic exterior BVPs of steady state oscillations 14. Basic interface problems of pseudo-oscillations 15. Basic interface problems of steady state oscillations

CHAPTER VI. Mixed and Crack Type Problems

16. Basic mixed BVPs 17. Crack type problems 18. Mixed interface problems of steady state oscillations 19. Mixed interface problems of pseudo-oscillations

Introduction

Boundary value problems (BVPs) of the theory of thermoelasticity have a long history. They encounter in many physical, mechanical, and engineering applications where the thermal stresses appear. Therefore, the mathematical model of thermoelasticity have received considerable attention in the scientific literature (for exhaustive historical and bibliographical material see [43], [61]).

Without trying to discuss the history in detail we note that three-dimensional regular problems of statics, pseudo-oscillations, steady state oscillations, and general dynamics of the thermoelasticity theory of homogeneous isotropic elastic bodies are completely investigated by many authors (see, for example, [43], [8], [24], [61], [28]-[30] and references therein). The main mathematical tools applied for the investigation of various aspects of the above problems are variational and functional methods ([14], [61]), the potential methods and the direct and indirect boundary integral equations (BIE) methods ([43], [28]-[30]), different versions of the Bubnov-Galerkin methods and the method of generalized Fourier series (method of regular sources) ([43]).

To the best of the authors’ knowledge the problems of thermoelastic pseudo-oscillations and steady state oscillations for anisotropic bodies have not been treated systematically in the scientific literature (cf. [32]).

In the present memoir we undertake to examine a wide class of the basic regular, mixed, and crack type boundary value and interface problems for the systems of differential equations of pseudo-oscillations and steady state oscillations of the thermoelasticity theory of homogeneous anisotropic bodies. We develope the potential method to prove the existence and uniqueness theorems in various functional spaces and to establish the almost best regularity properties of solutions. We note that many problems considered in this memoir have not been treated even in the isotropic thermoelasticity.

It should be mentioned that the methods, developed for the isotropic case in the above cited references, unfortunately, are not always applicable in the case of general anisotropy. It concerns, especially, the steady state oscillation problems where quite new ideas are required. In particular, the exterior BVPs of steady state thermoelastic oscillations in the isotropic case have been studied on the basis of the classical Sommerfeld-Kupradze thermo-radiation conditions and the uniqueness theorems were proved with the help of the well-known Rellich’s lemma, since components of the displacement vector and the temperature in the isotropic case can be represented as a sum of metaharmonic functions (for details see [43]).

In the anisotropic case we need a nontrivial generalization of the thermo-radiation conditions at infinity. We notice that the basic difficulties in dealing with the steady state oscillation problems are connected with a very complicated geometrical form of the corresponding characteristic surfaces which play a significant role in the study of the far field behaviour of solutions (cf. [77], [53]).

The monograph consists of six chapters and is organized as follows. In the first chapter there are constructed the matrices of fundamental solutions to the systems of pseudo-oscillation and steady state oscillation equations of thermoelasticity theory by Fourier transform and limiting absorption principle, and their asymptotic properties at infinity and in a vicinity of the origin are studied.

On the basis of the results obtained the generalized Sommerfeld-Kupradze type thermoradiation conditions are formulated and the Somigliana type integral representation formulae for bounded and unbounded domains (with compact boundaries) are derived.

We emphasize that the above mentioned fundamental matricies are not represented explicitly in terms of elementary functions. This essentially complicates the investigation of corresponding integral operators.

The second chapter deals with the detail formulation of boundary value and interface problems for homogeneous and peacewise homogeneous (composed) anisotropic bodies. Besides the usual classical setting in C^{k,α}-continuous Hölder functional spaces here is given a weak formulation of the problems in the Sobolev W^1_p (W^1_{p,loc}) spaces with 1 < p < ∞. The weak setting relies upon the definition of generalized boundary trace functionals in the Besov B^s_{p,q} spaces which are introduced and broadly discussed in Section 4. Note that crack type and mixed problems, in general, do not admit C^α-continuous solutions (with α > 1/2) in closed domains even for C^∞-regular boundary data. Therefore, these problems are formulated only in the natural weak setting.

In the third chapter there are proved uniqueness theorems of solutions to the regular and mixed homogeneous boundary value and interface problems in the appropriate functional spaces. Here the crucial moment is selection of the functional classes where the homogeneous steady state oscillation problems in unbounded domain admit only the trivial solution. This is done with the help of the above mentioned generalized Sommerfeld-Kupradze type thermoradiation conditions.

Chapter IV is entirely devoted to the study of single and double layer potential type operators and boundary integral (pseudodifferential) operators generated by them. These results are the main tools used in the subsequent chapters.

The existence theorems of solutions to the regular nonhomogeneous boundary value and interface problems are proved in the fifth chapter. By the potential method these problems are reduced to the equivalent systems of pseudodifferential equations on the boundary of the elastic body (or on the interface of the composed body) under considereation . It is established that these BIEs are elliptic systems (in general, in the sense of Douglis-Nirenberg) with trivial null-spaces and zero indices. The general theory of pseudodifferential equations on closed smooth manifold and corresponding embedding theorems then immediately lead to the existence results for the above indicated nonhomogeneous problems in C^{k,α} functional spaces with integer k ≥ 1 and 0 < α < 1 in the case of classical setting or in W^1_p (W^1_{p,loc}) spaces with 1 < p < ∞ in the case of weak setting (provided the boundary data belong to appropriate natural spaces).

Finally, in the last sixth chapter the existence theorems of solutions to the nonhomogeneous mixed and crack type boundary value problems and to the mixed interface problems are proved again by the potential method. These problems are reduced to the equivalent pseudodifferential equations on some proper subset of the boundary (or of the interface). The investigation of these equations is carried out with the help of the theory of ΨDEs on manifold with boundary. The BIEs are again elliptic systems of ΨDEs (in general, in the sense of Douglis-Nirenberg) with positive definite principal homogeneous symbol matricies, trivial null-spaces and indices equal to zero. Making use of these results the existence of solutions to the problems indicated above are proved in the Sobolev W^1_p (W^1_{p,loc} ) spaces with 4/3 < p < 4. Applying the corresponding embedding theorems it is shown that the solutions possess C^α-smoothness (with arbitrary α < 1/2) at the crack edges (in crack problems) and at the collision curves of changing boundary conditions (in mixed problems) provided again that the boundary data belong to appropriate natural spaces.

The authors like to appreciate very much the financial support of the Deutsche Forschungsgemeinschaft under grants number 436 GEO 17/2/95, 436 GEO 17/4/96, 436 GEO 17/2/97.

CHAPTER I

BASIC EQUATIONS. FUNDAMENTAL MATRICES.

THERMO-RADIATING CONDITIONS

In this chapter first we construct exponentially decreasing fundamental solution to the system of pseudo-oscillation equations of the thermoelasticity theory of anisotropic bodies and then by the limiting absorption principle we obtain two fundamental matrices for the system of steady state oscillation equations. Further, we derive the asymptotic formulae for the entries of these matrices and formulate the generalized Sommerfeld-Kupradze type radiation conditions in anisotropic thermoelasticity.

1 Basic Differential Equations of Thermoelasticity

In this section we collect an auxiliary material concerning the governing equations and the basic mechanical and physical concepts of the thermoelasticity theory (for details we refer to [61], [43]).

1.1. The system of equations of coupled linear thermoelastodynamics of homogeneous anisotropic elastic medium reads (see [61], Ch. V) c_{kjpq} D_j D_q u_p(x, t) + X_k(x, t) = ϱD^2_t u_k(x, t) + β_{kj}D_j u_4(x, t), λ_{pq}D_pD_qu_4(x, t) − c_0D_tu_4(x, t) − T_0β_{pq}D_tD_pu_q(x, t) = −Q(x, t), (1.1) where c_{kjpq} = c_{pqkj} = c_{jkpq} are elastic constants, λ_{pq} = λ_{qp} are heat conductivity coefficients, c_0 > 0 is the thermal capacity, T_0 > 0 is the temperature of the medium in the natural state, β_{pq} = β_{qp} are expressed in terms of the thermal and elastic constants, ϱ =const> 0 is the density of the medium; u = (u_1, u_2, u_3)^⊤ is the displacement vector, u_4 is the temperature, X = (X_1, X_2, X_3)^⊤ is the bulk force, Q is the heat source; x = (x_1, x_2, x_3) denotes the spatial variable, while t is the time variable; here and in what follows the summation over repeated indices is meant from 1 to 3, unless otherwise stated; the superscript ⊤ denotes transposition and D_p = D_{xp} := ∂/∂x_p, D_t := ∂/∂t. In the sequel, we usually consider the homogeneous version of equations (1.1), i.e., we assume X = 0, Q = 0. In addition, without any restriction of generality ϱ = 1 is assumed as well.

In (1.1) the term −T_0β_{pq}D_tD_pu_q(x, t) describes the coupling between the temperature and strain fields. It vanishes only for a stationary heat flow. In that case or if this term is neglected, we have the so-called decoupled thermoelasticity theory.

In the thermoelasticity theory the stress tensor {σ_{kj}}, the strain tensor {ε_{kj}} and the temperature field u_4 are related by Duhamel–Neumann law

σ_{kj} = c_{kjpq}ε_{pq} − β_{kj} u_4, ε_{kj} = 2^{−1}(D_ku_j + D_j u_k), k, j = 1, 2, 3;

the k−th component of the vector of thermostresses, acting on a surface element with the unit normal vector n = (n_1, n_2, n_3), is calculated by the formula σ_{kj}n_j = c_{kjpq}ε_{pq}n_j − β_{kj}n_j u_4 = c_{kjpq}n_j D_qu_p − β_{kj}n_ju_4, k = 1, 2, 3. (1.2) The formal Laplace transform of the equations (1.1) (with respect to t) leads to the so-called pseudo-oscillation equations of the thermoelasticity theory

c_{kjpq} D_j D_qu_p(x) = τ^2u_k(x) + β_{kj}D_j u_4(x), λ_{pq}D_pD_qu_4(x) − τ c_0u_4(x) − τ T_0β_{pq}D_pu_q(x) = 0; (1.3)

here τ = σ − iω is a complex parameter with ω ∈ IR and σ ∈ IR \ {0}.

If all data involved in (1.1) are harmonic time dependent, i.e.,

u_k(x, t) =^1u_k (x) cos ωt+^2u_k (x) sin ωt, k = 1, 2, 3, 4, ω ∈ IR,

then we get the so-called steady state oscillation equations of the theory of thermoelasticity

c_{kjpq} D_j D_qu_p(x) = −ω^2u_k(x) + β_{kj}D_j u_4(x), λ_{pq}D_pD_qu_4(x) + iωc_0u_4(x) + iωT_0β_{pq}D_pu_q(x) = 0, (1.4)

where the following notation u_k(x) =^1u_k (x) + i^2u_k (x), k = 1, 2, 3, 4, is employed.

It is evident that system (1.4) formally can be obtained from (1.3) provided σ = 0, but this similarity is a very formal one and it will become apparent later on.

Finally, let us note that, if the displacement vector and the temperature do not depend on the time variable t, then from (1.1) we obtain equations of the so-called decoupled thermoelastostatics

c_{kjpq} D_j D_qu_p(x) = β_{kj}D_ju_4(x), k = 1, 2, 3, (1.5) λ_{pq}D_pD_qu_4(x) = 0. (1.6)

In this monograph we shall not systematically treat the equations of decoupled thermoelastostatics (1.5)-(1.6), since in this case all the boundary value and interface problems, we intend to consider, are also completely decoupled into two independent problems for the temperature field and the dicplacement field. The corresponding problems of elastostatics of anisotropic bodies for the system (1.5) have been studied in [8], [54], while the problems for the stationary distribution of the temperature field which, in fact, are BVPs for the second order scalar elliptic differential equation (1.6) can be found, for example, in [50].

1.2. In order to rewrite the above equations in the matrix form, let us set

U = (u_1, u_2, u_3, u_4)^⊤ = (u, u_4)^⊤, u = (u_1, u_2, u_3)^⊤,

C(D) = [C_{kp}(D)]_{3×3}, C_{kp}(D) = c_{kjpq} D_j D_q, (1.7)

Λ(D) = λ_{pq} D_pD_q, D = ∇ = (D_1, D_2, D_3). (1.8) For the sake of simplicity we shall use also the notation either [A]_{m×n} or [A_{kp}]_{m×n} for the m × n matrix A. Now we can represent equations (1.3) and (1.4) in the following form, respectively, A(D, τ )U(x) = 0, (1.9) A(D, −iω)U(x) = 0, (1.10) where A(D, –) = [C(D) − –^2 I_3]_{3×3} [−β_{kj}D_j ]_{3×1} [−–T_0β_{kj} D_j]_{1×3} Λ(D) − –c_0 4×4 , (1.11)

I_m = [δ_{kj}]_{m×m} stands for the identity m × m matrix, δ_{kj} is Kronecker’s symbol.

Clearly, – = τ = σ − i ω corresponds to the pseudo–oscillations, while – = −iω corresponds to the steady state oscillations, and – = 0 to the decoupled thermoelastostatics.

Further we introduce the classical stress operator

T (D, n) = [T_{kp}(D, n)]_{3×3} = [c_{kjpq} n_j D_q]_{3×3}, (1.12) and the thermoelastic stress operator

P (D, n) = [ [T (D, n)]_{3×3}, [−β_{kj}n_j ]_{3×1} ]_{3×4} . (1.13) Due to (1.2) we have

[P (D, n)U]_k = σ_{kj} n_j = [T (D, n)u]_k − β_{kj}n_ju_4, k = 1, 2, 3. 1.3. From the physical considerations it follow that (see [22], [61]): a) the matrix [λ_{pq}]_{3×3} is positive definite, i.e.,

Λ(ξ) = λ_{pq}ξ_pξ_q ≥ δ_0 |ξ|^2, ξ ∈ IR^3, δ_0 = const > 0; (1.14) b) the quadratic form c_{kjpq}e_{kj}e_{pq} is positive definite in the real symmetric variables e_{kj} = e_{jk}, c_{kjpq}e_{kj}e_{pq} ≥ δ^′e_{kj}e_{kj}, δ^′ = const > 0; (1.15) which implies positive definiteness of the matrix C(ξ), ξ ∈ IR^3 \ {0}, defined by (1.7), i.e., C_{kj}(ξ)η_j η_k ≥ δ_1|ξ|^2|η|^2, ξ, η ∈ IR^3, δ_1 = const > 0. (1.16) Inequalities (1.14) and (1.16) together with the symmetry properties of the matrices [λ_{pq}] and C(ξ) yield

C(ξ)η · η = C_{kj} (ξ)η_j η_k ≥ δ_1|ξ|^2 |η|^2, ξ ∈ IR^3, (1.17) λ_{pq}η_pη_q ≥ δ_0|η|^2, (1.18) for an arbitrary complex vector η ∈ CI^3. Here a · b = ∑m k=1 a_kb_k denotes the usual scalar product of the two complex vectors a = (a_1, · · · , a_m) and b = (b_1, · · · , b_m) in CI^m, while upper bar denotes complex conjugate. We shall also employ the following notation (”real” scalar product of complex vectors) ⟨a , b⟩ = m∑ k=1 a_kb_k, a, b ∈ CI^m. (1.19) 1.5 We emphasize that the differential operator A(D, –) defined by (1.11) is not formally self-adjoint. Denote by A^∗(D, –) the operator formally adjoint to A(D, –)

A^∗(D, –) = A^⊤(−D, –) = A^⊤(−D, –) = = [C(D) − –^2I_3]_{3×3} [–T_0β_{kj}D_j ]_{3×1}

[β_{kj}D_j ]_{1×3} Λ(D) − –c_0 4×4 . (1.20)

Let us note here that throughout this memoir we shall use the following notations (when no confusion can be caused by this):

a) if all elements of a vector v = (v_1, ..., v_m) (matrix a = [a_{kj}]_{m×n}) belong to one and the same space X, we shall write v ∈ X (a ∈ X) instead of v ∈ [X]^m (a ∈ [X]_{m×n});

b) if K : X_1 × · · · × X_m → Y_1 × · · · × Y_n and X_1 = · · · = X_m = X, Y_1 = · · · = Y_n = Y, we shall write K : X → Y rather than K : [X]^m → [Y ]^n.

Let Ω^+ ⊂ IR^3 be a bounded domain with a C^2−smooth connected boundary S = ∂Ω^+, Ω^+ = Ω^+ ∪ S and Ω^− = IR^3 \ Ω^+. We assume that Ω^+ (Ω^−) is filled by a homogeneous anisotropic medium with the elastic and thermal characteristics described above.

Now we present the so-called Green formulae for the operator A(D, –) which will be used many times in the sequel.

Let U = (u_1, u_2, u_3, u_4)^⊤, V = (v_1, v_2, v_3, v_4)^⊤ ∈ C^2(Ω^+) ∩ C^1(Ω^+) (i.e., U and V are regular vectors in Ω^+) and A(D, –)U, A^∗(D, –)V ∈ L_1(Ω^+). Then the following equations hold for arbitrary – ∈ CI (cf. [55], [53], [16]): ∫ Ω+ A(D, –)U · V dx = ∫ S [B(D, n)U]^+ · [V ]^+ dS − ∫ Ω+ E(U, V ) dx, (1.21) ∫ Ω+ {A(D, –)U · V − U · A^∗(D, –)V } dx = ∫ S {[B(D, n)U]^+ · [V ]^+−

−[U]^+ · [Q(D, n, –)V ]^+ } dS, (1.22) ∫ Ω+ { [A(D, –)U]_k u_k +^1–_{T0} [A(D, –)U]_4 u_4 } dx = = − ∫ Ω+ { c_{kjpq} D_pu_q D_ku_j + –^2|u|^2 +^1–_{T0} λ_{kj} D_ku_4 D_ju_4 +^{c0}_{T0} |u_4|^2 } dx + + ∫ S { [B(D, n)U]^+_k [u_k]^+ +^1–_{T0} [u_4]^+[∂_nu_4]^+ } dS, (1.23)

where

∂_n = λ(D, n) := λ_{pq}n_pD_q, (1.24)

B(D, n) = [T (D, n)]_{3×3} [−β_{kj}n_j ]_{3×1}

[0]_{1×3} λ(D, n) 4×4 . (1.25)

Q(D, n, –) = [T (D, n)]_{3×3} [–T_0β_{kj}n_j ]_{3×1}

[0]_{1×3} λ(D, n) 4×4 , (1.26)

E(U, V ) = c_{kjpq} D_pu_q D_kv_j + –^2u_kv_k − β_{kj}u_4 D_jv_k + λ_{pq} D_qu_4 D_pv_4 + +c_0–u_4v_4 + –T_0v_4β_{pq} D_pu_q. (1.27)

Here and in what follows n(x) denotes the exterior unit normal vector of S at the point x ∈ S. The symbols [ · ]^± denote limits on S from Ω^±.

Note that, if we consider the first three components of the U as the displacement vector and the fourth one as the temperature, then the vector B(D, n)U has the following thermomechanical sense: the first three components of the B(D, n)U represent the corresponding vector of thermal stresses (see (1.13)), while the fourth component describes the heat flux through the surface S.

The similar formulae hold valid also for the domain Ω^−, when – = 0 or Re– > 0, with the following changes (related to the choice of direction of the normal vector): the superscript ”+” must be replaced everywhere by the superscript ”−” and in front of the surface integrals the sign ”−” is to be put.

In this case the vectors U and V have to satisfy the conditions

U, V ∈ C^2(Ω^−) ∩ C^1(Ω^−), A(D, –)U, A^∗(D, –)V ∈ L_1(Ω^−), (1.28)

A(D, –)U and A^∗(D, –)V have compact supports and, in addition, U and V have the following asymptotic behaviour at infinity

U_k(x), V_k(x) = o(1) for – = 0,

O(|x|^N ) for Re– = σ > 0, k = 1, 2, 3, 4,

(1.29)

with an arbitrary fixed positive number N. In fact, it can be proved that, if U and V are solutions of the corresponding homogeneous equations , then the conditions (1.29) imply

D^βU_k(x), D^βV_k(x) = O(|x|^{−1−|β|}) for – = 0, O(|x|^{−ν} ) for Re– = σ > 0, k = 1, 2, 3, 4,

(1.30)

where ν is an arbitrary positive number, β = (β_1, β_2, β_3) is an arbitrary multi-index and |β| = β_1 + β_2 + β_3 (see, for example, [7], [42], [54].

The principal remark here is that for solutions U and V of the steady state oscillation equation (1.10) (i.e., when – = −iω) the Green formulae, similar to (1.21)-(1.23), are not valid any more for the unbounded domain Ω^−.

1.5. In this subsection, before starting the construction of the fundamental matrices, we shall analyse the so-called characteristic matrices corresponding to the above differential operators of the thermoelasticity theory. They will play a fundamental role in the sequel.

Let us introduce the characteristic polynomial of the operator A(D, –) M(ξ, –) = detA(−iξ, –). (1.31) Denote by N(−iξ, –) the matrix adjoint to A(−iξ, –), i.e., A(−iξ, –)N(−iξ, –) = N(−iξ, –)A(−iξ, –) = M(ξ, –)I_4. (1.32) Clearly, we have

[A(−iξ, –)]^{−1} = [M(ξ, –)]^{−1}N(−iξ, –), (1.33) where [A(−iξ, –)]^{−1} is the matrix inverse to A(−iξ, –). Equations (1.31), (1.11), and (1.7) yield

M(ξ, –) = det

[−C(ξ) − –^2 I_3]_{3×3} [iβ_{kj}ξ_j]_{3×1} [i–T_0β_{kj}ξ_j ]_{1×3} −–c_0 4×4 +

+det

[−C(ξ) − –^2 I_3]_{3×3} [iβ_{kj}ξ_j ]_{3×1} [0]_{1×3} −Λ(ξ) 4×4 =

= Λ(ξ) det[C(ξ) + –^2 I_3] − –T_0 det

[−C(ξ) − –^2 I_3]_{3×3} [β_{kj}ξ_j]_{3×1} [β_{kj}ξ_j ]_{1×3} c_0T^{−1}_0 4×4 = = Λ(ξ) det[C(ξ) + –^2 I_3] − −–T_0 det

[−C(ξ) − –^2 I_3]_{3×3} − [c^{−1}_0 T_0β_{kj}ξ_jβ_{pq}ξ_q]_{3×3} [β_{kj}ξ_j ]_{3×1} [0]_{1×3} c_0T^{−1}_0 4×4 = = Λ(ξ) det[C(ξ) + –^2 I_3] + –c_0 det[ ~C(ξ) + –^2 I_3], (1.34) where C(ξ) and Λ(ξ) are defined by (1.7) and (1.8), respectively, and

~C(ξ) = [ ~C_{kp}(ξ)]_{3×3} = C(ξ) + [c^{−1}_0 T_0β_{kj}β_{pq}ξ_j ξ_q]_{3×3}, (1.35) ~C_{kp}(ξ) = (c_{kjpq} + c^{−1}_0 T_0β_{kj}β_{pq})ξ_j ξ_q, k, p = 1, 2, 3. Next, we set

Ψ(ξ, –) = det[C(ξ) + –^2 I_3], (1.36) ~Ψ(ξ, –) = det[ ~C(ξ) + –^2 I_3]. (1.37) The relations (1.35) and (1.17) imply that the matrix ~C(ξ) for any ξ ∈ IR^3 \{0} is positive definite and, therefore,

~C(ξ)η · η = C(ξ)η · η + c^{−1}_0 T_0|β_{kj}ξ_jη_k|^2 ≥ δ_1|ξ|^2|η|^2 (1.38) for an arbitrary η ∈ CI^3 and the same δ_1 as in (1.17).

Thus, we have

M(ξ, –) = Λ(ξ)Ψ(ξ, –) + –c_0 ~Ψ(ξ, –). (1.39) It is evident that, if |–| < –_0 with some positive –_0, then there exists a positive number ϱ_0 such that |Ψ(ξ, –)| ≥ 1, | ~Ψ(ξ, –)| ≥ 1, |M(ξ, –)| ≥ 1, (1.40) for |ξ| ≥ ϱ_0; here ϱ_0 depends on –_0 and the thermoelastic constants.

LEMMA 1.1 Let τ = σ −iω, Re τ = σ > 0 and ξ ∈ IR^3. Then M(ξ, τ ) ≠ 0 for any ω ∈ IR. Moreover, [A(−iξ, τ )]^{−1} ∈ L_2(IR^3).

Proof. Let us suppose that the assertion of the lemma is false, i.e., M(ξ, τ ) = 0. Then the homogeneous system of linear algebraic equations

A(−iξ, τ ) a = 0 (1.41) has some nontrivial solution a = (a_1, · · · , a_4)^⊤ ∈ CI^4 \ {0}.

Multiplying the k−th equation of (1.41) by a_k and summing the first three equations we get −c_{kjpq}ξ_jξ_qa_pa_k − τ^2δ_{kp}a_pa_k + iβ_{kj}ξ_j a_4a_k = 0,

iτ T_0β_{kj}ξ_j a_ka_4 − λ_{pq}ξ_pξ_q|a_4|^2 − τ c_0|a_4|^2 = 0.

Deviding the latter equation by τ T_0, taking the complex conjugate and adding to the first one, we obtain

c_{kjpq}ξ_j ξ_qa_pa_k + τ^2a_ka_k + τ [|τ |^2T_0]^{−1}λ_{pq}ξ_pξ_q|a_4|^2 + c_0T^{−1}_0 |a_4|^2 = 0. Due to (1.17) we deduce by separating the real and imaginary parts

C(ξ) ~a · ~a + (σ^2 − ω^2)|~a|^2 + σ[|τ |^2T_0]^{−1}Λ(ξ)|a_4|^2 + c_0T^{−1}_0 |a_4|^2 = 0, ω{2σ|~a|^2 + [|τ |^2T_0]^{−1}Λ(ξ)|a_4|^2} = 0, where ~a = (a_1, a_2, a_3)^⊤.

From this system and the inequality (1.14) it follows that a_1 = · · · = a_4 = 0, for any ξ ∈ IR^3, ω ∈ IR, and σ > 0. This contradiction proves the first part of the lemma.

The second part of the lemma is a consequence of the inequality [A(−iξ, τ )]^{−1}_{kj} ≤ c(σ) 1 + |ξ|^2 for ξ ∈ IR^3, where the positive constant c(σ) does not depend on ξ (it depends on σ and on the thermoelastic constants of the medium in question).

1.6. Now we shall analyse the characteristic polynomial M(ξ, −iω) of the operator A(D, −iω). It can be easily shown that (see (1.36), (1.37), (1.39))

M(ξ, −iω) = Λ(ξ)Φ(ξ, ω) − iωc_0 ~Φ(ξ, ω) (1.42) where

Φ(ξ, ω) = det[C(ξ) − ω^2 I_3] = Ψ(ξ, −iω), (1.43) ~Φ(ξ, ω) = det[ ~C(ξ) − ω^2 I_3] = ~Ψ(ξ, −iω). (1.44) Characteristic surfaces of the operator A(D, −iω) are defined by the equation M(ξ, −iω) = 0, ξ ∈ IR^3, (1.45) which, in turn, due to (1.42), is equivalent to the following system Φ(ξ, ω) = 0, ~Φ(ξ, ω) = 0, ξ ∈ IR^3. (1.46)

Passing on the spherical co-ordinates

ξ_1 = ϱ cos φ sin θ, ξ_2 = ϱ sin φ sin θ, ξ_3 = ϱ cos θ, 0 ≤ ϱ < +∞, 0 ≤ φ < 2π, 0 ≤ θ ≤ π, and, taking into account formulae (1.43), (1.44), (1.17) and (1.38), we conclude that each equation of the system (1.46) has three positive roots with respect to ϱ^2. These roots are proportional to ω^2, and polynomials Φ(ξ, ω) and ~Φ(ξ, ω) can be represented in the form:

Φ(ξ, ω) = Φ(η, 0) [ϱ^2 − ω^2ϱ^2_1(θ, φ)][ϱ^2 − ω^2ϱ^2(θ, φ)][ϱ^2 − ω^2ϱ^2_3(θ, φ)], (1.47) ~Φ(ξ, ω) = ~Φ(η, 0) [ϱ^2 − ω^2 ~ϱ^2_1(θ, φ)][ϱ^2 − ω^2 ~ϱ^2(θ, φ)][ϱ^2 − ω^2 ~ϱ^2_3(θ, φ)], where η = ξ/ϱ, ϱ = |ξ|, Φ(η, 0) = detC(η) > 0, ~Φ(η, 0) = det ~C(η) > 0; here {ϱ^2_k(θ, φ)}^3_{k=1} and { ~ϱ^2_k(θ, φ)}^3_{k=1} do not depend on ω and are solutions of the following equations (with respect to ϱ^2):

Φ(ξ, 1) = Φ(η, 0)ϱ^6 + Φ^{(2)}(η)ϱ^4 + Φ^{(1)}(η)ϱ^2 − 1 = 0, (1.48) ~Φ(ξ, 1) = ~Φ(η, 0)ϱ^6 + ~Φ^{(2)}(η)ϱ^4 + ~Φ^{(1)}(η)ϱ^2 − 1 = 0, (1.49) where Φ^{(j)}(η) and ~Φ^{(j)}(η) are even, homogeneous functions of order 2j in η (see (1.43), (1.44)).

In what follows we consider the so-called regular case, i.e., we assume the following conditions to be fulfilled (cf. [53], [77]):

I^0. ∇_ξΦ(ξ, ω) ≠ 0 at real zeros of the polynomial Φ(ξ, ω);

II^0. Gaussian curvature of the manifold, defined by the real zeros of the polynomial Φ(ξ, ω), does not vanish anywhere.

From the above conditions I^0 −II^0 it follows that the real zeros of the polynomial Φ(ξ, ω) form nonselfintersecting, closed, convex two-dimensional surfaces S^0_j , j = 1, 2, 3, enveloping the origin of co-ordinates. For an arbitrary vector x ∈ IR^3 \ {0} there exist exactly two points on each S^0_j , namely ξ^j = (ξ^j_1, ξ^j_2, ξ^j_3) and ξ^j_∗ = −ξ^j , at which the exterior unit normal is parallel to the vector x. We provide that at ξ^j the normal vector n(ξ^j ) and x have the same direction, while at ξ^j_∗ they are opposite directed. Note that, if ξ^j ∈ S^0_j and ξ^k ∈ S^0_k correspond to the same vector x, then (due to the convexity property of the above surfaces) (ξ^j · x) ≠ (ξ^k · x) for k ≠ j.

In the sequel, the ξ^j ∈ S^0_j will be referred to as the point which corresponds to the vector x (i.e., to the direction x/|x|).

Clearly, ϱ = |ω| ϱ_k(θ, φ) > 0, k = 1, 2, 3, represent the equations of the surfaces S^0_k in the spherical co-ordinates.

The set of points in IR^3 defined by the system of equations (1.46) may have a very complicated geometric form. Among these forms we single out and study the following regular case: The system (1.46) is either inconsistent in IR^3 (i.e., it defines the empty set) or it defines a two-dimensional manifold, i.e., equations (1.48) and (1.49) have m (1 ≤ m ≤ 3) common roots and, if 1 ≤ m < 3, the remaining two groups of the roots form disjoint sets for arbitrary values of θ and φ. We denote these common roots by ν_1(θ, φ), · · · , ν_m(θ, φ) (1 ≤ m ≤ 3) and without loss of generality assume that 0 < ϱ_1(θ, φ) < ϱ_2(θ, φ) < ϱ_3(θ, φ), 0 < ν_1(θ, φ) < · · · < ν_m(θ, φ). (1.50) Thus, in this case the characteristic equation (1.45) (i.e., the system (1.46)) defines analytic (characteristic) surfaces S^c_1, · · · , S^c_m, whose equations in the spherical co-ordinates read as ϱ = |ω| ν_k(θ, φ) > 0, k = 1, · · · , m. The BVPs corresponding to the case m = 0 turned out to be very similar to those of the pseudo-oscillation ones (see Remark 2.7) and therefore in what follows we shall mainly consider the case 1 ≤ m ≤ 3.

1.7. From the above arguments it follows that

Ψ(ξ, –) = Φ(η, 0) [ϱ^2 + –^2ϱ^2_1(θ, φ)][ϱ^2 + –^2ϱ^2(θ, φ)][ϱ^2 + –^2ϱ^2_3(θ, φ)], (1.51)

~Ψ(ξ, –) = ~Φ(η, 0) [ϱ^2 + –^2 ~ϱ^2_1(θ, φ)][ϱ^2 + –^2 ~ϱ^2(θ, φ)][ϱ^2 + –^2 ~ϱ^2_3(θ, φ)], (1.52)

for any ξ ∈ IR^3 and – ∈ CI .

Consequently, according to (1.39) we have

M(ξ, –) = Φ(η, 0) Λ(ξ) [ϱ^2 + –^2ϱ^2_1(θ, φ)][ϱ^2 + –^2ϱ^2(θ, φ)][ϱ^2 + –^2ϱ^2_3(θ, φ)] + +–c_0 ~Φ(η, 0) [ϱ^2 + –^2 ~ϱ^2_1(θ, φ)][ϱ^2 + –^2 ~ϱ^2(θ, φ)][ϱ^2 + –^2 ~ϱ^2_3(θ, φ)] = = Φ_m(ϱ, θ, φ; –) Ψ_m(ϱ, θ, φ; –), (1.53) where

Φ_m(ϱ, θ, φ; –) = Φ_m(ξ, –) = Φ_m(−ξ, –) = Φ_m(ξ, −–) =

= (−1)^m [ϱ^2 + –^2ν^2_1 (θ, φ)] · · · [ϱ^2 + –^2ν^2_m(θ, φ)], (1.54)

Ψ_m(ϱ, θ, φ; –) = Ψ_m(ξ, –) = Ψ_m(−ξ, –) = = (−1)^m {Φ(η, 0) Λ(ξ) [ϱ^2 + –^2λ^2_1(θ, φ)] · · · [ϱ^2 + –^2λ^2_{3−m}(θ, φ)] +

+–c_0 ~Φ(η, 0) [ϱ^2 + –^2 ~λ^2_1(θ, φ)] · · · [ϱ^2 + –^2 ~λ^2_{3−m}(θ, φ)]; (1.55)

here λ^2_j (θ, φ) and ~λ^2_j (θ, φ) denote the different (non-common) roots of the equations (1.48) and (1.49), respectively. Note that formulae (1.51), (1.52), (1.53), (1.54) and (1.55) are valid for arbitrary ξ ∈ IR^3 and – ∈ CI .

The multiplier (−1)^m in (1.54) ensures the inequality

Φ_m(0, −iω) > 0 (1.56)

which will be employed later on.

REMARK 1.2 Note that the polynomial Φ_m(ϱ, θ, φ; −iω) in ϱ vanishes on S^c_j , j = 1, · · · , m (i.e., when ϱ = |ω|ν_j(θ, ϱ)) while Ψ_m(ϱ, θ, φ; −iω) is different from zero for any real ϱ and ω. Therefore, there exists a positive number ε_0 such that |Ψ_m(ϱ, θ, φ; –)| > 0 for |Im ϱ| ≤ ε_0 and |Re –| ≤ ε_0, where ϱ = ϱ^′ + iϱ^{′′}, – = σ − iω and |ϱ| ≤ 2ϱ_0 with arbitrary ω and ϱ_0 fixed.

Now from equations (1.53) and (1.54) it follows that, if |Re –| = |σ| < ε_0 and |σ ν_j(θ, φ)| < ε_0, then the complex numbers ± (ω +iσ)ν_j(θ, φ) = ± i–ν_j(θ, φ), j = 1, · · · , m, are the only zeros of the polynomial (1.53) with respect to ϱ in the strip |Im ϱ| = |ϱ^{′′}| < ε_0. As a consequence we have that M(ξ, –) ≠ 0 for ξ ∈ IR^3 and 0 < |σ| = |Re –| < ε_0.

2 Fundamental Matrices

In this section with the help of the fundamental matrix of the pseudo-oscillation equations we will construct maximally decreasing fundamental matrices of the steady state oscillation operator by limiting absorption principle (cf. [53]).

Denote by Γ(x, τ ) a fundamental matrix of the operator A(D, τ ): A(D, τ )Γ(x, τ ) = I_4 δ(x), τ = σ − iω, σ ≠ 0, where δ(x) is Dirac’s distribution.

Let 0 < |Reτ | = |σ| < ε_0 with ε_0 > 0 from Remark 1.2. Then due to the representation (1.53), Remark 1.2, and equation (1.33) we have

M(ξ, τ ) ≠ 0, ξ ∈ IR^3, [A(−iξ, τ )]^{−1} ∈ L_2(IR^3). (2.1) Therefore, we can represent Γ(x, τ ) by the Fourier integral [55]

Γ(x, τ ) = F^{−1}_{ξ→x} ([A(−iξ, τ )]^{−1}) = (2π)^{−3} lim_{R→∞} ∫ |ξ|<R [A(−iξ, τ )]^{−1} e^−i^{xξ} dξ. (2.2)

By F_{x→ξ} and F^{−1}_{ξ→x} we denote the generalized Fourier and inverse Fourier transforms which for summable functions are defined as follows (see, e.g., [20]) F_{x→ξ}[f] = ∫ IR^n f(x) ei^{xξ} dx, F^{−1}_{ξ→x}[g] = (2π)^{−n} ∫ IR^n g(ξ) e^−i^{xξ} dξ. From the conditions σ ≠ 0 and (2.1), and properties of the Fourier transform it easily follows that the entries of the matrix Γ(x, τ ) together with all derivatives decrease more rapidly than any negative power of |x| as |x| → +∞. The behaviour of this matrix in a neighbourhood of the origin will be established below (see Lemma 2.1) (cf. [23]).

Let h be a cut off function with properties

h(ξ) = h(−ξ), h ∈ C^∞(IR^3), h(ξ) = 1 for |ξ| < ϱ_0, h(ξ) = 0 for |ξ| > 2ϱ_0 (2.3) with ϱ_0 from (1.40).

Now we decompose (2.2) into the two parts

Γ(x, τ ) = Γ^{(1)}(x, τ ) + Γ^{(2)}(x, τ ), where Γ^{(1)}(x, τ ) = F^{−1}_{ξ→x} ([1 − h(ξ)] [A(−iξ, τ )]^{−1}) , (2.4) Γ^{(2)}(x, τ ) = F^{−1}_{ξ→x} (h(ξ) [A(−iξ, τ )]^{−1}) = (2π)^{−3} ∫ |ξ|<2ϱ0 h(ξ) [A(−iξ, τ )]^{−1} e^−i^{xξ} dξ. (2.5)

The main result of this section will follow from two the lemmata which we now present. Let Γ^{(0)}(x) be the homogeneous (of order −1) fundamental matrix of the operator C(D) (see [53], [54])

Γ^{(0)}(x) = F^{−1}_{ξ→x} ([C(−iξ)]^{−1}) = (−8π^2|x|)^{−1 2π} ∫ 0 [C(aη)]^{−1} dφ, (2.6) where x ∈ IR^3 \ {0}, a = [a_{kj}]_{3×3} is an orthogonal matrix with property a^⊤x^⊤ = (0, 0, |x|)^⊤, η = (cos φ, sin φ, 0)^⊤. Further, let γ^{(0)}(x) be the homogeneous (of order −1) fundamental function of the operator Λ(D) (see [50])

γ^{(0)}(x) = F^{−1}_{ξ→x} ( [Λ(−iξ)]^{−1} ) = −[4π |L|^{1/2}(L^{−1}x · x)^{1/2}]^{−1} (2.7) with L = [λ_{pq}]_{3×3}, |L| = detL.

LEMMA 2.1 The entries of the matrix Γ^{(1)}(x, τ ) belong to C^∞(IR^3 \ {0}) and for an arbitrary σ ∈ [−ε_0, ε_0] together with all derivatives decrease more rapidly than any negative power of |x| as |x| → +∞.

The limit

lim_{σ→0} D^β_x Γ^{(1)}(x, σ − iω) = D^β_x Γ^{(1)}(x, −iω) exists uniformly for |x| > δ with an arbitrary δ > 0 and in a neigbourhood of the origin ( say |x| < 1/2) the following inequalities |D^β_x Γ^{(1)}_{kj} (x, σ − iω) − D^β_x Γ^{(1)}_{kj} (x, −iω)| ≤ |σ| c φ^{(kj)}_{|β|} (x), |D^β_x Γ^{(1)}_{kj} (x, σ − iω) − D^β_x Γ_{kj} (x)| ≤ c φ^{(kj)}_{|β|} (x), hold, where c = const > 0 does not depend on σ,

Γ(x) =

[Γ^{(0)}(x)]_{3×3} [0]_{3×1} [0]_{1×3} γ^{(0)}(x) 4×4 , (2.8)

φ^{(kj)}_0 (x) = 1, φ^{(kj)}_1 (x) = −ln|x|, φ^{(kj)}_l (x) = |x|^{1−l}, l ≥ 2, for 1 ≤ k, j ≤ 3 and k = j = 4;

φ^{(k4)}_0 (x) = φ^{(4k)}_0 (x) = −ln|x|, φ^{(k4)}_m (x) = φ^{(4k)}_m (x) = |x|^{−m}, m ≥ 1, for k = 1, 2, 3; β is an arbitrary multi-index. Proof. Note that the relations D^β[A(−iξ, τ )]^{−1}_{kj} = O([1 + |ξ|]^{−2−|β|}), and [A(−iξ, τ )]^{−1} =

[(C(−iξ))^{−1}]_{3×3} [0]_{3×1} [0]_{1×3} [Λ(−iξ)]^{−1} + [O(|ξ|^{−4})]_{3×3} [O(|ξ|^{−3})]_{3×1} [O(|ξ|^{−3})]_{1×3} O(|ξ|^{−4}) ,

hold for sufficiently large |ξ|.

Now the proof follows from Lemma 1.1, equations (2.6), (2.7), and properties of the Fourier transform of homogeneous functions (see, for example, [20], [52]-Lemma 2.17, [53]- Lemma 3.1).

Now we analyse properties of the matrix Γ^{(2)}(x, τ ). Going to the spherical co-ordinates in the integral (2.5) we get

Γ^{(2)}(x, τ ) = (2π)^{−3} ∫ Σ1 dΣ_1 { ϱ_0∫ 0 +^{2ϱ0} ∫ ϱ_0 } h(ξ)[A(−iξ, τ )]^{−1} e^−i^{xξ}ϱ^2 dϱ, (2.9)

where Σ_1 is the unit sphere in IR^3 centered at the origin.

Taking into account Remark 1.2, the analyticity of the integrand with respect to ϱ, and introducing the complex ϱ = ϱ^′ +iϱ^{′′} plane we can rewrite (2.9) by Cauchy theorem as follows

Γ^{(2)}(x, τ ) = (2π)^{−3} ∫ Σ1 dΣ_1 { ∫ l^± [A(−iξ, τ )]^{−1} e^−i^{xξ}ϱ^2 dϱ+

+^{2ϱ0} ∫ ϱ_0

h(ξ) [A(−iξ, τ )]^{−1} e^−i^{xξ}ϱ^2 dϱ } , (2.10) where l^± = [0, |ω|ν_1 − δ] ∪ l^±_{1,δ} ∪ [|ω|ν_1 + δ, |ω|ν_2 − δ] ∪ l^±_{2,δ} ∪ · · · ∪ l^±_{m,δ} ∪ [|ω|ν_m + δ, ϱ_0], δ > 0 is a sufficiently small number, l^+_{j,δ} [l^−_{j,δ}] is the semicircle in the upper [lower] half-plane centered at |ω|ν_j and radius δ oriented clockwise [counter-clockwise]; in (2.10) the contour l^+ [l^−] corresponds to the case σω < 0 [σω > 0].

Now passing to the limit in (2.10) as σ → 0± we get

σω > 0 : lim_{σ→0} Γ^{(2)}(x, σ − iω) = (2π)^{−3} ∫ Σ1 dΣ_1 { ∫ l^− [A(−iξ, −iω)]^{−1} e^−i^{xξ}ϱ^2 dϱ+

+^{2ϱ0} ∫ ϱ_0 h(ξ) [A(−iξ, −iω)]^{−1} e^−i^{xξ}ϱ^2 dϱ } =: Γ^{(2)}_+ (x, −iω), (2.11)

σω < 0 : lim_{σ→0} Γ^{(2)}(x, σ − iω) = (2π)^{−3} ∫ Σ1 dΣ_1 { ∫ l^+

[A(−iξ, −iω)]^{−1} e^−i^{xξ}ϱ^2 dϱ+

+^{2ϱ0} ∫ ϱ_0 h(ξ) [A(−iξ, −iω)]^{−1} e^−i^{xξ}ϱ^2 dϱ } =: Γ^{(2)}_− (x, −iω), (2.12)

These limits exist uniformly for |x| < R_0 with an arbitrary R_0.

Such type of integrals have been studied in [53]. Applying the arguments quite similar to that of [53] we arrive at the formulae

Γ^{(2)}_± (x, −iω) = (2π)^{−3} [ lim_{δ→0} ∫ |Φm|>δ h(ξ) [A(−iξ, −iω)]^{−1} e^−i^{xξ} dξ ± ±iπ^m ∑ j=1 ∫ Σ1 { N (−iξ,−iω)e^−i^{xξ} ϱ^2 [∂/∂ϱ Φm(ϱ,θ,φ;−iω)]Ψm(ϱ,θ,φ;−iω) } ϱ=|ω|ν_j dΣ_1

, (2.13)

where Φ_m and Ψ_m are defined by (1.54) and (1.55), respectively.

We need to go over to the integrals over S^c_j in the last summand of (2.13). To this end let us note that the exterior unit normal of S^c_j is defined by the equation

n(ξ) = (−1)^j ∇_ξΦ_m(ξ, −iω) |∇_ξΦ_m(ξ, −iω)| , ξ ∈ S^c_j , j = 1, ..., m, since due to (1.54), (1.50) and(1.56) (−1)^j[∂/∂ϱΦ_m(ξ, −iω)]_{ϱ=|ω|νj} > 0, j = 1, ..., m. (2.14) Further,

dΣ_1 = [ ξ/|ξ| · n(ξ) ϱ^2 ] ϱ=|ω|ν_j dS^c_j = (−1)^j [ ∂/∂ϱΦ_m(ξ, −iω) ϱ^2|∇Φ_m(ξ, −iω)| ] ϱ=|ω|ν_j dS^c_j . Therefore, (2.13) implies

Γ^{(2)}_± (x, −iω) = (2π)^{−3} [ V.P. ∫ IR^3 h(ξ) [A(−iξ, −iω)]^{−1} e^−i^{xξ} dξ ± ±iπ^m ∑ j=1 (−1)^j ∫ S^c_j N (−iξ,−iω)e^−i^{xξ} |∇Φm(ξ,−iω)|Ψm(ξ,−iω) dS c j , (2.15)

where

V.P. ∫ IR^3 h(ξ) [A(−iξ, −iω)]^{−1} e^−i^{xξ} dξ = lim_{δ→0} ∫ |Φm(ξ,−iω)|>δ h(ξ) [A(−iξ, −iω)]^{−1} e^−i^{xξ} dξ. Existence and asymptotic behaviour of integrals similar to the above ones are investigated in [21], [78], [79]. Namely, in [78] there are analysed the following functions (n-dimensional version of the case in question)

I_j(x) = ∫ S^c_j f (ξ)ei^{xξ} |∇Φm(ξ)| dS c j , j = 1, ...m, (2.16) J(x) = V.P. ∫ IR^n f (ξ)ei^{xξ} Φm(ξ) dξ, n ≥ 2, (2.17) where

i) diam(supp f) < ∞; f, Φ_m ∈ C^∞(IR^n), ii) the equation Φ_m(ξ) = 0, ξ ∈ IR^n, defines (n−1)-dimensional closed nonselfintersecting surfaces S^c_j , j = 1, ..., m, with the full curvature different from zero everywhere; moreover, ∇Φ_m(ξ) ≠ 0 for ξ ∈ S^c_j ;

iii) for an arbitrary unit vector η the system

Φ_m(ξ) = 0, ∇Φ_m(ξ)|∇Φ_m(ξ)|^{−1} = ±η, (2.18)

has only a finite number of solutions with respect to ξ.

Clearly, in the case under consideration the above conditions for the functions occured in (2.15) are fulfilled due to (2.3) and I^0 − II^0. Moreover,

Φ_m(ξ, −iω) = Φ_m(ξ, iω) = Φ_m(−ξ, iω),

and the corresponding system of type (2.18) defines 2m points ±ξ^j ∈ S^c_j j = 1, ..., m (the so–called stationary points); we emphasize also that the unit exterior normal vector n(ξ^j ) has the same direction as η, while n(−ξ^j ) is opposite directed.

We assume the function Φ_m(ξ) in (2.16) and (2.17) to possess the analogous symmetry property with respect to ξ.

Now let |x| be sufficiently large, η = x/|x|, and let ±ξ^j ∈ S^c_j , j = 1, ..., m, be the stationary points corresponding to η, i.e., n(ξ^j ) = η, n(−ξ^j ) = −n(ξ^j ) = −η.

According to the results in references [21], [78], we have then the following asymptotic formulae for the functions I_j and J: I_j(x) = [a_jei^{xξj} + ~a_je^−i^{xξj} ] |x|^{−(n−1)/2} + O(|x|^{−(n+1)/2}), J(x) = m∑ j=1 [b_jei^{xξj} + ~b_je^−i^{xξj} ] |x|^{−(n−1)/2} + O(|x|^{−(n+1)/2}), (2.19) where

a_j = a_j(ξ^j ) = (2π)^{(n−1)/2} 1 [κ(ξ^j)]^{1/2} f(ξ^j ) |∇Φ_m(ξ^j )| e^−i^{(n−1)π/4}, ~a_j = ~a_j(−ξ) = (2π)^{(n−1)/2} 1 [κ(−ξ^j )]^{1/2} f(−ξ^j ) |∇Φ_m(−ξ^j )| ei^{(n−1)π/4}, b_j = iπa_j sgn(η · ∇Φ_m(ξ^j )) = iπ(−1)^ja_j, ~b_j = iπ~a_j sgn(η · ∇Φ_m(−ξ^j )) = −iπ(−1)^j ~a_j, (2.20) κ(ξ) is the Gaussian curvature at the point ξ ∈ S^c_j .

The asymptotic formulae (2.19) can be differentiated any times with respect to x. It is easy to see that the symmetry properties of S^c_j imply

κ(ξ) = κ(−ξ), ∇Φ_m(−ξ) = −∇Φ_m(ξ), (2.21) for any ξ ∈ S^c_j j = 1, ..., m. By virtue of (2.16), (2.17), and (2.19) we derive J(x) + λ^m ∑ j=1 iπ(−1)^jI_j(x) =

=^m ∑ j=1 iπ(−1)^j[(1 + λ)a_j ei^{xξj} − (1 − λ)~a_je^−i^{xξj} ] |x|^{−(n−1)/2} + O(|x|^{−(n+1)/2}) (2.22)

with a_j and ~a_j defined by (2.20) and an arbitrary λ.

Now we prove the following proposition.

LEMMA 2.2 Entries of matrices (2.15) belong to C^∞(IR^3) and for sufficiently large |x| the asymptotic formulae

Γ^{(2)}_± (x, −iω) = m∑ j=1 c^{(j)}_± (ξ^j , −iω) e^±i^{xξj} |x|^{−1} + O(|x|^{−2}) (2.23)

hold, where the point ξ^j ∈ S^c_j corresponds to x (i.e., n(ξ^j ) = x/|x|) and

c^{(j)}_+ ≡ c^{(j)}_1 (ξ^j , −iω) := (−1)^j 1 2π[κ(ξ^j )]^{1/2} N(iξ^j , −iω) |∇Φ_m(ξ^j , −iω)| Ψ_m(ξ^j , −iω) , c^{(j)}_− ≡ c^{(j)}_2 (ξ^j , −iω) := (−1)^j 1 2π[κ(ξ^j)]^{1/2} N(−iξ^j , −iω) |∇Φ_m(ξ^j , −iω)| Ψ_m(ξ^j , −iω) ; (2.24)

moreover, (2.23) can be differentiated any times with respect to x.

Proof. The first part of the lemma is evident due to (2.3) and I^0 − II^0. To prove the asymptotic formulae (2.23), we first perform the change of variable ξ by −ξ in (2.15) and afterwards rewrite it as follows

Γ^{(2)}_± (x, −iω) = (2π)^{−3}[J(x) ± m∑ j=1 iπ(−1)^jI_j(x)], (2.25)

where I_j(x) and J(x) are given by (2.16) and (2.17), respectively, with n = 3; moreover, f(ξ) = h(ξ)N(iξ, −iω) Ψ_m(ξ, −iω) , (2.26)

h(ξ), Φ_m(ξ, −iω), and Ψ_m(ξ, −iω) are defined by (2.3), (1.54), and (1.55), respectively; here we have used the fact that h, Φ_m, and Ψ_m are even functions in ξ.

Now (2.23) follows from (2.25), (2.22), (2.21), (2.26), and (2.20). Thus, we have proved that there exist one sided limits of the matrix (2.2) as Reτ = σ → 0 ± . Let us set

σω > 0 : lim_{σ→0} Γ(x, σ − iω) = Γ^{(1)}(x, −iω) + Γ^{(2)}_+ (x, −iω) =: Γ(x, ω, 1), (2.27)

σω < 0 : lim_{σ→0} Γ(x, σ − iω) = Γ^{(1)}(x, −iω) + Γ^{(2)}_− (x, −iω) =: Γ(x, ω, 2), (2.28)

where Γ^{(1)}, Γ^{(2)}_+ and Γ^{(2)}_− are given by (2.4), (2.11) and (2.12), respectively.

Combining the two latter formulae we have Γ(x, ω, r) = F^{−1}_{ξ→x}[(1 − h(ξ))A^{−1}(−iξ, −iω)] + +(2π)^{−3} V.P. ∫ IR^3 h(ξ)A^{−1}(−iξ, −iω)e^−i^{xξ} dξ + +(−1)^{r+1} i^π_{(2π)3}^m ∑ j=1 (−1)^j ∫ S^c_j N (−iξ,−iω)e^−i^{xξ} |∇Φm(ξ,−iω)|Ψm(ξ,−iω) dS c j , r = 1, 2. (2.29)

Now we formulate the main result of this section.

THEOREM 2.3 The matrix–functions Γ(x, ω, r), r = 1, 2, defined by (2.29), are fundamental matrices of the operator A(D, −iω) and satisfy the following conditions:

i) Γ(x, ω, r) ∈ C^∞(IR^3 \ {0}) and in a neighbourhood of the origin (|x| < 1/2) |D^β_x Γ_{kj} (x, ω, r) − D^β_x Γ_{kj} (x)| ≤ c φ^{(kj)}_{|β|} (x), c = const > 0, k, j = 1, ..., 4, where Γ_{kj} (x), φ^{(kj)}_{|β|} , c = const > 0 and β are the same as in Lemma 2.1;

ii) for sufficiently large |x| Γ(x − y, ω, r) = m∑ j=1 c^{(j)}_r (ξ^j , −iω) e^{(−1)r+1}i^{(x−y)ξj} |x|^{−1} + O(|x|^{−2}), (2.30)

where c^{(j)}_r are defined by (2.24), ξ^j ∈ S^c_j corresponds to the vector x and a range of the variable y is a bounded subset of IR^3; the equation (2.30) can be differentiated any times with respect to x and y.

Proof. It follows immediately from Lemmata 2.1 and 2.2.

REMARK 2.4 Note that, if in (2.30) the vector (x − y) is replaced by −(x − y), then the point ξ^j is to be changed by −ξ^j , simultaneously, since to the vector −x there corresponds the point −ξ^j ∈ S^c_j (−x/|x| = n(−ξ^j )). As a result the exponential factor in (2.30) will not be changed.

REMARK 2.5 The fundamental matrix of the adjoint operator A^∗(D, τ ), clearly, has the form

Γ^∗(x, τ ) = F^{−1}_{ξ→x}[{A^∗(−iξ, τ )}^{−1}] = F^{−1}_{ξ→x}[{A^⊤(iξ, τ )}^{−1}] = = F^{−1}_{ξ→x}[{A^⊤(−iξ, τ )}^{−1}] = (2π)^{−3} ∫ IR^3 [A^⊤(−iξ, τ )]^{−1} ei^{xξ} dξ =

= Γ^⊤(−x, τ ), τ = σ − iω, σ ≠ 0, (2.31) where Γ(x, τ ) is given by (2.2).

Therefore, there exist limits similar to (2.27) and (2.28)

Γ^∗(x, ω, r) = lim_{σ→0} Γ^∗(x, τ ) = lim_{σ→0} Γ^⊤(−x, τ ) = Γ^⊤(−x, ω, r), r = 1, 2, (2.32) where (−1)^{r+1}σω > 0 is assumed.

The entries of matrix (2.31) and their derivatives decrease more rapidly then any negative power of |x| as |x| → +∞ if 0 < |σ| < ε_0 (see Remark 1.2 ).

The asymptotic formulae for Γ^∗(x, ω, r) follow from (2.32) and Theorem 2.3 Γ^∗(x, ω, r) = m∑ j=1 ~c^{(j)}_r e^{(−1)r}i^{xξj} |x|^{−1} + O(|x|^{−2}), where |x| is sufficiently large, ξ^j ∈ S^c_j corresponds to x, and

~c^{(j)}_r = [c^{(j)}r (−ξ^j , −iω)]^⊤ with c^{(j)}_r defined by (2.24).

From Lemmata 2.1, 2.2, and Theorem 2.3 together with the equations (2.31), (2.32), and Γ(x) = Γ(x) = Γ^⊤(x) = Γ(−x), Γ(tx) = t^{−1}Γ(x), t > 0, we infer that the matrices Γ(x, τ ), Γ(x, ω, r), Γ^∗(x, τ ), and Γ^∗(x, ω, r) have the matrix Γ(x) as the dominant singular part in a neighbourhood of the origin. REMARK 2.6 Equation (2.30) implies the following representation Γ(x − y, ω, r) = m∑ j=1 (j) Γ (x − y, ω, r), where for sufficiently large |x| (j) Γ (x − y, ω, r) = c^{(j)}_r e^{(−1)r+1}i^{(x−y)ξj} |x|^{−1} + O(|x|^{−2}), D_{xp}^{(j)}Γ (x − y, ω, r) + i(−1)^r ξ^j_p^{(j)}Γ (x − y, ω, r) = O(|x|^{−2}), j = 1, ..., m, p = 1, 2, 3, r = 1, 2, ξ^j ∈ S^c_j corresponds to x and a range of y is again a bounded subset of IR^3; here the matrices c^{(j)}_r are given by (2.24).

REMARK 2.7 If the system of equations (1.46) is inconsistent in IR^3 for some ω > 0, then M(ξ, −iω) = detA(−iξ, −iω) ≠ 0 for arbitrary ξ ∈ IR^3 and ω ∈ IR, and Γ(x, −iω) = F^{−1}_{ξ→x} ( [A(−iξ, −iω)]^{−1} ) ∈ C^∞(IR^3 \ {0}) (2.33)

is a fundamental matrix of the operator A(D, −iω) whose entries together with all derivatives decrease more rapidly than any negative power of |x| as |x| → +∞.

The main singular part of (2.33) in a neighbourhood of the origin is again the matrix Γ(x). Therefore this case is very similar to the pseudo-oscillation one [55].

3 Thermo-Radiation Conditions. Somigliana Type Integral Representations

In this section we formulate the generalized Sommerfeld-Kupradze type radiation conditions in the thermoelasticity theory of anisotropic bodies and derive Somigliana type integral representation formulae.

3.1. Let us introduce the classes SK^m_r (Ω^−) of vector-functions defined on an unbounded domain of type Ω^− (which is the complement to a compact region Ω^+ in IR^3).

A vector-function U = (U_1, U_2, U_3, U_4)^⊤ belongs to the class SK^m_r (Ω^−), r = 1, 2, if it is C^1-smooth in Ω^−, and for sufficiently large |x| the following relations hold (no summation over the repeated index j in the last equation) U(x) = m∑ j=1 (j) U (x),^{(j)}U (x) = (^{(j)}U 1, · · · ,^{(j)}U 4)^⊤ = O(|x|^{−1}),

D_p^{(j)}U (x) + i(−1)^r ξ^j_p^{(j)}U (x) = O(|x|^{−2}), p = 1, 2, 3, j = 1, ..., m, (3.1)

where ξ^j ∈ S^c_j corresponds to the vector x.

Clearly, this definition is essentially related to the operator A(D, −iω) and its characteristic equation (1.45). The conditions (3.1) will be referred to as generalized Sommerfeld- Kupradze type radiation conditions in the thermoelasticity theory of anisotropic bodies(cf. [12]).

A four-dimensional vector U = (U_1, · · · , U_4)^⊤, satisfying conditions (3.1), will also be referred to as (m, r)−thermo-radiating vector. We say that a 4 × 4 matrix belongs to the class SK^m_r (Ω^−) if each column of the matrix is a (m, r)−thermo-radiating vector.

Remark 2.6 implies that Γ(x, ω, r) ∈ SK^m_r (IR^3 \ {0}).

In the isotropic case m = 1 and S^c_1 is defined by the equation ϱ^2 = k^2_1 with k^2_1 = ω^2μ^{−1} (μ is the Lamé constant and ω is the oscillation parameter). Therefore the point ξ^1 ∈ S^c_1, which corresponds to the given direction (vector) x, is given by ξ^1 = k_1η, η = x/|x|, and conditions (3.1) are equivalent to the well-known thermoelastic radiation conditions (see, e.g., [12], Ch. III).

3.2. Let U = (U_1, · · · , U_4)^⊤ be a regular vector-function in Ω^±, i.e., U ∈ C^2(Ω^±)∩C^1(Ω^±). In addition, let A(D, τ )U ∈ L_1(Ω^±) and conditions (1.30) be satisfied (in the case of the domain Ω^−). If we assume that either 0 < |Reτ | = |σ| < ε_0 or σ > 0, and use the identity (1.22), by standard arguments we obtain the following integral representation formulae (see, for example, [54], [16]) ∫ Ω± Γ(x − y, τ ) A(D_y, τ )U(y) dy ± ∫ S { [Q(D_y, n(y), τ )Γ^⊤(x − y, τ )]^⊤[U(y)]^±−

−Γ(x − y, τ )[B(D_y, n(y))U(y)]^±} dS_y = U(x), x ∈ Ω^±, 0, x ∈ Ω^∓, (3.2)

where boundary operators B and Q are given by (1.25) and (1.26), respectively, and the fundamental matrix Γ(x, τ ) is defined by (2.2); n(y) is the outward unit normal vector of S at the point y ∈ S and S is a C^2-smooth surface.

From the representation formula (3.2) it follows that any solution of equation (1.9), satisfying the condition (1.29) with σ > 0, actually, is a C^∞-regular in Ω^± vector-function which decrease, together with all derivatives, more rapidly than any negative power of |x| as |x| → +∞. Due to Theorem 2.3 and equalities (2.27), (2.28) analogous representation formulae can be written by means of the fundamental matrices Γ(x, ω, r) in the case of the domain Ω^+. One needs only to replace A(D, τ ) and Γ(x, τ ) in (3.2) by A(D, −iω) and Γ(x, ω, r), respectively. Concerning the domain Ω^− we will prove the following proposition.

THEOREM 3.1 Let ∂Ω^− = S be a C^2-smooth surface and U be a regular (m, r)−thermo-radiating vector in Ω^−, i.e., U ∈ C^2(Ω^−) ∩ C^1(Ω^−) ∩ SK^m_r (Ω^−). Let, in addition, A(D, −iω)U have a compact support and belong to the space L_1(Ω^−). Then U(x) = ∫ Ω− Γ(x − y, ω, r) A(D_y, −iω)U(y) dy + + ∫ S {Γ(x − y, ω, r)[B(D_y, n(y))U(y)]^−− −[Q(D_y, n(y), −iω)Γ^⊤(x − y, ω, r)]^⊤[U(y)]^− } dS_y, x ∈ Ω^−; (3.3)

here B, Q and n are the same as in (3.2).

Proof. Let R be a sufficiently large positive number and Ω^+ ⊂ B_R := {x ∈ IR^3 : |x| < R}. We assume also that supp A(D, −iω)U ⊂ B_R. Denote Ω^−_R = Ω^− ∩ B_R and ∂B_R = Σ_R. Then the vector-function U is regular in Ω^−_R. Therefore, we can write the following integral representation (cf. (3.2)) U(x) = ∫ Ω−R Γ(x − y, ω, r) A(D_y, −iω)U(y) dy + + { ∫ ΣR − ∫ S } {[Q(D_y, n(y), −iω)Γ^⊤(x − y, ω, r)]^⊤[U(y)] − −Γ(x − y, ω, r)[B(D_y, n(y))U(y)]} dS_y, x ∈ Ω^−_R, (3.4) where n(y) is the exterior normal on the both surfaces S and Σ_R; clearly, n(y) = y/R for y ∈ Σ_R. Note that in the first integral the domain Ω^−_R can be replaced by Ω^−, since A(D_y, −iω)U has a compact support.

Our goal is to show that the integral over Σ_R tends to zero as R → +∞. To this end, denote the right-hand side expression in (3.3) by T [U]. Then by integrating of (3.4) from ν to 2ν with respect to R and deviding the result by ν, we get U(x) = T [U](x) + X(ν), where

X(ν) =^1_ν^{2ν} ∫ ν dR ∫ ΣR {[Q(D_y, η, −iω)Γ^⊤(x − y, ω, r)]^⊤[U(y)] − −Γ(x − y, ω, r)[B(D_y, η)U(y)]} dΣ_R, η = n(y) = y/R. Next we prove that X(ν) → 0 as ν → +∞.

It can be done by applying the arguments similar to that of [77]. In fact, for definiteness, let r = 1. Then due to the thermo-radiation conditions (3.1) B(D_y, η)U(y) = m∑ j=1 B(iξ^j , η)^{(j)}U (y) + O(R^{−2}),

where ξ^j ∈ S^c_j corresponds to the vector η.

According to Remarks 2.4, 2.6, and Theorem 2.3 analogous formulae hold also for [Q(D_y, η, −iω)Γ^⊤(x − y, ω, 1)]^⊤ and Γ(x − y, ω, 1) (note that x is some fixed point in Ω^−_R). The terms corresponding to O(R^{−2} ) in the expression of X(ν) decay as O(ν^{−1}), while the all other summands have the following structure

v_{st}(ν) =^1_ν^{2ν} ∫ ν dR ∫ Σ1 ψ(η) g_s(Rη) h_t(Rη) R^2 dΣ_1,

where ψ ∈ C^∞(Σ_1), η ∈ Σ_1, g_s and h_t (s, t = 1, · · · , m) are smooth functions satisfying the following inequalities |g_s(Rη)| < c R^{−1}, |^∂_{∂R}g_s(Rη) − iμ_s(η)g_s(Rη)| < c R^{−2}, |h_t(Rη)| < c R^{−1}, |^∂_{∂R}h_t(Rη) − iμ_t(η)h_t(Rη)| < c R^{−2}, μ_j (η) = (η · ξ^j ) > 0, c = const > 0, due to (3.1).

The last inequality is a consequence of (2.14), since

(η · ξ^j ) = (n(ξ^j ) · ξ^j ) = (−1)^j (_{∇Φm(} ξ^j,−iω) |∇Φm(ξj,−iω)| · ξ j ) = = (−1)^{j |ξj|} |∇Φm(ξj,−iω)| [ ∂ ∂|ξ| Φm(ξ j , −iω) ] ξ=ξ^j > 0. Now we proceed as follows

v_{st}(ν) =^1i_ν^{2ν} ∫ ν dR ∫ Σ1 ψ(η) μs(η)+μt(η) [iμs(η) gs(Rη) ht(Rη) + +g_s(Rη) iμ_t(η) h_t(Rη)] R^2 dΣ_1 = =^1i_ν ∫ Σ1 dΣ_1^{2ν} ∫ ν { ψ(η) μs(η)+μt(η) ∂ ∂R[g_s(Rη) h_t(Rη)] + O(R^{−3}) } R^2 dR =

=^1i_ν ∫ Σ1 ψ(η) μs(η)+μt(η) {(2ν) 2g_s(2νη) h_t(2νη) − ν^2g_s(νη) h_t(νη) − −^{2ν} ∫ ν g_s(Rη) h_t(Rη) 2R dR} dΣ_1 + O(ν^{−1}) = O(ν^{−1} ).

Thus, X(ν) → 0 as ν → +∞ which completes the proof.

REMARK 3.2 From the above proof it follows that, if U satisfies the assumptions of Theorem 3.1 and R is a sufficiently large positive number such that supp A(D, −iω)U ⊂ B_R, then ∫ ΣR {[Q(D_y, n(y), −iω)Γ^⊤(x − y, ω, r)]^⊤[U(y)] − −Γ(x − y, ω, r)[B(D_y, n(y))U(y)]} dΣ_R = 0 for an arbitrary x ∈ B_R ∩ Ω^−.

COROLLARY 3.3 Let U be the same as in Theorem 3.1. Then the derivatives D^β U are again (m, r)−thermo-radiating vectors for an arbitrary multi-index β and the asymptotic representation of D^βU at infinity can be obtained by the direct differentiation from the corresponding asymptotic formula of U.

COROLLARY 3.4 Let A(D, −iω)U(x) = 0 in IR^3 and U ∈ SK^m_r (IR^3). Then U = 0 in IR^3. COROLLARY 3.5 Let F = (F_1, ..., F_4)^⊤ ∈ C^1(IR^3) and diam supp F < +∞. Then the equation A(D, −iω)U(x) = F (x), x ∈ IR^3 is uniquely solvable in the class C^2(IR^3) ∩ SK^m_r (IR^3) and the solution is representable by the following convolution type integral U(x) = ∫ IR^3 Γ(x − y, ω, r) F (y) dy, x ∈ IR^3.

CHAPTER II

FORMULATION OF BOUNDARY VALUE AND INTERFACE PROBLEMS

Here we present the classical and weak formulations of the boundary value and interface problems of the thermoelasticity theory which will be investigated in the subsequent chapters.

4 Functional Spaces

In this section we introduce some functional spaces which will be needed in the formulation of boundary value and interface problems. We recall here some properties of these spaces and for details refer to, for example, [75], [76], [47], [45], [1].

Let Ω^+, Ω^−, and S be the same as in Subsection 1.5.

By C^k(Ω^±), C^k(Ω^±), C^k(S), and C^{k,α}(Ω^±), C^{k,α}(Ω^±), C^{k,α}(S), with integer k ≥ 0 and 0 < α ≤ 1, we denote the usual k-smooth and Hölder (k, α)-smooth function spaces. Note that here we assume S to be a C^{k,α}-smooth manifold. Further, C^∞_{comp}(Ω^−) stands for the class of C^∞-regular functions with compact supports in Ω^−, C(Ω^±) and C(S) denote the spaces of continuous functions in Ω^± and S, respectively, and C^α := C^{0,α} for 0 < α < 1.

By W^1_p (Ω^±), W^1_{p,loc}(Ω^±), and W^1_{p,comp}(Ω^±) we denote the usual Sobolev spaces, i.e., spaces of measurable, in general, complex-valued functions that together with their first order generalized derivatives are p-integrable, locally p-integrable, and compactly supported p-integrable functions, respectively, in corresponding domains. Further, L_p(Ω^±), L_{p,loc}(Ω^±), L_{p,comp}(Ω^±), and L_p(S) denote the usual (Lebesgue) measurable function spaces.

Let s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞, and S ∈ C^∞. Then B^s_{p,q}(Ω^±), B^s_{p,q,loc}(Ω^±), B^s_{p,q}(S), and H^s_p (Ω^±), H^s_{p,loc}(Ω^±), H^s_p (S), stand for the Besov and the Bessel-potential spaces, respectively.

Next, let S_1 be a submanifold of S with a C^∞-smooth boundary ∂S_1. We introduce the following spaces on S_1: B^s_{p,q}(S_1) = {f|_{S1} : f ∈ B^s_{p,q}(S)}, H^s_p(S_1) = {f|_{S1} : f ∈ H^s_p(S)}, ~B^s_{p,q}(S_1) = {f ∈ B^s_{p,q}(S) : supp f ⊂ S_1}, ~H^s_p (S_1) = {f ∈ H^s_p (S) : supp f ⊂ S_1},

where f|_{S1} denotes the restriction of f to S_1, and s, p, and q are as above. The appearance of the Besov and Bessel-potential spaces with p ≠ 2 and q ≠ 2 is not only of mathematical interest. The case is that for particular mixed and crack type boundary value and interface problems with specific geometry studied in mathematical physics and mechanics it is well known that, in general, solutions or their derivatives have singularities at the collision curves of changing boundary conditions or edge points of cracks and they do not belong to the class of C^1-regular functions in closed domains (see,e.g., [71], [81]).

Because of this fact and in order to allow a wide class of boundary data, on one side, and to establish optimal regularity properties of the solutions, on the other hand, we state the basic and mixed interface (transmission) problems in Sobolev spaces with p > 1. If we invoke that u ∈ W^1_p (Ω^+) [W^1_{p,loc}(Ω^−)] implies u|_{∂Ω}± ∈ B^{1−1/p}_{p,q} (∂Ω^±), then the need of Besov spaces in formulation of our BVPs and interface problems becomes transparent. Clearly, here u|_S is defined in the trace sense.

We recall that H^s_2 = W^s_2 = B^s_{2,2}, W^t_p = B^t_{p,p}, and H^k_p = W^k_p , for any s ∈ IR, for any positive and non-integer t, and for any non-negative integer k.

It is evident that first order derivatives of functions from W^1_p (Ω^+) and [W^1_{p,loc}(Ω^−)] belong to L_p(Ω^+) and L_{p,loc}(Ω^−), respectively, and, in general, they have no traces on S. However, for vector-functions U ∈ W^1_p (Ω^+) [W^1_{p,loc}(Ω^−)], satisfying, in addition, A(D, –)U ∈ L_p(Ω^+) [L_{p,loc}(Ω^−)] the functionals [P (D, n)U]^±_S ∈ [B^{−1/p}_{p,p} (S)]^3 and [λ(D, n)U_4]^±_S ∈ B^{−1/p}_{p,p} (S), i.e., the functional [B(D, n)U]^±_S ∈ [B^{−1/p}_{p,p} (S)]^4 (see (1.25)), can be defined correctly by means of the Green formulae (1.21).

To this end, let us set

⟨ [B(D, n)U]^+_S , [V ]^+_S ⟩_S := ∫ Ω+ E(U, V ) dx + ∫ Ω+ A(D, –)U · V dx (4.1) [ ⟨ [B(D, n)U]^−_S , [V ]^−_S ⟩_S := − ∫ Ω− E(U, V ) dx − ∫ Ω− A(D, –)U · V dx ] , (4.2)

where E(U, V ) is given by (1.27), and

V ∈ W^1_p′ (Ω^+) [ V ∈ W^1_p′_{,comp}(Ω^−) ], 1 p + 1 p^′ = 1.

Clearly, by the trace theorem [V ]^±_S ∈ B^{1−1/p′}_p′_{,p}′ (S).

It is easy to see that the right-hand side expression in (4.1) [(4.2)] gives the same value for arbitrary vector-functions V ∈ W^1_p′ (Ω^+) [V ∈ W^1_p′_{,comp}(Ω^−)] having the same traces on S (provided U is fixed). This in turn shows, that the functionals defined by the above equations are, actually, supported on S. We also note that, if U ∈ C^1(Ω^+) [ U ∈ C^1(Ω^−) ] and A(D, –)U ∈ L_1(Ω^+) [ L_{1,loc}(Ω^−) ], then the above introduced functionals correspond to the usual boundary values [B(D, n)U]^+ and [B(D, n)U]^−, respectively. Therefore, we can consider ⟨ · , · ⟩_S in (4.1) and (4.2) as dualities between the spaces B^{−1/p}_{p,p} (S) and B^{1/p}_p′_{,p}′(S). Note that ⟨ f , g ⟩_S = ∫ S ⟨ f , g ⟩ dS =^4 ∑ j=1 f_j g_j dS for the smooth vector functions f = (f_1, · · · , f_4)^⊤ and g = (g_1, · · · , g_4)^⊤, i.e., the above duality extends the usual ”real” L_2-scalar product.

Throuhgout this monograph all boundary and interface conditions for the displacement vector and temperature always are understood in the trace sense, while for the stress vector and heat flux they are to be concidered in the above duality sense, i.e., in the sense of continuous linear functionals.

REMARK 4.1 Let us note the following two simple things. Firstly, the condition

[B(D, n)U]^+ = F on S, where U ∈ [W^1_p (Ω^+)]^4, A(D, –)U ∈ [L_p(Ω^+)]^4, and F ∈ [B^{−1/p}_{p,p} (S)]^4, means in the above functional sense that ∫ Ω+ E(U, V ) dx + ∫ Ω+ A(D, –)U · V dx = ⟨ F , [V ]^+_S ⟩_S (4.3)

for arbitrary V ∈ [W^1_p′(Ω^+)]^4.

Secondly, let U ∈ [W^1_p (Ω^+)]^4, A(D, –)U ∈ [L_p(Ω^+)]^4, F ∈ [B^{−1/p}_{p,p} (S_1)]^4, where S_1 a submanifold of the surface S as described above. Then the condition [B(D, n)U]^+ = F on S_1, is understood as follows ∫ Ω+ E(U, V ) dx + ∫ Ω+ A(D, –)U · V dx = ⟨ F , [V ]^+_S ⟩_S =: ⟨ F , [V ]^+_{S1} ⟩_{S1} (4.4)

for arbitrary V ∈ [W^1_p′ (Ω^+)]^4 whose trace [V ]^+_S is supported on S_1, i.e., [V ]^+_{S\S1} = 0. Evidently, [V ]^+_{S1} ∈ [ ~B^{1/p}_p′_{,p}′ (S_1)]^4. Here ⟨ · , · ⟩_{S1} is the duality between the spaces [B^{−1/p}_{p,p} (S_1)]^4 and [ ~B^{1/p}_p′_{,p}′(S_1)]^4. Boundary conditions for the exterior domain Ω^− are understood quite analogously. We have only to change the sign ”+” by the sign ”−” in front of the volume integrals in the left-hand sides of (4.3) and (4.4), and the superscript ”+” is to be replaced by the superscript ”−” in the right-hand sides. Moreover, a test function V is to be taken from the same type of Sobolev spaces as above but now with a compact support in Ω^−.

5 Formulation of the Basic and Mixed BVPs

In this section and in what follows boundary value and interface problems for the pseudooscillation and steady state oscillation equations will be marked by the subscripts τ and ω, respectively (unless otherwise stated). We note that in the pseudo-oscillation problems τ = σ − iω with σ > 0 and ω ∈ IR.

We start by the formulation of the so-called basic and mixed boundary value problems for the bounded domain Ω^+ and its unbounded complement Ω^−. As above, we assume that S = ∂Ω^± is a C^2-smooth manifold. Moreover, U = (u, u_4)^⊤ is again a four-dimensional vector-function whose first three components correspond to the displacement vector, while the fourth component describes the temperature field.

We consider the following BVPs.

Find a solution U to the system of differential equations (1.9) [(1.10)] in Ω^± satisfying one of the boundary conditions on S:

Problem (P_1)^±_τ [(P_1)^±_ω ]:

[u]^± = ~f, ~f = (f_1, f_2, f_3)^⊤, (5.1) [u_4]^± = f_4, (5.2) i.e., the dicplacement vector and the temperature are prescribed on S.

Problem (P_2)^±_τ [(P_2)^±_ω ]:

[u]^± = ~f, (5.3) [λ(D, n) u_4]^± = F_4, (5.4) i.e., the dicplacement vector and the heat flux through the surface S are given on S. Here λ(D, n) = ∂_n is given by (1.24). The case [∂_nu_4]^± = 0 describes a thermal insulation over the surface bounding the body.

Problem (P_3)^±_τ [(P_3)^±_ω ]:

[P (D, n)U]^± = ~F , ~F = (F_1, F_2, F_3)^⊤, (5.5) [u_4]^± = f_4, (5.6) i.e., the vector of thermal stresses and the temperature are given on S. Here P (D, n) is defined by (1.13).

Problem (P_4)^±_τ [(P_4)^±_ω ]:

[P (D, n)U]^± = ~F , (5.7) [λ(D, n) u_4]^± = F_4, (5.8) i.e., the vector of thermal stresses and the heat flux are prescribed on S.

Problem (P_{mix})^±_τ [(P_{mix})^±_ω ]:

[u]^± = ~f^{(1)} and [u_4]^± = f^{(1)}_4 on S_1, ~f^{(1)} = (f^{(1)}_1 , f^{(1)}_2 , f^{(1)}_3 )^⊤, (5.9)

[P (D, n)U]^± = ~F^{(2)} and [λ(D, n)u_4]^± = F^{(2)}_4 on S_2, ~F^{(2)} = (F^{(2)}_1 , F^{(2)}_2 , F^{(2)}_3 )^⊤, (5.10)

where S_1 ∪ S_2 = S, S_1 ∩ S_2 = ∅, S_j ≠ ∅, j = 1, 2; we assume here that the common boundary of ∂S_1 = ∂S_2 is also a smooth curve.

The functions f_k, F_k, f^{(1)}_k and F^{(2)}_k are given functions and in the sequel they will be referred as boundary data of the BVPs.

Let us introduce the matrix boundary operators

B_{(1)}(D, n) := I_4 = [δ_{kj}]_{4×4}, B_{(2)}(D, n) :=

I_3 [0]_{3×1}

[0]_{1×3} λ(D, n) 4×4 ,

B_{(4)}(D, n) := B(D, n), B_{(3)}(D, n) :=

[T (D, n)]_{3×3} [−β_{kj}n_j ]_{3×1}

[0]_{1×3} 1 4×4 , (5.11)

where T (D, n) and B(D, n) are given by formulae (1.12) and (1.25), respectively. The boundary conditions corresponding to the above problems (P_k)^±_τ [(P_k)^±_ω ] can be then written as follows

[B_{(k)}(D, n)U]^± = g, k = 1, 2, 3, 4, (5.12)

where the four-dimensional vector g is constructed by the boundary data of the corresponding problem.

By a solution of the interior BVPs (P_k)^+_τ and (P_k)^+_ω we understand a vector U from the space either C^1(Ω^+) ∩ C^2(Ω^+) or W^1_p (Ω^+) with p > 1.

The mixed BVPs (P_{mix})^+_τ and (P_{mix})^+_ω will be considered only in the space W^1_p (Ω^+) since, in general, they have no solutions in the space of smooth functions C^1(Ω^+).

Clearly, in the case of the Sobolev spaces W^1_p (Ω^+) the differential equations (1.9) and (1.10) are to be considered in the distributional (weak) sense, while the boundary conditions are to be understood in the functional-trace sense described in the previous section.

Moreover, in the exterior BVPs for the domain Ω^− we provide that a solution to the pseudo-oscillation equations (1.9) has to satisfy the conditions (1.29) at infinity (i.e., (1.30)), while a solution to the steady state oscillation equations (1.10) has to meet the generalized Sommerfeld-Kupradze type (m, r)−thermo-radiation conditions (3.1). It is also evident that in the exterior problems for the homogeneous pseudo-oscillation equations we may assume U ∈ W^1_p (Ω^−) (due to the required asymptotic behaviour at infinity), while in the exterior problems for the homogeneous steady state oscillation equations we have to look for solution in the space W^1_{p,loc}(Ω^−).

We remark that every solution to the homogeneous elliptic equations with constant coefficients (1.9) and (1.10) is C^∞-regular in Ω^+ and Ω^−. Therefore, we have to control the smoothness of the solutions only near the boundary S.

Concerning the boundary data in the above formulated problems we note that the precised functional spaces for them will be given below when we start the systematic study of the existence of solutions to the nonhomogeneous BVPs (see Chapter V).

However, we mention here only some necessary (compatibility) conditions. Namely, when we look for a solution U ∈ C^1(Ω^±), then the boundary functions f_k and F_k (k = 1, · · · , 4) have to belong to some subspaces of C^1(S) and C^0(S), respectively, while the following natural conditions f_k ∈ B^{1−1/p}_{p,p} (S) and F_k ∈ B^{−1/p}_{p,p} (S) must be satisfied when we seek a solution U in the space W^1_p (Ω^±) [W^1_{p,loc}(Ω^±)]. Analogously, in the mixed BVPs we have to require the natural restrictions f^{(1)}_k ∈ B^{1−1/p}_{p,p} (S_1) and F^{(2)}_k ∈ B^{−1/p}_{p,p} (S_2).

We note here that in the elasticity theory of isotropic bodies the basic BVPs in the classical setting by potential methods have been exaustively investigated in [43], while the mixed BVPs have been studied in [48], [13], [72], [73] (L_2-setting) (see also references therein). The same problems of the elasticity theory of anisotropic bodies are considered in [54], [8], [57] (classical and L_p-setting).

6 Formulation of Crack Type Problems

This type of problems appear when the elastic body under consideration has interior cracks of the form of two-dimensional open manifolds. We consider the case when these crack surfaces are disjoint and do not hit the boundary of the body.

We deal with the following model problems.

Let S_1 be an open, two-dimensional, C^∞-regular, two-sided, connected manifold with C^∞-regular boundary ∂S_1. Moreover, we assume S_1 to be a subset of some closed C^∞- regular surface S surrounding a bounded domain, say Ω^+. Further, let IR^3_{S1} = IR^3 \ S_1, S_1 = S_1 ∪ ∂S_1, and as usual, Ω^− = IR^3 \ Ω^+. We choose that direction of the unit normal vector on S_1 which corresponds to the outward normal vector on S (with respect to Ω^+). Due to this choice, the symbols [ · ]^± denote again limits on S_1 from Ω^± either in the usual classical-trace sense or in the functional-trace sense described in Section 5.

Let the whole unbounded domain IR^3_{S1} be filled up by an anisotropic elastic material with thermoelastic characteristics introduced in Section 1.

The crack type problems in the thermoelasticity theory are formulated as follows (cf. [16]).

Find a solution U = (u, u_4)^⊤ ∈ W^1_{p,loc}(IR^3_{S1} ), p > 1, to the system of steady state oscillation equation (1.10) in IR^3_{S1} satisfying the generalized Sommerfeld-Kupradze type (m, r)−thermo-radiation conditions at infinity (3.1) and one of the following boundary conditions on S_1:

Problem (CR.D)_ω:

[u]^+ = ~f^{(+)},

[u_4]^+ = f^{(+)}_4 , and [u]^− = ~f^{(−)},

[u_4]^− = f^{(−)}_4 ,

(6.1)

where ~f^± = (f^±_1 , f^±_2 , f^±_3 )^⊤, f^± = (f^±_1 , · · · , f^±_4 )^⊤;

Problem (CR.N )_ω:

[P (D, n)U]^+ = ~F^{(+)},

[λ(D, n)u_4]^+ = F^{(+)}_4 , and [P (D, n)U]^− = ~F^{(−)}, [λ(D, n)u_4]^− = F^{(−)}_4 ,

(6.2)

where ~F^± = (F^±_1 , F^±_2 , F^±_3 )^⊤, F^± = (F^±_1 , · · · , F^±_4 )^⊤.

The boundary data f^±_k and F^±_1 belong again to the natural spaces

f^±_k ∈ B^{1−1/p}_{p,p} (S_1), F^±_k ∈ B^{−1/p}_{p,p} (S_1), k = 1, · · · , 4. (6.3)

Moreover, we assume

f^+_k − f^−_k ∈ ~B^{1−1/p}_{p,p} (S_1), F^+_k − F^−_k ∈ ~B^{−1/p}_{p,p} (S_1), k = 1, · · · , 4, (6.4)

which is stipulated by the fact that an arbitrary solution U to the equation (1.10) is C^∞- regular in IR^3_{S1} and, obviously,

[U]^+ − [U]^− = 0 and [B(D, n)U]^+ − [B(D, n)U]^− = 0, on S \ S_1. (6.5)

The formulation of crack type BVPs for the pseudo-oscillation equations are similar to the above ones.

In this case we look for a solution U = (u, u_4)^⊤ ∈ W^1_p (IR^3_{S1} ), p > 1, to the system of equations (1.9) in IR^3_{S1} satisfying the decay conditions (1.30) at infinity, and either the boundary conditions (6.1) (in Problem (CR.D)_τ ) or the boundary conditions (6.2) (in Problem (CR.N )_τ ) on S_1. The boundary data f^±_k and F^±_1 are supposed again to meet embeddings (6.3) and (6.4).

If one considers the crack type problems for the domains Ω^± with the interior cut S_1, then to the above boundary conditions (6.1) and (6.2) on S_1, clearly, one has to add one of the basic boundary conditions on S corresponding to the BVPs (P_k)^±_τ [(P_k)^±_ω ]. As it becomes transparent later on, these type of BVPs can be investigated by slight and evident modifications of our analysis developed in the next chapters. Therefore, we confine ourselves to deal with only the above formulated model problems.

We remark that analogous problems of elastostatics of isotropic and anisotropic bodies have been investigated in [13], [17], [18] (see also references therein). The above formulated crack problems for the pseudo-oscillation equations of the thermoelasticity theory in the general anisotropic case have been treated in [16].

7 Basic and Mixed Interface Problems

In this section we formulate the basic and mixed interface problems of the thermoelasticity theory for piecewise homogeneous anisotropic bodies. In the scientific literature the mixed interface problems are called also as interface crack problems.

The most general case of the structure of a piecewise homogeneous elastic body under consideration can be mathematicaly described as follows. In three-dimensional Euclidean space IR^3 we have some closed, smooth, connected, nonselfintersecting surfaces ~S_1, ~S_2, ..., ~S_n ( ~S_j ∩ ~S_k = ∅, j ≠ k). By these surfaces the whole space IR^3 is devided into several connected domains Ω_1, ..., Ω_l. Each domain is supposed to be filled up by an anisotropic material with corresponding, in general, different thermoelastic coefficients.

Common boundaries of the two distinct materials are called interfaces or contact surfaces of the piecewise homogeneous elastic body. If some domains represent empty inclusions, then corresponding to them surrounding surfaces are called boundary surfaces of the composed elastic body in question. Such type of piecewise homogeneous structures encounter in many physical, mechanical and engineering applications. Therefore, besides the theoretical importance of the transmission problems we intend to study, this interest is also motivated by their fundamental applications to many areas of science and technology.

7.1. For illustration of the method suggested we consider the following model problems. We assume that the piecewise homogeneous composed anisotropic body consists of two elastic components occupying bounded domain Ω^1 = Ω^+ and its unbounded complement Ω^2 = Ω^− = IR^3\Ω^+; ∂Ω^± = S, Ω^μ = Ω^μ ∪ S, μ = 1, 2. Thus, the whole space IR^3 can be considered as a piecewise homogeneous anisotropic body with the single contact (interface) surface S.

Let a smooth, connected, nonselfintersecting curve l ⊂ S devide the contact surface S into two open parts S_1 and S_2: S = S_1 ∪ S_2 ∪ l, S = S_1 ∩ S_2 = ∅, S_j = S_j ∪ l, j = 1, 2.

We treat the two groups of interface conditions:

I. Basic interface problems. On the whole contact surface S there are given a) jumps of the displacement vector, the temperature, the vector of thermal stresses, and the heat flux (Problem (C)) or

b) jumps of the temperature, the heat flux, and the normal components of the displacement and the stress vectors; in addition to these conditions, the limits of either the tangent components of the stress vectors (Problem (G)) or the tangent components of the displacement vectors (Problem (H)) are given from both sides of the interface (cf. [43],[28],[31],[33]).

II. Mixed interface problems. On the submanifold S_1 the conditions of Problem (C) are prescribed, while on S_2 there are given:

a) the conditions of Problem (G) (Problem (C − G)) or b) the conditions of Problem (H) (Problem (C − H)) or c) the displacement vector and the temperature (on the both sides of S_2) (Problem (C − DD)) or d) the thermal stresses and the heat flux (on the both sides of S_2) (Problem (C − N N )) or e) the displacement [stress] vector (on the both sides of S_2) and the jumps of the temperature and the heat flux (Problem (C − DC) [Problem (C − N C)]) (cf. [56], [32], [34], [39],

[38]).

The analogous basic interface problems in the classical elasticity and thermoelasticity of isotropic bodies have been studied by the potential and variational methods in [43], [31], [64], [81] (see also [72], [59], [60]). In anisotropic elasticity the basic interface problems have been considered in [33], [39], [22], while the mixed interface problems have been investigated in [34], [56], [64], [39], [9].

7.2. Before we start the mathematical formulation of the above interface problems let us introduce some notations.

We assume that the domain Ω^μ (μ = 1, 2) is filled up by elastic material whose thermoelastic constants are c^{(μ)}_{kjpq}, λ^{(μ)}_{pq} , β^{(μ)}_{pq} , c^{(μ)}_0 , with the same properties as in Section 1. The displacement vector and the temperature in Ω^μ are denoted by u^{(μ)} and u^{(μ)}_4 , respectively. All operators and thermo-mechanical characteristics corresponding to the elastic material occupying the domain Ω^μ we mark with the superscript μ. For example, the basic equations of pseudo-oscillations and steady state oscillations now read as (see (1.7)-(1.11))

A^{(μ)}(D, τ )U^{(μ)}(x) = 0 in Ω^μ, (7.1)

A^{(μ)}(D, −iω)U^{(μ)}(x) = 0 in Ω^μ. (7.2)

The symbols T^{(μ)}(D, n), P^{(μ)}(D, n), and λ^{(μ)}(D, n) stand now for the corresponding classical stress operator, thermo-stress operator, and heat flux operator, respectively (see (1.11), (1.13), (1.24)).

First we formulate the basic interface problems for the steady state oscillation equations of thermoelasticity.

Find vector functions U^{(μ)} (μ = 1, 2) that solve the equations (7.2) in Ω^μ and that satisfy the following interface (transmission) conditions on S:

Problem (C)_ω:

[u^{(1)}]^+ − [u^{(2)}]^− = ~f , [u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, (7.3)

[P^{(1)}(D, n)U^{(1)}]^+ − [P^{(2)}(D, n)U^{(2)}]^− = ~F ,

~λ^{(1)}(D, n)[u^{(1)}_4 ]^+ − ~λ^{(2)}(D, n)[u^{(2)}_4 ]^− = F_4, (7.4)

where

f = ( ~f, f_4)^⊤, ~f = (f_1, f_2, f_3)^⊤, F = ( ~F , F_4)^⊤, ~F = (F_1, F_2, F_3)^⊤.

Problem (G)_ω:

[P^{(1)}(D, n)U^{(1)} · l]^+ = ~F^{(+)}_l , [P^{(1)}(D, n)U^{(1)} · m]^+ = ~F^{(+)}_m , (7.5)

[P^{(2)}(D, n)U^{(2)} · l]^− = ~F^{(−)}_l , [P^{(2)}(D, n)U^{(2)} · m]^− = ~F^{(−)}_m , (7.6)

[u^{(1)} · n]^+ − [u^{(2)} · n]^− = ~f_n, [P^{(1)}(D, n)U^{(1)} · n]^+ − [P^{(2)}(D, n)U^{(2)} · n]^− = ~F_n, (7.7)

[u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4. (7.8)

Problem (H)_ω: conditions (7.7), (7.8), and

[u^{(1)} · l]^+ = ~f^{(+)}_l , [u^{(1)} · m]^+ = ~f^{(+)}_m , (7.9) [u^{(2)} · l]^− = ~f^{(−)}_l , [u^{(2)} · m]^− = ~f^{(−)}_m . (7.10) Here and in what follows we denote by n(x) again the outward (to Ω^+) unit normal vector at the point x ∈ S, and by l(x) and m(x) orthogonal unit vectors in the tangent plane. The orthogonal local co-ordinate system n, l, and m at x ∈ S is orientated as follows: l × m = n, where · × · denotes the vector product of two vectors.

The conditions (7.5)-(7.6) and (7.9)-(7.10), in fact, represent limits on S of the tangent components of the thermo-stress vector and the displacement vector, respectively, while the second equation in (7.4) represents the jump of the heat flux on S.

The conditions (7.3) and (7.4) can be written then as follows:

[U^{(1)}]^+ − [U^{(2)}]^− = f on S, (7.11) [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F on S, (7.12) where B^{(μ)}(D, n) is defined by (1.25).

Next, we recall that S_1 and S_2 are the two disjoint submanifolds of S such that S_1 ∪ S_2 = S, and formulate the mixed interface problems.

Find vector functions U^{(μ)} (μ = 1, 2) that solve the equations (7.2) in Ω^μ and that satisfy one of the following mixed interface conditions on S:

Problem (C − DD)_ω:

[U^{(1)}]^+ − [U^{(2)}]^− = f^{(1)} [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F^{(1)} on S_1, (7.13)

[U^{(1)}]^+ = φ^{(+)}, [U^{(2)}]^− = φ^{(−)} on S_2, (7.14) where

f^{(1)} = ( ~f^{(1)}, f^{(1)}_4 )^⊤, ~f^{(1)} = (f^{(1)}_1 , f^{(1)}_2 , f^{(1)}_3 )^⊤, F^{(1)} = ( ~F^{(1)}, F^{(1)}_4 )^⊤, ~F^{(1)} = (F^{(1)}_1 , F^{(1)}_2 , F^{(1)}_3 )^⊤, φ^{(±)} = ( ~φ^{(±)}, φ^{(±)}_4 )^⊤, ~φ^{(±)} = (φ^{(±)}_1 , φ^{(±)}_2 , φ^{(±)}_3 )^⊤.

Problem (C − N N )_ω: conditions (7.13) on S_1 and

[B^{(1)}(D, n)U^{(1)}]^+ = Φ^{(+)}, [B^{(2)}(D, n)U^{(2)}]^− = Φ^{(−)} on S_2, (7.15) Φ^{(±)} = ( ~Φ^{(±)}, Φ^{(±)}_4 )^⊤, ~Φ^{(±)} = (Φ^{(±)}_1 , Φ^{(±)}_2 , Φ^{(±)}_3 )^⊤.

Problem (C − DC)_ω: condition (7.8) on S and

[u^{(1)}]^+ − [u^{(2)}]^− = ~f^{(1)}, [P^{(1)}(D, n)U^{(1)}]^+ − [P^{(2)}(D, n)U^{(2)}]^− = ~F^{(1)} on S_1, (7.16)

[u^{(1)}]^+ = ~φ^{(+)}, [u^{(2)}]^− = ~φ^{(−)} on S_2. (7.17)

Problem (C − N C)_ω: conditions (7.8) on S, (7.16) on S_1, and

[P^{(1)}(D, n)U^{(1)}]^+ = ~Φ^{(+)}, [P^{(2)}(D, n)U^{(2)}]^− = ~Φ^{(−)} on S_2. (7.18)

Problem (C − G)_ω: conditions (7.8) on S, (7.16) on S_1, and

[u^{(1)} · n]^+ − [u^{(2)} · n]^− = ~f^{(2)}_n

[P^{(1)}(D, n)U^{(1)} · n]^+ − [P^{(2)}(D, n)U^{(2)} · n]^− = ~F^{(2)}_n on S_2, (7.19)

[P^{(1)}(D, n)U^{(1)} · l]^+ = ~Φ^{(+)}_l , [P^{(1)}(D, n)U^{(1)} · m]^+ = ~Φ^{(+)}_m on S_2,

[P^{(2)}(D, n)U^{(2)} · l]^− = ~Φ^{(−)}_l , [P^{(2)}(D, n)U^{(2)} · m]^− = ~Φ^{(−)}_m on S_2.

Problem (C − H)_ω: conditions (7.8) on S, (7.16) on S_1, (7.19) on S_2, and

[u^{(1)} · l]^+ = ~φ^{(+)}_l , [u^{(1)} · m]^+ = ~φ^{(+)}_m on S_2,

[u^{(2)} · l]^− = ~φ^{(−)}_l , [u^{(2)} · m]^− = ~φ^{(−)}_m on S_2.

In the all above steady state oscillation problems we require that the vector function U^{(2)} satisfies the (m, r)−thermo-radiation conditions at infinity.

Moreover, by a solution to the above interface problems we understand a pair of vectorfunctions (U^{(1)}, U^{(2)}) satisfying the conditions of the corresponding problem.

We note that the basic interface problems formulated above will be studied in both the regular (C^1(Ω^1), C^1(Ω^2)) and the Sobolev (W^1_p (Ω^1), W^1_{p,loc}(Ω^2)) spaces.

Therefore, the given data of the interface problems belong to the corresponding natural functional spaces, and the transmission conditions are to be understood in the classical sense and in the functional-trace sense, respectively.

Particularly, in the regular case, all data corresponding to the displacement vector and the temperature are embedded in C^1(S) space, while the data corresponding to the thermostress vector and the heat flux are embedded in C^0(S) space. In the case of weak setting (in Sobolev spaces), these data are in B^{1−1/p}_{p,p} (S) and B^{−1/p}_{p,p} (S) spaces, respectively.

The above mixed type interface problems will be treated only in the weak setting, i.e., in this case we look for the unknown vector functions U^{(1)} and U^{(2)} in the Sobolev spaces

U^{(1)} ∈ W^1_p (Ω^1) and U^{(2)} ∈ W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2) 1 < p < ∞. (7.20)

This implies that the data of the mixed interface problems have to meet the following natural restrictions caused by (7.20):

f_4 ∈ B^{1−1/p}_{p,p} (S), F_4 ∈ B^{−1/p}_{p,p} (S), (7.21) f^{(1)}_k ∈ B^{1−1/p}_{p,p} (S_1), F^{(1)}_k ∈ B^{−1/p}_{p,p} (S_1), φ^{(±)}_k , ~f^{(2)}_n , ~φ^{(±)}_l , ~φ^{(±)}_m ∈ B^{1−1/p}_{p,p} (S_2), Φ^{(±)}_k , ~F^{(2)}_n , ~Φ^{(±)}_l , ~Φ^{(±)}_m ∈ B^{−1/p}_{p,p} (S_2), k = 1, 4. (7.22) Moreover, the inclusions (7.20) lead also to the following necessary (compatibility) conditions:

a) in the problem (C − DD)_ω :

f = f^{(1)} on S_1, φ^{(+)} − φ^{(−)} on S_2, f ∈ [B^{1−1/p}_{p,p} (S)]^4; (7.23)

b) in the problem (C − N N )_ω:

F = F^{(1)} on S_1, Φ^{(+)} − Φ^{(−)} on S_2,

F ∈ [B^{−1/p}_{p,p} (S)]^4; (7.24)

c) in the problem (C − DC)_ω:

~f = ~f^{(1)} on S_1, ~φ^{(+)} − ~φ^{(−)} on S_2,

~f ∈ [B^{1−1/p}_{p,p} (S)]^3; (7.25)

d) in the problem (C − N C)_ω:

~F^= ~F^{(1)} on S_1, ~Φ^{(+)} − ~Φ^{(−)} on S_2,

~F ∈ [B^{−1/p}_{p,p} (S)]^3; (7.26)

e) in the problem (C − G)_ω:

~f_n = ~f^{(1)} · n on S_1, ~f^{(2)}_n on S_2, ~f_n ∈ B^{1−1/p}_{p,p} (S), (7.27)

~F^= ~F^{(1)} on S_1, [ ~Φ^{(+)}_l − ~Φ^{(−)}_l ]l + [ ~Φ^{(+)}_m − ~Φ^{(−)}_m ]m + ~F^{(2)}_n n on S_2,

~F ∈ [B^{−1/p}_{p,p} (S)]^3; (7.28)

f) in the problem (C − H)_ω:

~f = ~f^{(1)} on S_1, [ ~φ^{(+)}_l − ~φ^{(−)}_l ]l + [ ~φ^{(+)}_m − ~φ^{(−)}_m ]m + ~f^{(2)}_n n on S_2,

~f ∈ [B^{1−1/p}_{p,p} (S)]^3, (7.29)

~F_n = ~F^{(1)} · n on S_1,

~F^{(2)}_n on S_2, ~F_n ∈ B^{−1/p}_{p,p} (S). (7.30)

In the sequel all these conditions are supposed to be fulfilled. Note that the conditions (7.23), (7.25), (7.27), (7.29), and (7.24), (7.26), (7.28) and (7.30), hold for arbitrary functions satisfying (7.21) with 1 < p < 2 and 2 < p < ∞, respectively. This follows from the multiplication properties of Besov spaces (see [76], Ch. 3, Section 3.3.2).

Finally, we note that for the domains of general structure, described in the beginning of the section, the basic and mixed transmission problems mathematically could be formulated quite similarly: on the contact surfaces the conditions one of the interface problems stated above are assigned, while on the boundary of the composed body the conditions of the basic (or mixed) boundary value problemes are given. We observe that the all principal difficulties arising in the study of problems for the composed bodies of general structure are presented in the above model problems as well.

7.3 The basic and mixed interface problems for the pseudo-oscillation case are formulated in the same way. The only difference is that a solution U^{(2)} to the equation (7.2) in Ω^2 has to satisfy the natural decay condition (1.30) at infinity. Therefore, in the weak setting, we look for solutions in the spaces

U^{(1)} ∈ W^1_p (Ω^1) and U^{(2)} ∈ W^1_p (Ω^2), 1 < p < ∞. (7.31)

These problems, due to the above agreement, we denote by symbols (C)_τ , (G)_τ , (H)_τ , (C − DD)_τ , (C − N N )_τ , (C − DC)_τ , (C − N C)_τ , (C − G)_τ , (C − H)_τ , respectively.

The interface condtions on S in the regular and weak setting of these problems read again as in the steady state oscillation case.

CHAPTER III

UNIQUENESS THEOREMS

In this chapter we study the homogeneous versions of the above problems and prove the corresponding uniqueness theorems. The problems in the classical formulation will be analyzed completely, while the problems in the weak setting will be treated only partially. Namely, we consider here the case p = 2. The general case (p > 1) will be considered later together with the existence questions.

8 Uniqueness Theorems for Pseudo-Oscillation Problems

8.1. Let us begin with the consideration of the basic BVPs of pseudo-oscillations.

THEOREM 8.1 The homogeneous versions of the problems (P_k)^+_τ , k = 1, 2, 3, 4, have only the trivial solutions in the class of regular vector functions C^1(Ω^+).

Proof. Let U = (u, u_4)^⊤ ∈ C^1(Ω^+) ∩ C^∞(Ω^+) be a solution to one of the homogeneous BVPs indicated in the theorem. Making use of the identity (1.23) with – = τ = σ − iω, where σ > 0 and ω ∈ IR, we get ∫ Ω+ { c_{kjpq}D_pu_qD_ku_j + τ^2|u|^2 +^1_{τT0} λ_{pq}D_qu_4D_pu_4 +^{c0}_{T0} |u_4|^2 } dx = 0, (8.1)

since the two other integrals in (1.23) vanish due to the homogeneity of the differential equation (1.9) and the boundary conditions (see (5.1)-(5.8)). Separating the real and imaginary parts leads to the system of equations ∫ Ω+ { c_{kjpq}D_pu_qD_ku_j + (σ^2 − ω^2)|u|^2 +^σ_{|τ |2T0} λ_{pq}D_qu_4D_pu_4 +^{c0}_{T0} |u_4|^2 } dx = 0, (8.2) ω ∫ Ω+ { 2σ|u|^2 +^1_{|τ |2T0} λ_{pq}D_qu_4D_pu_4 } dx = 0. (8.3)

Hence, by (1.14) and (1.15), we infer that u = 0 and u_4 = 0 in Ω^+.

THEOREM 8.2 Let U = (u, u_4)^⊤ ∈ W^1_2 (Ω^+) be a solution to one of the homogeneous BVPs (P_k)^+_τ , k = 1, 2, 3, 4. Then U = 0 in Ω^+.

Proof. We prove the theorem for the problem (P_4)^+_τ . The other problems can be treated analogously.

In the case under cosideration the homogeneous boundary conditions (5.7) and (5.8) (with F = 0) are understood in the functional-trace sense described in Section 4. Invoking the definition (4.1) with – = τ , and noting that A(D, τ )U(x) = 0 in Ω^+, we conclude

⟨ [B(D, n)U]^+_S , [V ]^+_S ⟩_S = ∫ Ω+ E(U, V ) dx, (8.4) where V = (v, v_4)^⊤, with v = (v_1, v_2, v_3)^⊤, is an arbitrary vector function of the space [W^1_2 (Ω^+)]^4, and E(U, V ) is given by (1.27). Clearly, (8.4) implies

⟨ [P (D, n)U]^+_S , [v]^+_S ⟩_S = ∫ Ω+ { c_{kjpq}D_pu_qD_kv_j + τ^2u_pv_p − β_{pq}u_4D_pv_q } dx, (8.5) ⟨ [λ(D, n)u_4]^+_S , [v_4]^+_S ⟩_S = ∫ Ω+ { λ_{pq}D_qu_4D_pv_4 + c_0τ u_4v_4 + τ T_0v_4β_{pq}D_pu_q } dx, (8.6) where v = (v_1, v_2, v_3)^⊤ and v_4 are arbitrary elements of the spaces [W^1_2 (Ω^+)]^3 and W^1_2 (Ω^+), respectively.

Multiplying (8.6) by (τ T_0)^{−1}, taking its complex conjugate, and adding the result termwise to the (8.5) lead then us to the equation

⟨ [P (D, n)U]^+_S , [v]^+_S ⟩_S +^1_{τT0} ⟨ [λ(D, n)u_4]^+_S , [v_4]^+_S ⟩_S = = ∫ Ω+ { c_{kjpq}D_pu_qD_kv_j + τ^2u_pv_p − β_{pq}[u_4D_pv_q − v_4D_pu_q]+

+^1_{τT0} λ_{pq}D_qu_4D_pv_4 +^{c0}_{T0} u_4v_4 } dx, (8.7) It is evident that, if U is a solution to the homogeneous BVP (P_4)^+_τ , then the left-hand side expression in (8.7) vanishes. Whence ∫ Ω+ { c_{kjpq}D_pu_qD_kv_j + τ^2u_pv_p − β_{pq}[u_4D_pv_q − v_4D_pu_q]+

+^1_{τT0} λ_{pq}D_qu_4D_pv_4 +^{c0}_{T0} u_4v_4 } dx = 0, (8.8)

For arbitrary v_j ∈ W^1_2 (Ω^+), j = 1, 4. Since we are allowed to put here v_j = u_j and apply the arguments of the proof of Theorem 8.1, we get u_j = 0 (j = 1, 4) in Ω^+.

Now we make some remarks concerning the other homogeneous boundary value problems. First of all we note that the starting point to prove the uniqueness of solutions in Sobolev spaces always is the formula (8.4). For example, let us consider the homogeneous problems (P_1)^+_τ , and let some vector-function U ∈ W^1_2 (Ω^+) be its soluton. Due to the homogeneity of the problem, obviousely, [U]^+ = 0 on S in the usual trace sense. Next, let us calculate the corresponding thermo-stress vector and the heat flux on S, i.e., the vector [B(D, n)U]^+_S which is understood in the functional sense. To this end we have to apply the definition (4.1) which in the case in question reads as (8.4). Surely, we may substitute the solution U ∈ W^1_2 (Ω^+) in the place of the vector-function V ∈ W^1_2 (Ω^+) in the equations (8.4)-(8.8). Since the trace [U]^+_S vanishes on S, we again arrive at the equations (8.2) and (8.3). Whence U = 0 in Ω^+ follows.

THEOREM 8.3 The homogeneous mixed BVP (P_{mix})^+_τ in the class W^1_2 (Ω^+) has only the trivial solution.

Proof. Denote by U = (u, u_4)^⊤ ∈ W^1_2 (Ω^+) an arbitrary solution of the homogeneous mixed problem (P_{mix})^+_τ . Clearly, [U]^+_{S1} = 0 in the usual trace sense and, therefore, [U]^+_{S2} ∈ ~B^{1/2}_{2,2} (S_2), since U ∈ B^{1/2}_{2,2} (S). Further, let us note that the homogeneous boundary conditions for the vector U on S_2, due to Remark 4.1, imply ∫ Ω+ E(U, V ) dx = ⟨ [B(D, n)U]^+_{S2} , [V ]^+_{S2} ⟩_{S2} = 0 (8.9)

for arbitrary V ∈ W^1_2 (Ω^+) with the property [V ]^+_{S2} ∈ ~B^{1/2}_{2,2} (S_2). Clearly, the equation (8.9) is equivalent to (8.8), where we may again substitute the vector-function U in the place of V , since the U satisfies the restrictions required above for V in (8.9). Therefore, with the help of the arguments in the proof of Theorems 8.1 and 8.2 we easily conclude that u_j = 0 (j = 1, 4) in Ω^+.

The uniqueness theorems for the exterior basic BVPs for the pseudo-oscillation equations can be proved quite analogously.

THEOREM 8.4 The homogeneous BVPs (P_k)^−_τ , k = 1, 2, 3, 4, and (P_{mix})^−_τ have only the trivial solutions in the space W^1_2 (Ω^−).

Proof. We will prove the theorem only for the problem (P_{mix})^−_τ , since for the other problems it is verbatim.

Let U = (u, u_4)^⊤ ∈ W^1_2 (Ω^−)∩C^∞(Ω^−) be an arbitrary solution to the mixed homogeneous BVP for the pseudo-oscillation equations. Then, in addition, the U satisfies the decay condition (1.30) at infinity. Due to Remark 4.1 and the homogeneity of the boundary conditions for stresses on S_2 the following equation

⟨ [B(D, n)U]^−_{S2} , [V ]^−_{S2} ⟩_S = − ∫ Ω− E(U, V ) dx = 0, (8.10)

holds for arbitrary V ∈ W^1_{2,comp}(Ω^−) with [V ]^−_{S2} ∈ ~B^{1/2}_{2,2} (S_2), i.e., [V ]^−_{S1} = 0.

As in the proof of Theorem 8.2 we can easily show that (8.10) yields ∫ Ω− { c_{kjpq}D_pu_qD_kv_j + τ^2u_pv_p − β_{pq}[u_4D_pv_q − v_4D_pu_q]+

+^1_{τT0} λ_{pq}D_qu_4D_pv_4 +^{c0}_{T0} u_4v_4 } dx = 0. (8.11)

Note that C^∞-regular vector functions having compact supports in Ω^− and with zero traces on S_1 are densely embedded in the space {U ∈ W^1_2 (Ω^−) : [U]^−_{S1} = 0}. Thus, we can choose a sequence {V^{(n)} ∈ C^∞_{comp}(Ω^−) : [V^{(n)}]^−_{S1} = 0} which converges to the vector function U in the W^1_2 (Ω^−)-norm. Therefore, simple limiting arguments yield that we may substitute u_k in the place of v_k in (8.11). As a result we finally obtain ∫ Ω− { c_{kjpq}D_pu_qD_ku_j + τ^2|u|^2 +^1_{τT0} λ_{pq}D_qu_4D_pu_4 +^{c0}_{T0} |u_4|^2 } dx = 0, (8.12)

which completes the proof (see the proof of Theorem 8.1).

8.2. Now we consider the crack type problems.

THEOREM 8.5 The homogeneous problems (CR.D)_τ and (CR.N )_τ have only the trivial solutions in the space W^1_2 (IR^3_{S1} ).

Proof. Let U ∈ W^1_2 (IR^3_{S1} ) be some solution to the homogeneous problem (CR.D)_τ . Clearly, [U]^+_{S1} = 0 and [U]^−_{S1} = 0 in the usual trace sense. Recall that S_1 ⊂ S, where S = ∂Ω^+ for some bounded domain Ω^+. Next, let us calculte the functional traces [B(D, n)U]^±_S . Note that [B(D, n)U]^±_{S\S1} exist in the usual trace sense and [B(D, n)U]^+_{S\S1} = [B(D, n)U]^−_{S\S1} since U ∈ C^∞(IR^3_{S1} ). We apply again the definitions (4.1) and (4.2) to write the equations ⟨ [B(D, n)U]^+_S , [V ]^+_S ⟩_S = ∫ Ω+ E(U, V ) dx, (8.13) ⟨ [B(D, n)U]^−_S , [V^′]^−_S ⟩_S = − ∫ Ω− E(U, V^′) dx, (8.14) where

V = (v, v_4)^⊤ ∈ W^1_2 (Ω^+), V^′ = (v^′, v^′_4)^⊤ ∈ W^1_{2,comp}(Ω^−), v = (v_1, v_2, v_3)^⊤, v^′ = (v^′_1, v^′_2, v^′_3)^⊤.

Making again use of the limiting arguments from the proof of Theorem 8.4, we easily conclude by virtue of (8.13) and (8.14) ∫ Ω+ E(U, V )dx + ∫ Ω− E(U, V^′)dx = = ⟨[B(D, n)U]^+_S , [V ]^+_S ⟩_S − ⟨[B(D, n)U]^−_S , [V^′]^−_S ⟩_S (8.15) for arbitrary V ∈ [W^1_2 (Ω^+)]^4 and arbitrary V^′ ∈ [W^1_{2,comp}(Ω^−)]^4.

By the same manipulations as in the proof of Theorem 8.2, we derive from (8.15) ∫ Ω+ { c_{kjpq}D_pu_qD_kv_j + τ^2u_pv_p − β_{pq}[u_4D_pv_q − v_4D_pu_q]+ +^1_{τT0} λ_{pq}D_qu_4D_pv_4 +^{c0}_{T0} u_4v_4 } dx + + ∫ Ω− { c_{kjpq}D_pu_qD_kv^′_j + τ^2u_pv^′_p − β_{pq}[u_4D_pv^′_q − v^′_4D_pu_q]+ +^1_{τT0} λ_{pq}D_qu_4D_pv^′_4 +^{c0}_{T0} u_4v^′_4 } dx = = ⟨ [P (D, n)U]^+_S , [v]^+_S ⟩_S +^1_{τT0} ⟨ [λ(D, n)u_4]^+_S , [v_4]^+_S ⟩_S − −⟨ [P (D, n)U]^−_S , [v^′]^−_S ⟩_S −^1_{τT0} ⟨ [λ(D, n)u_4]^−_S , [v^′_4]^−_S ⟩_S . (8.16) We may substitute in this equation V = U|_Ω+ and V^′ = U|_Ω− , where U|_Ω± denotes the restriction of U onto Ω^±. Taking into account the equalities [U]^±_{S1} = 0, [B(D, n)U]^+_{S\S1} = [B(D, n)U]^−_{S\S1} , and [U]^+_{S\S1} = [U]^−_{S\S1} , we easily see that (see also Remark 4.1) ⟨ [P (D, n)U]^+_S , [u]^+_S ⟩_S +^1_{τT0} ⟨ [λ(D, n)u_4]^+_S , [u_4]^+_S ⟩_S − −⟨ [P (D, n)U]^−_S , [u]^−_S ⟩_S −^1_{τT0} ⟨ [λ(D, n)u_4]^−_S , [u_4]^−_S ⟩_S = = ⟨ [P (D, n)U]^+_{S\S1} , [u]^+_{S\S1} ⟩_{S\S1} +^1_{τT0} ⟨ [λ(D, n)u_4]^+_{S\S1} , [u_4]^+_{S\S1} ⟩_{S\S1} − −⟨ [P (D, n)U]^−_{S\S1} , [u]^−_{S\S1} ⟩_{S\S1} −^1_{τT0} ⟨ [λ(D, n)u_4]^−_{S\S1} , [u_4]^−_{S\S1} ⟩_{S\S1} = 0.

Therefore, (8.16) implies ∫ IR^3_{S1} { c_{kjpq}D_pu_qD_ku_j + τ^2|u|^2 +^1_{τT0} λ_{pq}D_qu_4D_pu_4 +^{c0}_{T0} |u_4|^2 } dx = 0. Whence U = 0 in IR^3_{S1} follows.

8.3. To prove the uniqueness theorems for the basic and mixed homogeneous interface problems, one has to apply the arguments quite similar to the above ones to derive the following basic equation for solutions of the indicated homogeneous problems

∑_2 μ=1 ∫ Ωμ { c^{(μ)}_{kjpq}D_pu^{(μ)}_q D_ku^{(μ)}_j + τ^2|u^{(μ)}|^2 +^1_{τT0} λ^{(μ)}_{pq} D_qu^{(μ)}_4 D_pu^{(μ)}_4 +

+^{c(μ)0}_{T0} |u^{(μ)}|^2 } dx = 0. (8.17)

For regular solutions this formula can be obtained from the following Green identities for Ω^μ (μ = 1, 2) ∫ Ωμ { [A^{(μ)}(D, τ )U^{(μ)}]_k u^{(μ)}_k +^1_{τT0} [A^{(μ)}(D, τ )U^{(μ)}]_4 u^{(μ)}_4 } dx = = (−1)^{μ+1} ∫ S { [B^{(μ)}(D, n)U^{(μ)}]^{(μ)}_k [u^{(μ)}_k]^{(μ)} +^1_{τT0} [u^{(μ)}_4 ]^{(μ)}[λ^{(μ)}(D, n)u^{(μ)}_4]^{(μ)} } dS − − ∫ Ωμ { c^{(μ)}_{kjpq} D_pu^{(μ)}_q D_ku^{(μ)}_j + τ^2|u^{(μ)}|^2 +^1_{τT0} λ^{(μ)}_{kj} D_ku^{(μ)}_4 D_j u^{(μ)}_4 +^{c(μ)0}_{T0} |u^{(μ)}_4 |^2 } dx, (8.18)

where [·]^{(1)} := [·]^+_S and [·]^{(2)} := [·]^−_S .

For solutions of the homogeneous problems in the Sobolev spaces W^1_2 (Ω^μ) formula (8.17) follows from the definitions of functional traces given in Section 4.

Now we formulate the uniqueness results for the interface problems of thermoelastic pseudo-oscillations.

THEOREM 8.6 The homogeneous basic and mixed interface problems (C)_τ , (G)_τ , (H)_τ , (C − DD)_τ , (C − N N )_τ , (C − DC)_τ , (C − N C)_τ , (C − G)_τ , (C − H)_τ , have only the trivial solutions in the corresponding Sobolev spaces, i.e., if (U^1, U^2) ∈ (W^1_2 (Ω^1), W^1_2 (Ω^2)) solves one of the above homogeneous problems, then U^{(μ)} = 0 in Ω^μ, μ = 1, 2.

Proof. By the reasonings similar to the already applied ones in the previous subsection, we can easily conclude that for the pair of vector functions (U^1, U^2) ∈ (W^1_2 (Ω^1), W^1_2 (Ω^2)), which is solution to one of the homogeneous problems indicated in the theorem, the formula (8.17) holds. Whence the proof follows.

We remark that the regular case (i.e., when (U^{(1)}, U^{(2)}) ∈ (C^1(Ω^1), C^1(Ω^2))) is coverd by this theorem.

9 Uniqueness Theorems for the Steady State Oscillation Problems

9.1. First we shall establish some auxiliary results concerning the coefficients of asymptotic formulae (2.30) and ascertain the structure of the matrix functions (2.24).

We recall that

N(−iξ, −iω) = [N_{kj}(−iξ, −iω)]_{4×4} (9.1) is the adjoint matrix to A(−iξ, −iω) = [ω^2 I_3 − C(ξ)]_{3×3} [iβ_{kj}ξ_j]_{3×1} [ωT_0β_{kj}ξ_j]_{1×3} −Λ(ξ) + iωc_0 4×4 , (9.2)

where C(ξ) and Λ(ξ) are defined by (1.7) and (1.8), respectively, while N_{kj}(−iξ, −iω) denotes the cofactor of the element A_{jk}(−iξ, −iω) of the matrix (9.2) (cf. (1.32), (1.33)).

Let us set

C(ξ, ω) = ω^2 I_3 − C(ξ), C̃(ξ, ω) = ω^2 I_3 − C̃(ξ), (9.3) where C̃(ξ) is given by (1.35). Denote by C^∗(ξ, ω) and C̃^∗(ξ, ω) the corresponding adjoint matrices.

Due to (1.43) and (1.44) we have C(ξ, ω) C^∗(ξ, ω) = −Φ(ξ, ω) I_3, C̃(ξ, ω) C̃^∗(ξ, ω) = −Φ̃(ξ, ω) I_3. (9.4) From the condition I^0 (see Subsection 1.6) it follows that rankC(ξ, ω) = 2 and, consequently, rankC^∗(ξ, ω) = 1 for an arbitrary ξ ∈ S^0_l . Moreover (for the same ξ ∈ S^0_l ) there exists an orthogonal real matrix G(ξ, ω) such that

G^⊤(ξ, ω) C^∗(ξ, ω)G(ξ, ω) = λ_1 0 0 0 0 0 0 0 0

= λ_1I_0, I_0 =

1 0 0 0 0 0 0 0 0

, (9.5)

where the real value λ_1 = λ_1(ξ, ω) ≠ 0 is an eigenvalue of the matrix C^∗(ξ, ω) (two other eigenvalues are equal to zero; for details see [53]).

Further, let d(ξ, ω) = −ωc_0[Λ(ξ)]^{−1} and d(ξ, ω)G^⊤ (ξ, ω) C̃^∗(ξ, ω)G(ξ, ω) = [b_{kj}(ξ, ω)]_{3×3}. (9.6) LEMMA 9.1 Let ξ ∈ S^c_j , j = 1, ..., m, where S^c_j are the characteristic surfaces defined in Subsection 1.6. Then the matrix N has the following structure N(±iξ, −iω) = [N (ξ, ω)]_{3×3} [0]_{3×1} [0]_{1×3} 0 4×4 ,

where N (ξ, ω) = −Λ(ξ)[1 + ib_{11}(ξ, ω)λ^{−1}_1 (ξ, ω)]C^∗(ξ, ω).

Proof. Let ξ ∈ S^c_j be an arbitrary point (1 ≤ j ≤ m). Clearly, ξ belongs to some surface S^0_l , 1 ≤ l ≤ 3, as well (see Subsection 1.6). Therefore,

N_{44}(±iξ, −iω) = −Φ(ξ, ω) = 0, (9.7) due to (1.46).

By direct calculations we get N_{4k}(−iξ, −iω) = −iωT_0N_{k4}(−iξ, −iω), k = 1, 2, 3, (9.8) N_{pq}(−iξ, −iω) = −Λ(ξ)C^∗_{pq}(ξ, ω) + iωc_0C̃^∗_{pq}(ξ, ω) = N_{pq}(iξ, −iω), 1 ≤ p, q ≤ 3. (9.9) The condition I^0 of Subsection 1.6 implies ∇M(ξ, −iω) = Λ(ξ)∇Φ(ξ, ω) − iωc_0∇Φ̃(ξ, ω) ≠ 0, since Λ(ξ) ≠ 0 on S^c_j .

This relation together with the equations (1.31), (1.32), (1.34), and detA(−iξ^′, −iω) = detA(iξ^′, −iω) = M(−ξ^′, −iω) = M(ξ^′, −iω), ξ^′ ∈ IR^3, yields

rankA(iξ, −iω) = 3, rankN(iξ, −iω) = 1, (9.10) i.e., any two columns (rows) of the matrix (9.1) are linearly dependent.

Taking into account the equations (9.8) and (9.7) it can be easily proved that N_{k4}(−iξ, −iω) = 0, N_{4k}(−iξ, −iω) = 0, k = 1, 2, 3. Thus, we have obtained the following representation N(±iξ, −iω) = [N^{(0)}(ξ, ω)]_{3×3} [0]_{3×1} [0]_{1×3} 0 4×4 with

N^{(0)}(ξ, ω) = [N_{pq}(iξ, −iω)]_{3×3}, (9.11) where N_{pq}(iξ, −iω) = N_{qp}(iξ, −iω) are defined by (9.9).

Now from (9.9) and (9.11) together with (9.5) and (9.6) it follows N^{(0)}(ξ, ω) = −Λ(ξ)C^∗(ξ, ω) + iωc_0C̃^∗(ξ, ω) , G^⊤(ξ, ω) N^{(0)}(ξ, ω)G(ξ, ω) = −Λ(ξ)λ_1(ξ, ω)I_0 + iωc_0G^⊤(ξ, ω) C̃^∗(ξ, ω)G(ξ, ω) =

= −Λ(ξ) λ_1(ξ, ω) + ib_{11} ib_{12} ib_{13} ib_{12} ib_{22} ib_{23} ib_{13} ib_{23} ib_{33}

, (9.12)

where b_{pq} are real functions defined by (9.6).

By virtue of (9.10) we have rankN^{(0)}(ξ, −iω) = 1, and, consequently,

rank [G^⊤(ξ, ω)N^{(0)}(ξ, ω)G(ξ, ω)] = 1, since G is an orthogonal matrix. This, in turn, implies that the matrix (9.12) has only one linearly independent column (row). Inasmuch as λ_1 ≠ 0, there exist complex numbers α = α_1 + iα_2 and β = β_1 + iβ_2 such that

ib_{12} ib_{22} ib_{23} = α λ_1 + ib_{11} ib_{12} ib_{13} , ib_{13} ib_{23} ib_{33} = β λ_1 + ib_{11} ib_{12} ib_{13}

. (9.13)

Equating the corresponding elements and separating the real and imaginary parts lead to the equations

(α^2_1 + α^2)λ_1 = 0, (β^2_1 + β^2_2 )λ_1 = 0, i.e., α = β = 0. But then from (9.13), (9.12), and (9.5) we derive N^{(0)}(ξ, ω) = −Λ(ξ){λ_1(ξ, ω)G(ξ, ω)I_0 G^⊤(ξ, ω) + ib_{11}(ξ, ω)G(ξ, ω)I_0 G^⊤(ξ, ω)} = = −Λ(ξ)[λ_1(ξ, ω) + ib_{11}(ξ, ω)]G(ξ, ω)I_0G^⊤(ξ, ω) = = −Λ(ξ)[1 + iλ^{−1}_1 (ξ, ω)b_{11}(ξ, ω)]C^∗(ξ, ω), which completes the proof.

REMARK 9.2 Due to equation (2.24) and Lemma 4.1 we get (for arbitrary ξ ∈ S^c_j , j = 1, ..., m, and r = 1, 2)

c^{(j)}_r (ξ, −iω) = d_j (ξ, −iω) [C^∗(ξ, ω)]_{3×3} [0]_{3×1} [0]_{1×3} 0 4×4 (9.14)

with

d_j (ξ, −iω) = (−1)^{j+1}

Λ(ξ)[1 + iλ^{−1}_1 (ξ, ω)b_{11}(ξ, ω)] [2π(κ(ξ))^{1/2}|∇Φ_m(ξ, −iω)|Ψ_m(ξ, −iω)] . LEMMA 9.3 Let U = (u, u_4)^⊤ be a regular vector in Ω^− of the class SK^m_r (Ω^−), and let A(D, −iω)U have a compact support.

Then for sufficiently large |x| u(x) = m∑ j=1 |x|^{−1}d_j (ξ^j , −iω)e^{(−1)r+1}i^{xξj} C^∗(ξ^j , ω)~b(ξ^j ) + O(|x|^{−2}), (9.15)

u_4(x) = O(|x|^{−2}), (9.16) with the same d_j as in Remark 9.2; here C^∗(ξ, ω) is the adjoint matrix to C(ξ, ω), ~b = (b_1, b_2, b_3)^⊤ is uniquely determined by the vector U (see below (9.18)), and the point ξ^j ∈ S^c_j corresponds to the vector x/|x|.

Proof. Denote by Ω the support of A(D, −iω)U. Then by Theorems 2.3, 3.1 and Remark 2.6 we have (for sufficiently large |x|) U(x) =^m ∑ j=1 { ∫ Ω |x|^{−1}e^{(−1)r+1}i^{(x−y)ξj} c^{(j)}_r (ξ^j , −iω)[A(D_y, −iω)U(y)] dy+ + ∫ S |x|^{−1}e^{(−1)r+1}i^{(x−y)ξj} c^{(j)}_r (ξ^j , −iω)[B(D_y, n(y))U(y)]^− dS_y − − ∫ S |x|^{−1}e^{(−1)r+1}i^{(x−y)ξj} {Q((−1)^riξ^j , n(y), −iω)[c^{(j)}_r (ξ^j , −iω)]^⊤}^⊤[U(y)]^− dS_y } + +O(|x|^{−2}) =^m ∑ j=1 |x|^{−1}e^{(−1)r+1}i^{xξj} c^{(j)}_r (ξ^j , −iω) b(ξ^j ) + O(|x|^{−2}), (9.17) where

b(ξ^j ) = (~b(ξ^j ), b_4(ξ^j ))^⊤ = ∫ Ω e^{(−1)r}i^{yξj} [A(D_y, −iω)U(y)] dy + + ∫ S e^{(−1)r}i^{yξj} [B(D_y, n(y))U(y)]^− dS_y − − ∫ S e^{(−1)r}i^{yξj} Q^⊤((−1)^riξ^j , n(y), −iω)[U(y)]^− dS_y; (9.18) here ξ^j corresponds to the vector x/|x|.

Now (9.15) and (9.16) follow immediately from (9.17) and (9.14). Note that the vector b(ξ^j ) is represented explicitly by (9.18).

REMARK 9.4 From (9.15) with the help of equation (9.5) we get the following equivalent asymptotic formula for u u(x) = m∑ j=1 |x|^{−1}e^{(−1)r+1}i^{xξj} λ_1(ξ^j , ω)G(ξ^j , ω)I_0G^⊤(ξ^j , ω)a^{(j)}(ξ^j , ω) + O(|x|^{−2}), (9.19) where

a^{(j)}(ξ^j , ω) = d_j(ξ^j , −iω) ~b(ξ^j ), (9.20) d_j and ~b are the same as in Lemma 9.3.

Note that due to (9.5)

I_0 G^⊤ a^{(j)} = ([G^⊤ a^{(j)}]_1, 0, 0)^⊤. (9.21) 9.2. In this subsection we assume S = ∂Ω^− to be a connected C^1-regular surface and prove the following uniqueness theorem.

THEOREM 9.5 Let U be a regular solution to the homogeneous exterior problem (P_k)^−_ω (k = 1, ..., 4) and U ∈ SK^m_r (Ω^−) with r = 1 for ω > 0 and r = 2 for ω < 0.

Then U = 0 in Ω^−.

Proof. Let R, B_R, Σ_R and Ω^−_R be the same as in the proof of Theorem 3.1. Since U satisfies the homogeneous conditions of the problem (P_k)^−_ω , from (1.23) (with Ω^+ = Ω^−_R and μ = −iω) it follows that ∫ Ω−R {c_{kjpq} D_pu_q D_ku_j − ω^2 |u|^2 − i(ωT_0)^{−1}λ_{kj} D_ku_4 D_j u_4 + c_0(T_0)^{−1}|u_4|^2} dx = = ∫ ΣR { [B(D, n)U]_k [u_k] − i_{ωT0} [u_4] [∂_nu_4] } dΣ_R, where B(D, n) and ∂_n are defined by (1.25) and (1.24), respectively.

Owing the fact that c_{kjpq} D_pu_q D_ku_j and λ_{kj} D_ku_4 D_j u_4 are non-negative real quantities, from the last equation by separating the imaginary part we get Im { ∫ ΣR { [B(D_x, η)U(x)]_k [u_k(x)] − i_{ωT0} [u_4(x)] [∂_ηu_4(x)] } dΣ_R } + +^1_{ωT0} ∫ Ω−R λ_{kj} D_ku_4(x) D_j u_4(x) dx = 0, (9.22)

where η = x/|x| is the unit outward normal at the point x ∈ Σ_R.

Due to Lemma 9.3 it is easily seen that ∫ Ω−R λ_{kj} D_ku_4(x) D_j u_4(x) dx = ∫ Ω− λ_{kj} D_ku_4(x) D_j u_4(x) dx + O(R^{−1} ), ∫ ΣR |u_4(x) ∂_ηu_4(x)| dΣ_R = O(R^{−2} ), ∫ ΣR |u_4(x) u_k(x)| dΣ_R = O(R^{−1}),

as R → +∞ (k = 1, 2, 3). Clearly, ∂_η = ∂_n on Σ_R.

Taking into account (1.25) and applying the above relations in (9.22) we obtain Im { ∫ ΣR [T (D_x, η)u]_k [u_k] dΣ_R } +^1_{ωT0} ∫ Ω− λ_{kj} D_ku_4 D_j u_4 dx = O(R^{−1}), (9.23)

where T (D, η) is the stress operator of elastostatics defined by (1.12).

In the same way as in the proof of Theorem 3.1 (by integrating with respect to R from ν to 2ν and deviding the result by ν) from (9.23) we derive Im { 1 ν 2ν∫ ν ∫ ΣR [T (D_x, η)u]_k [u_k] dΣ_R dR } +^1_{ωT0} ∫ Ω− λ_{kj} D_ku_4 D_j u_4 dx = O(ν^{−1}), (9.24)

where ν is large enough.

Further, by Lemma 9.3 the first summand in the left-hand side of (9.24) can be transformed as follows

F (ν) = Im { 1 ν 2ν∫ ν ∫ ΣR [T (D_,η)u]_k [u_k] dΣ_R dR } = = Im { 1 ν 2ν∫ ν ∫ ΣR m∑ j=1 [i(−1)^{r+1}R^{−1}d_j(ξ^j , −iω)e^{(−1)r+1}i^{xξj} T (ξ^j, η)C^∗(ξ^j , ω)~b(ξ^j )]_k × ×^m ∑ l=1 [R^{−1}d_l(ξ^l, −iω)e^{(−1)r}i^{xξl} C^∗(ξ^l, ω)~b(ξ^l)]_k dΣ_R dR + O(ν^{−1}) } = = Re { (−1)r+1 ν ∫ Σ1 m∑ j,l=1 d_j (ξ^j , −iω)d_l(ξ^l, −iω)[T (ξ^j, η)C^∗(ξ^j , ω)~b(ξ^j )]_k × ×[C^∗(ξ^l, ω)~b(ξ^l)]_k (_2 ν∫ ν e^{(−1)r+1}i^{R[μj(η)−μl(η)]} dR ) dΣ_1 } + O(ν^{−1}), (9.25) where μ_j (η) = (η · ξ^j ) and ξ^j corresponds to the vector x/|x|.

It can be easily proved that μ_j(η) ≠ μ_l(η) if j ≠ l (see Subsection 1.6). Therefore, if j ≠ l, clearly, 2ν∫ ν e^±i^{R[μj (η)−μl(η)]} dR = O(1), and (9.25) implies

F (ν) = Re { (−1)^{r+1 m} ∑ j=1 ∫ Σ1 T (ξ^j , η)C^∗(ξ^j , ω)a^{(j)} · C^∗(ξ^j , ω)a^{(j)} dΣ_1 } + O(ν^{−1}) (9.26)

with a^{(j)} defined by (9.20).

In view of the symmetry property of C^∗(ξ, η) and equality T^⊤(ξ, η) = T (η, ξ) we have from (9.26)

F (ν) =^{(−1)r+1}_2^m ∑ j=1 ∫ Σ1 C^∗(ξ^j , ω)[T (ξ^j, η) + T (η, ξ^j)]C^∗(ξ^j , ω)a^{(j)} · a^{(j)} dΣ_1 +

+O(ν^{−1}). (9.27)

Now passing to the limit in (9.24) as ν → +∞ and bearing in mind (9.25) and (9.27) we arrive at the equation 1 ωT_0 ∫ Ω− λ_{kj} D_ku_4 D_ju_4 dx +^{(−1)r+1}_2^m ∑ j=1 ∫ Σ1 E_j(ξ^j , ω) dΣ_1 = 0 (9.28)

with

E_j(ξ^j , ω) = C^∗(ξ^j , ω)[T (ξ^j, η) + T (η, ξ^j)]C^∗(ξ^j , ω)a^{(j)} · a^{(j)}, (9.29)

where ξ^j ∈ S^c_j corresponds again to η, i.e., n(ξ^j ) = η.

In what follows we claim that the integral in the second term of (9.28) is a non-negative function for all ξ^j ∈ S^c_j .

To see this, let us note that T (ξ, η) + T (η, ξ) =^∂_{∂n(ξ)} C(ξ) = −^∂_{∂n(ξ)} C(ξ, ω), where η = n(ξ), ∂/∂n(ξ) = n_k(ξ) D_k is a directional derivative, C(ξ) and C(ξ, ω) are defined by (1.7) and (9.3), respectively.

We recall that in Subsection 1.6 we introduced the two sets of surfaces {S^c_j }^m_{j=1} and {S^0_p }^3_{p=1} defined by equations (1.46) and by the first equation of the same system, respectively. Therefore, each S^c_j coincides with some S^0_p for some p = p(j). Let us fix this correspondence, i.e., S^c_j = S^0_{p(j)}.

Further, we proceed as follows. Note that − [ C^∗(ξ, ω) ( ∂ ∂n(ξ^j) C(ξ, ω) ) C^∗(ξ, ω) ] = −^∂_{∂n(ξj)} [C^∗(ξ, ω)C(ξ, ω)C^∗(ξ, ω)] = = [ ∂ ∂n(ξ^j) Φ(ξ, ω) ] C^∗(ξ, ω) (9.30)

for all ξ = ξ^j ∈ S^c_j (see (9.4)).

With the help of (9.5), (9.30), and (9.29) we deduce

E_j (ξ^j , ω) = {[ ∂ ∂n(ξ) Φ(ξ, ω) ] C^∗(ξ, ω)a^{(j)} · a^{(j)} } ξ=ξ^j = = {[ ∂ ∂n(ξ) Φ(ξ, ω) ] λ_1(ξ, ω)I_0G^⊤(ξ, ω)a^{(j)} · G^⊤(ξ, ω)a^{(j)} } ξ=ξ^j = = {[ ∂ ∂n(ξ) Φ(ξ, ω) ] λ_1(ξ, ω) | |[G^⊤(ξ, ω)a^{(j)} ] 1 | |^2 } ξ=ξ^j . (9.31)

Now we show that the function ψ(ξ) = [ ∂ ∂n(ξ) Φ(ξ, ω) ] λ_1(ξ, ω), ξ ∈ S^c_j , (9.32)

is strictly positive.

Since λ_1(ξ, ω) is the only nonzero eigenvalue of the matrix C^∗(ξ, ω) for ξ ∈S^c_j = S^0_p, we

have

{λ_1(ξ, ω)}_{ξ∈S}c_j = {Sp C^∗(ξ, ω)}_{ξ∈S}c_j = {C^∗_{11}(ξ, ω) + C^∗_{22}(ξ, ω) + C^∗_{33}(ξ, ω)}_{ξ∈S}c_j =

=^1_{2ω} ∂ ∂ω

| | | | | | | | | | |

ω^2 − C_{11}(ξ) −C_{12}(ξ) −C_{13}(ξ)

−C_{12}(ξ) ω^2 − C_{22}(ξ) −C_{23}(ξ)

−C_{13}(ξ) −C_{23}(ξ) ω^2 − C_{33}(ξ)

| | | | | | | | | | | ξ∈S^c_j =

= −^1_{2ω} { ∂ ∂ω Φ(ξ, ω) } ξ∈S^c_j = − 1 2ω { ∂ ∂ω Φ(ξ, ω) } ξ∈S^0_p =

= Φ(ζ, 0)ω^4{ϱ^2_1(ϱ^2_p − ϱ^2)(ϱ^2_p − ϱ^2_3) + ϱ^2(ϱ^2_p − ϱ^2_1)(ϱ^2_p − ϱ^2_3) +

+ϱ^2_3(ϱ^2_p − ϱ^2_1)(ϱ^2_p − ϱ^2)} = (−1)^{p+1} | | | | { ϱ 2ω2 ∂ ∂ϱ Φ(ξ, ω) } ϱ=|ω|ϱp | | | | = = (−1)^{p+1} | | |{λ_1(ξ, ω)}_{ξ∈S}0_p | | | , (9.33)

where ζ = ξ/|ξ|, Φ(ζ, 0) > 0; here we employed the representation (1.47).

It is easy to check that the exterior unit normal vector of S^0_p is calculated by the following

formula n(ξ) = (−1)^{p+1 ∇Φ(ξ,ω)}_{|∇Φ(ξ,ω)|} , ξ ∈ S^0_p. Therefore, { ∂ ∂n(ξ) Φ(ξ, ω) } ξ∈S^c_j = { (−1)^{p+1 ∇Φ(ξ,ω)} |∇Φ(ξ,ω)| · ∇Φ(ξ, ω) } ξ∈S^0_p =

= {(−1)^{p+1}|∇Φ(ξ, ω)|}_{ξ∈S}0_p , (9.34)

which together with (9.33) yields

ψ(ξ) = |∇Φ(ξ, ω)| |λ_1(ξ, ω)| > 0 for ξ ∈ S^0_p = S^c_j . (9.35)

Hence by virtue of (9.31)-(9.35) we get

E_j(ξ^j , ω) = { |∇Φ(ξ, ω)| |λ_1(ξ, ω)| | | | [ G^⊤(ξ, ω)a^{(j)} ] 1 | | |^2 } ξ=ξ^j ≥ 0. (9.36)

Now from (9.28) it follows that

λ_{kj} D_ku_4(x) D_ju_4(x) = 0, x ∈ Ω^−, E_j (ξ^j , ω) = 0, ξ ∈ S^c_j ,

if (−1)^{r+1}ω > 0.

Applying (1.18), (9.35), (9.36), and (9.19)-(9.21) we conclude that u_4(x) = 0 in Ω^− and [G^⊤(ξ^j, ω)a^{(j)}(ξ^j , ω)]_1 = 0, i.e.,

D^βu(x) = O(|x|^{−2}) as |x| → +∞ (9.37)

for an arbitrary multi-index β.

Thus, we have obtained that u is a solution to the steady state oscillation equations of elasticity theory

C(D)u(x) + ω^2 u(x) = 0, x ∈ Ω^−,

satisfying the homogeneous boundary condition either [u]^− = 0 or [T u]^− = 0 on S (see (5.1)-(5.8)) and the decay condition (9.37) at infinity.

Due to Lemma 3.4 in [39] (see also [53], Section 4) we then have u(x) = 0 in Ω^−, which completes the proof.

9.3 In this subsection we consider the same basic BVPs (P_k)^−_ω (k = 1, 4) together with the mixed BVP (P_{mix})^−_ω in the weak setting in the Sobolev space W^1_{2,loc}(Ω^−). Here the principal difference in comparison with the pseudo-oscillation case is that the steady state oscillation equations do not admit nontrivial square integrable in Ω^− solutions, as it can be seen from the previous subsection (see the corresponding results for the Helmholtz equation and for the elastic oscillation equations, for example, in [10], [11], [77], [80], [43]).

As it is evident from the proof of Theorem 8.5, one of the central moments to establish the uniqueness of solutions to the homogeneous steady state oscillation problems is the derivation of formula (9.22) which follows from the corresponding Green identities for regular functions. In the sequel we shall show that the same type formula can be derived for weak solutions as well.

THEOREM 9.6 The homogeneous exterior BVPs (P_k)^−_ω (k = 1, ..., 4) and (P_{mix})^−_ω have only the trivial solutions in the class W^1_{2,loc}(Ω^−) ∩ SK^m_r (Ω^−) with r = 1 for ω > 0 and r = 2 for ω < 0.

Proof. For definiteness, let U ∈ W^1_{2,loc}(Ω^−) ∩ SK^m_r (Ω^−) be a solution of the homogeneous problem (P_4)^−_ω .

Due to the definition (4.2) the homogeneous boundary condition [B(D, n)U]^− = 0, which is understood in the functional sense, is equivalent to the equation

⟨ [B(D, n)U]^−_S , [V ]^−_S ⟩_S = − ∫ Ω− E(U, V ) dx = 0, (9.38)

where V ∈ W^1_{2,comp}(Ω^−) is an arbitrary vector function and E(U, V ) is defined by (1.27) with – = −iω.

Applying the standard manipulations we easily derive from (9.38)

⟨ [P (D, n)U]^−_S , [v]^−_S ⟩_S − i_{ωT0} ⟨ [λ(D, n)u_4]^−_S , [v_4]^−_S ⟩_S = (9.39) = − ∫ Ω− {c_{kjpq} D_pu_q D_kv_j − ω^2u_kv_k − β_{pq}[u_4 D_pv_q − v_4D_pu_q]− − i_{ωT0} λ_{pq} D_qu_4 D_pv_4 +^{c0}_{T0} u_4v_4 } dx = 0. (9.40) Further, let h_R(x) be a real cut off function with the following properties:

h_R ∈ C^∞(IR^3), h_R(x) = 1 for |x| ≤ R, h_R(x) = 0 for |x| ≥ 2R, (9.41) where R > 0 is an arbitrary real number such that the open ball B_R centered at the origin and the radius R contains the closed domain Ω^+ as a proper subset. Recall that ∂B_R =: Σ_R.

Next, we set V_R(x) := h_R(x)U(x). Clearly, V_R(x) ∈ W^1_{2,comp}(Ω^−) ∩ C^∞(Ω^−). Substitution of this vector function in (9.39) in the place of V implies

E_1 + E_2 = 0, (9.42) where E_1 = ∫ Ω−R { c_{kjpq} D_pu_q D_ku_j − ω^2|u|^2 − i_{ωT0} λ_{pq} D_qu_4 D_pu_4 +^{c0}_{T0} |u_4|^2 } dx, (9.43) E_2 = ∫ B_{2R}\B_R {c_{kjpq} D_pu_q D_k(h_Ru_j) − ω^2h_R|u|^2 − β_{pq}[u_4 D_p(h_Ru_q) − h_Ru_4D_pu_q]− − i_{ωT0} λ_{pq} D_qu_4 D_p(h_Ru_4) +^{c0}_{T0} h_R|u_4|^2 } dx; (9.44) here Ω^−_R = Ω^− ∩ B_R.

The differentiation by parts in (9.44) leads to the equation

E_2 = − ∫ B_{2R}\B_R [A(D, −iω)U]_ku_kh_R dx + i_{ωT0} ∫ B_{2R}\B_R [A(D, −iω)U]_4u_4h_R dx − − ∫ ΣR [P (D, n)U]_ku_k dΣ_R + i_{ωT0} ∫ ΣR [λ(D, n)u_4]u_4 dΣ_R = = − ∫ ΣR { [P (D, n)U]_ku_k − i_{ωT0} [λ(D, η)u_4]u_4 } dΣ_R, (9.45) since A(D, −iω)U in Ω^− and n = η on Σ_R.

Therefore, (9.42), (9.43), and (9.44), due to the formulae (1.13) and (1.25), yield Im { ∫ ΣR { [B(D, n)U]_ku_k − i_{ωT0} [λ(D, η)u_4]u_4 } dΣ_R+

+^1_{ωT0} ∫ Ω−R λ_{pq}D_qu_4D_pu_4dx = 0 (9.46)

for arbitrary solution U ∈ W^1_{2,loc}(Ω^−) to the homogeneous problem (P_4)^−_ω .

Thus, we have obtained again the relation (9.22). This formula can be derived in the same way for weak solutions of the other basic and mixed BVPs indicated in the theorem.

Now applying the same analysis as in the proof of Theorem 9.5 we can show that U = 0 in Ω^−.

9.4. The uniqueness theorems for the homogeneous crack type problems of thermoelastic oscillations can be proved by quite the same approach as above. To avoid the repetition of the arguments outlined in the previous subsections, we only note here that with the help of the identity (9.46) these problems by the analysis given in the proof of Theorem 9.5 are again reduced to the corresponding homogeneous BVPs of steady state oscillations of the elasticity theory with the displacement vector which behaves like O(|x|^{−2}) at infinity. Therefore, due to the results in [53], [54], [17], [39], such a displacement vector identically vanishes in the domain of analyticity. This finally leads to the corresponding uniqueness results for the above mentioned homogeneous crack type problems of the steady state thermoelastic oscillations. As a consequence we have the following uniqueness theorem.

THEOREM 9.7 The homogeneous crack type BVPs (CR.D)_ω and (CR.N )_ω have only the trivial solutions in the class W^1_{2,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ) with r = 1 for ω > 0 and r = 2 for ω < 0. 9.5. For the homogeneous basic and mixed interface problems of the steady state thermoelastic oscillations we have a different situation since not all of them have only the trivial solution.

Let us first consider the basic homogeneous problem (C)_ω (see (7.3), (7.4)).

THEOREM 9.8 The homogeneous problem (C)_ω has only the trivial solution in the class (C^1(Ω^1) , C^1(Ω^2) ∩ SK^m_r (Ω^2)) with r = 1 for ω > 0 and r = 2 for ω < 0.

Proof. Let (U^{(1)}, U^{(2)}) be a solution of the homogeneous problem (C)_ω from the class indicated in the theorem. Further, let R, B_R, Σ_R, and Ω^−_R =: Ω^2_R be the same as in the proof of Theorem 9.6. By the Green formula (1.23) then we have ∫ Ω1 { c^{(1)}_{kjpq}D_pu^{(1)}_q D_ku^{(1)}_j − ω^2|u^{(1)}|^2 − i_{ωT0} λ^{(1)}_{pq} D_qu^{(1)}_4 D_pu^{(1)}_4 +^{c(1)0}_{T0} |u^{(1)}|^2 } dx = = ∫ S { [B^{(1)}(D, n)U^{(1)}]^+_k [u^{(1)}_k]^+ − i_{ωT0} [u^{(1)}_4 ]^+[λ^{(1)}(D, n)u^{(1)}_4]^+ } dS, (9.47) ∫ Ω2R { c^{(2)}_{kjpq}D_pu^{(2)}_q D_ku^{(2)}_j − ω^2|u^{(2)}|^2 − i_{ωT0} λ^{(2)}_{pq} D_qu^{(2)}_4 D_pu^{(2)}_4 +^{c(2)0}_{T0} |u^{(2)}|^2 } dx = = − ∫ S { [B^{(2)}(D, n)U^{(2)}]^−_k [u^{(2)}_k]^− − i_{ωT0} [u^{(2)}_4 ]^−[λ^{(2)}(D, n)u^{(2)}_4]^− } dS + + ∫ ΣR { [B^{(2)}(D, n)U^{(2)}]_k[u^{(2)}_k] − i_{ωT0} [u^{(2)}_4 ][λ^{(2)}(D, n)u^{(2)}_4] } dΣ_R. (9.48)

Whence ∫ Ω1 { c^{(1)}_{kjpq}D_pu^{(1)}_q D_ku^{(1)}_j − ω^2|u^{(1)}|^2 − i_{ωT0} λ^{(1)}_{pq} D_qu^{(1)}_4 D_pu^{(1)}_4 +^{c(1)0}_{T0} |u^{(1)}|^2 } dx + + ∫ Ω2R { c^{(2)}_{kjpq}D_pu^{(2)}_q D_ku^{(2)}_j − ω^2|u^{(2)}|^2 − i_{ωT0} λ^{(2)}_{pq} D_qu^{(2)}_4 D_pu^{(2)}_4 +^{c(2)0}_{T0} |u^{(2)}|^2 } dx = = ∫ ΣR { [B^{(2)}(D, n)U^{(2)}]_k[u^{(2)}_k] − i_{ωT0} [u^{(2)}_4 ][λ^{(2)}(D, n)u^{(2)}_4] } dΣ_R, (9.49) due to the homogeneity of the transmission conditions.

In turn (9.49) implies (if we look at the imaginary part) Im { ∫ ΣR { [B^{(2)}(D, n)U^{(2)}]_k[u^{(2)}_k] − i_{ωT0} [u^{(2)}_4 ][λ^{(2)}(D, n)u^{(2)}_4] } dΣ_R+

+^1_{ωT0} ∫ Ω1 λ^{(1)}_{pq} D_qu^{(1)}_4 D_pu^{(1)}_4 dx +^1_{ωT0} ∫ Ω2R λ^{(2)}_{pq} D_qu^{(2)}_4 D_pu^{(2)}_4 dx

= 0. (9.50)

From this equation, as in the proof of Theorem 9.5, we can show that u^{(1)}_4 = 0 in Ω^1, u^{(2)}_4 = 0 in Ω^2, and u^{(2)} = 0 in Ω^2 with r = 1 for ω > 0 and r = 2 for ω < 0.

Next, the homogeneous interface conditions (7.3) and (7.4) imply that [U^{(1)}]^+ = 0 and [B^{(1)}(D, n)U^{(1)}]^+ = 0 on S, which together with the following general integral representation formula of the solution U^{(1)} in Ω^1

U^{(1)}(x) = ∫ S { [Q^{(1)}(D, n, −iω)[Γ^{(1)}(x − y), ω, r)]^⊤]^⊤ [U^{(1)}]^+− −Γ^{(1)}(x − y, ω, r) [B^{(1)}(D, n)U^{(1)}]^+ } dS, x ∈ Ω^1, (9.51) completes the proof.

It is evident that in the case of the homogeneous problems (G)_ω and (H)_ω we again obtain the equation (9.50) with the same conclusion as above:

U^{(2)}(x) = 0 in Ω^2, (9.52) u^{(1)}_4 (x) = 0 in Ω^1. (9.53) From these equations and the corresponding homogeneous transmission conditions we conclude:

i) In the case of the homogeneous problem (G)_ω the displacement vector u^{(1)} solves the following BVP

C^{(1)}(D)u^{(1)}(x) + ω^2 u^{(1)}(x) = 0 β^{(1)}_{kj} D_ku^{(1)}_j (x) = 0 in Ω^1, (9.54)

[T^{(1)}(D, n)u^{(1)}]^+ = 0 and [u^{(1)} · n]^+ = 0 on S. (9.55) ii) In the case of the homogeneous problem (H)_ω the displacement vector u^{(1)} solves the following BVP

C^{(1)}(D)u^{(1)}(x) + ω^2 u^{(1)}(x) = 0 β^{(1)}_{kj} D_ku^{(1)}_j (x) = 0 in Ω^1, (9.56)

[u^{(1)}]^+ = 0 and [T^{(1)}(D, n)u^{(1)} · n]^+ = 0 on S. (9.57) These homogeneous problems for the elastic field have not, in general, the only trivial solutions.

Denote by J_G(Ω^1) and J_H(Ω^1), respectively, the set of values of the frequency parameter ω for which the above problems (9.54)-(9.55) and (9.56)-(9.57) admit nontrivial solutions. Obviously, J_G (Ω^1) is the intersection of the spectral sets of the so-called second and third interior BVPs of the theory of steady state elastic oscillations (in terms of the monograph [43]), while J_H(Ω^1) is the intersection of the spectral sets of the first and fourth interior BVPs.

Such frequencies are called also Jones eigenfrequencies, while the corresponding nontrivial solutions are referred to as Jones modes. Spectral problems similar to (9.54)-(9.55) encounter also in the fluid-structure interaction problems (see, e.g., [26], [27], [46], [35], [37], and references therein).

Clearly, J_G (Ω^1) and J_H(Ω^1) are at most denumarable and to each Jones eigenfrequency there corresponds only finitely many linearly independent Jones modes (cf. [54]). In general, J_G (Ω^1) and J_H(Ω^1) are not empty (see [43], [40]), hoewer there exist domains for which they are empty sets (for details see [43], [25], [36]).

The above arguments easily lead to the following proposition.

THEOREM 9.9 The homogeneous problems (G)_ω and (H)_ω have only the trivial solutions in the class (C^1(Ω^1) , C^1(Ω^2) ∩ SK^m_r (Ω^2)) with r = 1 for ω > 0 and r = 2 for ω < 0, provided that ω is not a corresponding Jones eigenfrequency.

Analogous uniqueness theorems hold valid also in the case of the weak formulation of the basic steady state oscillation interface problems.

THEOREM 9.10 The homogeneous interface problem (C)_ω has only the trivial solution in the class (W^1_2 (Ω^1) , W^1_{2,loc}(Ω^2) ∩ SK^m_r (Ω^2)) with r = 1 for ω > 0 and r = 2 for ω < 0.

THEOREM 9.11 The homogeneous interface problems (G)_ω and (H)_ω have only the trivial solutions in the class (W^1_2 (Ω^1) , W^1_{2,loc}(Ω^2) ∩ SK^m_r (Ω^2)) with r = 1 for ω > 0 and r = 2 for ω < 0, provided that ω is not a corresponding Jones eigenfrequency.

The proofs of these assertions are quite similar to the proof of Theorem 9.6.

The uiqueness theorems for the homogeneous mixed interface problems requires some new ideas which will be presented below.

THEOREM 9.12 The homogeneous mixed interface problems (C − DD)_ω , (C − N N )_ω, (C − DC)_ω, (C − N C)_ω, (C − G)_ω, (C − H)_ω, have only the trivial solutions in the class (W^1_2 (Ω^1) , W^1_{2,loc}(Ω^2) ∩ SK^m_r (Ω^2)) with r = 1 for ω > 0 and r = 2 for ω < 0.

Proof. We demonstrate the proof for the problem (C − DD)_ω since it is verbatim for the other problems.

Let (U^{(1)}, U^{(2)}) be an arbitrary solution of the homogeneous interface problem (C −DD)_ω of the class indicated in the theorem. By the same analysis as in the proof of Theorems 9.6 and 9.8 we again arrive at the equations (9.52) and (9.53). To see this, one has to apply the identities (9.47) and (9.48) where the surface integrals over S should be replaced by the appropriate duality relations, in accordance with the definitions of functional traces, and afterwards to take into account the homogeneity of the corresponding transmission and boundary conditions of the problem in question (see (7.13), (7.14)).

As a result we obtain that the vector function U^{(1)} = (u^{(1)}, 0)^⊤ ∈ W^1_2 (Ω^1) has to satisfy the conditions:

A^{(1)}(D, −iω)U^{(1)}(x) = 0 in Ω^1, (9.58)

[U^{(1)}]^+ = 0 on S = S_1 ∪ S_2, (9.59)

[B^{(1)}(D, n)U^{(1)}]^+ = 0 on S_1. (9.60)

Note that we may apply the representation (9.51) for the vector-function U^{(1)} under consideration (see Theorem 10.8, item ii) in Section 10). Therefore, we have

U^{(1)}(x) = ∫ S_2

Γ^{(1)}(x − y, ω, r) [B^{(1)}(D, n)U^{(1)}]^+dS, x ∈ Ω^1, (9.61)

where [B^{(1)}(D, n)U^{(1)}]^+ ∈ ~B^{−1/2}_{2,2} (S_2) due to the condition (9.60).

It is evident that we can extend the vector function U^{(1)} from Ω^1 onto the whole IR^3_{S2} by the same formula (9.61) since the right-hand side integral is defined in IR^3_{S2} . Denote this extension by the symbol ~U^{(1)}

From the above representation it follows that (cf. Theorem 10.8)

~U^{(1)} ∈ W^1_{2,loc}(IR^3_{S2} ) ∩ SK^m_r (IR^3_{S2} ) (9.62)

[ ~U^{(1)}]^+ = 0 and [ ~U^{(1)}]^− = 0 on S_2, (9.63)

A^{(1)}(D, −iω) ~U^{(1)}(x) = 0 in IR^3_{S2} . (9.64)

The second equation in (9.63) is a consequence of the ”continuity” property of the so-called single layer integral operator (9.61) (see below Theorem 10.8).

Thus, we have established that the vector function ~U^{(1)} given by the integral (9.61) solves the homogeneous crack type problem (9.62)-(9.64) in the sapce W^1_{2,loc}(IR^3_{S2} ) ∩ SK^m_r (IR^3_{S2} ) where r and ω are as in Theorem 9.12. Due to Theorem 9.7 we then conclude that ~U^{(1)} vanishes in IR^3_{S2} , which completes the proof.

We note that properties of surface potentials similar to (9.61) and boundary integral operators corresponding to them will be studied in detail in various functional spaces in the next chapter.

CHAPTER IV

POTENTIALS AND BOUNDARY INTEGRAL OPERATORS

In this chapter we introduce and study the generalized single and double layer potentials of the thermoelastisity theory of anisotropic bodies. We investigate their smoothness properties in the closed domains, asymtotic behaviour at infinity and establish jump relations on the surface of integration. We analyse also boundary integral (pseudodifferential) operators generated by these potentials and consider their mapping properties in various functional spaces. Note that the analogous questions for the potential type operators in the elasticity theory of isotropic and anisotropic bodies have been exaustively studied in [43], [8], [33], [34], [57], [17], [39], [13], [54], [31].

In Section 10 we examine in detail properties of the thermoelastic steady state oscillation potentials and afterwards, in Section 11, we breafly treat the same topics for the pseudooscillation potentials.

10 Thermoelastic Steady State Oscillation Potentials

10.1. Let us introduce the following generalized single and double layer steady state oscillation potentials constructed by the fundamental solution (2.29)

V (g)(x) := ∫ S Γ(x − y, ω, r) g(y) dS_y, x ∈ IR^3 \ S, (10.1) W (g)(x) := ∫ S [Q(D_y, n(y), −iω)Γ^⊤(x − y, ω, r)]^⊤ g(y) dS_y, x ∈ IR^3 \ S, (10.2) where S = ∂Ω^±, g = (g_1, ..., g_4)^⊤ = (~g, g_4)^⊤, ~g = (g_1, g_2, g_3)^⊤; the operator Q(D, n, −iω) is defined by (1.26) with – = −iω.

Note that here and in what follows, for simplicity of the notations, we do not mark with the subscript ω the steady state oscillation potentials and the integral operators corresponding to them.

To investigate the existence of solutions to the nonhomogeneous BVPs posed in Chapter II we need special mapping properties of the above potentials and the boundary integral (pseudodifferential) operators generated by them. Let H g(z) = ∫ S Γ(z − y, ω, r) g(y) dS_y, z ∈ S, (10.3) K_1 g(z) = ∫ S [B(D_z, n(z))Γ(z − y, ω, r)] g(y) dS_y, z ∈ S, (10.4) K_2 g(z) = ∫ S [Q(D_y, n(y), −iω)Γ^⊤(z − y, ω, r)]^⊤ g(y) dS_y, z ∈ S, (10.5) L^± g(z) = lim Ω±∋x→z∈S B(D_x, n(z))W (g)(x), z ∈ S, (10.6) where the boundary differential operator B(D, n) is given by (1.25). Here the integrals (10.4) and (10.5) are understood in the Cauchy principal value sense.

In the sequel everywhere the two positive numbers α and α^′ are subjected to the inequalities 0 < α < α^′ ≤ 1.

LEMMA 10.1 Let k ≥ 0 be an integer and S ∈ C^{k+1,α′} . Then for an arbitrary summable g the potentials V (g) and W (g) are C^∞-smooth solutions to the equation (1.10) in Ω^± and belong to the class SK^m_r (Ω^−).

The following formulae

[V (g)(z)]^+ = [V (g)(z)]^− = H g(z), g ∈ C(S), (10.7) [B(D, n)V (g)(z)]^± = (∓2^{−1}I_4 + K_1) g(z), g ∈ C^α(S), (10.8) [W (g)(z)]^± = (±2^{−1}I_4 + K_2) g(z), g ∈ C^α(S), (10.9) hold and the operators

H : C^{l,α}(S) → C^{l+1,α}(S), (10.10) K_1, K_2 : C^{l,α}(S) → C^{l,α}(S), (10.11) V : C^{l,α}(S) → C^{l+1,α}(Ω^±), (10.12) W : C^{l,α}(S) → C^{l,α}(Ω^±), (10.13) where 0 ≤ l ≤ k, are bounded.

Proof. The first part of the lemma follows immediately from the properties of the fundamental matrix Γ(x − y, ω, r) and is trivial, since the columns of Γ(x − y, ω, r) are solutions of the homogeneous equation (1.10) for x ≠ y.

To prove the second part, we proceed as follows. From equations (1.25), (1.26), and Theorem 2.3 we have Γ(x − y, ω, r) − Γ(x − y) =: ~Γ(x − y, ω, r), (10.14) B(D, n) = B_0(D, n) − ~B(n), (10.15) Q(D, n, −iω) = B_0(D, n) − iωT_0 ~B(n), (10.16) where |D^β ~Γ_{kj} (x, ω, r)| < c φ^{(kj)}_{|β|} (x), k, j = 1, ..., 4, in a vicinity of the origin,

B_0(D, n) =

[T (D, n)]_{3×3} [0]_{3×1} [0]_{1×3} ∂_n 4×4 , ~B(n) = [0]_{3×3} [β_{kj}n_j]_{3×1} [0]_{1×3} 0 4×4 ;

here Γ(x), β, c and φ^{(kj)}_{|β|} are as in Lemma 2.1.

Therefore, we can single out the dominant singular terms in the above potentials and represent them in the form

V (g)(x) = V_0(g)(x) + ~V (g)(x), (10.17) W (g)(x) = W_0(g)(x) + ~W (g)(x), (10.18) B(D, n)V (g)(x) − B_0(D, n)V_0(g)(x) =: R(g)(x), where

V_0(g)(x) = ∫ S Γ(x − y) g(y) dS_y, W_0(g)(x) = ∫ S [B_0(D_y, n(y))Γ(x − y)]^⊤g(y) dS_y. The kernels of the potentials ~V (g), ~W (g) and R(g) have singularities of type O(|x − y|^{−1}) as |x − y| → 0. Therefore, ~V , ~W , and R are continuous vectors in IR^3 provided g ∈C(S).

It is easy to see that

V_0(g) = (v^{(0)}(~g), v^{(0)}_4 (g_4))^⊤, W_0(g) = (w^{(0)}(~g), w^{(0)}_4 (g_4))^⊤,

B_0(D, n)V_0(g) = (T (D, n)v^{(0)}(~g), ∂_nv^{(0)}_4 (g_4))^⊤,

where v^{(0)}(~g) and w^{(0)}(~g) are single and double layer potentials of elastostatics (corresponding to the operator C(D)) constructed by the fundamental matrix Γ^{(0)}(x):

v^{(0)}(~g)(x) := ∫ S Γ^{(0)}(x − y) ~g(y) dS_y, (10.19)

w^{(0)}(~g)(x) := ∫ S [T (D_y, n(y))Γ^{(0)}(y − x)]^⊤ ~g(y) dS_y, (10.20)

while v^{(0)}_4 (g_4) and w^{(0)}_4 (g_4) are potentials of the same type (corresponding to the homogeneous operator Λ(D)) constructed by the fundamental function γ^{(0)}(x):

v^{(0)}_4 (g_4)(x) := ∫ S γ^{(0)}(x − y) g_4(y) dS_y, (10.21)

w^{(0)}_4 (g_4)(x) := ∫ S ∂_{n(y)}γ^{(0)}(y − x) g_4(y) dS_y, (10.22)

(see Lemma 2.1).

The properties of the latter potentials and boundary integral operators on S, generated by them, are studied in detail for regular function spaces in [8], [50], [54], [55], [57]. The results in the above mentioned references together with the representation formulae (10.17)-(10.18) yield equations (10.7)-(10.9) and mapping properties (10.10)-(10.13).

For a pseudodifferential operator (ΨDO) K on S we denote by (K)_0 and œ(K)(x, ~ξ) (x ∈ S, ~ξ ∈ IR^2 \ {0}) the dominant singular part and the principal homogeneous symbol, respectively. As usual, if no confusion arises, in the sequel the arguments x and ~ξ will be omitted.

LEMMA 10.2 The operators H, ±2^{−1}I_4 +K_1, and ±2^{−1}I_4 +K_2 are elliptic ΨDOs of order −1, 0, and 0, respectively, with index equal to zero.

Proof. From equations (10.14)-(10.16) and (10.3)-(10.5) it follows that

(H)_0 =

[H^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} H^{(0)}_4 4×4 , (10.23)

(±2^{−1}I_4 + K_1)_0 =

[±2^{−1}I_3 + K^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} ±2^{−1}I_1 + K^{(0)}_4 4×4 , (10.24)

(±2^{−1}I_4 + K_2)_0 =

[±2^{−1}I_3+^∗K^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} ±2^{−1}I_1+^∗K^{(0)}_4 4×4 , (10.25)

where

H^{(0)} ~g(z) = ∫ S Γ^{(0)}(z − y) ~g(y) dS_y, H^{(0)}_4 g_4(z) = ∫ S γ^{(0)}(z − y) g_4(y) dS_y, K^{(0)} ~g(z) = ∫ S [T (D_z, n(z))Γ^{(0)}(z − y)] ~g(y) dS_y, ∗ K^{(0)} ~g(z) = ∫ S [T (D_y, n(y))Γ^{(0)}(y − z)]^⊤ ~g(y) dS_y,

K^{(0)}_4 g_4(z) = ∫ S ∂_{n(z)}γ^{(0)}(z − y) g_4(y) dS_y, ∗ K^{(0)}_4 g4(z) = ∫ S ∂_{n(y)}γ^{(0)}(y − z) g_4(y) dS_y. (10.26)

Due to the general theory of ΨDOs (see, e.g., [74], [20]) we have to show that the principal symbol matrices of the operators (10.23), (10.24), and (10.25) are nonsingular and that the indices of these operators are equal to zero.

It is evident that K^{(0)} [K^{(0)}_4 ] and^∗K^{(0)} [^∗K^{(0)}_4 ] are mutually adjoint singular integral operators while H^{(0)} [H^{(0)}_4 ] is a formally self-adjoint integral operator with a weakly singular kernel of the type O(|x − y|^{−1}).

For the principal symbols we have (see [54], [57], [37])

œ(H^{(0)}) = −^1_{2π}^∫_{l∓} [C(aξ)]^{−1} dξ3 = −^1_{2π}^{+∞∫}_{−∞} [C(aξ)]^{−1} dξ3, (10.27) œ(±2^{−1}I3 + K^{(0)}) =^i_{2π}^∫_{l∓} T (aξ, n) [C(aξ)]^{−1} dξ3 = [œ(±2^{−1}I3+^∗K^{(0)})]^⊤, (10.28) œ(H^{(0)}_4 ) = −^1_{2π}^∫_{l∓} [Λ(aξ)]^{−1} dξ3 = −^1_{2π}^{+∞∫}_{−∞} [Λ(aξ)]^{−1} dξ3 < 0, (10.29) œ(±2^{−1}I1 + K^{(0)}_4 ) =^i_{2π}^∫_{l∓} λ(aξ, n) [Λ(aξ)]^{−1} dξ3 = œ(±2^{−1}I1+^∗K^{(0)}_4 ) = ±2^{−1},(10.30)

where ξ = ( ~ξ, ξ_3), ~ξ = (ξ_1, ξ_2) ∈ IR^2 \ {0}, λ(ξ, n) is defined by (1.24),

a(x) = l_1(x) m_1(x) n_1(x) l_2(x) m_2(x) n_2(x) l_3(x) m_3(x) n_3(x) is an orthogonal matrix with deta(x) = +1, l = (l_1, l_2, l_3)^⊤, m = (m_1, m_2, m_3)^⊤ and n = (n_1, n_2, n_3)^⊤ is a triple of orthogonal vectors at x ∈ S (l and m lie in the tangent plane at x ∈ S and n is again the exterior unit normal), l^− (l^+) is a closed clockwise (counterclockwise) oriented contour in the lower (upper) complex half-plane ξ_3 = ξ^′_3 + iξ^{′′}_3 enclosing all roots of the equations

det C(aξ) = 0, Λ(aξ) = 0,

with respect to ξ_3 with negative (positive) imaginary parts. The last equation in (10.30) follows due to the fact that the kernel-function of the integral operators K^{(0)}_4 and^∗K^{(0)}_4 have weak singularities of type O(|x − y|^{−2+α′} ) on a C^{1,α′} -smooth manifold.

The entries of the matrices (10.28) are homogeneous functions of order 0, while (10.27) and (10.29) are homogeneous functions of order −1 in ~ξ. Moreover, all the above principal homogeneous symbols are nonsingular for | ~ξ| = 1, the corresponding integral operators are elliptic ΨDOs of order 0 and −1, respectively, and their indices are equal to zero (for details see [54], [57], [39], [16]).

Now (10.23), (10.24), and (10.25) imply

œ(H) =

[œ(H^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(H^{(0)}_4 ) 4×4 , (10.31)

œ(±2^{−1}I4 + K1) = [œ(±2^{−1}I4 + K2)]^⊤ = = [œ(±2^{−1}I3 + K^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(±2^{−1}I_1 + K^{(0)}_4 ) 4×4 , (10.32)

which together with equations (10.23), (10.24), and (10.25) completes the proof.

REMARK 10.3 More subtle analysis of the fundamental solution Γ(x, ω, r) shows that in a vicinity of the origin the following representation

Γ(x, ω, r) = Γ(x) + i~Γ^′(x) − ωT_0[~Γ^′(x)]^⊤ + ~Γ^{′′}(x, ω, r), (10.33)

~Γ^′(x) =

[0]_{3×3} [~Γ^′_{k4}(x)]_{3×1}

[0]_{1×3} 0 4×4 ,

holds, where Γ(x) is the same as in Lemma 2.1 and ~Γ^′_{k4}(x) is independent of ω; first order derivatives of ~Γ^′_{k4}(x) are homogeneous functions of order −1 and |D^β ~Γ^′_{k4}(x)| < c φ^{(k4)}_{|β|} (x) with the same φ^{(k4)}_{|β|} (x) as in Lemma 2.1; the second order derivatives of the entries of the matrix ~Γ^{′′}(x, ω, r) have singularities of the type O(|x|^{−1}).

REMARK 10.4 Note that the operator −H^{(0)} [−H^{(0)}_4 ] is a positive operator which implies that the corresponding principal homogeneous symbol is a positive definite matrix [is a positive function] (see [54]). Therefore, the principal homogeneous symbol matrix œ(−H) is also positive definite due to the equation (10.31) and the inequality (10.29).

10.2. Now we turn our attention to the equation (10.6). To prove the existence of limits (10.6) and to study properties of the operators L^± we need some auxiliary results which are now presented.

LEMMA 10.5 Let U = (u, u_4)^⊤ be a regular solution of the homogeneous interior problem (P_1)^+_ω . Then u_4(x) = 0 in Ω^+ and u is a solution to the following interior homogeneous BVP of steady state oscillations of the elasticity theory

C(D)u(x) + ω^2 u(x) = 0 in Ω^+, (10.34)

[u(z)]^+ = 0 on S, (10.35)

satisfying, in addition, the equation β_{kj}D_j u_k = 0 in Ω^+.

Proof. The equation u_4(x) = 0 in Ω^+ follows from the identity (1.23), if we look at the imaginary part. Then we obtain the BVP (10.34)-(10.35) for the displacement vector u with the additional equation indicated in the lemma due to the homogeneous conditions of the problem (P_1)^+_ω .

By Σ[(P_1)^+_ω ] we denote the spectral set corresponding to the problem (P_1)^+_ω (i.e., the set of values of the parameter ω for which the homogeneous problem (P_1)^+_ω possesses a nontrivial solution). Note that the spectral set corresponding to the problem (10.34)-(10.35) is at most countable. Therefore, Lemma 10.5 implies the following proposition (cf. [54]).

COROLLARY 10.6 The set Σ[(P_1)^+_ω ] is either finite or countable (with the only possible accumulation point at infinity).

Now we are redy to examine the properties of the hypersingular operators L^±.

LEMMA 10.7 Let S ∈ C^{2,α′} and g ∈ C^{1,α}(S). Then limits (10.6) exist and

L^+ g(z) = L^− g(z) =: L g(z), z ∈ S. (10.36)

Moreover, the operator L : C^{l+1,α}(S) → C^{l,α}(S), S ∈ C^{k+2,α′} , k ≥ 0, 0 ≤ l ≤ k, (10.37) is a bounded singular integro-differential operator with nonsingular positive definite principal homogeneous symbol matrix and with index equal to zero.

Proof. First we prove the existence of limits (10.6). With the help of equations (10.15), (10.16), and (10.33) we deduce B(D_x, n(x))[Q(D_y, n(y), −iω)Γ^⊤(x − y, ω, r)]^⊤ = ~K_3(x, y, x − y) + +[~K^′_2(x, y, x − y) + ωT_0 ~K^{′′}_2 (x, y, x − y)] + ~K_1(x, y, x − y; ω), (10.38) where ~K_3(x, y, x − y) = B_0(D_x, n(x))[B_0(D_y, n(y))Γ(y − x)]^⊤ = = [T (D_x, n(x))[T (D_y, n(y))Γ(y − x)]^⊤]_{3×3} [0]_{3×1} [0]_{1×3} ∂_{n(x)}∂_{n(y)}γ^{(0)}(y − x) 4×4 is a hypersingular kernel with the entries of the type O(|x − y|^{−3}) as |x − y| → 0, while ~K^′_2(x, y, x − y) = iB_0(D_x, n(x)){B_0(D_y , n(y))[~Γ^′(x − y)]^⊤}^⊤ − − ~B(n(x))[B_0(D_y, n(y))Γ(x − y)]^⊤ and ~K^{′′}_2 (x, y, x − y) = −B_0(D_x, n(x))[B_0(D_y, n(y))~Γ^′(x − y)]^⊤ − −i[B_0(D_x, n(x))Γ(x − y)] ~B^⊤(n(y)) are singular kernels on S with the entries of the type O(|x − y|^{−2}) as |x − y| → 0,, and the entries of the matrix ~K_1(x, y, x − y; ω) have singularities of the type O(|x − y|^{−1}). Note that here either x ∈ Ω^+ or x ∈ Ω^−.

In turn, (10.38) implies

B(D_x, n(x))W (g)(x) = (T (D_x, n(x))w^{(0)}(~g)(x), ∂_{n(x)}w^{(0)}_4 (g_4)(x))^⊤ + + ∫ S [~K^′_2(x, y, x − y) + ωT_0 ~K^{′′}_2 (x, y, x − y)] g(y) dS_y + + ∫ S ~K_1(x, y, x − y; ω) g(y) dS_y, (10.39) where w^{(0)}(~g) and w^{(0)}_4 (g_4) are defined by (10.20) and (10.22), respectively. It can be shown (see [54], [57], [16], [37]) that the limits lim Ω±∋x→z∈S T (D_x, n(x))w^{(0)}(~g)(x) = L^{(0)} ~g(z), (10.40) lim Ω±∋x→z∈S ∂_{n(x)}w^{(0)}_4 (g_4)(x) = L^{(0)}_4 g_4(z), (10.41)

exist for any g_k ∈C^{1,α}(S), k = 1, ..., 4, and that the operators L^{(0)} and L^{(0)}_4 are non-negative, formally self-adjoint singular integro-differential operators with positive definite principal symbols

œ(L^{(0)}) = −^1_{2π}^∫_{l∓} T (aξ, n)C^{−1}(aξ)T^⊤(aξ, n) dξ3, (10.42) œ(L^{(0)}_4 ) = −^1_{2π}^∫_{l∓} λ^2(aξ, n)Λ^{−1}(aξ) dξ3 = −[4 œ(H^{(0)}_4 )]^{−1}. (10.43)

Here the contours l^∓ are the same as in formulae (10.27)-(10.30).

The operators L^{(0)} and L^{(0)}_4 are elliptic ΨDOs of order 1 with index equal to zero and they possess mapping property (10.37) (for details see [16]).

Further, Remark 10.3 yields that there exist limits on S from Ω^± of the second term in the right-hand side expression of (10.39) lim Ω±∋x→z∈S ∫ S [~K^′_2(x, y, x − y) + ωT_0 ~K^{′′}_2 (x, y, x − y)] g(y) dS_y = = [α^′_±(z) + ωT_0α^{′′}_±(z)]g(z) + ~K^′_2 g(z) + ωT_0 ~K^{′′}_2 g(z),

where ~K^′_2 and ~K^{′′}_2 are singular integral operators with singular kernels ~K^′_2 and ~K^{′′}_2 , respectively; α^′_± and α^{′′}_± are some smooth matrices independent of ω (we do not need their explicit expressions for our purposes).

The existence of the limits on S (from Ω^±) of the third term in the right-hand side of (10.39) is evident. It is also obvious that these limits are equal to each other and that the boundary operator ~K_1, generated by this term, is a weakly singular integral operator (ΨDO of order s ≤ −1).

Thus, the existence of the operators L^± is proved in the space C^{1,α}(S) and we have

L^± g(z) =

[L^{(0)} ~g(z)]_{3×3} [0]_{3×1}

[0]_{1×3} L^{(0)}_4 g_4(z) 4×4 + +[α^′_±(z) + ωT_0 α^{′′}_±(z)]g(z) + ~K^′_2 g(z) + ωT_0 ~K^{′′}_2 g(z) + ~K_1 g(z). (10.44)

We also see that the operators (10.44) possess the mapping property (10.37).

It remains to show L^+ = L^−.

The integral representation formulae (3.2) and (3.3) of a regular vector U we rewrite as follows

U(x) = ±{W ([U]^±)(x) − V ([BU]^±)(x)}, x ∈ Ω^±, (10.45)

provided A(D, −iω)U(x) = 0 in Ω^± and U ∈ SK^m_r (Ω^−); here W and V are double and single layer potentials operators (see (10.1) and (10.2)).

Due to Lemma 10.1 from (10.45) we have

(−2^{−1}I_4 + K_2)[U]^+ = H[BU]^+, (2^{−1}I_4 + K_2)[U]^− = H[BU]^−,

where the operators H and K_2 are defined by (10.3) and (10.5), respectively.

If in these equations we substitute U(x) = W (g)(x) with an arbitrary g ∈C^{1,α}(S), apply the same Lemma 10.1 and the above results concerning the limits (10.6), we arrive at the following relations

(−2^{−1}I_4 + K_2)(2^{−1}I_4 + K_2) g = HL^+ g, (2^{−1}I_4 + K_2)(−2^{−1}I_4 + K_2) g = HL^− g. (10.46)

Whence

H(L^+ g − L^− g) = 0. (10.47)

By (10.44) we have L^+ g − L^− g =: h ∈ C^α(S) and, therefore, V (h) is a regular vector in Ω^±.

Now, on one side, (10.47) yields that V (h) is a regular solution to the homogeneous roblem (P_1)^−_ω and we conclude V (h)(x) = 0, x ∈ Ω^−, due to Theorem 9.5.

On the other side, the same equation (10.47) implies that V (h) is a regular solution to the homogeneous problem (P_1)^+_ω as well, and, by Corollary 10.6, we get V (h)(x) = 0, x ∈ Ω^+, provided ω ∈\ Σ[(P_1)^+_ω ].

The above equations imply h = [BV (h)]^− − [BV (h)]^+ = 0.

Thus, we have proved that L^+ g = L^− g for all g ∈ C^{1,α}(S) if ω ∉ Σ[(P_1)^+_ω ], which according to (10.44) leads to the equation

[α^′_+(z) − α^′_−(z)]g(z) + ωT_0[α^{′′}_+(z) − α^{′′}_−(z)]g(z) = 0.

Consequently, α^′_+(z) = α^′_−(z), α^{′′}_+(z) = α^{′′}_−(z), and (10.36) holds for an arbitrary value of the parameter ω.

It is also evident that the dominant singular part (L)_0 of the operator L and the corresponding principal homogeneous symbol matrix read

(L)_0 =

[L^{(0)}]_{3×3} [0]_{3×1}

[0]_{1×3} L^{(0)}_4 4×4 , (10.48)

œ(L) =

[œ(L^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(L^{(0)}_4 ) 4×4 , (10.49)

(see (10.40), (10.41), (10.42), (10.43)). Whence the positive definiteness of the matrix (10.49) and the formally self-adjointness of the operator (10.48) follow immediately, since the matrix

œ(L^{(0)}) is positive definite and, as formulae (10.46), (10.29), and (10.30) show œ(L^{(0)}_4 ) = −[4œ(H^{(0)}_4 )]^{−1} > 0. (10.50)

The proof is completed.

10.3. In this subsection we collect the known results concerning some properties of the above introduced single and double layer potentials in Besov and Bessel-potential spaces. The proof of the theorem below is, in fact, the same as proof of analogous theorem in the elasticity theory (or even in the theory of harmonic functions). One has to relay on the fact that regular function spaces are densely embedded in Besov and Bessel-potential functional spaces, and apply the usual limiting extension procedure together with the duality and interpolation principles (for details we refer to, for example, [16], [17], [13], [51]). THEOREM 10.8 The operators (10.12), (10.13), (10.10), (10.11), and (10.37) can be extended by continuity to the following bounded operators

V : B^s_{p,p}(S) → H^{s+1+1/p}_p (Ω^+) [B^s_{p,p}(S) → H^{s+1+1/p}_{p,loc} (Ω^−) ∩ SK^m_r (Ω^−)],

: B^s_{p,q}(S) → B^{s+1+1/p}_{p,q} (Ω^+) [B^s_{p,q}(S) → B^{s+1+1/p}_{p,q,loc} (Ω^−) ∩ SK^m_r (Ω^−)],

W : B^s_{p,p}(S) → H^{s+1/p}_p (Ω^+) [B^s_{p,p}(S) → H^{s+1/p}_{p,loc} (Ω^−) ∩ SK^m_r (Ω^−)],

: B^s_{p,q}(S) → B^{s+1/p}_{p,q} (Ω^+) [B^s_{p,q}(S) → B^{s+1/p}_{p,q,loc}(Ω^−) ∩ SK^m_r (Ω^−)],

H : H^s_p (S) → H^{s+1}_p (S) [B^s_{p,q}(S) → B^{s+1}_{p,q} (S)],

K_1, K_2 : H^s_p (S) → H^s_p (S) [B^s_{p,q}(S) → B^s_{p,q}(S)], L : H^{s+1}_p (S) → H^s_p(S) [B^{s+1}_{p,q} (S) → B^s_{p,q}(S)], for arbitrary s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞, provided S ∈ C^∞.

Moreover, i) for these extended operators the formulae (10.7), (10.8), (10.9), and (10.36) remain valid in the corresponding spaces;

ii) the integral representation formula (3.3) remains valid for U ∈ W^1_p (Ω^−) ∩ SK^m_r (Ω^−) with A(D, −iω)U = 0 in Ω^−; the integral representation formula (3.2) in Ω^+ remains valid for U ∈ W^1_p (Ω^+) with τ = −iω and A(D, −iω)U = 0 in Ω^+.

11 Thermoelastic Pseudo-Oscillation Potentials

In this section we deal with the single and double layer pseudo-oscillation potentials which are defined as follows

V_τ (g)(x) := ∫ S Γ(x − y, τ ) g(y) dS_y, x ∈ IR^3 \ S, (11.1) W_τ (g)(x) := ∫ S [Q(D_y, n(y), τ )Γ^⊤(x − y, τ )]^⊤ g(y) dS_y, x ∈ IR^3 \ S, (11.2) where Γ(x − y, τ ) is the fundamental matrix defined by (2.2), S = ∂Ω^±, g = (g_1, ..., g_4)^⊤ = (~g, g_4)^⊤, ~g = (g_1, g_2, g_3)^⊤; the operator Q(D, n, τ ) is defined by (1.26) with – = τ .

Due to the results of Section 2 it is evident that the mapping properties and the jump relations of the above pseudo-oscillation potentials and the steady state oscillation potentials (10.1)-(10.2) are the same. It is also obvious that the asymptotic behaviour of the potentials (11.1)-(11.2) at infinity is quite similar to the asymptotic behaviour of the fundamental matrix Γ(x − y, τ ) since S is a compact surface.

Next, we introduce the boundary integral (pseudodifferential) operators generated by the pseudo-oscillation potentials

H_τ g(z) = ∫ S Γ(z − y, τ ) g(y) dS_y, z ∈ S, (11.3) K_{1,τ} g(z) = ∫ S [B(D_z, n(z))Γ(z − y, τ )] g(y) dS_y, z ∈ S, (11.4) K_{2,τ} g(z) = ∫ S [Q(D_y, n(y), τ )Γ^⊤(z − y, τ )]^⊤ g(y) dS_y, z ∈ S, (11.5) L^±_τ g(z) = lim Ω±∋x→z∈S B(D_x, n(z))W_τ (g)(x), z ∈ S, (11.6) where the boundary differential operator B(D, n) is given again by (1.25), and the integrals (11.4) and (11.5) are understood in the Cauchy principal value sense.

The properties of the above introduced operators are described by the following propositions.

THEOREM 11.1 Let k ≥ 0 be an integer and S ∈ C^{k+1,α′} . Then for an arbitrary summable g the potentials V_τ (g) and W_τ (g) are C^∞-smooth solutions to the equation (1.9) in Ω^± and together with all derivatives they decrease more rapidly then any negative power of |x| as |x| → +∞. Moreover, if 0 ≤ l ≤ k, then i) the operators

V_τ : C^{l,α}(S) → C^{l+1,α}(Ω^±), (11.7)

W_τ : C^{l,α}(S) → C^{l,α}(Ω^±), (11.8)

are bounded, and

[V_τ (g)(z)]^+ = [V_τ (g)(z)]^− = H_τ g(z), g ∈ C(S), (11.9)

[B(D, n)V_τ (g)(z)]^± = (∓2^{−1}I_4 + K_{1,τ} ) g(z), g ∈ C^α(S), (11.10)

[W_τ (g)(z)]^± = (±2^{−1}I_4 + K_{2,τ} ) g(z), g ∈ C^α(S), (11.11) L^+_τ g = L^−_τ g =: L_τ g, g ∈ C^{1,α}(S), k ≥ 1; (11.12) ii) the operators

H_τ : C^{l,α}(S) → C^{l+1,α}(S), (11.13) K_{1,τ} , K_{2,τ} : C^{l,α}(S) → C^{l,α}(S), (11.14) L_τ : C^{l+1,α}(S) → C^{l,α}(S), (11.15) are bounded.

THEOREM 11.2 The operators H_τ , ±2^{−1}I_4 + K_{1,τ} , ±2^{−1}I_4 + K_{2,τ} , and L_τ are elliptic ΨDOs of order −1, 0, 0, and 1, respectively, with index equal to zero. Moreover, the principal homogeneous symbol matrices of the operators −H_τ and L_τ are positive definite. THEOREM 11.3 The operators (11.7), (11.8), and (11.13)-(11.15) can be extended by continuity to the following bounded operators

V_τ : B^s_{p,p}(S) → H^{s+1+1/p}_p (Ω^±) [B^s_{p,q}(S) → B^{s+1+1/p}_{p,q} (Ω^±)], W_τ : B^s_{p,p}(S) → H^{s+1/p}_p (Ω^±) [B^s_{p,q}(S) → B^{s+1/p}_{p,q} (Ω^±)], H_τ : H^s_p (S) → H^{s+1}_p (S) [B^s_{p,q}(S) → B^{s+1}_{p,q} (S)], K_{1,τ} , K_{2,τ} : H^s_p (S) → H^s_p (S) [B^s_{p,q}(S) → B^s_{p,q}(S)], L_τ : H^{s+1}_p (S) → H^s_p (S) [B^{s+1}_{p,q} (S) → B^s_{p,q}(S)], for arbitrary s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞, provided S ∈ C^∞.

Moreover, i) for these extended operators the formulae (11.9)-(11.12) remain valid in the corresponding spaces;

ii) the integral representation formula (3.2) remains valid for U ∈ W^1_p (Ω^±) with A(D, τ )U = 0 in Ω^±, provided that U satisfies the decay condition (1.30) at infinity in the case of the domain Ω^−.

Clearly, the proofs of these theorems are verbatim the proofs of the analogous propositions in the previous section and, therefore, we omit them (for details see [16]).

We note here that the formula similar to (10.46) holds also for the pseudo-oscillation operators and read as

(−2^{−1}I_4 + K_{2,τ} )(2^{−1}I_4 + K_{2,τ} ) = H_τ L_τ . (11.16) From the general integral representation formula (3.2) we can also easily derive the following identity

(−2^{−1}I_4 + K_{1,τ} )(2^{−1}I_4 + K_{1,τ} ) = L_τ H_τ . (11.17)

REMARK 11.4 The results of Section 2 imply that the dominant singular parts and the principal homogeneous symbol matrices of the operators H_τ , ±2^{−1}I_4 + K_{1,τ} , ±2^{−1}I_4 + K_{2,τ} , and L_τ read as (cf. (10.23)-(10.25), (10.48), (10.31), (10.32), (10.49))

(H_τ )_0 =

[H^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} H^{(0)}_4 4×4 , (11.18)

(±2^{−1}I_4 + K_{1,τ})_0 =

[±2^{−1}I_3 + K^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} ±2^{−1}I_1 + K^{(0)}_4 4×4 , (11.19)

(±2^{−1}I_4 + K_{2,τ})_0 =

[±2^{−1}I_3+^∗K^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} ±2^{−1}I_1+^∗K^{(0)}_4 4×4 , (11.20)

(L_τ )_0 =

[L^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(0)}_4 4×4 , (11.21)

and œ(±2^{−1}I4 + K1,τ ) = [œ(±2^{−1}I4 + K2,τ )]^⊤ = = [œ(±2^{−1}I3 + K^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(±2^{−1}I_1 + K^{(0)}_4 ) 4×4 , (11.22)

œ(Hτ ) =

[œ(H^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(H^{(0)}_4 ) 4×4 , (11.23)

œ(Lτ ) =

[œ(L^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(L^{(0)}_4 ) 4×4 . (11.24)

The matrices (11.22)-(11.24), as it has been shown in the previous section, are nonsingular. Moreover, œ(−H_τ ) and œ(L_τ ) are positive definite.

CHAPTER V

REGULAR BOUNDARY VALUE AND INTERFACE PROBLEMS

Here we consider the nonhomogeneous regular basic bondary value and interface problems formulated in Chapter II for the pseudo-oscillation and steady state oscillation equations of the thermoelasticity theory of anisotropic bodies. The existence theorems will be proved in the Hölder continuous and Sobolev functional spaces with the help of the boundary integral equation method.

12 Basic BVPs of Pseudo-Oscillations

12.1. Let us first consider the regular problem (P_1)^+_τ (see (5.1) and (5.2)) where we assume that S ∈ C^{2,α′}.

We look for a solution in the form of the double layer potential (see (11.2))

U(x) = W_τ (g)(x), x ∈ Ω^+, (12.1)

where g = (g_1, · · · , g_4)^⊤ ∈ C^{1,α}(S) is the unknown density. As above, here and in what follows we again provide that 0 < α < α^′ ≤ 1.

Applying the jump formula for a double layer potential (see Theorem 11.1, item i)) and taking into account the boundary conditions of the problem in question we arrive at the boundary integral equation (BIE)

N^+_{1,τ} g(x) := [2^{−1}I_4 + K_{2,τ} ] g(x) = G^{(1)}(x), x ∈ S, (12.2)

where G^{(1)} = (f_1, · · · , f_4)^⊤ ∈ C^{1,α}(S) is the given vector function on S (see (5.1)-(5.2)), and K_{2,τ} is defined by (11.5).

Due to Theorem 11.2 the singular integral operator in the left-hand side of (12.2) is an elliptic ΨDO with zero index.

Further, we show that the homogeneous version of the equation (12.2) (i.e., when f = 0) has only the trivial solution. Let g_0 ∈ C^{1,α}(S) be an arbitrary solution of the equation

[2^{−1}I_4 + K_{2,τ} ] g(x) = 0, x ∈ S. (12.3)

It is evident that the vector function

U_0(x) = W_τ (g_0)(x) ∈ C^{1,α}(Ω^+) (12.4)

represents then a regular solution of the homogeneous problem (P_1)^+_τ due to (12.3). Therefore, by the uniqueness Theorem 8.1 we conclude U_0(x) = 0 in Ω^+ which, in turn, implies

[B(D, n)U_0]^+ = L_τ g_0 = 0 on S, where L_τ = L^±_τ is defined by (11.6).

In accordance with equation (11.12) we get

[B(D, n)U_0]^− = 0 on S, (12.5)

where U_0 is given again by (12.4) in Ω^−.

Thus, we have obtained that the vector function

U_0(x) = W_τ (g_0)(x) ∈ C^{1,α}(Ω^−) (12.6)

represents a regular solution to the problem (P_2)^−_τ . Therefore, U_0(x) = 0 in Ω^− due to Theorem 8.1.

As a result we have for arbitrary x ∈ S

[U_0(x)]^+ − [U_0(x)]^− = [W_τ (g_0)(x)]^+ − [W_τ (g_0)(x)]^− = g_0 = 0

which proves that the equation (12.3) has only the trivial solution.

According to the general theory of singular integral equations (see, e.g., [49], [43], Ch.IV), the nonhomogeneous equation (12.2) is solvable for an arbitrary right-hand side. Moreover, the corresponding embedding theorems for the solution of SIE on closed manifold yield that, if S ∈ C^{k+1,α′} and f ∈ C^{k,α}(S), then g ∈ C^{k,α}(S).

Finally, we arrive at the following existence theorem.

THEOREM 12.1 Let S ∈ C^{k+1,α′} and f_j ∈ C^{k,α}(S) where j = 1, 4 and k ≥ 1 is an arbitrary integer. Then the problem (P_1)^+_τ (i.e., (1.9), (5.1), (5.2)) is uniquelly solvable in the space C^{k,α}(Ω^+) and the solution is representable in the form (12.1), where g ∈ C^{k,α}(S) solves the BIE (12.2).

REMARK 12.2 Note that, if one looks for a regular solution to the BVP problem (P_1)^+_τ in the form of a single layer potential (see (11.1))

U(x) = V_τ (h)(x), x ∈ Ω^+, (12.7)

then one gets the ΨDE

H_τ h(x) = G^{(1)}(x), x ∈ S, (12.8)

due to Theorem 11.1 (see (11.9)).

Applying again the uniqueness Theorem 8.1 and properties of a single layer potential, by the arguments similar to the above ones it can be easily shown that ker H_τ is trivial. Note that −H_τ is an elliptic ΨDO of order −1 (with positive definite principal homogeneous symbol matrix) and its index equals zero. Invoking the general theory of ΨDO on closed smooth manifolds (see,e.g., [74]) we conclude that the operator H_τ : C^{l,α}(S) → C^{l+1,α}(S), S ∈ C^{k,α′} 0 ≤ l ≤ k − 1, k ≥ 1, (12.9) is an isomorphism. Therefore, the equation (12.8) is uniquely solvable in the space C^{k−1,α}(S) provided that S ∈ C^{k,α′} and f ∈ C^{k,α}(S) (k ≥ 1). As a result we obtain that the solution of the problem (P_1)^+_τ can also be uniquely represented as a single layer potential (12.7), where h ∈ C^{k−1,α}(S) is the unique solution of the equation (12.8). Clearly, we again have U = V_τ (h) ∈ C^{k,α}(Ω^+).

We remark that applying the equation (11.17) one can show that, in fact, the operator

H^{−1}_τ : C^{l+1,α}(S) → C^{l,α}(S), S ∈ C^{k,α′} 0 ≤ l ≤ k − 1, k ≥ 1, (12.10)

which is inverse to the operator (12.9), is a singular integro-differential operator (i.e., a ΨDO of order 1). Obviously, the principal homogeneous symbol matrix of the operator −H^{−1}_τ is also positive definite.

It should be noted that to prove the existence of a regular solution by the single layer approach, as it is evident from the above arguments, C^{1,α′} -smoothness of the boundary surface ∂Ω^+ = S is sufficient, while by the double layer approach we need S ∈ C^{2,α′}.

12.2. Let us look for a regular solution of the problem (P_2)^+_τ (see (5.3)-(5.4)) again in the form (12.1). The boundary conditions of the problem in question and the properties of the duble layer potential lead to the following system of equations for the unknown density g on S {[2^{−1}I_4 + K_{2,τ} ] g(x)}_j = f_j(x), j = 1, 2, 3, (12.11)

{L_τ g(x)}_4 = F_4(x). (12.12)

Note that the operators involved in the first three equations are singular integral operators (SIO), i.e., ΨDOs of zero order, while in the fourth equation we have singular integrodifferential operators, i.e., ΨDOs of order 1.

In order to rewrite these equations in the matrix form we set

N^+_{2,τ} :=

[(2^{−1}I_4 + K_{2,τ} )_{pq}]_{3×4}

[(L_τ )_{4q}]_{1×4} 4×4 (12.13)

with p = 1, 2, 3, and q = 1, 4.

Clearly, then (12.11) and (12.12) are equvalent to the equation

N^+_{2,τ} g(x) = G^{(2)}(x), x ∈ S, G^{(2)} = (f_1, f_2, f_3, F_4)^⊤. (12.14)

We assume that G^{(2)} ∈ [C^{k,α}(S)]^3 × [C^{k−1,α}(S)], i.e.,

S ∈ C^{k+1,α′} , f_j ∈ C^{k,α}(S), j = 1, 2, 3, F_4 ∈ C^{k−1,α}(S), (12.15)

where k ≥ 1, 0 < α < α^′ ≤ 1. Moreover, we seek the unknown density vector g in the space [C^{k,α}(S)]^4.

The system of ΨDEs (12.13) is elliptic in the sense of Douglis-Nirenberg (cf.[3], [2], [82]) and its principal symbol matrix

œ(N^+_{2,τ} ) =

[œ(2^{−1}I3 + K^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(L^{(0)}_4 ) 4×4 (12.16) is nonsingular for arbitrary x ∈ S and | ~ξ| = 1 (see Remark 11.4, the formulae (10.26), (10.28), (10.41), (10.43), and the proofs of Lemmata 10.2 and 10.7).

The index of the operator N^+_{2,τ} equals to zero, since the index of the corresponding dominant singular part is zero.

Next, we show that the system (12.11)-(12.12) (i.e., (12.14)) can be equivalently reduced to the system of singular integral equations (SIEs). To this end we formulate the following lemma which will be frequently used in the sequel (see, e.g., [58], [20]).

LEMMA 12.3 The scalar operator

R h(z) =^1_{2π} ∫ S |z − y|^{−1} h(y) dS_y, z ∈ S, S ∈ C^{1,α′}, (12.17) generated by the harmonic single layer potential, is a formally self-adjoint, equivalent smoothing lifting ΨDO of order −1, (i.e., R h = 0 implies h = 0) with the principal homogeneous symbol equal to |ξ̃|^{−1} (i.e., œ(R)(x, ξ̃) = |ξ̃|^{−1}, x ∈ S, ξ̃ ∈ IR^2 \ {0}).

Due to this lemma it is evident that the system (12.11)-(12.12) is equivalent to the system of SIEs on S

{[2^{−1}I_4 + K_{2,τ} ] g(x)}_j = f_j(x), j = 1, 2, 3, (12.18)

R{L_τ g(x)}_4 = RF_4(x), (12.19)

which can also be written as

R_2N^+_{2,τ} g(x) = G^{(2)}_∗ , (12.20)

where

R_2 =

[I_3]_{3×3} [0]_{3×1}

[0]_{1×3} R 4×4 (12.21)

and G^{(2)}_∗ = (f_1, f_2, f_3, RF_4)^⊤. (12.22)

Clearly, (12.20) is an elliptic SIE with index zero.

Further, we prove that the nonhomogeneous system (12.11)-(12.12) (i.e., (12.14) and (12.20)) is uniquely solvable. Invoking again the theory of SIEs on smooth manifolds ([49], [43]), we have to show that the homogeneous version of the system (12.11)-(12.12) admits only the trivial solution. It is an easy consequence of the corresponding uniqueness theorem and the jump relations of a double layer potential, and can be shown by the same arguments as in the previous subsection. These results imply that the equation (12.20) is uniquely solvable for arbitrary G^{(2)}∗ ∈ C^{k,α}(S) in the space g ∈ C^{k,α}(S) which immediately leads to the following assertion.

THEOREM 12.4 Let conditions (12.15) be fulfilled. Then the problem (P_2)^+_τ ( i.e., (1.9), (5.3), (5.4)) is uniquely solvable in the space C^{k,α}(Ω^+) and the solution is representable in the form (12.1), where g ∈ C^{k,α}(S) solves the system of BIEs (12.11)-(12.12) ( i.e., (12.20)).

Let us note here that the single layer aproach is again applicable and leads to the existence results described in Theorem 12.4 (cf. Remark 12.2).

12.3. In this subsection we consider the nonhomogeneous problem (P_3)^+_τ (see (5.5), (5.6)). We look for a regular solution U again in the form (12.1) which yields the following system of BIEs on S:

{L_τ g(x)}_j = F_j(x), j = 1, 2, 3, (12.23)

{[2^{−1}I_4 + K_{2,τ} ] g(x)}_4 = f_4(x), (12.24)

where we provide

S ∈ C^{k+1,α′} , F_j ∈ C^{k−1,α}(S), j = 1, 2, 3, f_4 ∈ C^{k,α}(S) (12.25)

with the same k, α^′, and α as in (12.15). The unknown density g is again assumed to belong to the class C^{k,α}(S).

We set

N^+_{3,τ} :=

[(L_τ )_{pq}]_{3×4}

[(2^{−1}I_4 + K_{2,τ} )_{4q}]_{1×4} 4×4 (12.26)

with p = 1, 2, 3, and q = 1, 4.

The equations (12.23)-(12.24) can be then written in the matrix form as

N^+_{3,τ} g(x) = G^{(3)}(x), x ∈ S, G^{(3)} = (F_1, F_2, F_3, f_4)^⊤ ∈ [C^{k−1,α}(S)]^3 × C^{k,α}(S). (12.27)

The operator N^+_{3,τ} is elliptic (again in the sense of Douglis-Nirenberg) with the nonsingular principal symbol matrix

œ(N^+_{3,τ} ) =

[œ(L^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(2^{−1}I_1 + K^{(0)}_4 ) 4×4 (12.28)

(see Section 10 and Remark 11.4) and the index equal to zero.

Introduce the matrix operator

R_3 =

[I_3R]_{3×3} [0]_{3×1}

[0]_{1×3} I_1 4×4 , (12.29)

where R is the equivalent lifting operator (12.17).

Now it can be easily seen that

R_3N^+_{3,τ} g(x) = G^{(3)}_∗ , G^{(3)}_∗ = (RF_1, RF_2, RF_3, f_4)^⊤ ∈ C^{k,α}(S), (12.30)

is an elliptic system of SIEs equivalent to (12.23)-(12.24), due to Lemma 12.3.

As in the previous subsection we can easily establish that the homogeneous version of the system (12.23)-(12.24) admits only the trivial solution. Therefore, the nonhomogeneous system (12.30) and, consequently, (12.23)-(12.24) are uniquely solvable in the class C^{k,α}(S) if the boundary data meet the conditions (12.25). Thus, we have proved the following existence result.

THEOREM 12.5 Let conditions (12.25) be fulfilled. Then the problem (P_3)^+_τ ( i.e., (1.9), (5.5), (5.6)) is uniquely solvable in the space C^{k,α}(Ω^+) and the solution is representable in the form (12.1), where g ∈ C^{k,α}(S) solves the system of BIEs (12.23)-(12.24) ( i.e., (12.30)).

We emphasize that the single layer aproach is again applicable and lead to the same existence results.

12.4. Here we consider the nonhomogeneous boundary value problem (P_4)^+_τ (see (5.7), (5.8)). We look for a regular solution U again in the form (12.1) which now leads to the hypersingular BIE (ΨDE of order +1) on S

N^+_{4,τ} g(x) := L_τ g(x) = G^{(4)}(x), G^{(4)} = (F_1, · · · , F_4)^⊤ ∈ [C^{k−1,α}(S)]^4. (12.31)

Due to Remark 11.4 the dominant singular part and the principal homogeneous positive definite symbol matrix of the singular integro-differential operator N^+_{4,τ} := L_τ are given by formulae (11.21) and (11.24), respectively. Moreover, the index of L_τ is equal to zero.

The ΨDE (12.31) is equivalent to the elliptic system of SIEs

R_4N^+_{4,τ} g(x) = G^{(4)}_∗ , G^{(4)}_∗ = (RF_1, · · · , RF_4)^⊤ ∈ C^{k,α}(S), (12.32)

where

R_4 = [I_4R]_{4×4} (12.33)

with R defined by (12.17).

Applying uniqueness Theorem 8.1 and formula (11.12) we conclude that the homogeneous version of equation (12.31) has only the trivial solution. Therefore, the nonhomogeneous systems (12.32) and (12.31) are uniquely solvable in the space C^{k,α}(S). This implies the following proposition.

THEOREM 12.6 Let S ∈ C^{k+1,α′} and F ∈ [C^{k−1,α}(S)]^4 with the same k, α^′, and α as in (12.15). Then the problem (P_4)^+_τ ( i.e., (1.9), (5.7), (5.8)) is uniquely solvable in the space C^{k,α}(Ω^+) and the solution is representable in the form (12.1), where g ∈ C^{k,α}(S) solves the system of BIEs (12.31) ( i.e., (12.32)).

REMARK 12.7 The classical single layer approach for the problem (P_4)^+_τ (see (12.7)) reduces the BVP to the system of SIEs on S ∈ C^{k,α′} (k ≥ 1)

(−2^{−1}I_4 + K_{1,τ} ) h(x) = G^{(4)}, G^{(4)} = (F_1, · · · , F_4)^⊤ ∈ C^{k−1,α}(S). (12.34)

The SIO in the left-hand side is elliptic with index zero. Moreover, Theorems 8.1 and 11.1, item i) imply ker(−2^{−1}I_4 + K_{1,τ} ) = {0}. Therefore, the mapping

− 2^{−1}I_4 + K_{1,τ} : C^{l,α}(S) → C^{l,α}(S), 0 ≤ l ≤ k − 1, (12.35)

is an isomorphism.

These arguments show that the equation (12.34) is always solvable in the space h ∈ C^{k−1,α}(S). This, in turn, proves that the the unique solution to the BVP (P_4)^+_τ is representable also in the form of a single layer potential

U(x) = V_τ (h)(x) ∈ C^{k,α}(Ω^+),

where h ∈ C^{k−1,α}(S) solves the SIE (12.34).

12.5. The existence theorems of solutions to the basic exterior BVPs for the pseudooscillation equations of thermoelasticity theory can be proved by the word for word repetition of the arguments outlined in the previous subsections. Therefore, we confine oureselves by formulation the final results.

THEOREM 12.8 The basic exterior nonhomogeneous BVPs (P_n)^−_τ (n = 1, 4), formulated in Section 5 (see (5.1)-(5.8)) are uniquely solvable in the space C^{k,α}(Ω^−) provided that S ∈ C^{k+1,α′} , f_j ∈ C^{k,α}(S), F_j ∈ C^{k−1,α}(S), j = 1, 4, (12.36) where 0 < α < α^′ ≤ 1 and k ≥ 1 is an arbitrary integer. The solutions are representable in the form of a double layer potential

U(x) = W_τ (g)(x), x ∈ Ω^−, (12.37) where g ∈ C^{k,α}(S) solves the elliptic (in general, in the sense of Douglis-Nirenberg) system of boundary integral (pseudodifferential) equation on S

N^−_{n,τ} g(x) = G^{(n)}(x). (12.38) Here the BIOs are defined as follows

N^−_{1,τ} := −2^{−1}I_4 + K_{2,τ} , N^−_{4,τ} := L_τ , (12.39)

N^−_{2,τ} :=

[(−2^{−1}I_4 + K_{2,τ})_{pq}]_{3×4} [(L_τ )_{4q}]_{1×4} 4×4 , N^−_{3,τ} :=

[(L_τ )_{pq}]_{3×4} [(−2^{−1}I_4 + K_{2,τ} )_{4q}]_{1×4} 4×4 (12.40)

where p = 1, 3, q = 1, 4, and K_{2,τ} and L_τ are given by (11.5) and (11.6), respectively.

The right-hand side vector functions G^{(n)} in (12.38) are constructed by the boundary data of the BVPs under consideration and read as

G^{(1)} = (f_1, · · · , f_4)^⊤ ∈ [C^{k,α}(S)]^4, G^{(2)} = (f_1, f_2, f_3, F_4)^⊤ ∈ [C^{k,α}(S)]^3 × C^{k−1,α}(S), G^{(3)} = (F_1, F_2, F_3, f_4)^⊤ ∈ [C^{k−1,α}(S)]^3 × C^{k,α}(S), G^{(4)} = (F_1, · · · , F_4)^⊤ ∈ [C^{k−1,α}(S)]^4. (12.41) Note that the mappings

N^−_{1,τ} : [C^{l,α}(S)]^4 → [C^{l,α}(S)]^4, 0 ≤ l ≤ k, N^−_{2,τ} : [C^{l,α}(S)]^4 → [C^{l,α}(S)]^3 × C^{l−1,α}(S), 1 ≤ l ≤ k, N^−_{3,τ} : [C^{l,α}(S)]^4 → [C^{l−1,α}(S)]^3 × C^{l,α}(S), 1 ≤ l ≤ k, N^−_{2,τ} : [C^{l,α}(S)]^4 → [C^{l−1,α}(S)]^4, 1 ≤ l ≤ k, are again isomorphisms. Moreover, the equations (12.38) (n=2,3,4) can be equivalently reduced to the corresponding elliptic SIEs by the same lifting procedure as above with the help of the lifting operators R_n.

Finally, we remark that one can apply the single layer approach in the all above exterior BVPs to prove the existence theorems and obtain the results described in Theorem 12.8.

12.6. In this subsection we shall study the above considered problems in the weak setting. Let us first treat the problems (P_1)^±_τ . We again look for the solutions U ∈ W^1_p (Ω^±), 1 < p < ∞, in the form of double layer potentials (12.1) and (12.37). Now the unknown density vector function g should be found in the natural space B^{1−1/p}_{p,p} (S) since W_τ : B^{1−1/p}_{p,p} (S) → W^1_p (Ω^±) (see Theorem 11.3 and Section 4).

In what follows, for simplicity, we ilustrate our approach for the case S ∈ C^∞, and at the same time notice that, actually, some finite smoothness is sufficient for our purposes (for details see [57]).

Applying again Theorem 11.3 and taking into account the boundary conditions (5.1)-(5.2) we arrive at the BIEs on S

N^±_{1,τ} g(x) := [±2^{−1}I_4 + K_{2,τ} ] g(x) = G^{(1)}(x), G^{(1)} = (f_1, · · · , f_4)^⊤, (12.42)

which formally coincide with the equations (12.2) and (12.38) (for n = 1). But now here

G^{(1)} ∈ B^{1−1/p}_{p,p} (S) (12.43)

and we look for the unknown vector function g in the same space, i.e., g ∈ B^{1−1/p}_{p,p} (S), 1 < p < ∞. (12.44) Now we prove the following proposition.

LEMMA 12.9 The operators

N^±_{1,τ} : [B^s_{p,q}(S)]^4 → [B^s_{p,q}(S)]^4 (12.45)

are isomorphisms for arbitrary s ∈ IR, 1 < p < ∞, and 1 ≤ q ≤ ∞.

Proof. We outline the proof for the operator N^+_{1,τ} . For N^−_{1,τ} it is verbatim.

The mapping property (12.45) follows from Theorem 11.3. Since N^+_{1,τ} is an elliptic ΨDO on closed smooth manifold S, the null-space kerN^+_{1,τ} and the index indN^+_{1,τ} are the same for arbitrary two pairs (s_1, p_1) and (s_2, p_2), where s_1, s_2 ∈ IR and p_1, p_2 ∈ (1, ∞), and for arbitrary 1 ≤ q ≤ ∞ (see [4], [41], [74], Ch.2). Let s = 0 and p = q = 2, and prove that in this particular case the null-space of the operator N^+_{1,τ} is trivial and the index equals zero. In fact, let g_0 ∈ B^0_{2,2}(S) = L_2(S) be some solution to the homogeneous equation N^+_{1,τ} g_0 = 0. The embedding theorems for solutions of elliptic SIEs (see, e.g., [43], Ch.4) imply that, actually, g_0 ∈ C^{k,α}(S) for any k ≥ 0, due to the smoothness of the boundary surface S and the right-hand side of the homogeneous SIE in question. The double layer potential U_0(x) = W_τ (g_0)(x) represents then a regular vector function of the class C^{1,α}(Ω^+) which solves the homogeneous BVP (P_1)^+_τ . Therefore, in the same way as above (see Subsection 12.1) we conclude that g_0 = 0 on S, which proves that kerN^+_{1,τ} is trivial in L_2(S). According to the above remark it then follows that kerN^+_{1,τ} is trivial also in the space B^s_{p,q}(S) for arbitrary s ∈ IR, 1 < p < ∞, and 1 ≤ q ≤ ∞.

Finally we note that the equality indN^+_{1,τ} = 0 follows from Theorem 11.2 which completes the proof.

This lemma yields the following existence results.

THEOREM 12.10 Let the boundary data meet the condition (12.43). Then the BVP (P_1)^+_τ [(P_1)^−_τ ] is uniquelly solvable in the Sobolev space W^1_p (Ω^+) [W^1_p (Ω^−)] with 1 < p < ∞ and the solution is representable in the form of a double layer potential (12.1) [(12.37)] with the density g ∈ B^{1−1/p}_{p,p} (S) which solves the corresponding SIE (12.42)

Proof. Solvability of the problems (P_1)^±_τ is a ready consequence of Lemma 12.9 (for s = 1 − 1/p and q = p).

Now let us prove that the homogeneous BVP (P_1)^+_τ has no nontrivial solutions in the space W^1_p (Ω^+) for 1 < p < ∞. Obviously, this implies that the corresponding nonhomogeneous problem is unquely solvable in the same space. Note that the case p = 2 has already been considered in Section 8.

We proceed as follows. Let U ∈ W^1_p (Ω^+) be some solution to the homogeneous problem (P_1)^+_τ . Then by Theorem 11.3, item ii), U can be represented as (cf. (3.2))

U(x) = W_τ ([U]^+)(x) − V_τ ([B(D, n)U]^+)(x) = −V_τ ([B(D, n)U]^+)(x), x ∈ Ω^+, (12.46)

since by assumption [U]^+ = 0 on S.

On the other hand the same homogeneous boundary condition and the representation (12.46) together with Theorem 11.3, item i) imply

[U]^+ = −H_τ ([B(D, n)U]^+) = 0 on S, (12.47)

where [B(D, n)U]^+ ∈ B^{−1/p}_{p,p} (S).

Noting that −H_τ : B^s_{p,q}(S) → B^{s+1}_{p,q} (S) is an elliptic ΨDO on the closed smooth surface S (with the positive definite principal homogeneous symbol matrix) we conclude that the nullspace kerH_τ and the index indH_τ in the spaces B^s_{p,q}(S) do not depend on s ∈ IR, 1 < p < ∞, and 1 ≤ q ≤ ∞, and are the same as, for example, in the sapce B^{−1/2}_{2,2} (S) = H^{−1/2}_2 (S). Applying the embeding theorem for the solution of the elliptic ΨDEs on closed smooth manifold (see, e.g., [74], Ch.2) we easily show that kerH_τ is trivial in B^{−1/2}_{2,2} (S). Further, we observe that the operator −H_τ : B^{−1/2}_{2,2} (S) → B^{1/2}_{2,2} (S) and its adjoint −H^∗_τ have the same mapping properties, i.e., −H^∗_τ : B^{−1/2}_{2,2} (S) → B^{1/2}_{2,2} (S). Since the dominant singular part of the operator H_τ is self-adjoint we conclude that indH_τ = 0 in B^{−1/2}_{2,2} (S). Therefore, the equation (12.47) has only the trivial solution in the space B^{−1/p}_{p,p} (S) for arbitrary p > 1. Thus, [B(D, n)U]^+ = 0, which shows that U = 0 in Ω^+ due to (12.46).

The proof for the BVP (P_1)^−_τ is verbatim.

The analogous theorems hold valid for the problems (P_n)^−_τ , n = 2, 3, 4. The proofs relay on the following assertions which can be proved by the arguments quite similar to that ones applied in the proof of Lemma 12.9.

LEMMA 12.11 Let s ∈ IR, 1 < p < ∞, and 1 ≤ q ≤ ∞.

Then the mappings

N^±_{2,τ} : [B^s_{p,q}(S)]^4 → [B^s_{p,q}(S)]^3 × B^{s−1}_{p,q} (S), N^±_{3,τ} : [B^s_{p,q}(S)]^4 → [B^{s−1}_{p,q} (S)]^3 × B^s_{p,q}(S), N^±_{4,τ} : [B^s_{p,q}(S)]^4 → [B^{s−1}_{p,q} (S)]^4,

are isomorphisms.

Here N^±_{2,τ} , N^±_{3,τ} , N^±_{4,τ} are defined as in Subsections 12.1-12.4.

Proof. One needs only to apply the equivalent lifting operator R_n, defined by formulae (12.21), (12.29), and (12.33), to the operators N^±_{l,τ} and show that the mappings

R_nN^±_{n,τ} : [B^s_{p,q}(S)]^4 → [B^s_{p,q}(S)]^4, n = 2, 3, 4,

are isomorphisms. Since the operators R_nN^±_{n,τ} are elliptic singular operators (i.e., ΨDOs of order 0) on the closed smooth manifold S, we can use the same arguments as in the proof of Lemma 12.9 to see that kerR_nN^±_{n,τ} = {0} and indR_nN^±_{n,τ} = 0 in the space [B^s_{p,q}(S)]^4. Whence kerN^±_{n,τ} = {0} and indN^±_{n,τ} = 0 (in the corresponding functional space) follow immediately.

This lemma (for s = 1 − 1/p and q = p) together with Theorem 8.2 implies the following existence theorem.

THEOREM 12.12 Let 1 < p < ∞ and the boundary data in (5.3)-(5.8) meet the conditions f_j ∈ B^{1−1/p}_{p,p} (S), F_j ∈ B^{−1/p}_{p,p} (S), j = 1, 4. (12.48) Then the BVP (P_n)^±_τ (n = 2, 3, 4) are uniquelly solvable in the Sobolev spaces W^1_p (Ω^±) and the solutions are representable in the form of double layer potentials (12.1) and (12.37) with the density g ∈ B^{1−1/p}_{p,p} (S) which solves the corresponding ΨDE on S

N^±_{n,τ} g = G^{(n)}. (12.49)

Here N^±_{n,τ} are the same as in Theorem 12.8.

Proof. For illustration of the method we outline the proof in the case of BVP (P_4)^−_τ . For the other problems it is quite analogous.

Let us look for a solution in the form of a double layer potential (12.37), where g belongs to the natural space B^{−1/p}_{p,p} (S). Then due to Theorem 11.3 and the boundary conditions (5.7)-(5.8) we get the following ΨDE on S for the unknown density g

N^−_{4,τ} g := L_τ g(x) = G^{(4)}, (12.50)

where G^{(4)} := (F_1, · · · , F_4)^⊤ ∈ B^{−1/p}_{p,p} (S).

By Lemma 12.11 (for s = 1 − 1/p and q = p) the equation (12.50) is uniquely solvable in the space g ∈ B^{1−1/p}_{p,p} (S). Whence W_τ (g) ∈ H^1_p (Ω^−) = B^1_{p,p}(Ω^−) = W^1_p (Ω^−) by Theorem 11.3. Moreover, W_τ (g) represents a solution of the BVP in question due to (12.50). Now by virtue of Theorems 8.2 and 11.3, and the arguments in the final part of the proof of Theorem 12.10, we conclude that the vector function U(x) = W_τ (g) ∈ W^1_p (Ω^−) is a unique solution of the problem (P_4)^−_τ which completes the proof.

REMARK 12.13 It is evident that one can apply a single layer approach to obtain the same existense results in the Sobolev spaces W^1_p (Ω^±) (see Remarks 12.2 and 12.7).

We illustrate this alternative approach for the problem (P_1)^±_τ . We look for a solution in the form of a single layer potential (12.7) where the density h is to be found in the appropriate space B^{−1/p}_{p,p} (S). We recall that V_τ : B^{−1/p}_{p,p} (S) → W^1_p (Ω^±) (see Theorem 11.3). Taking into account the boundary conditions (5.1)-(5.2) and applying the trace properties of a single layer potential, we arrive at the elliptic BIE (elliptic ΨDE of order −1)

H_τ h = G^{(1)}, (12.51) where

G^{(1)} := f = (f_1, · · · , f_4)^⊤ ∈ B^{1−1/p}_{p,p} (S). (12.52)

By the same arguments as above we can easily show that the mapping

− H_τ : B^s_{p,q}(S) → B^{s+1}_{p,q} (S), (12.53)

where s ∈ IR, 1 < p < ∞, and 1 ≤ q ≤ ∞, is an isomorphism.

Therefore, there exists the unique solution h ∈ B^{−1/p}_{p,p} (S) of the equation (12.51) with the right-hand side (12.52). Further, invoking Theorem 8.2 it can be established that the single layer potential U(x) = V_τ (h)(x) represents the unique solution to the problems (P_1)^±_τ in the space W^1_p (Ω^±).

We note that the ellipti ΨDO of order +1 (cf. (2.11))

− H^{−1}_τ : B^{s+1}_{p,q} (S) → B^s_{p,q}(S), (12.54)

is a singular integro-differential operator with a positive definite principal homogeneous symbol matix. Here H^{−1}_τ stands for the inverse of H_τ , and s ∈ IR, 1 < p < ∞, and 1 ≤ q ≤ ∞.

A ready consequence of the above results is that every solution U ∈ W^1_p (Ω^±), 1 < p < ∞, of the homogeneous equation (1.9) can be uniquely represented in the form of the single layer potential

U(x) = V_τ (H^{−1}_τ [U]^±)(x), x ∈ Ω^±, (12.55)

where [U]^± are the traces of the solution U on S from Ω^±.

13 Basic exterior BVPs of Steady Steady Oscillations

In this section we shall investigate the basic exterior BVPs for steady state oscillation equations of thermoelasticity theory. In what follows we provide that r = 1 for ω > 0 and r = 2 for ω < 0.

13.1. First we present the following lemma which will essentially be used below in the proof of existence theorems.

LEMMA 13.1 Let g ∈ C^{1,α}(S), S ∈ C^{2,α′}, and

U(x) = W (g)(x) + p_0 V (g)(x), x ∈ IR^3 \ S, S = ∂Ω^±, (13.1)

p_0 = p_1 + ip_2, p_1 ≥ 0, p_2 sgn ω < 0, (13.2)

where V and W are single and double layer potentials defined by (10.1) and (10.2), respectively, while ω is the frequency parameter.

If the vector U vanishes in Ω^−, then the density g = 0 on S.

Proof. Due to Lemmata 10.1 and 10.7 we have

g = [U]^+ − [U]^− = [U]^+, −p_0 g = [B(D, n)U]^+ − [B(D, n)U]^− = [B(D, n)U]^+, (13.3)

whence

[B(D, n)U]^+ = −p_0 [U]^+ on S (13.4)

follows.

Since U is a regular vector in Ω^+ we can apply the identity (1.23). Taking into account (13.4) and separating the imaginary part, we arrive at the equation 1 ωT_0 ∫ Ω+ λ_{kj} D_ku_4 D_j u_4 dx − p_2 ∫ S |[u]^+|^2 dS +^{p1}_{ωT0} ∫ S |[u_4]^+|^2 dS = 0.

In view of (1.18), (13.2), and (13.4) from this equality it follows that [U]^+ = 0 and by (13.3) we get g = 0.

In the sequel we fix the complex number p_0 as follows

p_0 = 1 − iω. (13.5)

REMARK 13.2 In what follows we shall use the representation (13.1) to prove the existence of solutions to the exterior BVPs for the steady state oscillation equations of the thermoelasticity theory. The similar representation for the Helmholtz equation has been first applied in the papers [6], [62], [44]. This type of representation of solutions proved to be very useful since it reduces the exterior BVPs to the uniquely solvable BIEs for arbitrary values of the frequency parameter ω (for details see below).

REMARK 13.3 In contrast to the pseudo-oscillation case the classical single layer or double layer approach reduces the exterior BVPs of steady state oscillations to the BIEs which for a countable set of the so-called exeptional values of the frequency parameter ω are not solvable for arbitrary boundary data (see [80], [43], [10], [11]). To investigate the solvability of these BIEs one needs to find explicitly all eigenvalues and eigenfunctions of the corresponding boundary integral operators and their adjoint ones (for details see [80], [43]).

13.2. We start with the problem (P_1)^−_ω . We look for a solution of the problem in the form (13.1) with p_0 defined by (13.5). By virtue of the boundary conditions (5.1)-(5.2) and Lemma 10.1, we get the following ΨDE on S for the unknown density vector g

N^−_1 g := (−2^{−1}I_4 + K_2 + p_0 H) g = G^{(1)} (13.6)

with G^{(1)} = (f_1, ..., f_4)^⊤ ∈ C^{k,α}(S).

LEMMA 13.4 Let

S ∈ C^{k+1,α′} with integer k ≥ 1 and 0 < α < α^′ ≤ 1. (13.7)

Then the ΨDE (13.6) is an elliptic SIO with index zero, while the mapping

N^−_1 := −2^{−1}I_4 + K_2 + p_0 H : C^{l,α}(S) → C^{l,α}(S), 0 ≤ l ≤ k, (13.8)

is an isomorphism.

Proof. First let us note that the operator N^−_1 is an elliptic singular integral operator with index equal to zero and possesses the mapping property (13.8) due to Lemmata 10.1 and 10.2. Therefore, it remains to prove that

N^−_1 g = 0 (13.9)

has only the trivial solution in C^{l,α}(S).

Let g be some solution of (13.9) and construct the vector U by formula (13.1). Applying the emmbeding theorems for solutions to a singular integral equation of normal type on closed smooth manifold we infer that g ∈ C^{k,α}(S) (see, e.g., [43], Ch. 4). This implies that U is a regular vector in Ω^±. Now the equation (13.9) yields that [U]^− = 0 on S, and, consequently, U(x) = 0 in Ω^− follows immediately by Theorem 9.5, since U ∈ SK^m_r (Ω^−). Then g = 0 by Lemma 13.1. Therefore (13.8) is a one-to-one correspondence and N^−_1 is invertible.

The material collected until now is enough to prove the existence theorem.

THEOREM 13.5 Let S, k, α^′, and α be as in (13.7) and let f_j ∈ C^{k,α}(S) (j = 1, ..., 4). Then Problem (P_1)^−_ω has a unique regular solution of the class C^{k,α}(Ω^−) ∩ SK^m_r (Ω^−) and the solution is representable in the form (13.1) with the density g ∈ C^{k,α}(S) defined by the uniquely solvable SIE (13.6).

Proof. It follows from Lemmata 10.1, 13.4, and Theorem 9.5.

REMARK 13.6 We note that the special representation (13.1) reduces the BVP (P_1)^−_ω to the equivalent boundary integral equation (13.6) for an arbitrary value of the frequency parameter ω. If one seeks the solution in the form of either single or double layer potential then such equivalence will be, in general, violated (see Remark 13.3).

13.3. We look for a regular solution to the problem (P_2)^−_ω again in the form (13.1). Then the boundary conditions (5.3) and (5.4) lead to the following system of ΨDEs on S for the unknown density g

N^−_2 g := {B_{(2)}(D, n)[W (g) + p_0 V (g)]}^− = G^{(2)}, G^{(2)} = (f_1, f_2, f_3, F_4)^⊤, i.e.,

{[−2^{−1}I_4 + K_2 + p_0H] g}_q = f_q, q = 1, 2, 3, (13.10) {[L + p_0 (2^{−1}I_4 + K_1)] g}_4 = F_4, (13.11) where

f_q ∈ C^{k,α}(S), F_4 ∈ C^{k−1,α}(S), q = 1, 2, 3. (13.12) Therefore, the operator N^−_2 is represented as

N^−_2 =

[{−2^{−1}I_4 + K_2 + p_0H}_{ql}]_{3×4} [{L + p_0 (2^{−1}I_4 + K_1)}_{4l}]_{1×4} 4×4 = (N^−_2 )_0 + ~N^−_2 , (13.13)

q = 1, 2, 3, l = 1, ..., 4, where (N^−_2 )_0 is the dominant singular part of N^−_2 . Due to (10.25), (10.48), and Lemma 10.1 we have

(N^−_2 )_0 =

[−2^{−1}I_3+^∗K^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(0)}_4 4×4 . (13.14)

The entries of the first three rows of the matrix ~N^−_2 are weakly singular integral operators (ΨDOs of order s ≤ −1), while the fourth row contains singular integral operators (ΨDOs of order s ≤ 0). It is easy to see that (13.14) is a ΨDO elliptic in the sense of Douglis-Nirenberg.

Now it is also evident that the operator R_2, defined by (12.21), is an equivalent lifting operator which reduces the system (13.10)-(13.11) to the equivalent system of singular integral equations

R_2N^−_2 g = G^{(2)}_∗ , G^{(2)}_∗ = (f_1, f_2, f_3, RF_4)^⊤. For the principal homogeneous symbol matrix we have

œ(R2N^−_2 ) =

[œ(−2^{−1}I3+^∗K^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(RL^{(0)}_4 ) 4×4 , which is nonsingular due to Lemmata 10.2, 10.7, and 12.3. LEMMA 13.7 Let conditions (13.7) be fulfilled. Then the ΨDO

N^−_2 : [C^{l,α}(S)]^4 → [C^{l,α}(S)]^3 × C^{l−1,α}(S), 1 ≤ l ≤ k, (13.15) is an isomorphism.

Proof. The mapping property (13.15) of the operator N^−_2 is an easy consequence of Lemmata 10.1 and 10.7. Clearly, the invertibility of the operator (13.15) is equivalent to the invertibility of the operator

R_2N^−_2 : [C^{l,α}(S)]^4 → [C^{l,α}(S)]^4, 0 ≤ l ≤ k, (13.16) according to Lemma 12.3.

Now from Lemmata 10.2, 10.7, and 12.3 it follows that R_2N^−_2 is an elliptic singular integral operator with index zero. By the arguments applied in the proof of Lemma 13.4 we can show that the homogeneous equation N^−_2 g = 0, where g ∈ C^{l,α}(S), has only the trivial solution g = 0. Further, by Lemma 12.3 we conclude that the null-space of the operator R_2N^−_2 in C^{l,α}(S) is trivial, which completes the proof.

THEOREM 13.8 Let conditions (13.7) and (13.12) be fulfilled. Then the problem (P_2)^−_ω has a unique regular solution of the class C^{k,α}(Ω^−) ∩ SK^m_r (Ω^−) and the solution is representable in the form (13.1) with the density g ∈ C^{k,α}(S) defined by the uniquely solvable ΨDEs (13.10)-(13.11).

Proof. It is a ready consequence of Lemmata 10.1, 13.7 and Theorem 9.5.

6.4. Here we consider the problem (P_3)^−_ω . Applying again the same representation formula (13.1) and taking into account the boundary conditions (5.7) and (5.8), we arrive at the following system of ΨDEs for the unknown density g on S:

N^−_3 g := {B_{(3)}(D, n)[W (g) + p_0 V (g)]}^− = G^{(3)}, G^{(3)} = (F_1, F_2, F_3, f_4)^⊤, i.e.,

{[L + p_0(2^{−1}I_4 + K_1)] g}_q = F_q, q = 1, 2, 3, (13.17) {[−2^{−1}I_4 + K_2 + p_0H] g}_4 = f_4, (13.18) where

F_q ∈ C^{k−1,α}(S), f_4 ∈ C^{k,α}(S), q = 1, 2, 3. (13.19) Clearly, N^−_3 is representable in the form

N^−_3 =

[{L + p_0(2^{−1}I_4 + K_1)}_{ql}]_{3×4} [{−2^{−1}I_4 + K_2) + p_0H}_{4l}]_{1×4} 4×4 = (N^−_3 )_0 + ~N^−_3 , (13.20)

q = 1, 2, 3, l = 1, ..., 4, where

(N^−_3 )_0 =

[L^{(0)}]_{3×3} [0]_{3×1} [0]_{1×3} −2^{−1}I_1+^∗K^{(0)}_4 4×4

is the dominant singular part of N^−_3 due to (10.25) and (10.48); the operator ~N^−_3 contains ΨDOs of order s ≤ 0 in the first three rows and ΨDOs of order s ≤ −1 in the fourth row. Obviously, N^−_3 is again an elliptic ΨDO in the sense of Douglis-Nirenberg.

The diagonal operator R_3, defined by (12.29), is an equivalent lifting operator which reduces (13.17)-(13.18) to the equivalent system of singular integral equations

R_3N^−_3 g = G^{(3)}_∗ , G^{(3)}_∗ = (RF_1, RF_2, RF_3, f_4)^⊤.

The principal homogeneous symbol matrix of the operator R_3N^−_3 reads

œ(R3N^−_3 ) =

[œ(RL^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(−2^{−1}I_1+^∗K^{(0)}_4 ) 4×4 and is nonsingular according to the results of Section 10.

Now in the same way as in the previous subsection we can prove the following assertions.

LEMMA 13.9 Let the conditions (13.7) be fulfilled.

Then the ΨDO

N^−_3 : [C^{l,α}(S)]^4 → [C^{l−1,α}(S)]^3 × C^{l,α}(S), 1 ≤ l ≤ k,

is an isomorphism.

THEOREM 13.10 Let the conditions (13.7) and (13.19) be fulfilled. Then the problem (P_3)^−_ω has a unique regular solution of the class C^{k,α}(Ω^−) ∩ SK^m_r (Ω^−) and the solution is representable in the form (13.1) with the density g ∈ C^{k,α}(S) defined by the uniquely solvable ΨDEs (13.17)-(13.18).

6.5. The representation (13.1) of a regular solution and the boundary conditions (5.7), (5.8) reduce the BVP (P_4)^−_ω to the system of ΨDEs on S

N^−_4 g := [L + p_0(2^{−1}I_4 + K_1)] g = G^{(4)}, G^{(4)} = (F_1, · · · , F_4)^⊤. (13.21)

For the dominant singular part we have the following elliptic ΨDO (of order 1) (N^−_4 )_0 = (L)_0, where (L)_0 is given by (10.48). It is easy to check that the diagonal operator R_4 = I_4R with R defined by (12.17), is a lifting operator, which reduces equivalently the equations (13.21) to the following elliptic system of singular integral equations with index equal to zero

R_4N^−_4 g = G^{(4)}_∗ , G^{(4)}_∗ = (RF_1, · · · , RF_4)^⊤.

The proofs of the next lemma and theorem are quite similar to the proofs of Lemma 13.4 and Theorem 13.5.

LEMMA 13.11 Let the conditions (13.7) be fulfilled.

Then the ΨDO N^−_4 : C^{l,α}(S) → C^{l−1,α}(S), 1 ≤ l ≤ k, is an isomorphism.

THEOREM 13.12 Let the conditions (13.7) be fulfilled and F_j ∈ C^{k−1,α}(S), j = 1, 4. Then the problem (P_4)^−_ω has a unique regular solution of the class C^{k,α}(Ω^−) ∩ SK^m_r (Ω^−) and the solution is representable in the form (13.1) with the density g ∈ C^{k,α}(S) defined by the uniquely solvable ΨDE (13.21).

13.5. In this subsection we consider the problems (P_n)^−_ω (n = 1, 4) in the Sobolev space W^1_{p,loc}(Ω^−). The corresponding existence theorems can be proved with the help of the following lemma (cf. Lemmata 12.9 and 12.11).

LEMMA 13.13 Let S be a C^∞-regular surface and let s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

Then the mappings

N^−_1 : [B^s_{p,q}(S)]^4 → [B^s_{p,q}(S)]^4 N^−_2 : [B^s_{p,q}(S)]^4 → [B^s_{p,q}(S)]^3 × B^{s−1}_{p,q} (S), N^−_3 : [B^s_{p,q}(S)]^4 → [B^{s−1}_{p,q} (S)]^3 × B^s_{p,q}(S), N^−_4 : [B^s_{p,q}(S)]^4 → [B^{s−1}_{p,q} (S)]^4,

are isomorphisms.

Here the ΨDOs N^−_1 , N^−_2 , N^−_3 ,and N^−_4 are given by formulae (13.8), (13.13), (13.20), and (13.21), respectively.

Proof. The mapping properties indicated in the lemma follow from Lemma 10.8. The operators N^−_n (n = 1, 4) have zero indices since N^−_n − N^−_{n,τ} are compact operators in the corresponding functional spaces due to the results of Section 2 and since indN^−_{n,τ} = 0 (n = 1, 4) (see Lemmata 12.9 and 12.11). Here the operators N^−_{n,τ} are the same as in Section 12.

It remains to prove that kerN^−_n is trivial. To see this, let us consider the homogeneous equations N^−_n g = 0 which are equivalent to the SIEs R_nN^−_n g = 0, where R_n (n = 1, 4) are the same invertible lifting operators as in Section 12 and g ∈ B^s_{p,q}(S). Bearing in maind that R_nN^−_n (n = 1, 4) are elliptic SIOs on the closed smooth manifold S we infer that any solution g ∈ L_2(S) to the above SIEs, actually, belongs to the space C^{1,α}(S) due to the embedding theorems. Moreover, by the above mentioned equivalence we get N^−_n g = 0. These relations imply that the linear combination of the double and single layer potentials W (g)(x) + p_0 V (g)(x) constructed by the density g ∈ C^{1,α}(S) and p_0 given by (13.5), belong to the class C^{1,α}(Ω^−) ∩ SK^m_r (Ω^−) and solves the homogeneous exterior BVP (P_n)^−_ω . By the uniqueness theorems (see Section 9) W (g)(x) + p_0 V (g)(x) = 0 in Ω^− whence g = 0 on S follows by Lemma 13.1. Thus, kerR_nN^−_n is trivial in the space L_2(S). It is then trivial aslo in the space B^s_{p,q}(S) for arbitrary s ∈ IR, 1 < p < ∞, and 1 ≤ q ≤ ∞ (see the reasonings in the proof of Lemma 12.9). Terefore, kerR_nN^−_n = {0} again due to the invertibility of the operator R_n (n = 1, 4) which completes the proof.

This lemma implies the following existence results.

THEOREM 13.14 Let 1 < p < ∞ and the boundary data in (5.1)-(5.8) satisfy the conditions f_j ∈ B^{1−1/p}_{p,p} (S), F_j ∈ B^{−1/p}_{p,p} (S), j = 1, 4.

Then the BVP (P_n)^−_ω (n = 1, 4) are uniquely solvable in the class W^1_{p,loc}(Ω^−) ∩ SK^m_r (Ω^−) and the solutions are representable in the form (13.1), where the density g ∈ B^{1−1/p}_{p,p} (S) solves the corresponding ΨDE on S

N^−_n g = G^{(n)} n = 1, 4.

Here G^{(n)} are boundary data given by (12.41).

Proof. It is quite similar to the proof of Theorems 12.10 and 12.12. Indeed, the solvability of the BVPs indicated in the theorem follows from Lemma 13.13. To prove the uniqueness of solutions in the class W^1_{p,loc}(Ω^−) ∩ SK^m_r (Ω^−), we can again apply the general integral representation formula (see Theorem 10.8, item ii)) and show that all solutions to the homogeneous BVPs (P_n)^−_ω of this class, actually, belong to the class of regular vector functions C^1(Ω^−)∩SK^m_r (Ω^−) due to the ellipticity of the corresponding ΨDEs on closed smooth surface S. This completes the proof.

14 Basic Interface Problems of Pseudo-Oscillations

In this section we shall construct an ”explicit” solution to the basic nonhomogeneous interface problem (C)_τ which will essentially be employed afterwards in the study of the other regular and mixed interface problems.

14.1. Let us consider the problem (C)_τ , i.e., we look for four-dimensional vector functions U^{(1)} = (u^{(1)}, u^{(1)}_4 )^⊤ ∈ C^1(Ω^1) and U^{(2)} = (u^{(2)}, u^{(2)}_4 )^⊤ ∈ C^1(Ω^2) which are solutions of the pseudo-oscillation equations

A^{(1)}(D, τ )U^{(1)}(x) = 0 in Ω^1, (14.1) A^{(2)}(D, τ )U^{(2)}(x) = 0 in Ω^2, (14.2) and satisfy the transmission conditions on the interface S

[u^{(1)}]^+ − [u^{(2)}]^− = ~f , [u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, (14.3) [P^{(1)}(D, n)U^{(1)}]^+ − [P^{(2)}(D, n)U^{(2)}]^− = ~F , [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4, (14.4)

where P^{(μ)}(D, n) and λ^{(μ)}(D, n) are the thermostress and heat flux operators defined by (1.13) and (1.24), respectively. Here S ∈ C^{k+1,α′} , f_j ∈ C^{k,α}(S), F_j ∈ C^{k−1,α}(S), j = 1, 4, (14.5) f = (f_1, · · · , f_4)^⊤, F = (F_1, · · · , F_4)^⊤, where as above k ≥ 1 is an integer and 0 < α < α^′ ≤ 1.

Making use of the notation (1.25) the above transmission conditions can be written as follows

[U^{(1)}]^+ − [U^{(2)}]^− = f, (14.6) [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F. (14.7) We look for a solution to the problem (C)_τ in the form of single layer potentials U^{(1)}(x) = V^{(1)}_τ [(H^{(1)}_τ )^{−1}g^{(1)}](x), x ∈ Ω^1, (14.8) U^{(2)}(x) = V^{(2)}_τ [(H^{(2)}_τ )^{−1}g^{(2)}](x), x ∈ Ω^2, (14.9) where g^{(μ)} = (~g^{(μ)}, g^{(μ)}_4 )^⊤, ~g^{(μ)} = (g^{(μ)}_1 , g^{(μ)}_2 , g^{(μ)}_3 )^⊤, μ = 1, 2, are unknown densities and (H^{(μ)}_τ )^{−1} is the operator inverse to H^{(μ)}_τ (see Remark 12.2). Here and in what follows the superscript μ (μ = 1, 2) denotes that the corresponding operator is constructed by the thermoelastic characteristics of the elastic material occupying the domain Ω^μ.

Due to Theorem 11.1, the transmission conditions (14.3) and (14.4), i.e., (14.6) and (14.7), lead to the following system of boundary equations on S:

g^{(1)} − g^{(2)} = f, (14.10) (−2^{−1}I_4 + K^{(1)}_{1,τ} )(H^{(1)}_τ )^{−1}g^{(1)} − (2^{−1}I_4 + K^{(2)}_{1,τ} )(H^{(2)}_τ )^{−1}g^{(2)} = F, (14.11)

where K^{(μ)}, μ = 1, 2, are defined by (11.4). Let N_{1,τ} = (−2^{−1}I_4 + K^{(1)}_{1,τ} )(H^{(1)}_τ )^{−1}, N_{2,τ} = −(2^{−1}I_4 + K^{(2)}_{1,τ} )(H^{(2)}_τ )^{−1}, N_τ = N_{1,τ} + N_{2,τ} . (14.12)

Then equations (14.10) and (14.11) yield:

g^{(1)} = f + g^{(2)}, (14.13) N_τ g^{(2)} = F − N_{1,τ} f. (14.14)

Now we will study properties of the boundary operators N_{1,τ} , N_{2,τ} , and N_τ .

LEMMA 14.1 Let S be as in (14.5). Then N_τ , N_{j,τ} : C^{l,α}(S) → C^{l−1,α}(S), j = 1, 2, 1 ≤ l ≤ k, (14.15) are bounded operators with the trivial null-spaces.

Operators N_τ , N_{j,τ} , j = 1, 2, defined by (14.15), are isomorphisms.

Proof. The mapping property (14.15) is an easy consequence of Theorem 11.1, item ii), since the operator (H^{(μ)}_τ )^{−1} : C^{l,α}(S) → C^{l−1,α}(S) is an isomorphism due to Remark 12.2.

From Remark 12.7 it follows also that the equations N_{j,τ} h = 0 (j = 1, 2) have only the trivial solutions. Therefore, the operators N_{j,τ} , (j = 1, 2) defined by (14.12), (14.15) are invertible and their inverses are bounded.

It remains to prove that the null-space of the operator N_τ is trivial as well. Let h = (h_1, ...h_4)^⊤ ∈ C^{1,α}(S) be an arbitrary solution of the equation N_τ h = 0, i.e., N_{1,τ} h+N_{j,τ} h = 0. Then it can be easily seen that the vectors U^{(1)}(x) = V^{(1)}_τ [(H^{(1)}_τ )^{−1}h](x), x ∈ Ω^1 and U^{(2)}(x) = V^{(2)}_τ [(H^{(2)}_τ )^{−1}h](x), x ∈ Ω^2, are regular and they solve the homogeneous problem (C)_τ , since g^{(1)} = h and g^{(2)} = h solve the homogeneous version of the system of equations (14.10), (14.11). Therefore, by Theorem 8.6 we have U^{(1)} = 0 in Ω^1 and U^{(2)} = 0 in Ω^2, whence h = 0 on S follows immediately.

LEMMA 14.2 The principal homogeneous symbol matrices of the operators N_{1τ} , N_{2,τ} , and N_τ are positive definite.

Proof. Here again œ(K)(x, ξ) with x ∈ S and ~ξ ∈ IR^2\{0} denotes the principal homogeneous symbol of the pseudodifferential operator K.

Equations (14.12) imply

œ(Nτ ) = œ(N1,τ ) + œ(N2,τ), œ(N1,τ) = œ(−2^{−1}I4 + K^{(1)}_{1,τ} ) [œ(H^{(1)}_τ )]^{−1}, œ(N2,τ) = −œ(2^{−1}I4 + K^{(2)}_{1,τ} ) [œ(H^{(2)}_τ )]^{−1}. (14.16)

In the same way as in the proof of Lemma 10.2 we can easily show that

œ(H^{(μ)}_τ ) = œ((H^{(μ)})0), œ(K^{(μ)}_{1,τ} ) = œ((K^{(μ)})0),

where (H^{(μ)})_0 and (K^{(μ)})_0 are 4 × 4 matrix boundary operators on S: (H^{(μ)})_0 g(x) := ∫ S Γ^{(μ)}(x − y) g(y) dS_y, x ∈ S, (K^{(μ)})_0 g(x) := ∫ S [B^{(μ)}_0 (D_x, n(x))Γ^{(μ)}(x − y)] g(y) dS_y, x ∈ S, with g = (~g, g_4)^⊤ and ~g = (g_1, g_2, g_3)^⊤; here Γ^{(μ)}(x) is given by (2.8) and

B^{(μ)}_0 (D, n) =

[T^{(μ)}(D, n)]_{3×3} [0]_{3×1}

[0]_{1×3} λ^{(μ)}(D, n) 4×4 .

Therefore,

(H^{(μ)})_0 =

[H^{(μ,0)}]_{3×3} [0]_{3×1} [0]_{1×3} H^{(μ,0)}_4 4×4 , (14.17)

(K^{(μ)})_0 =

[K^{(μ,0)}]_{3×3} [0]_{3×1} [0]_{1×3} K^{(μ,0)}_4 4×4 , (14.18)

where H^{(μ,0)}, K^{(μ,0)}, and H^{(μ,0)}_4 , K^{(μ,0)}_4 are 3 × 3 matrix and scalar operators, respectively, generated by the single layer potentials constructed by the fundamental matrix Γ^{(μ,0)}(x) and the fundamental function γ^{(μ,0)}(x)] (see (2.6), (2.7), (10.19)-(10.22), (10.26)): H^{(μ,0)} ~g(x) = ∫ S Γ^{(μ,0)}(x − y) ~g(y) dS_y, H^{(μ,0)}_4 g_4(x) = ∫ S γ^{(μ,0)}(x − y) g_4(y) dS_y, (14.19) K^{(μ,0)} ~g(x) = ∫ S [T^{(μ)}(D_x, n(x))Γ^{(μ,0)}(x − y)] ~g(y) dS_y, K^{(μ,0)}_4 g_4(x) = ∫ S λ^{(μ)}(D_x, n(x))γ^{(μ,0)}(x − y) g_4(y) dS_y.

Taking into account the structure of the matrices (14.17) and (14.18) we get from (14.16)

œ(N1,τ ) = œ^(−2^{−1}I4 + (K^{(1)})0^) [œ((H^{(1)})0)]^{−1} = (14.20) = [œ(−2^{−1}I3 + K^{(1,0)})[œ(H^{(1,0)})]^{−1]}_{3×3} [0]3×1

[0]_{1×3} œ(−2^{−1}I_1 + K^{(1,0)}_4 )[œ(H^{(1,0)}_4 )]^{−1} 4×4 , œ(N2,τ ) = −œ^(2^{−1}I4 + (K^{(2)})0^) [œ((H^{(2)})0)]^{−1} = (14.21) = − [œ(2^{−1}I3 + K^{(2,0)})[œ(H^{(2,0)})]^{−1]}_{3×3} [0]3×1

[0]_{1×3} œ(2^{−1}I_1 + K^{(2,0)}_4 )[œ(H^{(2,0)}_4 )]^{−1} 4×4 .

Next, let us note that the following Green formulae hold for regular solutions to the system of classical elastostatics C^{(μ)}(D) u^{(μ)} = 0 and to the elliptic scalar equation λ^{(μ)}_{kj} D_kD_j u^{(μ)}_4 = 0 in Ω^μ: ∫ Ω1 E^{(1)}_0 (u^{(1)}, u^{(1)}) dx = ∫ ∂Ω^1

[u^{(1)}]^+[T^{(1)}(D, n)u^{(1)}]^+ dS, ∫ Ω2 E^{(2)}_0 (u^{(2)}, u^{(2)}) dx = − ∫ ∂Ω^2

[u^{(2)}]^−[T^{(2)}(D, n)u^{(2)}]^− dS, ∫ Ω1 λ^{(1)}_{kj} D_ku^{(1)}_4 D_ju^{(1)}_4 dx = ∫ ∂Ω^1

[u^{(1)}_4 ]^+[λ^{(1)}(D, n)u^{(1)}_4 ]^+ dS, ∫ Ω2 λ^{(2)}_{kj} D_ku^{(2)}_4 D_j u^{(2)}_4 dx = − ∫ ∂Ω^2

[u^{(2)}_4 ]^−[λ^{(2)}(D, n)u^{(2)}_4 ]^− dS, (14.22)

where E^{(μ)}_0 (u^{(μ)}, u^{(μ)}) = c^{(μ)}_{kjpq}D_ku^{(μ)}_j D_j u^{(μ)}_k ≥ 0 (see (1.15)), the classical stress operator T^{(μ)}(D, n) and the co-normal derivative (the heat flux operator) λ^{(μ)}(D, n) are given by (1.12) and (1.24), respectively; moreover, u^{(2)} = o(1) and u^{(2)}_4 = o(1) at infinity.

Further, if we substitute in these formulae the corresponding single layer potentials v^{(μ,0)} and v^{(μ,0)}_4 (see (10.19), (10.21)) with densities (H^{(μ,0)})^{−1} ~g and (H^{(μ,0)}_4 )^{−1}g_4, respectively, in the place of u^{(μ)} and u^{(μ)}_4 , we can show that (−2^{−1}I_3 + K^{(1,0)})(H^{(1,0)})^{−1} and −(2^{−1}I_3 + K^{(2,0)})(H^{(2,0)})^{−1} are non-negative 3 × 3 matrix pseudodifferential operators with positive definite principal symbol matrices, while (−2^{−1}I_1 + K^{(1,0)}_4 )(H^{(1,0)}_4 )^{−1} and −(2^{−1}I_1 + K^{(2,0)}_4 )(H^{(2,0)}_4 )^{−1} are non-negative scalar ΨDOs with positive principal symbol functions (for details see [55], Lemma 4.2).

Therefore, the equations (14.20) and (14.21) together with (14.16) yield that œ(N_{1,τ} ),

œ(N2,τ), and œ(Nτ ) are positive definite matrices for arbitrary x ∈ S and^~ξ ∈ IR^2\{0}.

COROLLARY 14.3 Let S, k, α^′, and α be as in (14.5). Then the operator N^{−1}_τ , inverse to the operator N_τ defined by (14.15), is an isomorphism; consequently, N^{−1}_τ : C^{l−1,α}(S) → C^{l,α}(S), 1 ≤ l ≤ k, is a bounded operator.

Applying the above results we get from (14.13) and (14.14):

g^{(1)} = N^{−1}_τ (F + N_{2,τ} f), g^{(2)} = N^{−1}_τ (F − N_{1,τ} f). (14.23)

Clearly, g^{(μ)} ∈ C^{k,α}(S), (μ = 1, 2) if conditions (14.5) are fulfilled. Now we are ready to formulate the following existence results.

THEOREM 14.4 Let S, k, α^′, α, f and F meet the conditions (14.5).

Then the nonhomogeneous problem (C)_τ is uniquely solvable, and the solution is representable in the form of potentials

U^{(1)}(x) = V^{(1)}_τ [ (H^{(1)}_τ )^{−1}N^{−1}_τ (F + N_{2,τ} f) ] (x), x ∈ Ω^1, (14.24)

U^{(2)}(x) = V^{(2)}_τ [ (H^{(2)}_τ )^{−1}N^{−1}_τ (F − N_{1,τ} f) ] (x), x ∈ Ω^2. (14.25)

Moreover,

U^{(μ)} ∈ C^{k,α}(Ω^μ), μ = 1, 2, (14.26) and ||U^{(μ)}||_{(Ω}μ_{,k,α)} ≤ C_0 [ ||f||_{(S,k,α)} + ||F ||_{(S,k−1,α)} ] , C_0 = const > 0, (14.27)

where || · ||_{(M,k,α)} denotes the norm in the space C^{k,α}(M).

Proof. It follows from (14.8), (14.9), (14.23), Corollary 14.3 and Remark 12.2.

14.2. In this subsection we assume S ∈ C^∞, and establish the existence results for the problem (C)_τ in the weak setting with 1 < p < ∞.

First we prove the following statement.

LEMMA 14.5 The operators (14.15) can be extended by continuity to the folloving bounded elliptic ΨDOs (of order −1)

N_τ , N_{j,τ} : H^{s+1}_p (S) → H^s_p (S) [B^{s+1}_{p,q} (S) → B^s_{p,q}(S)] (14.28)

for arbitrary s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞. Moreover, the operator N_τ defined by (14.28) is invertible.

Proof. The boundedness, ellipticity, and mapping properties (14.28) of the operators N_τ and N_{j,τ} easily follow from Lemmata 13.3 and 14.2.

The invertibility of the operator N_τ is a consequense of the embedding theorems for solutions of elliptic pseudodifferential equations on closed smooth manifold (see the proof of the analogous assertions in Section 12). In fact, any solution h ∈ H^{s+1}_p (S) [B^{s+1}_{p,q} (S)] of the homogeneous pseudodifferential equation N_τ h = 0, belongs also to the space C^{k,α}(S), where k ≥ 1 is an arbitrary integer and 0 < α < 1. Therefore, we can derive h = 0 on S, due to Corollary 14.3. From the fact that kerN_τ = {0} it follows indN_τ = 0, since the principal homogeneous symbol matrix of N_τ is positive definite. These results imply the unique solvability of the nonhomogeneous equation N_τ h = f in the spaces H^{s+1}_p (S) [B^{s+1}_{p,q} (S)] for the arbitrary right-hand side vector f ∈ H^s_p (S) [B^s_{p,q}(S)].

Now we are able to prove the existence theorem.

THEOREM 14.6 Let S ∈ C^∞, f_j ∈ B^{1−1/p}_{p,p} (S), F ∈ B^{−1/p}_{p,p} (S), j = 1, 4, 1 < p < ∞. (14.29) Then the problem (C)_τ is uniquely solvable in the space (W^1_p (Ω^1), W^1_p (Ω^2)) and the solution is representable by formulae (14.24)-(14.25).

Proof. Let conditions (14.29) be fulfilled. Then Lemma 14.5 and Theorem 11.3 imply that the pair of vectors (U^{(1)}, U^{(2)}) defined by (14.24) and (14.25) represent a solution to the problem (C)_τ of the class (W^1_p (Ω^1), W^1_p (Ω^2)).

Next we show the uniqueness of solution to the problem (C)_τ in the Sobolev spaces (W^1_p (Ω^1), W^1_p (Ω^2)).

Let (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1), W^1_p (Ω^2)) be some solution to the homogeneous problem (C)_τ . We recall that U^{(μ)} ∈ C^∞(Ω^μ). Then Lemma 11.3, item ii) yield

U^{(1)}(x) = W^{(1)}_τ ( [U^{(1)}]^+ ) (x) − V^{(1)}_τ ( [B^{(1)}(D, n)U^{(1)}]^+ ) (x), x ∈ Ω^1, (14.30) U^{(2)}(x) = −W^{(2)}_τ ( [U^{(2)}]^− ) (x) + V^{(2)}_τ ( [B^{(2)}(D, n)U^{(2)}]^− ) (x), x ∈ Ω^2, (14.31) where

[U^{(1)}]^+, [U^{(2)}]^− ∈ B^{1−1/p}_{p,p} (S), [B^{(1)}(D, n)U^{(1)}]^+, [B^{(2)}(D, n)U^{(2)}]^− ∈ B^{−1/p}_{p,p} (S).

The homogeneous transmission conditions read as (see (14.6), (14.7))

[U^{(1)}]^+ = [U^{(2)}]^−, [B^{(1)}(D, n)U^{(1)}]^+ = [B^{(2)}(D, n)U^{(2)}]^−. (14.32) Denote

[U^{(1)}]^+ =: g, [B^{(1)}(D, n)U^{(1)}]^+ =: h. (14.33) Then (14.32) along with (14.30), (14.31), and Lemma 11.3 implies that the vector functions h and g solve the homogeneous system of boundary ΨDEs:

−(H^{(1)}_τ + H^{(2)}_τ ) h + (K^{(1)}_{2,τ} + K^{(2)}_{2,τ} ) g = 0, (14.34) −(K^{(1)}_{1,τ} + K^{(2)}_{1,τ} ) h + (L^{(1)}_τ + L^{(2)}_τ ) g = 0. (14.35) From the positive definiteness of the principal symbol matrices −œ(H^{(μ)}_τ ), œ(L^{(μ)}_τ ) (see Lemma 11.2), and the equation œ(K^{(μ)}_{2,τ} ) = [œ(K^{(μ)}_{1,τ} )]^⊤, it follows that the system of ΨDEs (14.34) and (14.35) is strongly elliptic in the sense of Douglis-Nirenberg. Therefore, by the embedding theorems we conclude that h and g are smooth vector functions on S, i.e. h ∈ C^{k−1,α}(S) and g ∈ C^{k,α}(S) for any k ≥ 1 and 0 < α < 1. But then the vectors U^{(μ)}, μ = 1, 2, given by (14.30) and (14.31), are regular due to the representation formulae (14.32), (14.33), and Lemma 11.1. Now the conditions (14.32) and Theorem 8.6 complete the proof.

REMARK 14.7 Using the representation formulae (14.30) and (14.31) we can solve the problem (C)_τ by the so-called direct boundary integral equation method. This method reduces the transmission problem in question to the strongly elliptic (in the sense of Douglis- Nirenberg) system of ΨDEs on S

G_τ ψ = Q, (14.36) where ψ = (ψ^′, ψ^{′′})^⊤ is the unknown vector with ψ^′ = [B^{(1)}(D, n)U^{(1)}]^+ and ψ^{′′} = [U^{(1)}]^+; the matrix operator G_τ is given by formula

G_τ =

[ − H^{(1)}_τ − H^{(2)}_τ ]_{4×4} [K^{(1)}_{2,τ} + K^{(2)}_{2,τ} ]_{4×4} [ − K^{(1)}_{1,τ} − K^{(2)}_{1,τ} ]_{4×4} [L^{(1)}_τ + L^{(2)}_τ ]_{4×4} 8×8 , while the given on S right hand-side 8-vector Q reads as Q = ( (2^{−1}I_4 + K^{(2)}_{2,τ} ) f − H^{(2)}_τ F , L^{(2)}_τ f + (2^{−1}I_4 − K^{(2)}_{1,τ} ) F )_⊤ . Actually, in the proof of Theorem 14.3 we have shown that the operators

G_τ : [C^{k−1,α}(S)]^4 × [C^{k,α}(S)]^4 → [C^{k,α}(S)]^4 × [C^{k−1,α}(S)]^4

: [H^s_p(S)]^4 × [H^{s+1}_p (S)]^4 → [H^{s+1}_p (S)]^4 × [H^s_p(S)]^4 : [B^s_{p,q}(S)]^4 × [B^{s+1}_{p,q} (S)]^4 → [B^{s+1}_{p,q} (S)]^4 × [B^s_{p,q}(S)]^4 are invertible.

Therefore, the unique solution to the problem (C)_τ can be represented also in the form U^{(1)}(x) = W^{(1)}_τ (ψ^{′′})(x) − V^{(1)}_τ (ψ^′)(x), U^{(2)}(x) = −W^{(2)}_τ (ψ^{′′} − f)(x) + V^{(2)}_τ (ψ^′ − F )(x),

(14.37)

where ψ solves the system of ΨDEs (14.36).

Note that the conclusions of Theorems 14.4 and 14.6 remain valid for the vectors defined by (14.37) if the conditions (14.5) and (14.29) are fulfilled.

14.3. In this subsection we investigate the problem (G)_τ .

First let us rewrite the transmission conditions (7.5)-(7.8) in the following equivalent form

[P^{(1)}(D, n)U^{(1)} · l]^+ + [P^{(2)}(D, n)U^{(2)} · l]^− = ~F^{(+)}_l + ~F^{(−)}_l , (14.38) [P^{(1)}(D, n)U^{(1)} · m]^+ + [P^{(2)}(D, n)U^{(2)} · m]^− = ~F^{(+)}_m + ~F^{(−)}_m , (14.39) [P^{(1)}(D, n)U^{(1)} · l]^+ − [P^{(2)}(D, n)U^{(2)} · l]^− = ~F^{(+)}_l − ~F^{(−)}_l , (14.40) [P^{(1)}(D, n)U^{(1)} · m]^+ − [P^{(2)}(D, n)U^{(2)} · m]^− = ~F^{(+)}_m − ~F^{(−)}_m , (14.41) [u^{(1)} · n]^+ − [u^{(2)} · n]^− = ~f_n, (14.42) [P^{(1)}(D, n)U^{(1)} · n]^+ − [P^{(2)}(D, n)U^{(2)} · n]^− = ~F_n, (14.43) [u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4. (14.44) Clearly, due to (14.40), (14.41), (14.43), and (14.44), the vector

[B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F is a given vector on S with F = ( ( ~F^{(+)}_l − ~F^{(−)}_l ) l + ( ~F^{(+)}_m − ~F^{(−)}_m ) m + ~F_n n, F_4 )_⊤ . (14.45) Denote

[u^{(1)} · l]^+ − [u^{(2)} · l]^− = ψ_1, [u^{(1)} · m]^+ − [u^{(2)} · m]^− = ψ_2, (14.46) where ψ_1 and ψ_2 are the unknown scalar functions. Equations (14.42), (14.44), and the first equation in (14.46) imply

[U^{(1)}]^+ − [U^{(2)}]^− = f, where

f = (ψ_1l + ψ_2m + ~f_nn, f_4)^⊤. (14.47) Now let us look for a solution to the problem (G)_τ in the form (14.24) and (14.25), where F and f are given by (14.45) and (14.47), respectively. Then from the results of the previous subsection it follows that the transmission conditions (14.40)-(14.44) are automatically satisfied. It remains to satisfy only the conditions (14.38) and (14.39). Taking into account Lemma 11.1 and the equations (14.12), we get from (14.24) and (14.25):

[B^{(1)}(D, n)U^{(1)}]^+ = [(P^{(1)}(D, n)U^{(1)}, λ^{(1)}(D, n)u_4)^⊤]^+ = N_{1,τ} N^{−1}_τ (F + N_{2,τ} f), [B^{(2)}(D, n)U^{(2)}]^− = [(P^{(2)}(D, n)U^{(2)}, λ^{(2)}(D, n)u_4)^⊤]^− = −N_{2,τ} N^{−1}_τ (F − N_{1,τ} f).

Further, we put

l^∗ = [(l, 0)^⊤]_{4×1}, m^∗ = [(m, 0)^⊤]_{4×1}, n^∗ = [(n, 0)^⊤]_{4×1}, (14.48) where l, m and n are again the tangent and the normal vectors introduced in Subsection 7.2.

Conditions (14.38) and (14.39) then imply

[P^{(1)}(D, n)U^{(1)} · l]^+ + [P^{(2)}(D, n)U^{(2)} · l]^− ≡

≡ [B^{(1)}(D, n)U^{(1)} · l^∗]^+ + [B^{(2)}(D, n)U^{(2)} · l^∗]^− ≡ ≡(N_{1,τ} − N_{2,τ} )N^{−1}_τ F · l^∗ + 2N_{2,τ} N^{−1}_τ N_{1,τ} f · l^∗ = ~F^{(+)}_l + ~F^{(−)}_l , [P^{(1)}(D, n)U^{(1)} · m]^+ + [P^{(2)}(D, n)U^{(2)} · m]^− ≡

≡ [B^{(1)}(D, n)U^{(1)} · m^∗]^+ + [B^{(2)}(D, n)U^{(2)} · m^∗]^− ≡ ≡(N_{1,τ} − N_{2,τ} )N^{−1}_τ F · m^∗ + 2N_{2,τ} N^{−1}_τ N_{1,τ} f · m^∗ = ~F^{(+)}_m + ~F^{(−)}_m , (14.49) since N_{2,τ} N^{−1}_τ N_{1,τ} = N_{1,τ} N^{−1}_τ N_{2,τ} . By virtue of (14.47) from (14.49) we have the following system of ΨDEs for the unknown functions ψ_1 and ψ_2: 3∑ k,j=1 [(N_{2,τ} N^{−1}_τ N_{1,τ} )_{kj} (ψ_1l_j + ψ_2m_j)]l_k = q_1, (14.50) 3∑ k,j=1 [(N_{2,τ} N^{−1}_τ N_{1,τ} )_{kj} (ψ_1l_j + ψ_2m_j)]m_k = q_2, (14.51)

where

q_1 = 2^{−1}{ ~F^{(+)}_l + ~F^{(−)}_l − (N_{1,τ} − N_{2,τ} )N^{−1}_τ F · l^∗} − − 3∑ k=1 [(N_{2,τ} N^{−1}_τ N_{1,τ} )_{k4}f_4]l_k − 3∑ k,j=1 [(N_{2,τ} N^{−1}_τ N_{1,τ} )_{kj} ( ~f_nn_j)]l_k, q_2 = 2^{−1}{ ~F^{(+)}_m + ~F^{(−)}_m − (N_{1,τ} − N_{2,τ} )N^{−1}_τ F · m^∗} − − 3∑ k=1 [(N_{2,τ} N^{−1}_τ N_{1,τ} )_{k4}f_4]m_k − 3∑ k,j=1 [(N_{2,τ} N^{−1}_τ N_{1,τ} )_{kj} ( ~f_nn_j )]m_k, (14.52)

are given functions on S.

Now let M_{G,τ} := l_k(N_{2,τ} N^{−1}_τ N_{1,τ} )_{kj}l_j l_k(N_{2,τ}N^{−1}_τ N_{1,τ} )_{kj}m_j m_k(N_{2,τ} N^{−1}_τ N_{1,τ} )_{kj}l_j m_k(N_{2,τ} N^{−1}_τ N_{1,τ} )_{kj}m_j 2×2 . We recall that the summation over repeated indices is meant from 1 to 3. Clearly, (14.50) and (14.51) can be written in the matrix form as

M_{G,τ} ψ = q^∗ (14.53) with the unknown vector ψ = (ψ_1, ψ_2)^⊤ and the right-hand side q^∗ = (q_1, q_2)^⊤ given by formulae (14.52).

LEMMA 14.8 The operator M_{G,τ} is an elliptic ΨDO of order 1 with a positive definite principal homogeneous symbol matrix and the index equal to zero.

Proof. The equations (14.12), (14.20), and (14.21) imply that M_{G,τ} is a ΨDO of order 1 with the principal homogeneous symbol matrix

œ(MG) = l_kl_jE_{kj} l_km_jE_{kj} m_kl_jE_{kj} m_km_jE_{kj} 2×2 = E_1EE^⊤_1 , (14.54)

where

E_1 = l_1, l_2, l_3, 0 m_1, m_2, m_3, 0 2×4 , E = œ(N2,τ N^{−1}_τ N1,τ ) = œ(N2,τ)œ(N^{−1}_τ )œ(N1,τ ) =

= œ(N2,τ )[œ(N1,τ ) + œ(N2,τ )]^{−1}œ(N1,τ ).

Due to Lemma 14.2 the matrices œ(N_{j,τ} ), j = 1, 2, are positive definite for arbitrary x ∈ S and ~ξ ∈ IR^2\0 (see (14.20), (14.21)). Therefore, the matrix E is positive definite as well. Next, for arbitrary η = (η_1, η_2)^⊤ ∈ CI^2 we have

œ(MG,τ )η · η = (E1EE^⊤_1 )η · η = E(E^⊤_1 η) · (E^⊤_1 η) =

= E(l^∗η_1 + m^∗η_2) · (l^∗η_1 + m^∗η_2) ≥ c|ξ| |η_1l^∗ + η_2m^∗|^2 = c |ξ| (|η_1|^2 + |η_2|^2), c > 0, whence the positive definiteness of the matrix (14.54) follows. In turn, from this fact we conclude that the dominant singular part of the operator M_{G,τ} is formally self-adjoint. This implies that the index of the operator M_{G,τ} is equal to zero. LEMMA 14.9 Let S, k, α, and α^′ be as in (14.5). Then the operator M_{G,τ} : C^{l,α}(S) → C^{l−1,α}(S), 1 ≤ l ≤ k, (14.55) is an isomorphism.

If S ∈ C^∞, then (14.55) can be extended by continuity to the following bounded, invertible, elliptic ΨDO (of order 1) M_{G,τ} : H^{s+1}_p (S) → H^s_p (S) [B^{s+1}_{p,q} (S) → B^s_{p,q}(S)], s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

Proof. It is quite similar to the proofs of Lemmata 14.1 and 14.5.

The above results yield the following existence theorems. THEOREM 14.10 Let S, k, α^′, and α be as in (14.5), and let ~F^{(±)}_l , ~F^{(±)}_m , ~F_n, F_4 ∈ C^{k−1,α}(S), ~f_n, f_4 ∈ C^{k,α}(S). Then the problem (G)_τ is uniquelly solvable, and the solution is representable in the form (14.24) − (14.25) with F and f given by (14.45) and (14.47), where ψ_1, ψ_2 ∈ C^{k,α}(S) are defined by the system of ΨDEs (14.50) and (14.51) (i.e., (14.53)). Moreover, the embedding (14.26) and the inequality (14.27) hold.

THEOREM 14.11 Let S ∈ C^∞ and ~F^{(±)}_l , ~F^{(±)}_m , ~F_n, F_4 ∈ B^{−1/p}_{p,p} (S), ~f_n, f_4 ∈ B^{1−1/p}_{p,p} (S). Then the problem (G)_τ is uniquely solvable in the space (W^1_p (Ω^1), W^1_p (Ω^2)), and the solutions are representable by the formulae (14.24)−(14.25) with F and f given by (14.45) and (14.47), where ψ_1, ψ_2 ∈ B^{1−1/p}_{p,p} (S) are defined by the system of ΨDEs (14.50) and (14.51) (i.e., (14.53)).

The proof of these theorems are quite similar (in fact, verbatim) to the proofs of Theorems 14.4 and 14.6.

14.4. In this subsection we shall study the problem (H)_τ . As in the previous subsection let us rewrite the transmission conditions of the problem (see Subsection 7.2) in the equivalent form

[u^{(1)} · l]^+ + [u^{(2)} · l]^− = ~f^{(+)}_l + ~f^{(−)}_l , (14.56) [u^{(1)} · m]^+ + [u^{(2)} · m]^− = ~f^{(+)}_m + ~f^{(−)}_m , (14.57) [u^{(1)} · l]^+ − [u^{(2)} · l]^− = ~f^{(+)}_l − ~f^{(−)}_l , (14.58) [u^{(1)} · m]^+ − [u^{(2)} · m]^− = ~f^{(+)}_m − ~f^{(−)}_m , (14.59) [u^{(1)} · n]^+ − [u^{(2)} · n]^− = ~f_n, (14.60) [P^{(1)}(D, n)U^{(1)} · n]^+ − [P^{(2)}(D, n)U^{(2)} · n]^− = ~F_n, (14.61) [u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4. (14.62) Equations (14.58)-(14.60) imply

[U^{(1)}]^+ − [U^{(2)}]^− = f, where f is a given vector on S f = ( ( ~f^{(+)}_l − ~f^{(−)}_l ) l + ( ~f^{(+)}_m − ~f^{(−)}_m ) m + ~f_n n, f_4 )_⊤ . (14.63) It is also evident that

[B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F with

F = (ψ_1l + ψ_2m + ~F_nn, F_4)^⊤, (14.64) where ~F_n and F_4 are given functions on S, while

ψ_1 = [P^{(1)}(D, n)U^{(1)} · l]^+ − [P^{(2)}(D, n)U^{(2)} · l]^− and ψ_2 = [P^{(1)}(D, n)U^{(1)} · m]^+ − [P^{(2)}(D, n)U^{(2)} · m]^−, are yet unknown scalar functions.

We look for a solution to the problem (H)_τ again in the form (14.24)-(14.25), with F and f defined by (14.63) and (14.64), respectively. It can be easily checked that the transmission conditions (14.58)-(14.62) are then automatically satisfied, while the equations (14.56) and (14.57) lead to the following system of ΨDEs for the unknown vector ψ = (ψ_1, ψ_2)^⊤ on S:

M_{H,τ} ψ = q^∗, (14.65) where M_{H,τ} = l_k(N^{−1}_τ )_{kj}l_j l_k(N^{−1}_τ )_{kj} m_j m_k(N^{−1}_τ )_{kj} l_j m_k(N^{−1}_τ )_{kj} m_j 2×2 , (14.66)

and where the right hand-side vector q^∗ = (q_1, q_2)^⊤ is defined by formulae:

q_1 = 2^{−1}{ ~f^{(+)}_l + ~f^{(−)}_l − [N^{−1}_τ (N_{2,τ} − N_{1,τ} )f · l^∗]}

− [(N^{−1}_τ )_{kj}( ~F_nn_j )]l_k − [(N^{−1}_τ )_{k4}F_4]l_k, q_2 = 2^{−1}{ ~f^{(+)}_m + ~f^{(−)}_m − [N^{−1}_τ (N_{2,τ} − N_{1,τ} )f · m^∗]}

− [(N^{−1}_τ )_{kj}( ~F_nn_j )]m_k − [(N^{−1}_τ )_{k4}F_4]m_k; here l^∗ and m^∗ are given by (14.48).

By quite the same arguments as in Subsection 14.3 we can easily show that M_{H,τ} is an elliptic invertible ΨDO of order −1 with a positive definite principal symbol matrix.

Therefore the operators M_{H,τ} : C^{k−1,α}(S) → C^{k,α}(S), S ∈ C^{k+1,α′} , : H^s_p (S) → H^{s+1}_p (S), S ∈ C^∞, : B^s_{p,q}(S) → B^{s+1}_{p,q} (S), S ∈ C^∞, are isomorphisms.

These results lead us to the following existence theorems. THEOREM 14.12 Let S, k, α, and α^′ be as in (14.5) and let ~f^{(±)}_l , ~f^{(±)}_m , ~f_n, f_4 ∈ C^{k,α}(S), ~F_n, F_4 ∈ C^{k−1,α}(S). Then the problem (H)_τ has the unique solution representable in the form (14.24)-(14.25) with f and F given by (14.63) and (14.64), where ψ_1, ψ_2 ∈ C^{k−1,α}(S) in (14.64) are defined by the system of ΨDEs (14.65).

THEOREM 14.13 Let S ∈ C^∞ and ~f^{(±)}_l , ~f^{(±)}_m , ~f_n, f_4 ∈ B^{1−1/p}_{p,p} (S), ~F_n, F_4 ∈ B^{−1/p}_{p,p} (S). Then the problem (H)_τ is uniquely solvable in the space (W^1_p (Ω^1), W^1_p (Ω^2)), and the solution is representable by the formulae (14.24) and (14.25) with f and F given by (14.63) and (14.64), where ψ_1, ψ_2 ∈ B^{−1/p}_{p,p} (S) in (14.64) are defined by the system of ΨDEs (14.65). Again proofs are verbatim the proofs of Theorems 14.4 and 14.6. qx

15 Basic Inteface Problems of Steady State Oscillations

In this section we deal with the basic interface problems (C)_ω, (G)_ω, and (H)_ω of steady state thermoelastic oscillations formulated in Section 7. In contrast to the pseudo-oscillation case, one can not here apply the single layer approach to obtain the ”explicit” solution to the basic interface problem (C)_ω for an arbitrary value of the frequency parameter ω, since the integral operator H is not invertible for the so-called exceptional values of ω. Therefore, we offer another approach which relays on the representation of a solution in the form of a complex linear combination of the single and double layer potentials (see Section 13).

15.1. Here we again assume that the conditions (14.5) are fulfilled and look for the solution to the nonhomogeneous interface problem (C)_ω (see (7.3)-(7.4) or (7.11)-(7.12)) in the following form

U^{(1)}(x) = W^{(1)}(g^{(1)})(x), x ∈ Ω^1, (15.1)

U^{(2)}(x) = W^{(2)}(g^{(2)})(x) + p_0 V^{(2)}(g^{(2)})(x), x ∈ Ω^2, (15.2)

where W^{(μ)} and V^{(μ)} are the double and single layer potentials constructed by the fundamental solution Γ^{(μ)}(x − y, ω, r) (see (10.1)-(10.2)), g^{(μ)} = (g^{(μ)}_1 , · · · , g^{(μ)}_4 )^⊤ (μ = 1, 2) are unknown densities, and p_0 is given by (13.5). Moreover, in the sequel we again provide that

r = 1 for ω > 0 and r = 2 for ω < 0. (15.3)

Taking into account the properties of the above potentials and inserting the representations (15.1)-(15.2) into the transmission conditions (7.11)-(7.12), we get the system of ΨDEs on S for g^{(μ)} (μ = 1, 2):

[2^{−1}I_4 + K^{(1)}_2 ] g^{(1)} − [−2^{−1}I_4 + K^{(2)}_2 + p_0H^{(2)}] g^{(2)} = f, (15.4) L^{(1)} g^{(1)} − [L^{(2)} + p_0(2^{−1}I_4 + K^{(2)}_1 )] g^{(2)} = F, (15.5)

where H^{(μ)}, K^{(μ)}_1 , K^{(μ)}_2 , and L^{(μ)} (μ = 1, 2) are defined by (10.3), (10.4), (10.5), and (10.6), respectively.

To investigate the solvability of the above system of ΨDEs we first prove the following lemma.

LEMMA 15.1 Let g^{(μ)} ∈ C^{1,α}(S) (μ = 1, 2) and let the vector functions, represented by (15.1)-(15.2), vanish in Ω^1 and Ω^2, respectively.

Then g^{(μ)} = 0 (μ = 1, 2) on S.

Proof. Obviously, the regular vector function U^{(1)}, defined by (15.1), can be extended by the same formula from the domain Ω^1 into Ω^2. Denote the extended vector function again by U^{(1)}. By Lemmata 10.1 and 10.7 then we have

[U^{(1)}]^− = −g^{(1)} and [B^{(1)}(D, n)U^{(1)}]^− = 0 on S, (15.6) in accordance with the assumption U^{(1)} = 0 in Ω^1. Since U^{(1)} is a (m, r)−thermo-radiating regular vector function, we deduce by virtue of Theorem 9.5 and the second equation in (15.6) that U^{(1)} = 0 in Ω^2, whence g^{(1)} = 0 on S follows.

The assertion for g^{(2)} is a ready consequence of Lemma 13.1. In the matrix form the system (15.4)-(15.5) reads

M_C g = Q, (15.7) where g = (g^{(1)}, g^{(2)})^⊤, Q = (f, F )^⊤, and

M_C =

[2^{−1}I_4 + K^{(1)}_2 ]_{4×4} [2^{−1}I_4 − K^{(2)}_2 − p_0H^{(2)}]_{4×4} [L^{(1)}]_{4×4} [−L^{(2)} − p_0(2^{−1}I_4 + K^{(2)}_1 )]_{4×4} 8×8 . (15.8)

Next, let us introduce the following operators

Φ_1 := 2^{−1}I_4 + K^{(1)}_2 , Ψ_1 := L^{(1)}, (15.9) Φ_2 := −2^{−1}I_4 + K^{(2)}_2 + p_0H^{(2)}, Ψ_2 := L^{(2)} + p_0(2^{−1}I_4 + K^{(2)}_1 ), (15.10) and rewrite the system (15.4)-(15.5) as

Φ_1 g^{(1)} − Φ_2 g^{(2)} = f, (15.11) Ψ_1 g^{(1)} − Ψ_2 g^{(2)} = F. (15.12) Note that the mappings

Φ_2 : C^{l,α}(S) → C^{l,α}(S), 0 ≤ l ≤ k, (15.13) Ψ_2 : C^{l,α}(S) → C^{l−1,α}(S), 1 ≤ l ≤ k, (15.14) are isomorphisms due to Lemmata 13.4 and 13. 11. Therefore, (15.11)-(15.12) equivalently can be reduced to the system

g^{(2)} = Φ^{−1}_2 Φ_1 g^{(1)} − Φ^{−1}_2 f, (15.15) [Ψ_1 − Ψ_2 Φ^{−1}_2 Φ_1] g^{(1)} = F − Ψ_2 Φ^{−1}_2 f. (15.16) REMARK 15.2 Note that the system (15.4)-(15.5) (i.e., (15.11)-(15.12)) is equivalent to the following system of SIEs

Φ_1 g^{(1)} − Φ_2 g^{(2)} = f, (15.17) R_4 Ψ_1 g^{(1)} − R_4 Ψ_2 g^{(2)} = R_4 F, (15.18) where the equivalent lifting matrix operator R_4 is given by (12.33).

LEMMA 15.3 The operator M_C is elliptic in the sense of Douglis-Nirenberg with index equal to zero. The mapping

M_C : [C^{l,α}(S)]^8 → [C^{l,α}(S)]^4 × [C^{l−1,α}(S)]^4, 1 ≤ l ≤ k, (15.19) is isomorphism.

Proof. First we show that M_C is an elliptic ΨDO in the sense of Douglis-Nirenberg. To this end let us remark that, due to the results of Section 10 (see (10.23)-(10.30), (10.48), (10.49)), for the principal homogeneous symbol matrices of the operators (15.9) and (15.10) we have the following expressions:

œ(Φ1) = œ((2^{−1}I4 + K^{(1)}_2 )0) =:

[K^{(1)}]_{3×3} [0]_{3×1} [0]_{1×3} K^{(1)}_{44} 4×4 , (15.20)

œ(Φ2) = œ((−2^{−1}I4 + K^{(2)}_2 )0) =:

[K^{(2)}]_{3×3} [0]_{3×1} [0]_{1×3} K^{(2)}_{44} 4×4 , (15.21)

œ(Ψ1) = œ((L^{(1)})0) =:

[L^{(1)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(1)}_{44} 4×4 , (15.22)

œ(Ψ2) = œ((L^{(2)})0) =:

[L^{(2)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(2)}_{44} 4×4 , (15.23)

where (K)_0 denotes again the dominant singular part of the operator K; here we employed the notations:

K^{(1)} = œ(2^{−1}I_3+^∗K^{(1,0)}) = [œ(2^{−1}I_3 + K^{(1,0)})]^⊤, (15.24)

K^{(2)} = œ(−2^{−1}I_3+^∗K^{(2,0)}) = [œ(−2^{−1}I_3 + K^{(2,0)})]^⊤, (15.25)

K^{(1)}_{44} = œ(2^{−1}I_3+^∗K^{(1,0)}_4 ) = 1 2 , (15.26)

K^{(2)}_{44} = œ(−2^{−1}I_3+^∗K^{(2,0)}_4 ) = − 1 2 , (15.27)

L^{(j)} = œ(L^{(j,0)}), j = 1, 2, (15.28) L^{(j)}_{44} = œ(L^{(j,0)}_4 ) = −[4œ(^{(j,0)}_4 )] > 0, j = 1, 2, (15.29)

where by^∗K^{(μ,0)}, K^{(μ,0)},^∗K^{(μ,0)}_4 , K^{(μ,0)}, L^{(μ,0)}, and L^{(μ,0)}_4 are denoted again the operatos (10.26), (10.40), and (10.41) corresponding to the thermo-elastic characteristics of the medium occupying the domain Ω^μ (cf. (14.19)).

In Lemma 3.3 of the reference [39] it has been proved that

œ∗ = det

[K^{(1)}]_{3×3} −[K^{(2)}]_{3×3} [L^{(1)}]_{3×3} [−L^{(2)}]_{3×3} 6×6 ≠ 0 (15.30) for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}.

Let us now consider the symbol matrix of the operator M_C

œ(MC ) = œ(Φ1) −œ(Φ2) œ(Ψ1) −œ(Ψ2) 8×8 (15.31)

and show that the corresponding determinant does not vanish for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}, which in turn implies the usual ellipticity of the system (15.17)-(15.18) (or the ellipticity of the system (15.4)-(15.5) in the sense of Douglis-Nirenberg). By virtue of formulae (15.20)-(15.29) we get from (15.31) after some simple rearrangements

det œ(MC) = det

[K^{(1)}]_{3×3} [0]_{3×1} −[K^{(2)}]_{3×3} [0]_{3×1} [0]_{1×3} K^{(1)}_{44} [0]_{1×3} −K^{(2)}_{44} [L^{(1)}]_{3×3} [0]_{3×1} [−L^{(2)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(1)}_{44} [0]_{1×3} −L^{(2)}_{44} 8×8

=

= det

[K^{(1)}]_{3×3} −[K^{(2)}]_{3×3} [L^{(1)}]_{3×3} [−L^{(2)}]_{3×3} 6×6 det 1 2 1 2 L^{(1)}_{44} −L^{(2)}_{44} 2×2 = = − ( L^{(1)}_{44} + L^{(2)}_{44}

) œ∗ ≠ 0, (15.32)

due to (15.29) and (15.30).

Next we show that the index of the operator M_C equals zero. To see this, let us note that the index does not depend on a compact pertubation, and consider the following operator ~M_C = [ ~M^{(1)}_C ]_{4×4} [ ~M^{(2)}_C ]_{4×4} [ ~M^{(3)}_C ]_{4×4} [ ~M^{(4)}_C ]_{4×4} 8×8 , (15.33)

where

~M^{(1)}_C =

[2^{−1}I_3+^∗K^{(1,0)}]_{3×3} [0]_{3×1}

[0]_{1×3} 2^{−1}I_1+^∗K^{(1,0)}_4 4×4 ,

~M^{(2)}_C =

[2^{−1}I_3−^∗K^{(2,0)} −{H^{(2,0)}}]_{3×3} [0]_{3×1} [0]_{1×3} 2^{−1}I_1−^∗K^{(2,0)}_4 −{H^{(2,0)}_4 } 4×4 ,

~M^{(3)}_C =

[L^{(1,0)}]_{3×3} [0]_{3×1}

[0]_{1×3} L^{(1,0)}_4 4×4 ,

~M^{(4)}_C =

[ − L^{(2,0)} − {2^{−1}I_3 + K^{(2,0)}}]_{3×3} [0]_{3×1} [0]_{1×3} −L^{(2,0)}_4 − {2^{−1}I_1 + K^{(2,0)}_4 } 4×4 .

Clearly, the dominant singular parts (M_C)_0 and ( ~M_C )_0 coinside. Indeed, these dominant singular parts in the both cases can be represented in the form (15.33) where the summands in curly brackets are removed.

The corresponding formally adjoint operator to ~M_C reads as ~M^∗_C = [ ~M^{(1)∗}_C ]_{4×4} [ ~M^{(2)∗}_C ]_{4×4} [ ~M^{(3)∗}_C ]_{4×4} [ ~M^{(4)∗}_C ]_{4×4} 8×8 , (15.34)

where

~M^{(1)∗}_C =

[2^{−1}I_3 + K^{(1,0)}]_{3×3} [0]_{3×1}

[0]_{1×3} 2^{−1}I_1 + K^{(1,0)}_4 4×4 ,

~M^{(2)∗}_C =

[L^{(1,0)}]_{3×3} [0]_{3×1}

[0]_{1×3} L^{(1,0)}_4 4×4 ,

~M^{(3)∗}_C =

[2^{−1}I_3 − K^{(2,0)} − H^{(2,0)}]_{3×3} [0]_{3×1} [0]_{1×3} 2^{−1}I_1 − K^{(2,0)}_4 − H^{(2,0)}_4 4×4 ,

~M^{(4)∗}_C =

[ − L^{(2,0)} − 2^{−1}I_3−^∗K^{(2,0)}]_{3×3} [0]_{3×1} [0]_{1×3} −L^{(2,0)}_4 − 2^{−1}I_1−^∗K^{(2,0)}_4 4×4 .

We again recall that the operators involved in (15.33) and (15.34) are defined in Section 10. Moreover, here we have applied that the operators L^{(μ,0)}, L^{(μ,0)}_4 , H^{(μ,0)}, and H^{(μ,0)}_4 are formally self-adjoint (see [33], [57]).

In what follows we prove that the homogeneous equations

~M_C φ = 0, φ = (φ^{(1)}, φ^{(2)})^⊤, φ^{(j)} = (φ^{(j)}_1 , · · · , φ^{(j)}_4 )^⊤, j = 1, 2, (15.35) and ~M^∗_C ψ = 0, ψ = (ψ^{(1)}, ψ^{(2)})^⊤, ψ^{(j)} = (ψ^{(j)}_1 , · · · , ψ^{(j)}_4 )^⊤, j = 1, 2, (15.36) have only the trivial solutions.

Due to the above established ellipticity we consider these equations in the regular space of C^{1,α}-smooth vector functions.

Note that the system (15.35) can be decomposed into the following two independent systems:

[2^{−1}I_3+^∗K^{(1,0)}] ~φ^{(1)} − [ − 2^{−1}I_3+^∗K^{(2,0)} + H^{(2,0)}] ~φ^{(2)} = 0, L^{(1,0)} ~φ^{(1)} − [L^{(2,0)} + 2^{−1}I_3 + K^{(2,0)}] ~φ^{(2)} = 0,

(15.37)

[2^{−1}I_1+^∗K_4^{(1,0)}] ~φ^{(1)}_4 − [ − 2^{−1}I_1+^∗K_4^{(2,0)} + H^{(2,0)}_4 ] ~φ^{(2)}_4 = 0, L^{(1,0)}_4 ~φ^{(1)}_4 − [L^{(2,0)}_4 + 2^{−1}I_1 + K^{(2,0)}_4 ] ~φ^{(2)}_4 = 0,

(15.38) where ~φ^{(j)} = (φ^{(j)}_1 , φ^{(j)}_2 , φ^{(j)}_3 )^⊤, j = 1, 2.

These systems are generated by the following interface problems for the equations of elastostatics and the stationary distribution of temperature

C^{(μ)}(D)u^{(μ)} = 0 in Ω^μ, u^{(μ)} = (u^{(μ)}_1 , u^{(μ)}_2 , u^{(μ)}_3 )^⊤, μ = 1, 2, [u^{(1)}]^+ − [u^{(2)}]^− = 0 and [T^{(1)}(D, n)u^{(1)}]^+ − [T^{(2)}(D, n)u^{(2)}]^− = 0 on S, u^{(2)}(x) = o(1) as |x| → +∞,

(15.39)

and λ^{(μ)}_{pq} D_pD_qu^{(μ)}_4 = 0 in Ω^μ, μ = 1, 2, [u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = 0 and [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = 0 on S, u^{(2)}_4 (x) = o(1) as |x| → +∞,

(15.40)

where C^{(μ)}(D), T^{(μ)}(D, n), and λ^{(μ)}(D, n) are given by (1.7), (1.12), and (1.24), respectively.

If one looks for solutions (u^{(1)}, u^{(2)}) and (u^{(1)}_4 , u^{(2)}_4 ) in the form of following potentials (see (10.19)-(10.22) )

u^{(1)}(x) = ∫ S [T^{(1)}(D_y , n(y))Γ^{(1,0)}(y − x)]^⊤ ~φ^{(1)}(y) dS_y =: w^{(1,0)}( ~φ^{(1)})(x), (15.41) u^{(2)}(x) = ∫ S [T^{(2)}(D_y, n(y))Γ^{(2,0)}(y − x)]^⊤ ~φ^{(2)}(y) dS_y + + ∫ S Γ^{(2,0)}(y − x) ~φ^{(2)}(y) dS_y =: w^{(2,0)}( ~φ^{(2)})(x) + v^{(2,0)}( ~φ^{(2)})(x), (15.42) u^{(1)}_4 (x) = ∫ S λ^{(1)}(D_y, n(y))γ^{(1,0)}(y − x) ~φ^{(1)}_4 (y) dS_y =: w^{(1,0)}_4 ( ~φ^{(1)}_4 )(x), (15.43) u^{(2)}_4 (x) = ∫ S λ^{(2)}(D_y, n(y))γ^{(2,0)}(y − x) ~φ^{(2)}_4 (y) dS_y + + ∫ S γ^{(2,0)}(y − x) ~φ^{(2)}_4 (y) dS_y =: w^{(2,0)}_4 ( ~φ^{(2)}_4 )(x) + v^{(2,0)}_4 ( ~φ^{(2)}_4 )(x), (15.44) one arrives at the systems (15.37) and (15.38).

Using the usual Green identities (14.22) it can be easily shown that the homogeneous problems (15.39) and (15.40) have only the trivial solutions.

These uniqueness results and standard arguments of the potential theory imply that the systems (15.37) and (15.38) possess only the trivial solutions as well.

Indeed, let (φ^{(1)}, φ^{(2)})^⊤ be some solution to the homogeneous system (15.37), and let us construct by these densities the potentials (15.41) in Ω^1 and (15.42) in Ω^2. Due to the above uniqueness u^{(μ)}(x) = 0 in Ω^μ, μ = 1, 2. Applying the jump properties of the single and double layer potentials of elastostatics (see [8], [33], [54]) we conclude that φ^{(1)} = φ^{(2)} = 0 on S. For the system (15.38) the proof is verbatim. Thus, ker ~M_C = {0}.

To prove that ker ~M^∗_C = {0}, we decompose analogously the system (15.36) into the two systems

[2^{−1}I_3 + K^{(1,0)}] ~ψ^{(1)} + L^{(1,0)} ~ψ^{(2)} = 0, [ − 2^{−1}I_3 + K^{(2,0)} + H^{(2,0)}] ~ψ^{(1)} + [L^{(2,0)} + 2^{−1}I_3+^∗K^{(2,0)}] ~ψ^{(2)} = 0,

(15.45)

[2^{−1}I_1 + K^{(1,0)}_4 ] ~ψ^{(1)}_4 + L^{(1,0)}_4 ~ψ^{(2)}_4 = 0, [ − 2^{−1}I_1 + K^{(2,0)}_4 + H^{(2,0)}_4 ] ~ψ^{(1)}_4 + [L^{(2,0)}_4 + 2^{−1}I_1+^∗K^{(2,0)}_4 ] ~ψ^{(2)}_4 = 0.

(15.46)

Denote by (ψ^{(1)}, ψ^{(2)})^⊤ some solution of the homogeneous system (15.45) and by these densities construct the vectors (see (15.41)-(15.44))

u^{(1)}_∗ (x) = v^{(1,0)}( ~ψ^{(1)})(x) + w^{(1,0)}( ~ψ^{(2)})(x) in Ω^− = Ω^2, (15.47) u^{(2)}_∗ (x) = v^{(2,0)}( ~ψ^{(1)})(x) + w^{(2,0)}( ~ψ^{(2)})(x) in Ω^+ = Ω^1. (15.48)

Obviously, C^{(1)}(D)u^{(1)}∗ = 0 in Ω^− = Ω^2 and C^{(2)}(D)u^{(2)}∗ = 0 in Ω^+ = Ω^1. It can be also easily verified that the equations (15.45) correspond to the conditions

[T^{(1)}(D, n)u^{(1)}_∗ ]^− = 0, (15.49) [T^{(2)}(D, n)u^{(2)}_∗ ]^+ + [u^{(2)}_∗ ]^+ = 0. (15.50)

Therefore, u^{(1)}∗ is a solution of the homogeneous exterior stress problem in Ω^−, while u^{(2)}∗ represnts a solution to the Roben type problem in Ω^+. By uniqueness theorems, which can be established again with the help of (14.22), we conclude u^{(1)}∗ = 0 in Ω^−, and u^{(2)}∗ = 0 in Ω^+. The jump relations then lead to the equations

[u^{(1)}_∗ ]^+ = ~ψ^{(2)}, [T^{(1)}(D, n)u^{(1)}_∗ ]^+ = − ~ψ^{(1)}, [u^{(2)}_∗ ]^+ = − ~ψ^{(2)}, [T^{(2)}(D, n)u^{(2)}_∗ ]^+ = ~ψ^{(1)}, (15.51)

whence

[u^{(1)}_∗ ]^+ + [u^{(2)}_∗ ]^− = 0, [T^{(1)}(D, n)u^{(1)}_∗ ]^+ + [T^{(2)}(D, n)u^{(2)}_∗ ]^− = 0. (15.52)

Making use once again Green formulae (14.22) together with homogeneous conditions (15.52) we obtain that u^{(1)}∗ = 0 in Ω^+ and u^{(2)}∗ = 0 in Ω^−. Now (15.51) shows ~ψ^{(1)} = ~ψ^{(2)} = 0 on S. In the same way we can show that the system (15.46) has also only the trivial solution. Thus, ker ~M^∗_C = {0} as well, and, therefore, ind ~M_C = 0, which proves the first part of the lemma.

Next we prove that the mapping (15.19) is an isomorphism. Due to the first part of the lemma it remains to check that the homogeneous equation ~M_C g = 0 admits only the trivial solution. Let g = (g^{(1)}, g^{(2)})^⊤ be an arbitrary solution of this equation. Then the potentials (15.1) and (15.2) solve the homogeneous problem (C)_ω and by Theorem 9.8 they vanish in the corresponding domains. Now Lemma 15.1 completes the proof.

COROLLARY 15.4 Let S ∈ C^∞ and let s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞. Then the operators

M_C : [H^s_p(S)]^8 → [H^s_p(S)]^4 × [H^{s−1}_p (S)]^4,

: [B^s_{p,q}(S)]^8 → [B^s_{p,q}(S)]^4 × [B^{s−1}_{p,q} (S)]^4,

are isomorphisms.

Proof. It follows from the fact that, due to the general theory of elliptic ΨDEs on closed smooth manifolds, the uniqueness of solution implies the corresponding existence results for the nonhomogeneous equation (15.7) in the Besov B^s_{p,q}(S) and the Bessel-potential H^s_p (S) spaces (see the proof of Lemma 12.9).

We are now ready to present the solution of the system (15.4)-(15.5) (i.e., (15.17)-(15.18)) in terms of explicitly given boundary integral operators and their inverses. To this end we need the following lemma.

LEMMA 15.5 Let S, k, and α be as in (14.5). Then the mapping

[Ψ_1 − Ψ_2 Φ^{−1}_2 Φ_1] : [C^{l,α}(S)]^4 → ×[C^{l−1,α}(S)]^4, 1 ≤ l ≤ k, (15.53) is an elliptic invertible ΨDO of order +1.

Proof. First we show the ellipticity of the principal homogeneous symbol matrix of the operator in question. Due to the equations (15.20)-(15.29) we have M := œ(Ψ_1 − Ψ_2 Φ^{−1}_2 Φ_1) = œ(Ψ_1) − œ(Ψ_2)[œ(Φ_2)]^{−1}œ(Φ_1) =

= {œ(Ψ1)[œ(Φ1)]^{−1} − œ(Ψ2)[œ(Φ2)]^{−1}} œ(Φ1) = = [L^{(1)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(1)}_{44}

[(K^{(1)})^{−1}]_{3×3} [0]_{3×1} [0]_{1×3} 2 −

− [L^{(2)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(2)}_{44}

[(K^{(2)})^{−1}]_{3×3} [0]_{3×1} [0]_{1×3} −2

[K^{(1)}]_{3×3} [0]_{3×1} [0]_{1×3} 2^{−1} =

= [L^{(1)}(K^{(1)})^{−1} − L^{(2)}(K^{(2)})^{−1}]_{3×3} [0]_{3×1} [0]_{1×3} 2L^{(1)}_{44} + 2L^{(2)}_{44}

[K^{(1)}]_{3×3} [0]_{3×1} [0]_{1×3} 2^{−1}

. (15.54)

We used here that the matrix K^{(1)} defined by (15.24) is not singular (see, e.g., [33], [54]) and employed the following simple facts: if X = [ ~X]_{3×3} [0]_{3×1} [0]_{1×3} x_{44} 4×4 and Y =

[ ~Y ]_{3×3} [0]_{3×1} [0]_{1×3} y_{44} 4×4 , then XY = [ ~X ~Y ]_{3×3} [0]_{3×1} [0]_{1×3} x_{44}y_{44} 4×4 and X^{−1} =

[( ~X)^{−1}]_{3×3} [0]_{3×1} [0]_{1×3} (x_{44})^{−1} 4×4 where det ~X ≠ 0 and x_{44} ≠ 0 are assumed.

We recall that the matrices (15.24), (15.25), (15.28) are nonsingular. Moreover, by the arguments applied in the proof of Lemma 14.2 we can show that the positive definiteness of the quadratic form c_{kjpq}ε_{kj}ε_{pq} (see (1.15)) and the jump formulae for double layer potentials (14.29)-(14.32) imply that the matrices

L^{(1)}(K^{(1)})^{−1} and − L^{(2)}(K^{(2)})^{−1} (15.55) are positive definite (for details see [39], [57], [33], [55]). Therefore, the matrix

M_0 :=

[L^{(1)}(K^{(1)})^{−1} − L^{(2)}(K^{(2)})^{−1}]_{3×3} [0]_{3×1} [0]_{1×3} 2L^{(1)}_{44} + 2L^{(2)}_{44} 4×4 , (15.56)

is positive efinite. Consequently, the matrix M defined by (15.54), which represents the principal homogeneous symbol matrix of the operator (15.53), is nonsingular. Thus, the operator (15.53) is an elliptic ΨDO.

Further, from (15.54) it follows that the dominant singular part of the operator (15.53) can be represented as the composition of two operators where the first one is the operator with the positive definite principal symbol matrix (15.56), while the second one is the following invertible operator

[2^{−1}I_3+^∗K^{1,(0)}]_{3×3} [0]_{3×1} [0]_{1×3} 2^{−1} 4×4 ,

which corresponds to the second matrix multiplyer in (15.54). These facts yield that the index of the operator (15.53) equals zero.

Next we prove that the operator (15.53) has the trivial null-space . Let the homogeneous equation

[Ψ_1 − Ψ_2 Φ^{−1}_2 Φ_1] g^′ = 0, g^′ = (g^′_1, · · · , g^′_4)^⊤, (15.57) admit a nontrivial solution g^′ ≠ 0. Then the nontrivial vector (g^′, Φ^{−1}_2 Φ_1 g^′)^⊤ ≠ 0 solves the system (15.11)-(15.12) (with f = 0, F = 0). This contradicts to Lemma 15.3. Therefore, (15.57) has only the trivial solution, which completes the proof.

COROLLARY 15.6 Let S ∈ C^∞ and let s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞. Then the operators

Ψ_1 − Ψ_2 Φ^{−1}_2 Φ_1 : [H^s_p(S)]^4 → [H^{s−1}_p (S)]^4, : [B^s_{p,q}(S)]^4 → [B^{s−1}_{p,q} (S)]^4, are elliptic invertible ΨDOs of order +1.

Proof. It is verbatim the proof of Corollary 15.4.

Let us introduce the following ΨDO of order −1

Ψ := [Ψ_1 − Ψ_2 Φ^{−1}_2 Φ_1]^{−1}. (15.58) From Lemma 15.5 it follows that we can represent the solution of the system (15.7) ”explicitly” by formulae

g^{(1)} = Ψ F − Ψ Ψ_2 Φ^{−1}_2 f, (15.59)

g^{(2)} = Φ^{−1}_2 Φ_1 Ψ F − Φ^{−1}_2 (Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I) f, (15.60) where I is again the identity operator.

Substituting (15.59) and (15.60) into (15.1) and (15.2) we obtain the following representation of solution of the problem (C)_ω:

U^{(1)}(x) = W^{(1)} ( Ψ F − Ψ Ψ_2 Φ^{−1}_2 f ) (x), (15.61)

U^{(2)}(x) = ( W^{(2)} + p_0 V^{(2)} ) ( Φ^{−1}_2 Φ_1 Ψ F − Φ^{−1}_2 [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I] f ) (x), (15.62)

where F and f are the boundary data of the interface problem under consideration (see (7.3)-(7.4) or (7.11)-(7.12)).

Now we are in the position to formulate the basic existence results in the form of the following propositions.

THEOREM 15.7 Let conditions (14.5) be fulfilled. Then the formulae (15.61)-(15.62) define the unique regular solution to the problem (C)_ω of the class

(U^{(1)} , U^{(2)}) ∈ ([C^{k,α}(Ω^1)]^4 , [C^{k,α}(Ω^2) ∩ SK^m_r (Ω^2)]^4) (15.63) (with r and ω as in (15.3)).

Proof. It is a ready consequence of the uniqueness Theorem 9.5 and Lemmata 10.1, 15.1, 15.3, and 15.5.

THEOREM 15.8 Let S ∈ C^∞, 1 < p < ∞, and

f ∈ [B^{1−1/p}_{p,p} (S)]^4, F ∈ [B^{−1/p}_{p,p} (S)]^4. (15.64) Then the formulae (15.61)-(15.62) represent the unique solution to the problem (C)_ω of the class

(U^{(1)} , U^{(2)}) ∈ ([W^1_p (Ω^1)]^4 , [W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)]^4) (15.65) (with r and ω as in (15.3)).

Proof. Solvability of the problem (C)_ω in the class indicated in the theorem is an immidiate consequence of the formulae (15.61)-(15.62), and Theorem 10.8 (with s = 1 − 1/p).

To prove the uniqueness of solution to the problem (C)_ω for arbitrary p ∈ (1, ∞), we have to repeate word for word the arguments of the proof of Theorem 14.6. The case is that the key integral representation formulae similar to (14.30)-(14.31) we can also write for a solution (U^{(1)} , U^{(2)}) to the homogeneous problem (C)_ω of the class (15.65) (see Theorem 10.8, item ii)).

15.2. In this subsection we present the existence results for the problem (G)_ω. First we transform the interface conditions (7.5)-(7.8) to the equivalent equations on S (cf. Subsection 14.3):

[B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F, (15.66) [u^{(1)} · n]^+ − [u^{(2)} · n]^− = ~f_n, [u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, (15.67) [P^{(1)}(D, n)U^{(1)} · l]^+ + [P^{(2)}(D, n)U^{(2)} · l]^− = ~F^{(+)}_l + ~F^{(−)}_l , (15.68) [P^{(1)}(D, n)U^{(1)} · m]^+ + [P^{(2)}(D, n)U^{(2)} · m]^− = ~F^{(+)}_m + ~F^{(−)}_m , (15.69) where F = ( ( ~F^{(+)}_l − ~F^{(−)}_l ) l + ( ~F^{(+)}_m − ~F^{(−)}_m ) m + ~F_n n, F_4 )_⊤ , (15.70) and l, m, and n are as in Subsection 7.2.

We seek the solution of the problem (G)_ω in the form of potentials (15.61)-(15.62), where F is given by (15.70), and

f = (φ l + ψ m + ~f_n n, f_4)^⊤. (15.71) Here φ and ψ are unknown scalar functions of the space C^{k,α}(S), while ~F^{(±)}_l , ~F^{(±)}_m , ~F_n, F_4, ~f_n, and f_4 are given functions on S. We assume that ~F^{(±)}_l , ~F^{(±)}_m , ~F_n, F_4 ∈ C^{k−1,α}(S), ~f_n, f_4 ∈ C^{k−1,α}(S), S ∈ C^{k+1,α′} , k ≥ 1, 0 < α < α^′ ≤ 1. (15.72)

From the results of the previous subsection it is evident that the vectors U^{(1)} and U^{(2)} given by (15.61) and (15.62) are regular solutions to the steady state oscillation equations of thermoelasticity theory (7.2). Moreover, they automatically satisfy the conditions (15.66) and (15.67). It remains to fulfil the conditions (15.68) and (15.69) by choosing the unknown functions φ and ψ appropriately.

Due to the jump relations of the single and double layer potentials (see Lemmata 10.1 and 10.7) we have from (15.61)-(15.62) (see also (15.9), (15.10) and (15.58)) [B^{(1)}(D, n)U^{(1)}]^+ = L^{(1)} Ψ [F − Ψ_2 Φ^{−1}_2 f] = Ψ_1 Ψ [F − Ψ_2 Φ^{−1}_2 f] = = Ψ_1 Ψ F − Ψ_1 Ψ Ψ_2 Φ^{−1}_2 (φ l + ψ m + ~f_n n, f_4)^⊤, (15.73) [B^{(2)}(D, n)U^{(2)}]^− = [L^{(2)} + p_0(2^{−1}I_4 + K^{(2)}_1 )] Φ^{−1}_2 [Φ_1 Ψ F − −(Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I)f] = Ψ_2 Φ^{−1}_2 [Φ_1 Ψ F − (Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I)f] = = Ψ_2 Φ^{−1}_2 Φ_1 Ψ F − Ψ_2 Φ^{−1}_2 (Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I)(φ l + ψ m + ~f_n n, f_4)^⊤. (15.74) Now let l^∗, m^∗, and n^∗, be the 4-vectors defined by (14.48) and let

e^∗ = (0, 0, 0, 1)^⊤. (15.75) Then

(φ l + ψ m + ~f_n n, f_4)^⊤ = φ l^∗ + ψ m^∗ + ~f_n n^∗ + f_4 e^∗. (15.76) Next we set

~q_1 = Ψ_1 Ψ F − Ψ_1 Ψ Ψ_2 Φ^{−1}_2 ( ~f_n n^∗ + f_4 e^∗), ~q_2 = Ψ_2 Φ^{−1}_2 Φ_1 Ψ F − Ψ_2 Φ^{−1}_2 (Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I)( ~f_n n^∗ + f_4 e^∗). (15.77) Applying these notations in (15.73) and (15.74) we get

[B^{(1)}(D, n)U^{(1)}]^+ = ( [P^{(1)}(D, n)U^{(1)}, λ^{(1)}(D, n)u^{(1)4} ]^+ )_⊤ = = −Ψ_1 Ψ Ψ_2 Φ^{−1}_2 (φ l^∗ + ψ m^∗) + ~q_1, (15.78) [B^{(2)}(D, n)U^{(2)}]^− = ( [P^{(2)}(D, n)U^{(2)}, λ^{(2)}(D, n)u^{(2)4} ]^− )_⊤ = = −Ψ_2 Φ^{−1}_2 (Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I) (φ l^∗ + ψ m^∗) + ~q_2 = = −Ψ_1 Ψ Ψ_2 Φ^{−1}_2 (φ l^∗ + ψ m^∗) + ~q_2, (15.79) since

−Ψ_2 Φ^{−1}_2 [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I] = −[Ψ_2 Φ^{−1}_2 Φ_1 Ψ + I]Ψ_2 Φ^{−1}_2 =

= −[(Ψ_2 Φ^{−1}_2 Φ_1 + Ψ_1 − ~Ψ_1)Ψ + I]Ψ_2 Φ^{−1}_2 = = −[−Ψ^{−1} Ψ + Ψ_1 Ψ + I]Ψ_2 Φ^{−1}_2 = −Ψ_1 Ψ Ψ_2 Φ^{−1}_2 (15.80) due to (15.58).

Substitution of the formulae (15.78)-(15.79) into the interface conditions (15.68)-(15.69) leads to the following system of ΨDEs on S for the unknown functions φ and ψ:

−Ψ_1 Ψ Ψ_2 Φ^{−1}_2 (φ l^∗ + ψ m^∗) + ~q_1 · l^∗ = 2^{−1}(~q_1 · l^∗ + ~q_2 · l^∗), (15.81) −Ψ_1 Ψ Ψ_2 Φ^{−1}_2 (φ l^∗ + ψ m^∗) + ~q_1, ·m^∗ = 2^{−1}(~q_1 · m^∗ + ~q_2 · m^∗). (15.82) This system can also be rewritten as

M_G h = q, (15.83) where h = (φ, ψ)^⊤ is the sought for 2-vector, q = (q_1, q_2)^⊤ is the given 2-vector, q_1 = 2^{−1}(~q_1 · l^∗ + ~q_2 · l^∗), q_2 = 2^{−1}(~q_1 · m^∗ + ~q_2 · m^∗), (15.84)

M_G = l_k(K_G)_{kj}l_j l_k(K_G)_{kj} m_j m_k(K_G)_{kj}l_j m_k(K_G)_{kj} m_j 2×2 , (15.85)

K_G = −Ψ_1 Ψ Ψ_2 Φ^{−1}_2 , (15.86) in (15.85) the summation over repeated indices k and j is meant from 1 to 3.

Note that K_G is a 4 × 4 matrix ΨDO of order 1. As in the proof of Lemma 15.5 we easily derive that the principal homogeneous symbol matrix of the operator K_G reads as

œ(KG) = −œ(Ψ1)œ(Ψ)œ(Ψ2)[œ(Φ2)]^{−1} = = − [L^{(1)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(1)}_{44} M^{−1} [L^{(2)}]_{3×3} [0]_{3×1} [0]_{1×3} L^{(2)}_{44}

[(K^{(2)})^{−1}]_{3×3} [0]_{3×1} [0]_{1×3} −2

with the same M, K^{(j)}, L^{(j)}, and L^{(j)}_{44} as in (15.54), due to formulae (15.20)-(15.29) and (15.54). The last equation together with (15.56) implies

œ(KG) =

[Z]_{3×3} [0]_{3×1} [0]_{1×3} Z_{44} 4×4 , (15.87)

where

Z_{44} = 2 L^{(1)}_{44} L^{(2)}_{44} [ L^{(1)}_{44} + L^{(2)}_{44} ]^{−1} (15.88) is a positive function, while

Z = −L^{(1)}(K^{(1)})^{−1} [L^{(1)}(K^{(1)})^{−1} − L^{(2)}(K^{(2)})^{−1}]^{−1}L^{(2)}(K^{(2)})^{−1} = = {−K^{(2)}(L^{(2)})^{−1}[L^{(1)}(K^{(1)})^{−1} − L^{(2)}(K^{(2)})^{−1}]K^{(1)}(L^{(1)})^{−1}}^{−1} = = [K^{(1)}(L^{(1)})^{−1} − K^{(2)}(L^{(2)})^{−1}]^{−1} (15.89) is a positive definite 3 × 3 matrix (since the matrices (15.55) are positive definite). Whence for arbitrary x ∈ S, ~ξ ∈ IR^2 \ {0}, and η ∈ CI^3 there hold the inequalities Z_{44}(x, ~ξ) ≥ c^′ | ~ξ|, Z(x, ~ξ)η · η ≥ c^{′′} | ~ξ| |η|^2, (15.90) with positive constants c^′ and c^{′′}.

LEMMA 15.9 The principal homogeneous symbol matrices of the ΨDOs K_G amd M_G are positive definite.

Proof. The positive definiteness of œ(K_G) follows from the equations (15.87)-(15.89). In the case of the matrix M_G, for arbitrary x ∈ S, ~ξ ∈ IR^2 \ {0}, and η ∈ CI^2, we have œ(MG)η · η = l_k(x)l_j(x)[œ(K_G)]_{kj} l_k(x)m_j(x)[œ(K_G)]_{kj} m_k(x)l_j(x)[œ(K_G)]_{kj} m_k(x)m_j(x)[œ(K_G)]_{kj} 2×2 η_1 η_2 · η_1 η_2 = = [l_k(x)l_j(x)Z_{kj} η_1 + l_k(x)m_j(x)Z_{kj}η_2]η_1 + [m_k(x)l_j(x)Z_{kj} η_1 + m_k(x)m_j(x)Z_{kj} η_2]η_2 = = Z_{kj} [l_j(x)η_1 + m_j(x)η_2][l_k(x)η_1 + m_k(x)η_2] = Z[η_1l(x) + η_2m(x)] · [η_1l(x) + η_2m(x)] ≥ ≥ c^{′′}| ~ξ| |η_1l(x) + η_2m(x)|^2 = c^{′′}| ~ξ| |η|^2, due to the second inequality in (15.90). Therefore, œ(M_G) is a positive definite matrix as well.

COROLLARY 15.10 The dominant singular parts of the operators (15.85) and (15.86) are formally self-adjoint elliptic ΨDOs of order 1 with indices equal to zero.

Next we recall that J_G(Ω^1) denotes the set of Jones eigenfrequencies for the problem (G)_ω and prove the following assertion.

LEMMA 15.11 If ω ∉ J_G(Ω^1), then the operators

M_G : [C^{l,α}(S)]^2 → [C^{l−1,α}(S)]^2, 1 ≤ l ≤ k,

: [H^s_p(S)]^2 → [H^{s−1}_p (S)]^2, S ∈ C^∞, s ∈ IR, 1 < p < ∞, : [B^s_{p,q}(S)]^2 → [B^{s−1}_{p,q} (S)]^2, S ∈ C^∞, s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞, are isomorphisms.

Proof. Again due to the general theory of ΨDOs on closed smooth manifolds, it suffices to show that the homogeneous version of equation (15.83) (q = 0) has only the trivial solution in the space C^{1,α}(S). Let h = (φ, ψ)^⊤ ∈ [C^{1,α}(S)]^2 be some solution of the homogeneous equation and construct the vectors U^{(1)} and U^{(2)} by formulae (15.61)-(15.62), where F = 0 and f = l^∗φ + m^∗ψ. Clearly, to the nontrivial pair (φ, ψ) there corresponds the nontrivial vector f since l^∗ and m^∗ are orthonormal (see (14.48)). On the other hand it is evident that (U^{(1)}, U^{(2)}) ∈ (C^{1,α}(Ω^1) , C^{1,α}(Ω^2) ∩ SK^m_r (Ω^2)) and they satisfy the homogeneous conditions (15.66)-(15.69), which are equivalent to the homogeneous version of equations (7.5)-(7.8). Therefore, by Theorem 9.9 we conclude U^{(μ)} = 0 in Ω^μ (μ = 1, 2). Now, from the equation [U^{(1)}]^+ − [U^{(2)}]^− = f = l^∗φ + m^∗ψ = 0, it follows that φ = ψ = 0.

With quite the same arguments as in the previous subsection (see proofs of Theorems 15.7 and 15.8) we derive the following propositions.

THEOREM 15.12 Let ω ∉ J_G(Ω^1) and conditions (15.72) be fulfilled. Then the problem (G)_ω is uniquely solvable in the class ([C^{k,α}(Ω^1)]^4 , [C^{k,α}(Ω^2) ∩ SK^m_r (Ω^2)]^4) and the solution is representable in the form of potentials (15.61)-(15.62), where F and f are given by (15.70) and (15.71), respectively, and where (φ, ψ)^⊤ ∈ [C^{k,α}(S)]^2 is the unique solution of the system of ΨDEs (15.83) with the right-hand side q ∈ [C^{k−1,α}(S)]^2.

THEOREM 15.13 Let ω ∉ J_G(Ω^1), S ∈ C^∞, and ~F^{(±)}_l , ~F^{(±)}_m , ~F_n, F_4 ∈ B^{−1/p}_{p,p} (S), ~f_n, f_4 ∈ B^{1−1/p}_{p,p} (S), 1 < p < ∞. Then the problem (G)_ω is uniquely solvable in the class ([W^1_p (Ω^1)]^4 , [W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)]^4) and the solution is representable in the form of potentials (15.61)-(15.62), where F and f are given by (15.70) and (15.71), respectively, and where (φ, ψ)^⊤ ∈ [B^{1−1/p}_{p,p} (S)]^2 is the unique solution of the system of ΨDEs (15.83) with the right-hand side q ∈ [B^{−1/p}_{p,p} (S)]^2.

15.3. Here we investigate the nonhomogeneous problem (H)_ω applying the same approach as above. Again we start with the reformulation of the interface conditions (7.7)- (7.10) to the equivalent equations

[U^{(1)}]^+ − [U^{(2)}]^− = f, [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4, (15.91) [P^{(1)}(D, n)U^{(1)} · n]^+ + [P^{(2)}(D, n)U^{(2)} · n]^− = ~F^{(+)}_n , (15.92) [u^{(1)} · l]^+ + [u^{(2)} · l]^− = ~f^{(+)}_l + ~f^{(−)}_l , [u^{(1)} · m]^+ + [u^{(2)} · m]^− = ~f^{(+)}_m + ~f^{(−)}_m , (15.93)

where f = ( [ ~f^{(+)}_l − ~f^{(−)}_l ] l + [ ~f^{(+)}_m + ~f^{(−)}_m ] m + ~f^{(+)}_n n, f_4 )_⊤ . (15.94)

Next we set

F = (φ l + ψ m + ~F^{(+)}_n n, F_4)^⊤ = φ l^∗ + ψ m^∗ + ~F^{(+)}_n n^∗ + F_4 e^∗, (15.95)

where φ and ψ are unknown scalar functions, while l^∗, m^∗, n^∗, and e^∗ are the same 4-vectors as in the previous subsection. Here we assume either ~f^{(±)}_l , ~f^{(±)}_m , ~f_n, f_4 ∈ C^{k,α}(S), ~F_n, F_4 ∈ C^{k−1,α}(S), S ∈ C^{k+1,α′} , k ≥ 1, 0 < α < α^′ ≤ 1, (15.96) or ~f^{(±)}_l , ~f^{(±)}_m , ~f_n, f_4 ∈ B^{1−1/p}_{p,p} (S), ~F_n, F_4 ∈ B^{−1/p}_{p,p} (S), S ∈ C^∞, 1 < p < ∞. (15.97)

Now we look for the solution to the the nonhomogeneous problem (H)_ω in the form of potentials (15.61)-(15.62), where f and F are defined by (15.94) and (15.95), respectively.

One can easily chack that the conditions (15.91) and (15.92) are automatically fulfilled. It remains to satisfy conditions (15.93).

Note that

[U^{(1)}]^+ = Φ_1 Ψ (F − Ψ_2 Φ^{−1}_2 f) = Φ_1 Ψ (φ l^∗ + ψ m^∗) + ~q_3, (15.98) [U^{(2)}]^− = Φ_2 (Φ^{−1}_2 Φ_1 Ψ F − Φ^{−1}_2 [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I] f) =

= Φ_1 Ψ (φl^∗ + ψm^∗) + ~q_4, (15.99) where ~q_3 and ~q_4 are given 4-vectors:

~q_3 = Φ_1 Ψ ( ~F_n n^∗ + f_4 e^∗) − Φ_1 Ψ Ψ_2 Φ^{−1}_2 f, ~q_4 = Φ_1 Ψ ( ~F_n n^∗ + f_4 e^∗) − [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I] f.

(15.100)

Therefore, the interface conditions (15.93) lead to the system of ΨDEs for φ and ψ on S:

Φ_1 Ψ (φ l^∗ + ψ m^∗) · l^∗ = 2^{−1}[~q_3 · l^∗ + ~q_4 · l^∗], Φ_1 Ψ (φ l^∗ + ψ m^∗) · m^∗ = 2^{−1}[~q_3 · m^∗ + ~q_4 · m^∗].

(15.101)

We rewrite these equations in matrix form

M_H h = q^′, (15.102) where h = (φ, ψ)^⊤ is the sought for 2-vector, q^′ = (q^′_1, q^′_2)^⊤ is the given 2-vector, q^′_1 = 2^{−1}[~q_3 · l^∗ + ~q_4 · l^∗], q^′_2 = 2^{−1}[~q_3 · m^∗ + ~q_4 · m^∗], (15.103)

M_H = l_k(K_H )_{kj}l_j l_k(K_H)_{kj} m_j m_k(K_H )_{kj}l_j m_k(K_H)_{kj} m_j 2×2 , (15.104)

K_H = Φ_1 Ψ; (15.105) here again the summation over repeated indices k and j is meant from 1 to 3.

By formulae (15.20)-(15.29) and (15.54) we get

œ(KH ) = œ(Φ1)œ(Ψ) =

[X]_{3×3} [0]_{3×1} [0]_{1×3} X_{44} 4×4 , (15.106)

where X = K^{(1)} ( [L^{(1)}(K^{(1)})^{−1} − L^{(2)}(K^{(2)})^{−1}]K^{(1)} )_{−1} = [L^{(1)}(K^{(1)})^{−1} − L^{(2)}(K^{(2)})^{−1}]^{−1} (15.107) is a positive definite 3 × 3 matrix and

X_{44} = 2^{−1}[L^{(1)}_{44} + L^{(2)}_{44} ]^{−1} > 0 for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}.

Now by the same reasonings as in the previous subsection one can prove the following propositions.

LEMMA 15.14 The principal homogeneous symbol matrices of the ΨDOs K_H amd M_H are positive definite.

COROLLARY 15.15 The dominant singular parts of the operators (15.104) and (15.105) are formally self-adjoint elliptic ΨDOs of order −1 with indices equal to zero. LEMMA 15.16 If ω ∉ J_H(Ω^1) (i.e., ω is not Jones eigenfrequency of the problem (H)_ω), then the operators

M_H : [C^{l−1,α}(S)]^2 → [C^{l,α}(S)]^2, 1 ≤ l ≤ k, : [H^s_p(S)]^2 → [H^{s+1}_p (S)]^2, S ∈ C^∞, s ∈ IR, 1 < p < ∞, : [B^s_{p,q}(S)]^2 → [B^{s+1}_{p,q} (S)]^2, S ∈ C^∞, s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞, are isomorphisms.

THEOREM 15.17 Let ω ∉ J_H (Ω^1), S ∈ C^∞, and conditions (15.96) [(15.97)] be fulfilled. Then the nonhomogeneous problem (H)_ω is uniquely solvable in the class

(U^{(1)}, U^{(2)}) ∈ ([C^{k,α}(Ω^1)]^4 , [C^{k,α}(Ω^2) ∩ SK^m_r (Ω^2)]^4) [ (U^{(1)}, U^{(2)}) ∈ ([W^1_p (Ω^1)]^4 , [W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)]^4) ]

and the solution is representable in the form of potentials (15.61)-(15.62), where f and F are given by (15.94) and (15.95), respectively, and where

(φ, ψ)^⊤ ∈ [C^{k,α}(S)]^2 [ (φ, ψ)^⊤ ∈ [B^{1−1/p}_{p,p} (S)]^2 ]

is the unique solution to the system of ΨDEs (15.102).

CHAPTER VI

MIXED AND CRACK TYPE PROBLEMS

In this chapter we study the basic mixed BVPs, the crack type problems, and the mixed interface problems formulated in Chapter II. Applying the boundary integral equation method we prove the existence theorems in Sobolev spaces and establish the almost best regularity results for solutions near the edges of cracks and at the collision curves of changing boundary conditions.

Throughout this chapter the interface surfaces (S), the collision curves and the crack edges are assumed to be C^∞-smooth. Moreover, the parameters r and ω in the steady state oscillation problems are subjected to the requirement (15.3).

16 Basic Mixed BVPs

16.1 In this subsection we present some results from the theory of elliptic pseudodifferential equations on manifolds with boundary in Bessel-potential and Besov spaces. They will be the main tools for proving existence theorems for the above mentioned mixed and crack type problems. All the results outlined below in this subsection can be found, for example, in [4], [20], [41], [66], [15], [67], [68], [69].

Let S ∈ C^∞ be a compact n-dimensional manifold with the boundary ∂S ∈ C^∞ and let A be a strongly elliptic m × m matrix pseudodifferential operator of order κ ∈ IR on S. Denote by œ(A)(x, ξ) the principal homogeneous symbol matrix of the operator A in some local coordinate system. Here x ∈ S, ξ ∈ IR^n \ {0}. Consider the following m × m matrix function A^{(0)}_η (x, ξ) = |ξ|^{−κ}œ(A)(x, |ξ^′|η, ξ_n), (16.1) where ξ^′ = (ξ_1, ..., ξ_{n−1}) and η belongs to the unit sphere Σ^{(n−2)} in IR^{n−1}.

It is known that the matrix A^{(0)}_η in (16.1) admits the factorization A^{(0)}_η (x, ξ) = A^−_η (x, ξ)D(η, x, ξ)A^+_η (x, ξ) for x ∈ ∂S, where [A^−_η (x, ξ)]^{±1} and [A^+_η (x, ξ)]^{±1} are matrices, which are homogeneous of degree 0 in ξ and admit analytic bounded continuations with respect to ξ_n into the lower and upper complex half-planes, respectively. Moreover, D(η, x, ξ) is a bounded lower triangular matrix with entries of the form ( ξ_n − i|ξ^′| ξ_n + i|ξ^′| )δ_{j(}x_) , j = 1, ...m, on the main diagonal; here

δ_j(x) = (2πi)^{−1} ln λ_j (x), j = 1, ..., m, where λ_1(x), ..., λ_m(x) are the eigenvalues of the matrix A(x) = [œ(A)(x, 0, ...0, −1)]^{−1}[œ(A)(x, 0, ..., 0, +1)]. The branch in the logarithmic function is chosen with regard to the inequality 1/p − 1 < Re δ_j(x) < 1/p, j = 1, ..., m, p > 1. The numbers δ_j(x) do not depend on the choice of the local co-ordinate system.

Note that, if œ(A)(x, ξ) is a positive definite matrix for every x ∈ S and ξ ∈ IR^n \ {0}, then

Re δ_j(x) = 0 for j = 1, ..., m, (16.2) since, in this case, the eigenvalues of the matrix A(x) are positive numbers for any x ∈ S.

The Fredholm properties of such operators are characterized by the following lemma.

LEMMA 16.1 Let 1 < p < ∞, s ∈ IR, 1 ≤ q ≤ ∞, and let A be a strongly elliptic pseudodifferential operator having a positive definite principal homogeneous symbol matrix, i.e., œ(A)(x, ξ)ζ · ζ ≥ c |ζ|^2 for x ∈ S, ξ ∈ IR^n with |ξ| = 1, and ζ ∈ CI^m, where c is a positive constant.

Then the operators

A : ~H^s_p (S) → H^{s−κ}_p (S), (16.3) : ~B^s_{p,q}(S) → B^{s−κ}_{p,q} (S), (16.4) are bounded Fredholm operators of index zero if and only if 1/p − 1 < s − κ/2 < 1/p. (16.5) Moreover, the null-spaces and indices of the operators (16.3),(16.4) are the same for all values of the parameter q ∈ [1, +∞], and for all values of the parameters p ∈ (1, ∞) and s ∈ IR satisfying the inequality (16.5).

16.2. First we consider the basic mixed BVP (P_{mix})^+_τ for the pseudo-oscillation equations of thermoelasticity (see (5.9)-(5.10)).

We assume that the boundary data meet the following conditions

f^{(1)}_j ∈ B^{1−1/p}_{p,p} (S_1), F^{(1)}_j ∈ B^{−1/p}_{p,p} (S_2), j = 1, 4, 1 < p < ∞, (16.6) and look for the solution U in the space W^1_p (Ω^+).

Let f_0 = (f_{01}, · · · , f_{04})^⊤ ∈ B^{1−1/p}_{p,p} (S) be some fixed extention of the given vector function f^{(1)} = (f^{(1)}_1 , · · · , f^{(1)}_4 )^⊤ ∈ B^{1−1/p}_{p,p} (S_1) onto the whole surface S = ∂Ω^+. Then an arbitrary extention, preserving the functional space, is represented as

f = f_0 + φ ∈ B^{1−1/p}_{p,p} (S), (16.7) where φ ∈ ~B^{1−1/p}_{p,p} (S_2). Clearly, f|_{S1} = f_0|_{S1} = f^{(1)}.

Let us seek the solution of the mixed BVP (P_{mix})^+_τ in the form of a single layer potential U(x) = V_τ (H^{−1}_τ f)(x), x ∈ Ω^+, (16.8) where V_τ is given by (11.1), H^{−1}_τ is the operator inverse to H_τ (see (11.1) and Remark 12.13), and f is given by formula (16.7).

Applying Theorem 11.3 we can easily see that the conditions (5.9) are automatically satisfied, while the conditions (5.10) lead to the ΨDE for the unknown vector function φ [B(D, n)U]^+ = [−2^{−1}I_4 + K_{1,τ} ]H^{−1}_τ (f_0 + φ) = F^{(1)} on S_2, (16.9) where f_0 and F^{(1)} = (F^{(1)}_1 , · · · , F^{(1)}_4 )^⊤ ∈ B^{−1/p}_{p,p} (S_2) are given vector-functions, and where the operator K_{1,τ} is defined by (11.4). Let N^+_{τ,mix} := [−2^{−1}I_4 + K_{1,τ} ]H^{−1}_τ . (16.10) Then the equation (16.9) is written as

r_{S2} N^+_{τ,mix} φ = g on S_2, (16.11) where r_{S2} is the restriction operator on S_2, and

g = F^{(1)} − r_{S2} N^+_{τ,mix} f_0 ∈ B^{−1/p}_{p,p} (S_2). (16.12) The properties of the operators N^+_{τ,mix} and r_{S2} N^+_{τ,mix} are described by the following lemmata. LEMMA 16.2 The principal homogeneous symbol matrix of the ΨDO N^+_{τ,mix} is positive definite for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}.

Proof. It is verbatim the proof of Lemma 14.2 for the operator N_{1,τ} . LEMMA 16.3 The operators

r_{S2} N^+_{τ,mix} : [ ~B^{s+1}_{p,q} (S_2)]^4 → [B^s_{p,q}(S_2)]^4, (16.13) : [~H^{s+1}_p (S_2)]^4 → [H^s_p(S_2)]^4, (16.14) are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition 1/p − 3/2 < s < 1/p − 1/2 (16.15) holds.

Proof. The boundedness and Fredholmity of the operators (16.13) and (16.14) under the restriction (16.15) follow from Lemmata 16.2 and 16.1 with s + 1 and 1 in the place of s and κ. Due to Lemma 16.2 the dominant singular part of the operator N^+_{τ,mix} is formally self-adjoint. Therefore, the Fredholm indices of the operators (16.13) and (16.14) equal zero.

It remains to prove that the operators under consideration have the trivial null-spaces. Obviously, if we are able to find two numbers s_1 ∈ IR and p_1 ∈ (1, ∞) satisfying the inequalities (16.15) such that the homogeneous equation

r_{S2} N^+_{τ,mix} φ = 0 (16.16)

has no nontrivial solutions in the space ~B^{s1}_{p1,p1}(S_2) [~H^{s1}_{p1} (S_2)], then due to Lemma 16.1 we can conclude that the null-spaces of the operators (16.13), (16.14) are trivial for all values of the parameters s and p subjected to the condition (16.15).

To this end let us take

s_1 = −1/2, p_1 = 2, q = 2, (16.17)

which satisfy inequalities (16.15). We recall that ~B^{±1/2}_{2,2} (S_2) = ~H^{±1/2}_2 (S_2).

Let some vector function φ_0 ∈ ~B^{1/2}_{2,2} (S_2) solve the homogeneous equation (16.16) and let us construct the single layer potential

U_0(x) = V_τ (H^{−1}_τ φ_0)(x), x ∈ Ω^+. (16.18)

By Theorem 11.3 and Remark 12.13 we have

U_0(x) ∈ H^1_2 (Ω^+) = W^1_2 (Ω^+), (16.19)

and, moreover, U_0 satisfies the conditions corresponding to the homogeneous mixed BVP (P_{mix})^+_τ due to the the homogeneous equation (16.16) and the inclusion φ_0 ∈ ~B^{1/2}_{2,2} (S_2). With regard Theorem 8.3 we then infer that U_0 = 0 in Ω^+, and, consequently, [U_0]^+ = φ_0 = 0. This completes the proof.

Now we can formulate the following existence result.

THEOREM 16.4 Let 4/3 < p < 4 and conditions (16.6) be fulfilled. Then the nonhomogeneous mixed problem (P_{mix})^+_τ is uniquely solvable in the space W^1_p (Ω^+) and the solution is representable in the form of the single layer potential (16.8), where the density f is given by (16.7) and where φ is the unique solution of the ΨDE (16.11).

Proof. First we note that, in accordance with Lemma 16.3, the ΨDE (16.11) is uniquely solvable for s = −1/p and 4/3 < p < 4, where the last inequality follows from the condition (16.15). This implies the solvability of the problem (P_{mix})^+_τ in the space W^1_p (Ω^+) with p as above. Next we show that this problem is uniquely solvable in the space W^1_p (Ω^+) for arbitrary p ∈ (4/3, 4) (for p = 2 it has been proved in Theorem 8.3).

We proceed as follows. Let U ∈ W^1_p (Ω^+) be some solution of the homogeneous problem (P_{mix})^+_τ . Clearly, then

[U]^+ ∈ ~B^{1−1/p}_{p,p} (S_2). (16.20)

By Remark 12.13 we have the following representation for the vector U (see (12.55))

U(x) = V_τ (H^{−1}_τ [U]^+)(x), x ∈ Ω^+. (16.21)

Since U satisfies the homogeneous conditions (5.10), from (16.21) we get

r_{S2} N^+_{τ,mix} [U]^+ = 0 on S_2. (16.22)

Whence [U]^+ = 0 on S follows due to the inclusion (16.20), Lemma 16.3, and the inequality 4/3 < p < 4. Therefore, U = 0 in Ω^+.

Now we can prove the main regularity result for the solution to the mixed BVP (P_{mix})^+_τ . THEOREM 16.5 Let the conditions (16.6) be fulfilled, 4/3 < p < 4, 1 < t < ∞, 1 ≤ q ≤ ∞, 1/t − 3/2 < s < 1/t − 1/2, (16.23) and let U ∈ W^1_p (Ω^+) be the unique solution to the mixed problem (P_{mix})^+_τ .

In addition to (16.6), i) if

f^{(1)} ∈ B^{s+1}_{t,t} (S_1), F^{(1)} ∈ B^s_{t,t}(S_2), (16.24) then U ∈ H^{s+1+1/t} t (Ω^+); (16.25) ii) if

f^{(1)} ∈ B^{s+1}_{t,q} (S_1), F^{(1)} ∈ B^s_{t,q}(S_2), (16.26) then U ∈ B^{s+1+1/t} t,q (Ω^+); (16.27) iii) if

f^{(1)} ∈ C^α(S_1), F^{(1)} ∈ B^{α−1}_{∞,∞}(S_2), for some α > 0, (16.28) then

U ∈ C^ν (Ω^+) with any ν ∈ (0, α_0), α_0 := min{α, 1/2}. (16.29) Proof. Theorem 11.3 and Remark 12.13 (see (12.53)) together with the conditions (16.24) [(16.26)] imply g ∈ B^s_{t,t}(S_2) [B^s_{t,q}(S_2)], where g is defined by (16.12). Note that f_0 ∈ B^{s+1}_{t,t} (S) [B^{s+1}_{t,q} (S)] is some extension of the vector f^{(1)} onto the whole of S.

Next, by Lemma 16.3 and conditions (16.23) we conclude that the equation (16.11) is uniquely solvable in the space ~B^{s+1}_{t,t} (S_2) [ ~B^{s+1}_{t,t} (S_2)]. Therefore, we have that in the represntation (16.8) of the unique solution U to the problem (P_{mix})^+_τ in the space W^1_p (Ω^+) the density vector f = f_0 + φ satisfies inclusion

f = f_0 + φ ∈ B^{s+1}_{t,t} (S) [B^{s+1}_{t,q} (S)] (16.30) as well (together with the embeding (16.7)).

Applying again Theorem 11.3 and Remark 12.13 concerning the mapping properties of the single layer operator V_τ and the ΨDO H^{−1}_τ we find that (16.25) [(16.27)] holds.

For the last assertion (item iii)) we use the following embeddings (see, e.g., [75], [75]) C^α(S) = B^α_{∞,∞}(S) ⊂ B^{α−ε}_{∞,1} (S) ⊂ B^{α−ε}_{∞,q} (S) ⊂ B^{α−ε}_{t,q} (S) ⊂ C^{α−ε−k/t}(S), (16.31) where ε is an arbitrary small positive number, S ⊂ IR^3 is a compact k-dimensional (k = 2, 3) smooth manifold with smooth boundary (see Subsection 6.1), 1 ≤ q ≤ ∞, 1 < t < ∞, α − ε − k/t > 0, α and α − ε − k/t are not integer numbers. From the assumption iii) of the theorem and the embeddings (16.31), it is easily seen that the condition (16.26) follows with any s ≤ α − ε − 1.

Bearing in mind (16.23), and taking t sufficiently large and ε sufficiently small, we are able to put s = α − ε − 1 if 1/t − 3/2 < α − ε − 1 < 1/t − 1/2, (16.32) and s ∈ (1/t − 3/2, 1/t − 1/2) if 1/t − 1/2 < α − ε − 1. (16.33) By (16.27) the solution U belongs then to B^{s+1+1/t}_{t,q} (Ω^+) with s + 1 + 1/t = α − ε − 1/t if there holds (16.32), and with s + 1 + 1/t ∈ (2/t − 1/2, 2/t + 1/2) if there holds (16.33). In the last case we can take s + 1 + 1/t = 2/t + 1/2 − ε. Therefore, we have either U ∈ B^{α−ε+1/t} t,q (Ω^+) or U ∈ B^{2/t+1/2−ε}_{t,q} (Ω^+) in accordance with inequalities (16.32) and (16.33).

Now the last embedding in (16.31) (with k = 3) yields that either U ∈ C^{α−ε−2/t}(Ω^+) or U ∈ C^{1/2−ε−1/t}(Ω^+), which lead to the inclusion

U ∈ C^{α0−ε−2/t}(Ω^+), (16.34)

where α_0 := min{α, 1/2}. Since t is sufficiently large and ε is sufficiently small, the embedding (16.34) completes the proof.

16.3. The basic mixed exterior BVP (P_{mix})^−_τ (see (5.9)-(5.10)) can be considered by applying quite the same approach and by the word for word arguments. Therefore, in this subsection we formulate only the basic results concerning the existence and regularity of solutions.

Let the boundary data f^{(1)}_j and F^{(1)}_j (j = 1, 4) of the BVP (P_{mix})^−_τ satisfy the conditions (16.6), and f_0, f, and φ be as in the previous subsection. We again look for the solution in the form of the single layer potential

U(x) = V_τ (H^{−1}_τ f)(x), x ∈ Ω^−, (16.35)

where f = f_0 + φ ∈ B^{1−1/p}_{p,p} (S), f_0 ∈ B^{1−1/p}_{p,p} (S), φ ∈ ~B^{1−1/p}_{p,p} (S_2). (16.36) As above f_0 is the given vector function satisfying the condition f_0|_{S1} = f^{(1)}, while φ is the unknown vector function which has to be defined by the ΨDE

r_{S2} N^−_{τ,mix} φ = g on S_2, (16.37)

where r_{S2} is again the restriction operator on S_2, and

N^−_{τ,mix} = [2^{−1}I_4 + K_{1,τ} ]H^{−1}_τ , (16.38)

g = F^{(1)} − r_{S2} N^−_{τ,mix} f_0 ∈ B^{−1/p}_{p,p} (S_2). (16.39)

LEMMA 16.6 The principal homogeneous symbol matrix of the ΨDO N^−_{τ,mix} is positive definite for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}. LEMMA 16.7 The operators

r_{S2} N^−_{τ,mix} : [ ~B^{s+1}_{p,q} (S_2)]^4 → [B^s_{p,q}(S_2)]^4, : [~H^{s+1}_p (S_2)]^4 → [H^s_p(S_2)]^4, are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

THEOREM 16.8 Let 4/3 < p < 4 and let the conditions (16.6) be fulfilled. Then the nonhomogeneous mixed problem (P_{mix})^−_τ is uniquely solvable in the space W^1_p (Ω^−) and the solution is representable in the form (16.35), where the density f is given by (16.36) and where φ is the unique solution of the ΨDE (16.37).

THEOREM 16.9 Let the conditions (16.6) and (16.23) be fulfilled, and let U ∈ W^1_p (Ω^−) be the unique solution to the mixed problem (P_{mix})^−_τ .

In addition to (16.6), i) if there hold the inclusions (16.24), then U ∈ H^{s+1+1/t} t (Ω^−);

ii) if there hold the inclusions (16.26), then U ∈ B^{s+1+1/t} t,q (Ω^−);

iii) if there hold the inclusions (16.28), then

U ∈ C^ν (Ω^−) with any ν ∈ (0, α_0), α_0 := min{α, 1/2}.

The proofs of these propositions are verbatim the proofs of Lemmata 16.2, 16.3, and Theorems 16.4, 16.5.

16.4. In this subsection we shall study the basic mixed exterior BVP (P_{mix})^−_ω for the steady state oscillation equations of the thermoelasticity theory formulated in Section 5 (see (5.9)-(5.10))). Again let f^{(1)}, F^{(1)}, f_0, f, and φ be the same as in Subsection 16.2.

We look for a solution to the BVP (P_{mix})^−_ω in the form

U(x) = (W + p_0V ) (N^{−1}_1 f)(x), x ∈ Ω^−, (16.40) where V and W are the single and double layer potentials given by formulae (10.1) and (10.2), respectively, p_0 is defined by (13.5), f = f_0 + φ ∈ B^{1−1/p}_{p,p} (S), f_0 ∈ B^{1−1/p}_{p,p} (S), φ ∈ ~B^{1−1/p}_{p,p} (S), (16.41) and N^{−1}_1 is an elliptic SIO inverse to the operator (cf. (13.6))

N_1 := −2^{−1}I_4 + K_2 + p_0H. (16.42)

Note that N^{−1}_1 is an elliptic SIO due to Lemma 10.2. Moreover, the mapping N^{−1}_1 : [B^s_{p,q}(S)]^4 → [B^s_{p,q}(S)]^4, 1 < p < ∞, 1 ≤ q ≤ ∞, s ∈ IR, (16.43) is an isomorphism according to Lemma 13.13.

Applying Theorem 10.8, item i), one can easily see that the vector U represented by formula (16.40) automatically satisfies the boundary conditions (5.9) on S_1 since [U]^+ = f on S and f|_{S1} = f_0|_{S1} = f^{(1)}. It remains to fulfil the conditions (5.10) on S_2 which lead to the ΨDE for the unknown vector φ

[B(D, n)U]^+ = [L + p_0(2^{−1}I_4 + K_1)] N^{−1}_1 (f_0 + φ) = F^{(2)} on S_2, (16.44) where L is defined by (10.36) and (10.6), while K_1 is given by (10.4).

Next we set

N^−_{mix} := −[L + p_0(2^{−1}I_4 + K_1)] N^{−1}_1 , (16.45) and rewrite the equation (16.44) as

r_{S2} N^−_{mix} φ = q on S_2, (16.46) where r_{S2} is again the restriction operator on S_2, and

q = −F^{(2)} + r_{S2} N^−_{mix} f_0 ∈ B^{−1/p}_{p,p} (S_2). (16.47) The inclusion (16.47) for the right-hand side vector function q follows from Theorem 10.8 and the mapping property (16.43). Further, we present the properties of the operators N^−_{mix} and r_{S2} N^−_{mix}.

LEMMA 16.10 The principal homogeneous symbol matrix of the ΨDO N^−_{mix} is positive definite for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}.

Proof. First we note that the principal homogeneous symbol matrix of the operator N^−_{mix} reads as

œ(N^−_{mix}) = −œ(L)œ(N^−_1 ) = = − [œ(L^{(0)})]3×3 [0]3×1

[0]_{1×3} œ(L^{(0)}_4 ) 4×4 [œ(−2^{−1}I3+^∗K^{(0)})]^{−1}_{3×3} [0]3×1

[0]_{1×3} −2 4×4 =

= [ − œ(L^{(0)})[œ(−2^{−1}I3+^∗K^{(0)})]^{−1}]3×3 [0]3×1

[0]_{1×3} 2œ(L^{(0)}_4 ) 4×4 ,

due to formulae (10.25), (10.30), (10.49). As we have already mentioned in the proof of Lemma 15.5, the matrix [−œ(L^{(0)})[œ(−2^{−1}I_3+^∗K^{(0)})]^{−1}]_{3×3} is positive definite for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0} (for details see [57], [39], [33], [55]), while the function 2œ(L^{(0)}_4 ) is positive in accordance with the inequality (10.50). Hence œ(N^−_{mix}) is positive definite.

LEMMA 16.11 The operators

r_{S2} N^−_{mix} : [ ~B^{s+1}_{p,q} (S_2)]^4 → [B^s_{p,q}(S_2)]^4, (16.48)

: [~H^{s+1}_p (S_2)]^4 → [H^s_p (S_2)]^4, (16.49)

are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

Proof. It is quite similar to the proof of Lemma 16.3. Indeed, the boundedness and Fredholmity of the operators in question follow from Lemma 16.10 and Lemma 16.1 with s + 1 and 1 in the place of s and κ.

Further, due to Lemma 16.10 the dominant singular part of the operator N^−_{mix} is formally self-adjoint which shows that the Fredholm indices of the operators (16.48) and (16.49) equal zero.

To prove that their null-spaces are trivial, as in the proof of Lemma 16.3, we concider the homogeneous ΨDE

r_{S2} N^−_{mix} φ = 0 on S_2, (16.50)

and prove that it has only the trivial solution in the space ~B^{1/2}_{2,2} (S_2) = ~H^{1/2}_2 (S_2). It corresponds to the particular values of the parameters s and p (and q) given by (16.17).

Let some vector function φ_0 ∈ ~B^{1/2}_{2,2} (S_2) solve the equation (16.50), and construct the vector

U_0(x) = (W + p_0V ) (N^{−1}_1 φ_0)(x), x ∈ Ω^−. (16.51)

By Theorem 10.8, Lemma 13.13 and the mapping property (16.43) we conclude

U_0(x) ∈ W^1_{2,loc}(Ω^−) ∩ SK^m_r (Ω^−). (16.52)

Moreover, U_0 satisfies the boundary conditions of the homogeneous mixed BVP (P_{mix})^−_ω due to the homogeneous equation (16.50) and the inclusion φ_0 ∈ ~B^{1/2}_{2,2} (S_2). By virtue of the uniqueness results (see Theorem 9.6) the vector function (16.51) then vanish in Ω^−, and, consequently, [U_0]^− = φ_0 = 0 on S. The proof is completed.

These lemmata imply the foolowing existence results.

THEOREM 16.12 Let 4/3 < p < 4 and let the conditions (16.6) be fulfilled. Then the nonhomogeneous mixed exterior problem (P_{mix})^−_ω is uniquely solvable in the class W^1_{p,loc}(Ω^−)∩ SK^m_r (Ω^−) and the solution is representable in the form (16.40), where the density f is given by (16.41) and where φ is the unique solution of the ΨDE (16.46).

Proof. Again it is quite similar to the proof of Theorem 16.4. If we fix s = −1/p, then the nonhomogeneous equation (16.46) is uniquely solvable in the space ~B^{1−1/p}_{p,p} (S_2) for arbitrary p ∈ (4/3, 4) which follows from Lemma 16.11 and the inequality (16.15) (with s = −1/p). This implies the solvability of the nonhomogeneous mixed exterior problem (P_{mix})^−_ω in the class W^1_{p,loc}(Ω^−) ∩ SK^m_r (Ω^−), indicated in the theorem.

Now we show that this problem is uniquely solvable for arbitrary p ∈ (4/3, 4) (for p = 2 it has already been proved in Theorem 9.6).

To this end let us consider the homogeneous problem (P_{mix})^−_ω in the class W^1_{p,loc}(Ω^−) ∩ SK^m_r (Ω^−) with p ∈ (4/3, 4), and let a vector function U be its arbitrary solution. Since [U]^− ∈ B^{1−1/p}_{p,p} (S) we conclude that U is uniquely representable in the form

U(x) = (W + p_0V ) (N^{−1}_1 [U]^−)(x), x ∈ Ω^−, (16.53)

due to Theorem 13.14.

Moreover, [U]^− ∈ ~B^{1−1/p}_{p,p} (S_2) and

[B(D, n)U]^−_{S2} = r_{S2} N^−_{mix} [U]^− = 0 on S_2, (16.54)

inasmuch as U is a solution to the homogeneous problem (P_{mix})^−_ω . Further, Lemma 16.11 together with the conditions s = −1/p and p ∈ (4/3, 4) implies that [U]^− = 0 on S. Now the representation formula (16.53) completes the proof.

Finally, we formulate the following regularity results.

THEOREM 16.13 Let the conditions (16.6) and (16.23) be fulfilled, and let the vectorfunction U ∈ W^1_{p,loc}(Ω^−) ∩ SK^m_r (Ω^−) be the unique solution to the mixed problem (P_{mix})^−_ω .

In addition to (16.6), i) if there hold the inclusions (16.24), then U ∈ H^{s+1+1/t} t,loc (Ω

−) ∩ SK^m_r (Ω^−); (16.55)

ii) if there hold the inclusions (16.26), then U ∈ B^{s+1+1/t} t,q,loc (Ω −) ∩ SK^m_r (Ω^−); (16.56)

iii) if there hold the inclusions (16.28), then

U ∈ C^ν (Ω^−) ∩ SK^m_r (Ω^−) with any ν ∈ (0, α_0), α_0 := min{α, 1/2}. (16.57)

The proof of these propositions is verbatim the proof of Theorem 16.5. We only emphasize here that every solution of the equation (1.10) in Ω^− in the distributional sence, actually, is C^∞-regular in the domain Ω^−. Therefore, the inclusions (16.55)-(16.56) should be established in some compact (exterior) neigbourhood of the boundary S where we can apply the embeddings (16.31) and the arguments employed in the proof of Theorem 16.5.

17 Crack Type Problems

In this section we shall investigate the crack type problems (CR.D)_ω and (CR.N )_ω for the steady state oscillation equations of the thermoelasticity theory formulated in Section 6. We note that the crack type problems (CR.D)_τ and (CR.N )_τ for the pseudo-oscillation equations of the thermoelasticity theory are considered in detail in the reference [16].

17.1. First we treat the problems (CR.D)_ω (see (6.1)). Let S_1, ∂S_1, f^{(±)}, ~f^{(±)}, f^{(±)}_j (j = 1, 4), be the same as in Section 6. Here we again assume that

f^{(±)}_j ∈ B^{1−1/p}_{p,p} (S_1), f^{(+)}_j − f^{(−)}_j ∈ ~B^{1−1/p}_{p,p} (S_1), j = 1, 4, p > 1. (17.1)

We recall that S_1 is a submanifold of the closed C^∞-regular surface S surrounding the bounded domain Ω^+, IR^3_{S1} = IR^3 \ S_1, and Ω^− = IR^3 \ Ω^+.

Let U ∈ W^1_{p,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ) be some solution to the steady state oscillation equations (1.10). Then U ∈ C^∞(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ) and, moreover,

[U]^+_{S2} = [U]^−_{S2} , [B(D, n)U]^+_{S2} = [B(D, n)U]^−_{S2} , (17.2)

where S_2 = S \ S_1.

Due to Theorem 10.8 and the representations (3.2)-(3.3) we have the following formulae

W ( [U]^+_S ) (x) − V ( [B(D, n)U]^+_S ) (x) =

U(x) for x ∈ Ω^+,

0 for x ∈ Ω^−,

(17.3)

− W ( [U]^+_S ) (x) + V ( [B(D, n)U]^+_S ) (x) =

0 for x ∈ Ω^+,

U(x) for x ∈ Ω^−,

(17.4)

since U|_Ω+ ∈ W^1_{p,}(Ω^+) and U|_Ω− ∈ W^1_{p,loc}(Ω^−) ∩ SK^m_r (Ω^−) and A(D, −iω)U = 0 in IR^3_{S1} . Here V and W are single and double layer potentials defined by (10.1) and (10.2), respectively.

By adding these equations term by term and using the conditions (17.2), we obtain the following general integral representation of the above vector function U:

U(x) = W (φ)(x) − V (ψ)(x), x ∈ IR^3_{S1} , (17.5)

where

φ = [U]^+_{S1} − [U]^−_{S1} ∈ ~B^{1−1/p}_{p,p} (S_1), (17.6)

ψ = [B(D, n)U]^+_{S1} − [B(D, n)U]^−_{S1} ∈ ~B^{−1/p}_{p,p} (S_1). (17.7)

We remark that the double and single layer potentials in (17.5) with densities (17.6) and (17.7) are C^∞-regular vector functions in IR^3_{S1} and belong to the class W^1_{p,loc}(IR^3_{S1} )∩SK^m_r (IR^3_{S1} ) in accordance with Theorem 10.8. Furthermore, if the representation (17.5) holds for some vector function U ∈ W^1_{p,loc}(IR^3_{S1} ) with φ ∈ ~B^{1−1/p}_{p,p} (S_1) and ψ ∈ ~B^{−1/p}_{p,p} (S_1), then automatically U ∈ SK^m_r (IR^3_{S1} ), and the densities φ and ψ are related to the vector U by the equations (17.6) and (17.7) (which follow from the jump relations of the surface potentials involved in (17.5)).

Next, we transform the boundary conditions of the problem (CR.D)_ω to the equivalent equations on S_1:

[U]^+_{S1} − [U]^−_{S1} = f^{(+)} − f^{(−)}, (17.8) [U]^+_{S1} + [U]^−_{S1} = f^{(+)} + f^{(−)}. (17.9) Now, we look for the solution in the form (17.5), where φ and ψ are unknown densities having the mechanical sense described by the equations (17.6)-(17.7) due to the above remark.

It is evident that φ is then represented explicitly by formula

φ = f^{(+)} − f^{(−)} ∈ ~B^{1−1/p}_{p,p} (S_1) (17.10) in accordance with (17.8), while the second boundary condition (17.9) leads to the ΨDE for ψ on S_1:

− r_{S1} H ψ = g on S_1; (17.11) here the operator H is given by (10.3), r_{S1} is the restriction operator to S_1, and g = 2^{−1}(f^{(+)} + f^{(−)}) − r_{S1} K_2 (f^{(+)} − f^{(−)}) ∈ ~B^{1−1/p}_{p,p} (S_1), (17.12) where the SIO K_2 is defined by (10.5).

The inclusion (17.12) follows from Theorem 10.8. The operator r_{S1} H possesses the following properties.

LEMMA 17.1 The principal homogeneous symbol matrix of the pseudodifferential operator H is positive definite for arbitrary x ∈ S_1 and ~ξ ∈ IR^2 \ {0}. Proof. It follows from Remark 10.4. LEMMA 17.2 The operators

r_{S1} H : [ ~B^s_{p,q}(S_1)]^4 → [B^{s+1}_{p,q} (S_1)]^4, (17.13) : [~H^s_p(S_1)]^4 → [H^{s+1}_p (S_1)]^4, (17.14) are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

Proof. The mapping properties, boubdedness, and Fredholmity of the operators (17.13)- (17.14) follow from Theorem 10.8 and Lemma 16.1 (with κ = −1). Further, by Lemma 17.1 we conclude that the Fredholm indices of the operators in question equal zero.

To prove that the null-spaces are trivial, we take again s = −1/2 and p = q = 2 (which satisfy the inequalities (16.15)) and consider the homogeneous equation

− r_{S1} H ψ = 0 on S_1 (17.15) in the space ~B^{−1/2}_{2,2} (S_1) = ~H^{−1/2}_2 (S_1).

Let ψ_0 ∈ ~B^{−1/2}_{2,2} (S_1) be some solution to the equation (17.15) and construct the vector function

U_0(x) = −V (ψ_0)(x), x ∈ IR^3_{S1} . (17.16)

Obviously, U_0 ∈ W^1_{p,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} . Moreover, U_0 solves the homogeneous crack problem (CR.D)_ω in IR^3_{S1} due to the choice of the density ψ_0 and the continuity of the single layer potential (see Theorem 10.8). By Theorem 9.7 we then infer that U_0 = 0 in IR^3_{S1} , and, consequently, by Theorem 10.8 we have [B(D, n)U_0]^+_{S1} − [B(D, n)U_0]^−_{S1} = −ψ_0 = 0. This shows that ker[r_{S1} H] is trivial in ~B^{−1/2}_{2,2} (S_1). Now by Lemma 16.1 we conclude that, if s and p satisfy inequality (16.15), the operators (17.13) and (17.14) have thivial kernels and, therefore, are invertible.

This lemma implies the following existence theorem.

THEOREM 17.3 Let 4/3 < p < 4 and let the conditions (17.1) be fulfilled. Then the nonhomogeneous crack type problem (CR.D)_ω is uniquely solvable in the class W^1_{p,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ) and the solution is representable in the form (17.5), where φ is given by (17.10) and ψ is the unique solution of the ΨDE (17.11).

Proof. If we set s = −1/p, then the condition (16.15) yields the inequalities for p: 4/3 < p < 4. Therefore, due to Lemma 17.2, the nonhomogeneous equation (17.11) with the right-hand side q given by (17.12) is uniquely solvable. This shows that the nonhomogeneous crack type problem (CR.D)_ω is solvable in the class W^1_{p,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ), and the vector U defined by (17.5) represents a solution to the problem in question.

Next, we prove that the problem is uniquely solvable for arbitrary p ∈ (4/3, 4). Let 4/3 < p < 4 and let U be any solution to the homogeneous problem (CR.D)_ω from the class indicated in the theorem. Due to the above mentioned results, U is then representable by the formula (17.5) where φ and ψ are defined by (17.6) and (17.7). Therefore, φ = 0, and

U(x) = −V (ψ)(x), x ∈ IR^3_{S1} . (17.17)

Further, the homogeneous boundary conditions on S_1 yield that

− r_{S1} H ψ = 0 on S_1, (17.18)

where ψ ∈ ~B^{−1/p}_{p,p} (S_1) with 4/3 < p < 4. From this equation by Lemma 16.2 it follows that ψ = 0 on S_1, since for s = −1/p and p ∈ (4/3, 4) the condition (16.15) holds and the homogeneous equation (17.18) does not possess nontrivial solutions. Now by (17.17) we get U = 0 in IR^3_{S1} which completes the proof.

As in the case of the basic mixed BVPs here we have the following regularity results.

THEOREM 17.4 Let the conditions (17.1) and (16.23) be fulfilled, and let the vector function U ∈ W^1_{p,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ) be the unique solution to the problem (CR.D)_ω.

In addition to (17.1), i) if

f^{(±)} ∈ B^{s+1}_{t,t} (S_1), f^{(+)} − f^{(−)} ∈ ~B^{s+1}_{t,t} (S_1), (17.19) then U ∈ H^{s+1+1/t} t,loc (IR 3 S_1 ) ∩ SK m r (IR^3_{S1} ); (17.20) ii) if

f^{(±)} ∈ B^{s+1}_{t,q} (S_1), f^{(+)} − f^{(−)} ∈ ~B^{s+1}_{t,q} (S_1), (17.21) then U ∈ B^{s+1+1/t} t,q,loc (IR 3 S_1 ) ∩ SK m r (IR^3_{S1} ); (17.22) iii) if

f^{(±)} ∈ C^α(S_1), [f^{(+)} − f^{(−)}]_{∂S1} = 0, for some α > 0, (17.23) then

U|_{Ω+} ∈ C^ν(Ω^+), U|_{Ω−} ∈ C^ν(Ω^−) ∩ SK^m_r (Ω^−) with any ν ∈ (0, α_0), α_0 := min{α, 1/2}.

(17.24)

Proof. It is again verbatim the proof of Theorem 16.5 (see also the remark after Theorem 16.13).

17.2. In this subsection we consider the problem (CR.N )_ω (see (6.2)). The corresponding boundary conditions (6.2) we transform to the equivalent equations on the crack surface S_1:

[B(D, n)U]^+_{S1} − [B(D, n)U]^−_{S1} = F^{(+)} − F^{(−)}, (17.25) [B(D, n)U]^+_{S1} + [B(D, n)U]^−_{S1} = F^{(+)} + F^{(−)}, (17.26) where we assume that

F^{(±)}_j ∈ B^{−1/p}_{p,p} (S_1), F^{(+)}_j − F^{(−)}_j ∈ ~B^{−1/p}_{p,p} (S_1), j = 1, 4, p > 1. (17.27) We look for a solution

U ∈ W^1_{p,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ) (17.28) in the form (17.5), where the densities φ and ψ are related to the sought for vector U again by the realations (17.6) and (17.7). Therefore, we can define ψ explicitly

ψ = F^{(+)} − F^{(−)} ∈ ~B^{−1/p}_{p,p} (S_1), (17.29) while the boundary condition (17.26) implies the ΨDE (of order 1) for the unknown vectorfunction φ

r_{S1} L φ = g on S_1; (17.30) here the ΨDO L is given by (10.6) and

g = 2^{−1}(F^{(+)} + F^{(−)}) + r_{S1} K_1 (F^{(+)} − F^{(−)}) ∈ B^{−1/p}_{p,p} (S_1), (17.31) where the SIO K_1 is defined by (10.4). Note that the inclusion (17.31) for the right-hand side vector g follows again from Theorem 10.8 and conditions (17.27).

Now we show that the equation (17.30) is uniquely solvable in the space ~B^{1−1/p}_{p,p} (S_1). To this end we remark that the principal homogeneous symbol matrix of the operator L is positive definite for arbitrary x ∈ S_1 and ~ξ ∈ IR^2 \ {0} due to Lemma 10.7. The basic invertibility property of the operator r_{S1} L is described by the following proposition.

LEMMA 17.5 The operators

r_{S1} L : [ ~B^{s+1}_{p,q} (S_1)]^4 → [B^s_{p,q}(S_1)]^4, (17.32) : [~H^{s+1}_p (S_1)]^4 → [H^s_p(S_1)]^4, (17.33) are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds. Proof. It is quite similar to the proof of Lemma 17.2.

With the help of this lemma and by the arguments employed in the proofs of Theorems 17.3 and 16.5 one can easily derive the following existence and uniqueness results and establish the regularity of solutions.

THEOREM 17.6 Let 4/3 < p < 4 and let the conditions (17.27) be fulfilled. Then the nonhomogeneous crack type problem (CR.N )_ω is uniquely solvable in the class W^1_{p,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ) and the solution is representable in the form (17.5), where ψ is given by (17.29) and φ is the unique solution of the ΨDE (17.30).

THEOREM 17.7 Let the conditions (17.27) and (16.23) be fulfilled, and let the vectorfunction U ∈ W^1_{p,loc}(IR^3_{S1} ) ∩ SK^m_r (IR^3_{S1} ) be the unique solution to the problem (CR.N )_ω.

In addition to (17.27), i) if

F^{(±)} ∈ B^s_{t,t}(S_1), F^{(+)} − F^{(−)} ∈ ~B^s_{t,t}(S_1), then U ∈ H^{s+1+1/t} t,loc (IR 3 S_1 ) ∩ SK m r (IR^3_{S1} );

ii) if

F^{(±)} ∈ B^s_{t,q}(S_1), F^{(+)} − F^{(−)} ∈ ~B^s_{t,q}(S_1), then U ∈ B^{s+1+1/t} t,q,loc (IR 3 S_1 ) ∩ SK m r (IR^3_{S1} );

iii) if

F^{(±)} ∈ B^{α−1}_{∞,∞}(S_1), F^{(+)} − F^{(−)} ∈ ~B^{α−1}_{∞,∞}(S_1), for some α > 0, then

U|_{Ω+} ∈ C^ν(Ω^+), U|_{Ω−} ∈ C^ν(Ω^−) ∩ SK^m_r (Ω^−) with any ν ∈ (0, α_0), α_0 := min{α, 1/2}.

REMARK 17.8 For an arbitrary solution U ∈ W^1_p (IR^3_{S1} ) of the pseudo-oscillation equation (1.9) there also holds the representation formula by potential type integrals similar to (17.5) with the densities φ and ψ related to the vector U by relations (17.6) and (17.7). Therefore, for the crack type problems (CR.D)_τ and (CR.N )_τ the existence and uniqueness theorems, and the regularity results analogous to the above ones can be proved with quite the same arguments (for details see [16]).

18 Mixed Interface Problems of Steady State Oscillations

In this section first we shall prove the existence and uniqueness theorems for the mixed interface problems for the steady state oscillation equations of the thermoelasticity theory formulated in Section 7. Afterwards, as in the previous sections, we shall establish the smoothness properties of solutions. Throughout this section we shall keep and employ the notations of Section 15.

18.1. Problem (C − DD)_ω . To examine the existence of solutions to the problem in question (see (7.13)-(7.14)) we shell exploit the representation formulae (15.61)-(15.62), and use again the Fredholm properties of ΨDOs on manifold with boundary described by Lemma 16.1. First, let us note that the conditions (7.14) on S_2 are equivalent to the following equations

[U^{(1)}]^+ − [U^{(2)}]^− = φ^{(+)} − φ^{(−)}, [U^{(1)}]^+ + [U^{(2)}]^− = φ^{(+)} + φ^{(−)}, on S_2. According to (7.21) and (7.23) we require that

f^{(1)} ∈ B^{1−1/p}_{p,p} (S_1), φ^{(±)} ∈ B^{1−1/p}_{p,p} (S_2), F^{(1)} ∈ B^{−1/p}_{p,p} (S_1), (18.1) and, moreover,

[U^{(1)}]^+ − [U^{(2)}]^− = f ∈ B^{1−1/p}_{p,p} (S), where f = f^{(1)} on S_1, φ^{(+)} − φ^{(−)} on S_2.

(18.2)

Clearly, this last inclusion is the necessary compatibility condition for the problem (C−DD)_ω .

In view of the third embedding in (18.1), the vector F^{(1)} can be extended from S_1 onto S_2 preserving the functional space B^{−1/p}_{p,p} (S). Denote some fixed extension by F^0, F^0 ∈ B^{−1/p}_{p,p} (S), F^0|_{S1} = F^{(1)}. (18.3) Evidently, any arbitrary extension F of F^{(1)} onto the whole of S which preservers the functional space can be represented as

F = F^0 + φ ∈ B^{−1/p}_{p,p} (S), where φ ∈ ~B^{−1/p}_{p,p} (S_2). (18.4) Now we can reformulate the interface problem (C − DD)_ω in the following equivalent form: Find a pair of vector functions

(U^{(1)}, U^{(2)}) = (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) (18.5) satisfying the differential equations (7.2) and the interface conditions

[U^{(1)}]^+ − [U^{(2)}]^− = f on S, (18.6) [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F on S_1, (18.7) [U^{(1)}]^+ + [U^{(2)}]^− = φ^{(+)} + φ^{(−)} on S_2, (18.8) where B^{(μ)}(D, n) is defined by (1.25), f and F are given by (18.2) and (18.4), respectively. Let us note that f and F^0 are considered now as the known vector functions on the whole of S, while F is given only on S_1 (F |_{S1} = F^0|_{S1} = F^{(1)}), and φ^{(±)} are given vector functions on S_2.

We look for the solution to the problem (C − DD)_ω in the form (cf. (15.61)-(15.62))

U^{(1)}(x) = W^{(1)} ( Ψ [F^0 + φ] − Ψ Ψ_2 Φ^{−1}_2 f ) (x), (18.9) U^{(2)}(x) = ( W^{(2)} + p_0 V^{(2)} ) ( Φ^{−1}_2 Φ_1 Ψ [F^0 + φ] − Φ^{−1}_2 [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I] f ) (x), (18.10)

where φ ∈ ~B^{−1/p}_{p,p} (S_2) is the unknown vector-function, and F^0 and f are as above. Furthermore, W^{(μ)} and V^{(μ)} are the double and single layer potentials of steady state oscillations, the complex number p_0 and the boundary operators Ψ, Ψ_j, Φ_j are defined by equations (13.5) and (15.58), (15.9), (15.10).

It is easy to verify that the inerface conditions (18.6) and (18.7) are satisfied automatically, since from (18.9) and (18.10) it follows that

[U^{(1)}]^+ − [U^{(2)}]^− = f, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F^0 + φ on S.

It remains only to satisfy the condition (18.8) which leads to the ΨDE for φ

[U^{(1)}]^+ + [U^{(2)}]^− = Φ_1 Ψ [F^0 + φ] − Φ_1 Ψ Ψ_2 Φ^{−1}_2 f + Φ_1 Ψ [F^0 + φ] − −[Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I] f = φ^{(+)} + φ^{(−)} on S_2, (18.11)

which can be rewritten as

r_{S2} [Φ_1 Ψ φ] =: r_{S2} K_H φ = q on S_2, (18.12)

where r_{S2} is the restriction operator on S_2, the ΨDO (of order −1) K_H has been defined by (15.105), while the given right-hand side q reads as follows

q = 2^{−1}(φ^{(+)} + φ^{(−)}) − r_{S2} {Φ_1 Ψ F^0 − [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + 2^{−1} I] f} ∈ B^{1−1/p}_{p,p} (S_2). (18.13)

Due to Lemma 15.14 the principal homogeneous symbol matrix of the operator K_H = Φ_1 Ψ is positive definite. Therefore, we can apply Lemma 16.1 to study the equation (18.12).

LEMMA 18.1 The operators

r_{S2} K_H : [ ~B^s_{p,q}(S_2)]^4 → [B^{s+1}_{p,q} (S_2)]^4, (18.14) : [~H^s_p(S_2)]^4 → [H^{s+1}_p (S_2)]^4, (18.15)

are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

Proof. The mapping properties (18.14) and (18.15), boundedness and Fredholmity of the above operators follow from equations K_H = Φ_1 Ψ, Φ_1 = 2^{−1} I_4 + K^{(1)}_2 , Ψ = [Ψ_1 − Ψ_2 Φ^{−1}_2 Φ_1]^{−1}, and Corollary 15.6, Theorem 10.8 and Lemma 16.1 (with κ = −1). From the positive definiteness of the principal homogeneous symbol matrix œ(K_H ) it follows that the Fredholm indices of the operators (18.14) and (18.15) equal zero.

It remains to prove that the corresponding null-spaces are trivial. To this end, let us take s = −1/2 and p = q = 2, which meet inequalities (16.15), and show that the homogeneous equation

r_{S2} K_H φ = 0 on S_2 (18.16)

has no nontrivial solutions in the space ~B^{−1/2}_{2,2} (S_2) = ~H^{−1/2}_2 (S_2).

Let φ ∈ ~B^{−1/2}_{2,2} (S_2) be any solution to the equation (18.16) and construct the vector functions

U^{(1)}_0 (x) = W^{(1)} (Ψ φ) (x), x ∈ Ω^1, (18.17) U^{(2)}_0 (x) = ( W^{(2)} + p_0 V^{(2)} ) ( Φ^{−1}_2 Φ_1 Ψ φ ) (x), x ∈ Ω^2. (18.18)

Clearly, Ψ φ ∈ B^{1/2}_{2,2} (S) and Φ^{−1}_2 Φ_1 Ψ φ ∈ B^{1/2}_{2,2} (S). Therefore, by Theorem 10.8 we have

(U^{(1)}_0 , U^{(2)}_0 ) = (W^1_2 (Ω^1) , W^1_{2,loc}(Ω^2) ∩ SK^m_r (Ω^2)). (18.19)

Moreover, these vectors satisfy homogeneous differential equations of steady state oscillations (7.2) in the corresponding domains Ω^1 and Ω^2, and the homogeneous interface conditions of the problem (C − DD)_ω on S, since

[U_0]^+_S = [U_0]^−_S , [B^{(1)}(D, n)U^{(1)}_0 ]^+_{S1} − [B^{(2)}(D, n)U^{(2)}_0 ]^−_{S1} = φ|_{S1} = 0, [U_0]^+_{S2} = [U_0]^−_{S2} = r_{S2} K_H φ = 0 on S_2.

These conditions follow from the formulae (18.17), (18.18), definition of the operator Ψ (see (15.58)) and the fact that φ solves the homogeneous equation (18.16).

Therefore, by Theorem 9.12 we conclude that U^{(1)} = 0 in Ω^1 and U^{(2)} = 0 in Ω^2. Whence φ = 0 on S follows. Thus, the null-spaces of the operators (18.14) and (18.15) are trivial in the space ~B^{−1/2}_{2,2} (S_2) = ~H^{−1/2}_2 (S_2). Now, Lemma 16.1 completes the proof for arbitrary p and s satisfying the inequalities (16.15), and arbitrary q ∈ [1, ∞].

This lemma implies the following existence theorems.

THEOREM 18.2 Let 4/3 < p < 4 and let the conditions (18.1)-(18.2) be fulfilled. Then the nonhomogeneous problem (C − DD)_ω is uniquely solvable in the class (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) (with the parameters r and ω as in (15.3)) and the solution is representable in the form (18.9)-(18.10), where φ is the unique solution of the ΨDE (18.12).

Proof. First we observe that, if s = −1/p, then the inequality (16.15) yields 4/3 < p < 4. Therefore, by Lemma 18.1 the nonhomogeneous ΨDE (18.12) with the right-hand side q given by (18.13) is uniquely solvable in the space ~B^{1−1/p}_{p,p} (S_2). This shows that the nonhomogeneous problem (C − DD)_ω is solvable under the conditions indicated in the theorem, and the pair (U^{(1)}, U^{(2)}) defined by (18.9)-(18.10) represents a solution to the problem in question.

Further, we prove that the problem is uniquely solvable for any p ∈ (4/3, 4). Let some pair (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) (with the parameters p, r, and ω as in the theorem) represents a solution to the homogeneous problem (C − DD)_ω . In accordance with (18.6)-(18.7) then we have

[U^{(1)}]^+_S − [U^{(2)}]^−_S = 0, [B^{(1)}(D, n)U^{(1)}]^+_S − [B^{(2)}(D, n)U^{(2)}]^−_S = F ∈ ~B^{−1/p}_{p,p} (S_2),

[U^{(1)}]^+ − [U^{(2)}]^− = 0 on S_2.

(18.20)

Clearly, F may differ from zero only on the submanifold S_2 due to the homogeneous condition (18.7).

Further, by Theorem 15.8 we conclude that the vector functions U^{(1)} and U^{(2)} are uniquely representable in the form

U^{(1)}(x) = W^{(1)} (Ψ F ) (x), x ∈ Ω^1, U^{(2)}(x) = ( W^{(2)} + p_0 V^{(2)} ) ( Φ^{−1}_2 Φ_1 Ψ F ) (x), x ∈ Ω^2, where F is defined by the second equation in (18.20).

The third equation in (18.20) then yields

r_{S2} K_H F = 0 on S_2, where F ∈ ~B^{−1/p}_{p,p} (S_2) and p ∈ (4/3, 4). Therefore, F = 0 on S due to Lemma 18.1 (with s = −1/p) which implies U^{(μ)} = 0 in Ω^μ (μ = 1, 2).

Now we can formulate the following regularity results.

THEOREM 18.3 Let the conditions (18.1), (18.2), and (16.23) be fulfilled, and let the pair (U^{(1)}, U^{(2)}) = (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) be the unique solution to the problem (C − DD)_ω . In addition to (18.1)-(18.2), i) if

f^{(1)} ∈ B^{s+1}_{t,t} (S_1), φ^{(±)} ∈ B^{s+1}_{t,t} (S_2), F^{(1)} ∈ B^s_{t,t}(S_1), f ∈ B^{s+1}_{t,t} (S), (18.21) then

(U^{(1)}, U^{(2)}) ∈ (H^{s+1+1/t}_t (Ω^1) , H^{s+1+1/t}_{t,loc} (Ω^2) ∩ SK^m_r (Ω^2)); (18.22) ii) if

f^{(1)} ∈ B^{s+1}_{t,q} (S_1), φ^{(±)} ∈ B^{s+1}_{t,q} (S_2), F^{(1)} ∈ B^s_{t,q}(S_1), f ∈ B^{s+1}_{t,q} (S), (18.23) then

(U^{(1)}, U^{(2)}) ∈ (B^{s+1+1/t}_{t,q} (Ω^1) , B^{s+1+1/t}_{t,q,loc} (Ω^2) ∩ SK^m_r (Ω^2)); (18.24) iii) if

f^{(1)} ∈ C^α(S_1), φ^{(±)} ∈ C^α(S_2), F^{(1)} ∈ B^{α−1}_{∞,∞}(S_1), f ∈ C^α(S), (18.25) for some α > 0, then

(U^{(1)}, U^{(2)}) ∈ (C^ν(Ω^1) , C^ν(Ω^2) ∩ SK^m_r (Ω^2)) with any ν ∈ (0, α_0), α_0 := min{α, 1/2}. (18.26)

Proof. Here it is again verbatim the proof of Theorem 16.5 (see also the remark after Theorem 16.13).

18.2. Problem (C − N N )_ω. As in the previous subsection we start with the reformulation of the problem. In particular, the conditions (7.13) and (7.15) are equivalent to the following equations

[B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F on S, (18.27) [U^{(1)}]^+ − [U^{(2)}]^− = f on S_1, (18.28) [B^{(1)}(D, n)U^{(1)}]^+ + [B^{(2)}(D, n)U^{(2)}]^− = Φ^{(+)} + Φ^{(−)} on S_2, (18.29) where

F :=

F^{(1)} on S_1, Φ^{(+)} − Φ^{(−)} on S_2.

F ∈ B^{−1/p}_{p,p} (S), Φ^{(±)} ∈ B^{−1/p}_{p,p} (S_2), (18.30)

f := f^0 + φ ∈ B^{1−1/p}_{p,p} (S), f^0 ∈ B^{1−1/p}_{p,p} (S), φ ∈ ~B^{1−1/p}_{p,p} (S_2); (18.31) here f^0 is some fixed extension of the vector f^{(1)} from S_1 onto S_2 preserving the functional space: f^0|_{S1} = f^{(1)}, and, therefore, f = f^0 + φ with φ as in (18.31), represents an arbitrary extension of f^{(1)} onto the whole of S: f|_{S1} = f^0|_{S1} = f^{(1)}.

Obviously, the inclusion F ∈ B^{−1/p}_{p,p} (S) is the necessary compatibility condition for the problem under consideration.

Let us now look for the solution to the problem (C − N N )_ω in the form (cf. (15.61)- (15.62))

U^{(1)}(x) = W^{(1)} ( Ψ F − Ψ Ψ_2 Φ^{−1}_2 [f^0 + φ] ) (x), (18.32) U^{(2)}(x) = ( W^{(2)} + p_0 V^{(2)} ) ( Φ^{−1}_2 Φ_1 Ψ F − Φ^{−1}_2 [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I] [f^0 + φ] ) (x), (18.33) where f^0 and F are the given vector functions on S, while φ is the unknown vector function.

It can be easily seen that the conditions (18.27) and (18.28) are satisfied automatically, since

[U^{(1)}]^+ − [U^{(2)}]^− = f^0 + φ, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F on S. due to the above representations.

It remains only to fulfil the condition (18.29) which yields the following ΨDE on S_2 for the unknown vector φ:

[B^{(1)}(D, n)U^{(1)}]^+ + [B^{(2)}(D, n)U^{(2)}]^− = Ψ_1 Ψ F − Ψ_1 Ψ Ψ_2 Φ^{−1}_2 [f^0 + φ] + +Ψ_2 Φ^{−1}_2 Φ_1 Ψ F − Ψ_2 Φ^{−1}_2 [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I] [f^0 + φ] = Φ^{(+)} + Φ^{(−)}, (18.34) With the help of equations (15.9), (15.10), (15.58) we can simplify this equation:

r_{S2} [−Ψ_1 Ψ Ψ_2 Φ^{−1}_2 φ] =: r_{S2} K_G φ = q on S_2, (18.35) where the ΨDE (of order +1) K_G has been defined by (15.86), while the right-hand side vector function q reads as follows

q = 2^{−1}(Φ^{(+)} + Φ^{(−)}) − r_{S2} {Ψ_1 Ψ − 2^{−1}I] F + K_G f^0} ∈ B^{−1/p}_{p,p} (S_2). (18.36)

According to Lemma 15.9 the principal homogeneous symbol matrix of the operator K_G is positive definite. Therefore, we can again apply Lemma 16.1 to examine the equation (18.35), and employ the same arguments as in the previous section to prove the following propositions.

LEMMA 18.4 The operators

r_{S2} K_G : [ ~B^{s+1}_{p,q} (S_2)]^4 → [B^s_{p,q}(S_2)]^4, (18.37) : [~H^{s+1}_p (S_2)]^4 → [H^s_p(S_2)]^4, (18.38)

are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

THEOREM 18.5 Let 4/3 < p < 4 and let the conditions (18.30)-(18.31) be fulfilled. Then the nonhomogeneous problem (C − N N )_ω is uniquely solvable in the class of vector functions (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) (with the parameters r and ω as in (15.3)) and the solution is representable in the form (18.32)-(18.33), where φ is the unique solution of the ΨDE (18.35).

THEOREM 18.6 Let the conditions (18.30), (18.31), and (16.23) be fulfilled, and let the pair (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) be the unique solution to the problem (C − N N )_ω.

In addition to (18.30)-(18.31), i) if

f^{(1)} ∈ B^{s+1}_{t,t} (S_1), F^{(1)} ∈ B^s_{t,t}(S_1), Φ^{(±)} ∈ B^s_{t,t}(S_2), F ∈ B^s_{t,t}(S), (18.39)

then there holds the inclusion (18.22);

ii) if

f^{(1)} ∈ B^{s+1}_{t,q} (S_1), F^{(1)} ∈ B^s_{t,q}(S_1), Φ^{(±)} ∈ B^s_{t,q}(S_2), F ∈ B^s_{t,q}(S), (18.40)

then there holds the inclusion (18.24);

iii) if

f^{(1)} ∈ C^α(S_1), F^{(1)} ∈ B^{α−1}_{∞,∞}(S_1), Φ^{(±)} ∈ B^{α−1}_{∞,∞}(S_2), F ∈ B^{α−1}_{∞,∞}(S), (18.41)

for some α > 0, then there holds the inclusion (18.26).

The proofs of the above assertions are verbatim the proofs of Lemma 18.1 and Theorems 18.2 and 16.5.

18.3. Problem (C − DC)_ω. In this case the interface conditions read as follows (see Subsection 7.2):

[u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4 on S, (18.42)

[u^{(1)}]^+ − [u^{(2)}]^− = ~f^{(1)}, [P^{(1)}(D, n)U^{(1)}]^+ − [P^{(2)}(D, n)U^{(2)}]^− = ~F^{(1)} on S_1, (18.43) [u^{(1)}]^+ = ~φ^{(+)}, [u^{(2)}]^− = ~φ^{(−)} on S_2, (18.44) where f_4 ∈ B^{1−1/p}_{p,p} (S), F_4 ∈ B^{−1/p}_{p,p} (S), ~φ^{(±)} = (φ^{(±)}_1 , φ^{(±)}_2 , φ^{(±)}_3 )^⊤ ∈ [B^{1−1/p}_{p,p} (S_2)]^3, ~f^{(1)} = (f^{(1)}_1 , f^{(1)}_2 , f^{(1)}_3 )^⊤ ∈ [B^{1−1/p}_{p,p} (S_1)]^3, ~F^{(1)} = (F^{(1)}_1 , F^{(1)}_2 , F^{(1)}_3 )^⊤ ∈ [B^{−1/p}_{p,p} (S_1)]^3.

(18.45)

Let ~F^0 = (F^0_1 , F^0_2 , F^0_3 )^⊤ be some fixed extension of the vector ~F^{(1)} from S_1 onto S_2 preserving the functional space, i.e.,

~F^0 ∈ [B^{−1/p}_{p,p} (S)]^3, ~F^0|_{S1} = ~F^{(1)}. (18.46) Then an arbitrary extension of ~F^{(1)} onto the whole of S preserving the functional space can be written as follows

~F = (F_1, F_2, F_3)^⊤ = ~F^0 + ~φ ∈ [B^{−1/p}_{p,p} (S)]^3, (18.47) where ~φ is an arbitrary vector function with the support in S_2, i.e.,

~φ = (φ_1, φ_2, φ_3)^⊤ ∈ [ ~B^{−1/p}_{p,p} (S_2)]^3. (18.48) Next we set

F = (F_1, · · · , F_4)^⊤ := F^0 + φ ∈ [B^{−1/p}_{p,p} (S)]^4, (18.49) where

F^0 = ( ~F^0, F_4)^⊤ ∈ [B^{−1/p}_{p,p} (S)]^4 (18.50) is the given vector function, and

φ = ( ~φ, 0)^⊤ ∈ [ ~B^{−1/p}_{p,p} (S_2)]^4 (18.51) with ~φ subjected to the condition (18.48).

It is easily seen that the conditions (18.42)-(18.44) are equivalent to the equations [U^{(1)}]^+ − [U^{(2)}]^− = f on S, (18.52) [B^{(1)}(D, n)U^{(1)}]^+_k − [B^{(2)}(D, n)U^{(2)}]^−_k = F_k on S_1, k = 1, 2, 3, (18.53) [B^{(1)}(D, n)U^{(1)}]^+_4 − [B^{(2)}(D, n)U^{(2)}]^−_4 = F_4 on S, (18.54) [U^{(1)}]^+_k + [U^{(2)}]^−_k = φ^{(+)}_k + φ^{(−)}_k on S_2, k = 1, 2, 3, (18.55) where f is the given vector function

f = (f_1, · · · , f_4)^⊤ =:

( ~f^{(1)}, f_4)^⊤ on S_1, ( ~φ^{(+)} − ~φ^{(−)}, f_4)^⊤ on S_2,

(18.56) satisfying the following necessary compatibility condition (cf.(7.25))

f ∈ [B^{1−1/p}_{p,p} (S)]^4, (18.57) and F_k and ~φ^± are as above.

After this reformulation of the problem in question let us look for the solution in the form (18.9)-(18.10), where f, F^0, and φ are defined by formulae (18.56), (18.50), and (18.51), respectively. These representations imply

[U^{(1)}]^+ − [U^{(2)}]^− = f, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F^0 + φ. (18.58) Therefore, the conditions (18.52), (18.53), and (18.54) are satisfied automatically. It remains to meet the conditions (18.55) which, by virtue of (18.11) and (18.12), lead to the system of ΨDEs for the vector function φ = ( ~φ, 0)^⊤ on S_2:

r_{S2} [Φ_1 Ψ φ]_k =: r_{S2} [(K_H)_{kj} φ_j] = q_k on S_2, k = 1, 2, 3, (18.59) where the summation over the repeated index j is meant from 1 to 3, and (see (18.13)) q_k = 2^{−1}(φ^{(+)}_k + φ^{(−)}_k ) − r_{S2} {Φ_1 Ψ F^0 − [Φ_1 Ψ Ψ_2 Φ^{−1}_2 + 2^{−1} I] f}_k ∈ B^{1−1/p}_{p,p} (S_2); (18.60) here K_H is again the ΨDO of order −1 defined by (15.105) with properties described by Lemmata 15.14 and 18.1. Let ~K_H := [(K_H)_{kj}]_{3×3}, k, j = 1, 2, 3, ~q := (q_1, q_2, q_3)^⊤. (18.61) Then (18.59) can be written in the matrix form as

r_{S2} ~K_H ~φ = ~q (18.62) where ~φ = (φ_1, φ_2, φ_3)^⊤ ∈ [ ~B^{−1/p}_{p,p} (S_2)]^3 is the sought for vector.

The following properties of the ΨDO ~K_H are immediate consequence Lemmata 15.14 and 18.1.

LEMMA 18.7 The principal homogeneous symbol matrix of the operator ~K_H is positive definite for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}. The following operators

r_{S2} ~K_H : [ ~B^s_{p,q}(S_2)]^3 → [B^{s+1}_{p,q} (S_2)]^3, (18.63) : [~H^s_p(S_2)]^3 → [H^{s+1}_p (S_2)]^3, (18.64) are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

Proof. The first assertion of the lemma follows from the proof of Lemma 15.14 (see (15.106)- (15.107)), since œ( ~K_H ) = X, where X is the positive definite 3 × 3 matrix given by formula (15.107) (for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}).

The boundedness of the operators (18.63)-(18.64) is a cosequence of Lemma 18.1. It is evident that the Fredholm indices of these operators equal zero. This follows from the positive definiteness of the principal symbol matrix œ( ~K_H). Therefore, to prove the last proposition of the lemma, we have to show that the corresponding null-spaces are trivial for any s and p satisfying the inequalities (16.15).

Again, we take s = −1/p and p = q = 2 to prove that the homogeneous ΨDE

r_{S2} ~K_H ~φ = 0 (18.65)

has no nontrivial solutions. Let ~φ_0 = (φ_{01}, φ_{02}, φ_{03})^⊤ ∈ [ ~B^{−1/p}_{p,p} (S_2)]^3 be any solution to the equation (18.65) and using the formulae (18.17) and (18.18) construct the vector functions U^{(1)}_0 and U^{(2)}_0 , where the density φ is represented as follows

φ = ( ~φ_0, 0)^⊤ ∈ [B^{−1/2}_{2,2} (S_2)]^4.

Therefore, the embedding (18.19) remains valid, and, moreover, U^{(1)}_0 and U^{(2)}_0 satisfy the homogeneous interface conditions (18.52)-(18.55):

[U^{(1)}_0 ]^+ = [U^{(2)}_0 ]^− on S,

[B^{(1)}(D, n)U^{(1)}_0 ]^+_k − [B^{(2)}(D, n)U^{(2)}_0 ]^−_k = φ_{0k} on S_1, k = 1, 2, 3,

[B^{(1)}(D, n)U^{(1)}_0 ]^+_4 − [B^{(2)}(D, n)U^{(2)}_0 ]^−_4 = 0 on S,

[U^{(1)}_0 ]^+_k = [U^{(2)}_0 ]^−_k = [ r_{S2} Φ_1 Ψ φ ]_k = [ r_{S2} ~K_H ~φ ]_k = 0 on S_2, k = 1, 2, 3.

Due to Theorem 9.12 we infer U^{(μ)}_0 in Ω^μ (μ = 1, 2), which, in turn, yields that φ_{0k} = 0, k = 1, 2, 3. Thus the null-spaces of the operators (18.63)-(18.64) are trivial in the spaces ~B^{−1/2}_{2,2} (S_2) = ~H^{−1/2}_2 (S_2). Now Lemma 16.1 completes the proof.

This lemma implies the following existence and regularity results.

THEOREM 18.8 Let 4/3 < p < 4 and let the conditions (18.45),(18.57) be fulfilled. Then the nonhomogeneous problem (C − DC)_ω is uniquely solvable in the class of vector functions (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) (with the parameters r and ω as in (15.3)) and the solution is representable by formulae (18.9)-(18.10), where f, F^0, and φ are given by (18.56), (18.50) and (18.51), respectively, and ~φ is the unique solution of the ΨDE (18.62).

THEOREM 18.9 Let the conditions (18.45), (18.57), and (16.23) be fulfilled, and let the pair (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) be the unique solution to the problem (C − DC)_ω. In addition to (18.45),(18.57), i) if

f_4 ∈ B^{s+1}_{t,t} (S), F_4 ∈ B^s_{t,t}(S), ~φ^{(±)} ∈ [B^{s+1}_{t,t} (S_2)]^3, ~f^{(1)} ∈ [B^{s+1}_{t,t} (S_1)]^3, ~F^{(1)} ∈ [B^s_{t,t}(S_1)]^3, f ∈ [B^{s+1}_{t,t} (S)]^4,

(18.66)

then there holds the inclusion (18.22);

ii) if

f_4 ∈ B^{s+1}_{t,q} (S), F_4 ∈ B^s_{t,q}(S), ~φ^{(±)} ∈ [B^{s+1}_{t,q} (S_2)]^3, ~f^{(1)} ∈ [B^{s+1}_{t,q} (S_1)]^3, ~F^{(1)} ∈ [B^s_{t,q}(S_1)]^3, f ∈ [B^{s+1}_{t,q} (S)]^4,

(18.67)

then there holds the inclusion (18.24);

iii) if

f_4 ∈ C^α(S), F_4 ∈ B^{α−1}_{∞,∞}(S), ~φ^{(±)} ∈ [C^α(S_2)]^3, ~f^{(1)} ∈ [C^α(S_1)]^3, ~F^{(1)} ∈ [B^{α−1}_{∞,∞}(S_1)]^3, f ∈ [C^α(S)]^4,

(18.68)

for some α > 0, then there holds the inclusion (18.26).

The proofs of these theorems are again verbatim the proofs of Theorems 18.2 and 16.5.

18.4. Problem (C −N C)_ω. The investigation of this problem can be carried out by quite the same approach as in the previous subsection. The interface conditions of the problem now have the following form:

[u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4 on S, (18.69) [u^{(1)}]^+ − [u^{(2)}]^− = ~f^{(1)}, [P^{(1)}(D, n)U^{(1)}]^+ − [P^{(2)}(D, n)U^{(2)}]^− = ~F^{(1)} on S_1, (18.70) [P^{(1)}(D, n)U^{(1)}]^+ = ~Φ^{(+)}, [P^{(2)}(D, n)U^{(2)}]^− = ~Φ^{(−)}, on S_2, (18.71) where f_4 ∈ B^{1−1/p}_{p,p} (S), F_4 ∈ B^{−1/p}_{p,p} (S), ~Φ^{(±)} = (Φ^{(±)}_1 , Φ^{(±)}_2 , Φ^{(±)}_3 )^⊤ ∈ [B^{−1/p}_{p,p} (S_2)]^3, ~f^{(1)} = (f^{(1)}_1 , f^{(1)}_2 , f^{(1)}_3 )^⊤ ∈ [B^{1−1/p}_{p,p} (S_1)]^3, ~F^{(1)} = (F^{(1)}_1 , F^{(1)}_2 , F^{(1)}_3 )^⊤ ∈ [B^{−1/p}_{p,p} (S_1)]^3.

(18.72)

Let ~f^0 = (f^0_1 , f^0_2 , f^0_3 )^⊤ be some fixed extension of the vector ~f^{(1)} from S_1 onto S_2 preserving the functional space, i.e.,

~f^0 ∈ [B^{1−1/p}_{p,p} (S)]^3, ~f^0|_{S1} = ~f^{(1)}. (18.73) Again an arbitrary extension of ~f^{(1)} onto the whole of S preserving the functional space can be represented as the sum

~f = (f_1, f_2, f_3)^⊤ := ~f^0 + ~φ ∈ [B^{1−1/p}_{p,p} (S)]^3, ~f|_{S1} = ~f^0|_{S1} = ~f^{(1)}, (18.74) where ~φ is an arbitrary vector function supported on S_2

~φ = (φ_1, φ_2, φ_3)^⊤ ∈ [ ~B^{1−1/p}_{p,p} (S_2)]^3. (18.75) Further, let us introduce the notations

f = (f_1, · · · , f_4)^⊤ := f^0 + φ ∈ [B^{1−1/p}_{p,p} (S)]^4, (18.76) where

f^0 = ( ~f^0, f_4)^⊤ ∈ [B^{1−1/p}_{p,p} (S)]^4 (18.77) is the given vector function, and

φ := ( ~φ, 0)^⊤ ∈ [ ~B^{1−1/p}_{p,p} (S_2)]^4 (18.78) with ~φ subjected to the condition (18.75).

Next we reduce the conditions (18.69)-(18.71) to the following equivalent equations [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F on S, (18.79) [U^{(1)}]^+_4 − [U^{(2)}]^−_4 = f_4 on S, (18.80) [U^{(1)}]^+_k − [U^{(2)}]^−_k = f_k, on S_1, k = 1, 2, 3, (18.81) [B^{(1)}(D, n)U^{(1)}]^+_k + [B^{(2)}(D, n)U^{(2)}]^−_k = Φ^{(+)}_k + Φ^{(−)}_k on S_2, k = 1, 2, 3, (18.82) where F is the given vector function

F = (F_1, · · · , F_4)^⊤ :=

( ~F^{(1)}, F_4)^⊤ on S_1, ( ~Φ^{(+)} − ~Φ^{(−)}, F_4)^⊤ on S_2,

(18.83)

satisfying the necessary compatibility condition (cf.(7.26))

F ∈ [B^{−1/p}_{p,p} (S)]^4, (18.84) and f_k and ~Φ^± are as above.

Now we look for a solution to the reformulated problem (18.79)-(18.82) in the form (18.32)-(18.33), where the density vectors f^0, F , and φ are defined by formulae (18.77), (18.83), and (18.78), respectively. By virtue of these representations we have [U^{(1)}]^+ − [U^{(2)}]^− = f^0 + φ, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F. (18.85) Therefore, the conditions (18.79), (18.80), and (18.81) are fulfilled automatically. The remaining conditions (18.82), in accordance with the equation (18.34), lead to the system of ΨDEs for the unknown vector function φ = ( ~φ, 0)^⊤ on S_2:

r_{S2} [−Ψ_1 Ψ Ψ_2 Φ^{−1}_2 φ]_k = r_{S2} [(K_G)_{kj} φ_j] = q_k on S_2, k = 1, 2, 3, (18.86) where K_G = −Ψ_1 Ψ Ψ_2 Φ^{−1}_2 is the same ΨDO of order +1 as in Subsection 16.2 (see also (15.86)), the summation over the repeated index j is again meant from 1 to 3, and (see (18.36))

q_k = 2^{−1}(Φ^{(+)}_k + Φ^{(−)}_k ) − r_{S2} {[Ψ_1 Ψ − 2^{−1} I] F + K_G f^0}_k ∈ B^{−1/p}_{p,p} (S_2), k = 1, 2, 3.(18.87) Next we set

~K_G := [(K_G)_{kj}]_{3×3}, k, j = 1, 2, 3, ~q := (q_1, q_2, q_3)^⊤. (18.88) The system (18.86) can be then rewritten in the matrix form as follows

r_{S2} ~K_G ~φ = ~q (18.89) where ~φ = (φ_1, φ_2, φ_3)^⊤ ∈ [ ~B^{1−1/p}_{p,p} (S_2)]^3 is the sought for vector function.

LEMMA 18.10 The principal homogeneous symbol matrix of the operator ~K_G is positive definite for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}. The operators

r_{S2} ~K_G : [ ~B^{s+1}_{p,q} (S_2)]^3 → [B^s_{p,q}(S_2)]^3, (18.90)

: [~H^{s+1}_p (S_2)]^3 → [H^s_p(S_2)]^3, (18.91)

are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

Proof. It is quite similar to the proofs of Lemma 18.7 and follows from Lemmata 15.9, 18.4, and 16.1.

With the help of this lemma one can easily derive the following exictence and regularity results.

THEOREM 18.11 Let 4/3 < p < 4 and let the conditions (18.72) and (18.84) be fulfilled. Then the nonhomogeneous problem (C − N C)_ω is uniquely solvable in the class of vector functions (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) (with the parameters r and ω as in (15.3)) and the solution is representable by formulae (18.32)-(18.33), where F , f^0, and φ are given by (18.83), (18.77) and (18.78), respectively, and ~φ is the unique solution of the ΨDE (18.89).

THEOREM 18.12 Let the conditions (18.72), (18.84), and (16.23) be fulfilled, and let the pair (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) be the unique solution to the problem (C − N C)_ω. In addition to (18.72),(18.84), i) if

f_4 ∈ B^{s+1}_{t,t} (S), F_4 ∈ B^s_{t,t}(S), ~Φ^{(±)} ∈ [B^s_{t,t}(S_2)]^3,

~f^{(1)} ∈ [B^{s+1}_{t,t} (S_1)]^3, ~F^{(1)} ∈ [B^s_{t,t}(S_1)]^3, F ∈ [B^s_{t,t}(S)]^4,

(18.92)

then there holds the inclusion (18.22);

ii) if

f_4 ∈ B^{s+1}_{t,q} (S), F_4 ∈ B^s_{t,q}(S), ~Φ^{(±)} ∈ [B^s_{t,q}(S_2)]^3,

~f^{(1)} ∈ [B^{s+1}_{t,q} (S_1)]^3, ~F^{(1)} ∈ [B^s_{t,q}(S_1)]^3, F ∈ [B^s_{t,q}(S)]^4,

(18.93)

then there holds the inclusion (18.24);

iii) if

f_4 ∈ C^α(S), F_4 ∈ B^{α−1}_{∞,∞}(S), ~Φ^{(±)} ∈ [B^{α−1}_{∞,∞}(S_2)]^3,

~f^{(1)} ∈ [C^α(S_1)]^3, ~F^{(1)} ∈ [B^{α−1}_{∞,∞}(S_1)]^3, F ∈ [B^{α−1}_{∞,∞}(S)]^4,

(18.94)

for some α > 0, then there holds the inclusion (18.26).

The proofs of these propositions are again word for word of the proofs of Theorems 18.2 and 16.5.

18.5. Problem (C − G)_ω. The interface conditions of the problem (C − G)_ω read as (see Subsection 7.2):

[u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4 on S, (18.95) [u^{(1)}]^+ − [u^{(2)}]^− = ~f^{(1)}, [P^{(1)}(D, n)U^{(1)}]^+ − [P^{(2)}(D, n)U^{(2)}]^− = ~F^{(1)} on S_1, (18.96)

[u^{(1)} · n]^+ − [u^{(2)} · n]^− = ~f^{(2)}_n , [P^{(1)}(D, n)U^{(1)} · n]^+ − [P^{(2)}(D, n)U^{(2)} · n]^− = ~F^{(2)}_n , [P^{(1)}(D, n)U^{(1)} · l]^+ = ~Φ^{(+)}_l , [P^{(1)}(D, n)U^{(1)} · m]^+ = ~Φ^{(+)}_m , [P^{(2)}(D, n)U^{(2)} · l]^− = ~Φ^{(−)}_l , [P^{(2)}(D, n)U^{(2)} · m]^− = ~Φ^{(−)}_m , on S_2, (18.97)

where the boundary data belong to the following natural spaces

~f^{(1)} = (f^{(1)}_1 , f^{(1)}_2 , f^{(1)}_3 )^⊤ ∈ [B^{1−1/p}_{p,p} (S_1)]^3, f_4 ∈ B^{1−1/p}_{p,p} (S), ~F^{(1)} = (F^{(1)}_1 , F^{(1)}_2 , F^{(1)}_3 )^⊤ ∈ [B^{−1/p}_{p,p} (S_1)]^3, F_4 ∈ B^{−1/p}_{p,p} (S), ~Φ^{(±)}_l , ~Φ^{(±)}_m , ~F^{(2)}_n ∈ B^{−1/p}_{p,p} (S_2), ~f^{(2)}_n ∈ B^{1−1/p}_{p,p} (S_2),

(18.98)

These interface conditions imply that the vector function

F :=

( ~F^{(1)}, F_4)^⊤ on S_1, ( [ ~Φ^{(+)}_l − ~Φ^{(−)}_l ] l + [ ~Φ^{(+)}_m − ~Φ^{(−)}_m ] m + ~F^{(2)}_n n, F_4 )_⊤ on S_2,

(18.99)

represents the difference [B^{(1)}(D, n)U^{(1)}]^+−[B^{(2)}(D, n)U^{(2)}]^− on S, and, therefore, we assume the following natural compatibility condition (cf. (7.28))

F = (F_1, · · · , F_4)^⊤ ∈ [B^{−1/p}_{p,p} (S)]^4. (18.100) Analogously, the function

~f_n :=

~f^{(1)} · n on S_1, ~f^{(2)}_n on S_2,

(18.101)

represents the difference [u^{(1)} · n]^+ − [u^{(2)} · n]^− on S, and, we again provide the natural compatibility condition ~f_n ∈ B^{1−1/p}_{p,p} (S). (18.102) Further, let us represent the boundary vector functions ~f^{(1)} in the form ~f^{(1)} = ~f^{(1)}_l l + ~f^{(1)}_m m + ~f^{(1)}_n n onS_1, (18.103) where

~f^{(1)}_l = ~f^{(1)} · l, ~f^{(1)}_m = ~f^{(1)} · m, ~f^{(1)}_n = ~f^{(1)} · n. (18.104) We denote by ~f^{(0)}_l and ~f^{(0)}_m some fixed extensions of the functions ~f^{(1)}_l and ~f^{(1)}_m from S_1 onto S_2 preserving the functional space. Then arbitrary extensions can be represented as ~f_l = ~f^{(0)}_l + φ_l, ~f_m = ~f^{(0)}_m + φ_m, (18.105) where ~f_l, ~f^{(0)}_l , ~f_m, ~f^{(0)}_m ∈ B^{1−1/p}_{p,p} (S), φ_l, φ_m ∈ ~B^{1−1/p}_{p,p} (S_2), ~f_l|_{S1} = ~f^{(0)}_l |_{S1} = ~f^{(1)}_l ~f_m|_{S1} = ~f^{(0)}_m |_{S1} = ~f^{(1)}_m .

(18.106)

Clearly, here φ_l and φ_m are arbitrary scalar functions of the space ~B^{1−1/p}_{p,p} (S_2).

Finally, let us set

f = (f_1, · · · , f_4)^⊤ := f^0 + φ ∈ [B^{1−1/p}_{p,p} (S)]^4, ~f = (f_1, f_2, f_3)^⊤, (18.107) where f_4 is the same function as in (18.95), while

f^0 = ( ~f^{(0)}_l l + ~f^{(0)}_m m + ~f_n n, f_4)^⊤ ∈ [B^{1−1/p}_{p,p} (S)]^4, (18.108) φ = (φ_l l + φ_m m, 0)^⊤ ∈ [ ~B^{1−1/p}_{p,p} (S_2)]^4; (18.109) here ~f^{(0)} = ~f^{(0)}_l l + ~f^{(0)}_m m + ~f_n n and ~f_n is given by (18.101).

It cab be easily seen that (see (18.101) and (18.103))

~f|_{S1} = ~f^{(0)}|_{S1} = ~f^{(1)} on S_1, (18.110) ~f · n|_{S2} = ~f^{(0)} · n|_{S2} = ~f_n = ~f^{(2)}_n on S_2. (18.111) Now we are able to reduce the interface conditions (18.95)-(18.97) to the following equivalent equations in terms of the above introduced functions:

[B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F on S, (18.112) [U^{(1)}]^+_4 − [U^{(2)}]^−_4 = f_4 on S, (18.113) [U^{(1)}]^+_k − [U^{(2)}]^−_k = f_k, k = 1, 2, 3, on S_1, (18.114) [u^{(1)} · n]^+ − [u^{(2)} · n]^− = ~f · n on S_2, (18.115) [P^{(1)}(D, n)U^{(1)} · l]^+ + [P^{(2)}(D, n)U^{(2)} · l]^− = ~Φ^{(+)}_l + ~Φ^{(−)}_l on S_2, (18.116) [P^{(1)}(D, n)U^{(1)} · m]^+ + [P^{(2)}(D, n)U^{(2)} · m]^− = ~Φ^{(+)}_m + ~Φ^{(−)}_m on S_2, (18.117) where F , ~f, and f_k are given by (18.99), (18.107)-(18.109).

After this reformulation we look for the solution of the problem under consideration in the form (18.32)-(18.33), where now F and f^0 defined by (18.99) and (18.108) are the given vector functions on S, while the vector function φ given by (18.109) is unknown. We observe that the conditions (18.112), (18.113), (18.114), and (18.115) are satisfied automatically, since the repesentations (18.32)-(18.33) yield

[U^{(1)}]^+ − [U^{(2)}]^− = f^0 + φ, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F. (18.118) It remains only to meet conditions (18.116) and (18.117) which lead to the following system of ΨDEs on S_2 for the unknown functions φ_l and φ_m (see Subsection 15.2, formulae (15.73), (15.74))

[P^{(1)}(D, n)U^{(1)} · l]^+ + [P^{(2)}(D, n)U^{(2)} · l]^− = = [B^{(1)}(D, n)U^{(1)} · l^∗]^+ + [B^{(2)}(D, n)U^{(2)} · l^∗]^− = = [Ψ_1 Ψ F − Ψ_1 Ψ Ψ_2 Φ^{−1}_2 (f^0 + φ)] · l^∗ + +[Ψ_2 Φ^{−1}_2 Φ_1 Ψ F − Ψ_2 Φ^{−1}_2 (Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I)(f^0 + φ)] · l^∗ = ~Φ^{(+)}_l + ~Φ^{(−)}_l , [P^{(1)}(D, n)U^{(1)} · m]^+ + [P^{(2)}(D, n)U^{(2)} · m]^− = = [B^{(1)}(D, n)U^{(1)} · m^∗]^+ + [B^{(2)}(D, n)U^{(2)} · m^∗]^− = = [Ψ_1 Ψ F − Ψ_1 Ψ Ψ_2 Φ^{−1}_2 (f^0 + φ)] · m^∗ + +[Ψ_2 Φ^{−1}_2 Φ_1 Ψ F − Ψ_2 Φ^{−1}_2 (Φ_1 Ψ Ψ_2 Φ^{−1}_2 + I)(f^0 + φ)] · m^∗ = ~Φ^{(+)}_m + ~Φ^{(−)}_m , where l^∗ = (l_1, l_2, l_3, 0)^⊤ and m^∗ = (m_1, m_2, m_3, 0)^⊤ are the 4-vectors introduced in Section 14 (see (14.48)).

With the help of (15.80) we arrive at the system of equations

r_{S2} K_G (φ_ll^∗ + φ_mm^∗) · l^∗ = q_l, r_{S2} K_G (φ_ll^∗ + φ_mm^∗) · m^∗ = q_m, on S_2, (18.119)

where the ΨDE K_G is defined by (15.86), and

q_l = 2^{−1}(Φ^{(+)}_l + Φ^{(−)}_l ) − r_{S2} {Ψ_1 Ψ − 2^{−1}I] F + K_G f^0} · l^∗ ∈ B^{−1/p}_{p,p} (S_2), q_m = 2^{−1}(Φ^{(+)}_m + Φ^{(−)}_m ) − r_{S2} {Ψ_1 Ψ − 2^{−1}I] F + K_G f^0} · m^∗ ∈ B^{−1/p}_{p,p} (S_2).

(18.120)

Now, taking into account the formula (15.85), we can rewrite the above system in the matrix form

r_{S2} M_G h = g on S_2, (18.121) where g = (q_l, q_m)^⊤ ∈ [B^{−1/p}_{p,p} (S_2)]^2 is the given vector on S_2, and h = (φ_l, φ_m)^⊤ ∈ [ ~B^{1−1/p} p,p (S_2)]^2 is the unknown vector. Due to Lemma 15.9 the principal homogeneous symbol matrix of the ΨDO M_G is positive definite. Therefore, by quite the same arguments as in the previous subsections and invoking Theorem 9.12 and Lemma 16.1, one can prove the following propositions.

LEMMA 18.13 The operators

r_{S2} M_G : [ ~B^{s+1}_{p,q} (S_2)]^2 → [B^s_{p,q}(S_2)]^2, (18.122) : [~H^{s+1}_p (S_2)]^2 → [H^s_p(S_2)]^2, (18.123) are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

THEOREM 18.14 Let 4/3 < p < 4 and let the conditions (18.98), (18.100), and (18.102) be fulfilled. Then the nonhomogeneous problem (C − G)_ω is uniquely solvable in the class of vector functions (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) (with the parameters r and ω as in (15.3)) and the solution is representable by formulae (18.32)-(18.33), where F , f^0, and φ are given by (18.99), (18.108) and (18.109), respectively, and (φ_l, φ_m)^⊤ is the unique solution of the ΨDE (18.121).

THEOREM 18.15 Let the conditions (18.98), (18.100), (18.102), and (16.23) be fulfilled, and let the pair (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) be the unique solution to the problem (C − G)_ω.

In addition to (18.98), (18.100), (18.102), i) if

f_4 ∈ B^{s+1}_{t,t} (S), F_4 ∈ B^s_{t,t}(S), ~Φ^{(±)}_l , ~Φ^{(±)}_m , ~F^{(2)}_n ∈ B^s_{t,t}(S_2), ~f^{(2)}_n ∈ B^{s+1}_{t,t} (S_2), ~f^{(1)} ∈ [B^{s+1}_{t,t} (S_1)]^3, ~F^{(1)} ∈ [B^s_{t,t}(S_1)]^3, F ∈ [B^s_{t,t}(S)]^4, ~f_n ∈ B^{s+1}_{t,t} (S),

(18.124)

then there holds the inclusion (18.22);

ii) if

f_4 ∈ B^{s+1}_{t,q} (S), F_4 ∈ B^s_{t,q}(S), ~Φ^{(±)}_l , ~Φ^{(±)}_m , ~F^{(2)}_n ∈ B^s_{t,q}(S_2), ~f^{(2)}_n ∈ B^{s+1}_{t,q} (S_2), ~f^{(1)} ∈ [B^{s+1}_{t,q} (S_1)]^3, ~F^{(1)} ∈ [B^s_{t,q}(S_1)]^3, F ∈ [B^s_{t,q}(S)]^4, ~f_n ∈ B^{s+1}_{t,q} (S),

(18.125)

then there holds the inclusion (18.24);

iii) if

f_4 ∈ C^α(S), F_4 ∈ B^{α−1}_{∞,∞}(S), ~Φ^{(±)}_l , ~Φ^{(±)}_m , ~F^{(2)}_n ∈ B^{α−1}_{∞,∞}(S_2), ~f^{(2)}_n ∈ C^α(S_2), ~f^{(1)} ∈ [C^α(S_1)]^3, ~F^{(1)} ∈ [B^{α−1}_{∞,∞}(S_1)]^3, F ∈ [B^{α−1}_{∞,∞}(S)]^4, ~f_n ∈ C^α(S),

(18.126)

for some α > 0, then there holds the inclusion (18.26).

18.6. Problem (C −H)_ω. Again we start with the reformulation of the original interface conditions (see Subsection 7.2):

[u^{(1)}_4 ]^+ − [u^{(2)}_4 ]^− = f_4, [λ^{(1)}(D, n)u^{(1)}_4 ]^+ − [λ^{(2)}(D, n)u^{(2)}_4 ]^− = F_4 on S, (18.127) [u^{(1)}]^+ − [u^{(2)}]^− = ~f^{(1)}, [P^{(1)}(D, n)U^{(1)}]^+ − [P^{(2)}(D, n)U^{(2)}]^− = ~F^{(1)} on S_1, (18.128)

[u^{(1)} · n]^+ − [u^{(2)} · n]^− = ~f^{(2)}_n , [P^{(1)}(D, n)U^{(1)} · n]^+ − [P^{(2)}(D, n)U^{(2)} · n]^− = ~F^{(2)}_n , [u^{(1)} · l]^+ = ~φ^{(+)}_l , [u^{(1)} · m]^+ = ~φ^{(+)}_m , [u^{(2)} · l]^− = ~φ^{(−)}_l , [u^{(2)} · m]^− = ~φ^{(−)}_m , on S_2, (18.129) where

~f^{(1)} = (f^{(1)}_1 , f^{(1)}_2 , f^{(1)}_3 )^⊤ ∈ [B^{1−1/p}_{p,p} (S_1)]^3, f_4 ∈ B^{1−1/p}_{p,p} (S), ~F^{(1)} = (F^{(1)}_1 , F^{(1)}_2 , F^{(1)}_3 )^⊤ ∈ [B^{−1/p}_{p,p} (S_1)]^3, F_4 ∈ B^{−1/p}_{p,p} (S), ~φ^{(±)}_l , ~φ^{(±)}_m , ~f^{(2)}_n ∈ B^{1−1/p}_{p,p} (S_2), ~F^{(2)}_n ∈ B^{−1/p}_{p,p} (S_2).

(18.130)

The the vector function

f :=

( ~f^{(1)}, f_4)^⊤ on S_1, ( [ ~φ^{(+)}_l − ~φ^{(−)}_l ] l + [ ~φ^{(+)}_m − ~φ^{(−)}_m ] m + ~f^{(2)}_n n, f_4 )_⊤ on S_2,

(18.131)

represents the difference [U^{(1)}]^+ − [U^{(2)}]^− on the interface S, and, therefore, we require the natural compatibility condition (cf. (7.28))

f = (f_1, · · · , f_4)^⊤ ∈ [B^{1−1/p}_{p,p} (S)]^4. (18.132) Moreover, the function

~F_n :=

~F^{(1)} · n on S_1, ~F^{(2)}_n on S_2,

(18.133)

corresponds to the difference [P^{(1)}(D, n)U^{(1)} · n]^+ − [P^{(2)}(D, n)U^{(2)} · n]^− on S, and, we again assume the natural compatibility condition ~F_n ∈ B^{−1/p}_{p,p} (S). (18.134) Next, let us represent the boundary vector functions ~F^{(1)} in the form ~F^{(1)} = ~F^{(1)}_l l + ~F^{(1)}_m m + ~F^{(1)}_n n on S_1, (18.135) where

~F^{(1)}_l = ~F^{(1)} · l, ~F^{(1)}_m = ~F^{(1)} · m, ~F^{(1)}_n = ~F^{(1)} · n. (18.136) Denote by ~F^{(0)}_l and ~F^{(0)}_m some fixed extensions of the functions ~F^{(1)}_l and ~F^{(1)}_m from S_1 onto S_2 preserving the functional space. Arbitrary extensions then can be represented as ~F_l = ~F^{(0)}_l + φ_l, ~F_m = ~F^{(0)}_m + φ_m, (18.137) where ~F_l, ~F^{(0)}_l , ~F_m, ~F^{(0)}_m ∈ B^{−1/p}_{p,p} (S), φ_l, φ_m ∈ ~B^{−1/p}_{p,p} (S_2), ~F_l|_{S1} = ~F^{(0)}_l |_{S1} = ~F^{(1)}_l , ~F_m|_{S1} = ~F^{(0)}_m |_{S1} = ~F^{(1)}_m .

(18.138)

Obviously, here φ_l and φ_m are arbitrary functions from ~B^{−1/p}_{p,p} (S_2).

Further, we set

F = (F_1, · · · , F_4)^⊤ := F^0 + φ ∈ [B^{−1/p}_{p,p} (S)]^4, ~F = (F_1, F_2, F_3)^⊤, (18.139) where F_4 is the same function as above, while

F^0 := ( ~F^{(0)}_l l + ~F^{(0)}_m m + ~F_n n, F_4)^⊤ ∈ [B^{−1/p}_{p,p} (S)]^4 (18.140) with

φ = φ_l l^∗ + φ_m m^∗ = (φ_l l + φ_m m, 0)^⊤ ∈ [ ~B^{−1/p}_{p,p} (S_2)]^4. (18.141) Moreover, ~F^{(0)} = ~F^{(0)}_l l+ ~F^{(0)}_m m+ ~F_n n, the function ~F_n is given by (18.133), and the 4-vectors l^∗, m^∗, and n^∗ are defined by (14.48).

We note that (see (18.135))

~F |_{S1} = ~F^{(0)}|_{S1} = ~F^{(1)} on S_1, ~F · n|_{S2} = ~F^{(0)} · n|_{S2} = ~F_n = ~F^{(2)}_n on S_2. (18.142) Now we can easily see that the original interface conditions (18.127)-(18.129) are equivalent to the equations:

[U^{(1)}]^+ − [U^{(2)}]^− = f on S, (18.143) [B^{(1)}(D, n)U^{(1)}]^+_4 − [B^{(2)}(D, n)U^{(2)}]^−_4 = F_4 on S, (18.144) [B^{(1)}(D, n)U^{(1)}]^+_k − [B^{(2)}(D, n)U^{(2)}]^−_k = F_k on S_1, k = 1, 2, 3, (18.145) [B^{(1)}(D, n)U^{(1)} · n^∗]^+ − [B^{(2)}(D, n)U^{(2)} · n^∗]^− = F · n^∗ on S_2, (18.146) [U^{(1)} · l^∗]^+ + [U^{(2)} · l^∗]^− = ~φ^{(+)}_l + ~φ^{(−)}_l , [U^{(1)} · m^∗]^+ + [U^{(2)} · m^∗]^− = ~φ^{(+)}_m + ~φ^{(−)}_m , on S_2, (18.147)

where f and F are given by (18.131) and (18.139), respectively.

Let us look for the solution of the reformulated problem in the form (18.9)-(18.10), where now f, F^0, and φ are defined by (18.131), (18.140), and (18.141). These representation formulae imply

[U^{(1)}]^+ − [U^{(2)}]^− = f, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F^0 + φ, which show that the conditions (18.143)-(18.146) are satisfied automatically.

The remaining conditions (18.147) yield the following system of ΨDEs on S_2 for the unknown scalar functions φ_l and φ_m (see (18.11))

r_{S2} Φ_1 Ψ φ · l^∗ = q_l, r_{S2} Φ_1 Ψ φ · m^∗ = q_m, on S_2, (18.148)

where

q_l = 2^{−1}(φ^{(+)}_l + φ^{(−)}_l ) − r_{S2} {Φ_1 Ψ F^0 − [Φ_1 Ψ Ψ_2Φ^{−1}_2 + 2^{−1}I] f} · l^∗, q_m = 2^{−1}(φ^{(+)}_m + φ^{(−)}_m ) − r_{S2} {Φ_1 Ψ F^0 − [Φ_1 Ψ Ψ_2Φ^{−1}_2 + 2^{−1}I] f} · m^∗.

(18.149)

In accordance with the formula (15.104) this system can be written also as r_{S2} M_H h = g on S_2, (18.150) where g = (q_l, q_m)^⊤ ∈ [B^{1−1/p}_{p,p} (S_2)]^2 is the given vector on S_2, and h = (φ_l, φ_m)^⊤ ∈ [ ~B^{−1/p}_{p,p} (S_2)]^2 is the unknown vector.

By virtue of Lemma 15.4 the principal homogeneous symbol matrix of the ΨDO M_H is positive definite which together with Theorem 9.12 and Lemma 16.1 implies the following existence and regularity results.

LEMMA 18.16 The operators

r_{S2} M_H : [ ~B^s_{p,q}(S_2)]^2 → [B^{s+1}_{p,q} (S_2)]^2, (18.151)

: [~H^s_p(S_2)]^2 → [H^{s+1}_p (S_2)]^2, (18.152)

are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

THEOREM 18.17 Let 4/3 < p < 4 and let the conditions (18.130), (18.132), and (18.134) be fulfilled. Then the nonhomogeneous problem (C − H)_ω is uniquely solvable in the class of vector functions (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) (with the parameters r and ω as in (15.3)) and the solution is representable by formulae (18.9)-(18.10), where f, F^0, and φ are given by (18.131), (18.140), and (18.141), respectively, and (φ_l, φ_m)^⊤ is the unique solution of the ΨDE (18.150).

THEOREM 18.18 Let the conditions (18.130), (18.132), (18.134), and (16.23) be fulfilled, and let the pair (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_{p,loc}(Ω^2) ∩ SK^m_r (Ω^2)) be the unique solution to the problem (C − H)_ω.

In addition to (18.130), (18.132), (18.134), i) if

f_4 ∈ B^{s+1}_{t,t} (S), F_4 ∈ B^s_{t,t}(S), ~φ^{(±)}_l , ~φ^{(±)}_m , ~f^{(2)}_n ∈ B^{s+1}_{t,t} (S_2), ~F^{(2)}_n ∈ B^s_{t,t}(S_2),

~f^{(1)} ∈ [B^{s+1}_{t,t} (S_1)]^3, ~F^{(1)} ∈ [B^s_{t,t}(S_1)]^3, f ∈ [B^{s+1}_{t,t} (S)]^4, ~F_n ∈ B^s_{t,t}(S),

(18.153)

then there holds the inclusion (18.22);

ii) if

f_4 ∈ B^{s+1}_{t,q} (S), F_4 ∈ B^s_{t,q}(S), ~φ^{(±)}_l , ~φ^{(±)}_m , ~f^{(2)}_n ∈ B^{s+1}_{t,q} (S_2), ~F^{(2)}_n ∈ B^s_{t,q}(S_2),

~f^{(1)} ∈ [B^{s+1}_{t,q} (S_1)]^3, ~F^{(1)} ∈ [B^s_{t,q}(S_1)]^3, f ∈ [B^{s+1}_{t,q} (S)]^4, ~F_n ∈ B^s_{t,q}(S),

(18.154)

then there holds the inclusion (18.24);

iii) if

f_4 ∈ C^α(S), F_4 ∈ B^{α−1}_{∞,∞}(S), ~φ^{(±)}_l , ~φ^{(±)}_m , ~f^{(2)}_n ∈ C^α(S_2), ~F^{(2)}_n ∈ B^{α−1}_{∞,∞}(S_2),

~f^{(1)} ∈ [C^α(S_1)]^3, ~F^{(1)} ∈ [B^{α−1}_{∞,∞}(S_1)]^3, f ∈ [C^α(S)]^4, ~F_n ∈ B^{α−1}_{∞,∞}(S),

(18.155)

for some α > 0, then there holds the inclusion (18.26).

19 Mixed Interface Problems of Pseudo-Oscillations

The mixed interface problems for the system of pseudo-oscillation equations are investigated by the approach developed in the previous section. In this case we have to apply the ”explicit” representation formulae (14.24)-(14.25), obtained for the solution of the basic interface problem (C)_τ , to reduce the mixed interface problems to the corresponding ΨDEs. For illustration of the method in this section we consider only the problems (C − DD)_τ and (C − N N )_τ . The other mixed problems of pseudo-oscillations can be studied quite analogously.

19.1. Problem (C − DD)_τ . Let S, S_1, and S_2, be the same as in Section 18. The original formulation of the problem (C − DD)_τ is the following (see Section 7): Find the pair of vector-functions (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_p (Ω^2)) satisfying the differential equations

A^{(μ)}(D, τ ) U^{(μ)} = 0 in Ω^{(μ)}, μ = 1, 2, (19.1)

and the mixed interface conditions on S

[U^{(1)}]^+ − [U^{(2)}]^− = f^{(1)}, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F^{(1)} on S_1, (19.2)

[U^{(1)}]^+ = φ^{(+)}, [U^{(2)}]^− = φ^{(−)} on S_2; (19.3)

moreover, U^{(2)} satisfies the decay condition (1.30) at infinity.

Here p > 1 and

f^{(1)} = (f^{(1)}_1 , · · · , f^{(1)}_4 )^⊤ ∈ B^{1−1/p}_{p,p} (S_1), F^{(1)} = (F^{(1)}_1 , · · · , F^{(1)}_4 )^⊤ ∈ B^{−1/p}_{p,p} (S_1), (19.4) φ^{(±)} = (φ^{(±)}_1 , · · · , φ^{(±)}_4 )^⊤ ∈ B^{1−1/p}_{p,p} (S_2). (19.5)

Further, we assume that the vector function

f := f^{(1)} on S_1,

φ^{(+)} − φ^{(−)} on S_2,

(19.6)

meets the necessray compatibility condition f ∈ B^{1−1/p}_{p,p} (S). (19.7) Next, denote by F^0 ∈ B^{−1/p}_{p,p} (S) some fixed extension of the vector function F^{(1)} from the submanifold S_1 onto the whole surface S (i.e., F^0|_{S1} = F^{(1)} on S_1).

Evidently, an arbitrary extension (preserving the functional space) can be then represented as

F = F^0 + φ ∈ B^{−1/p}_{p,p} (S), (19.8)

where φ = (φ_1, · · · , φ_4)^⊤ ∈ ~B^{−1/p}_{p,p} (S_2) is an arbitrary function supported on S_2.

Now we can reformulate the interface conditions (19.2)-(19.3) in the following equivalent form:

[U^{(1)}]^+ − [U^{(2)}]^− = f on S, (19.9)

[B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F on S_1, (19.10) [U^{(1)}]^+ + [U^{(2)}]^− = φ^{(+)} + φ^{(−)} on S_2, (19.11) where B^{(μ)}(D, n) is defined again by (1.25), and f and F are given by (19.6) and (19.8), respectively.

Let us now look for the solution (U^{(1)}, U^{(2)}) to the problem (C − DD)_τ as follows (cf. (14.24)-(14.25))

U^{(1)}(x) = V^{(1)}_τ ( (H^{(1)}_τ )^{−1} N^{−1}_τ [(F^0 + φ) + N_{2,τ} f] ) (x), x ∈ Ω^1, (19.12) U^{(2)}(x) = V^{(2)}_τ ( (H^{(2)}_τ )^{−1} N^{−1}_τ [(F^0 + φ) − N_{1,τ} f] ) (x), x ∈ Ω^2, (19.13) where φ ∈ ~B^{−1/p}_{p,p} (S_2) is the unknown vector function, W^{(μ)}_τ and V^{(μ)}_τ are the double and single layer potentials of pseudo-oscillations (see (11.1)-(11.2)), the boundary operators H^{(μ)}_τ , N_τ , N_{1,τ} , and N_{2,τ} are the same as in Section 14 (see (14.12)). Note that here and in what follows we keep all notations of Sections 11 and 14.

One can easily check that the inerface conditions (19.9) and (19.10) are satisfied automatically, since (19.12) and (19.13) together with (14.12) imply

[U^{(1)}]^+ − [U^{(2)}]^− = f, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F^0 + φ on S. (19.14) It remains only to fulfil the condition (19.11) which yield the ΨDE for the unknown vector function φ

r_{S2} N^{−1}_τ φ = q on S_2, (19.15) where r_{S2} is again the restriction operator on S_2, the right-hand side vector q is given by q = 2^{−1}(φ^{(+)} + φ^{(−)}) − r_{S2} [N^{−1}_τ F^0 + 2^{−1}N^{−1}_τ (N_{2,τ} − N_{1,τ} ) f] ∈ B^{1−1/p}_{p,p} (S_2).

The operator r_{S2} N^{−1}_τ possesses the following properties. LEMMA 19.1 The operators

r_{S2} N^{−1}_τ : [ ~B^s_{p,q}(S_2)]^4 → [B^{s+1}_{p,q} (S_2)]^4, (19.16) : [~H^s_p(S_2)]^4 → [H^{s+1}_p (S_2)]^4, (19.17) are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

Proof. Due to Theorem 11.3 and Lemma 14.2 we conclude that the mappings (19.16)-(19.17) are bounded and that their Fredholm indices equal zero, since the principal homogeneous symbol matrix of the operator N^{−1}_τ is positive definite for arbitrary x ∈ S and ~ξ ∈ IR^2 \ {0}. It remains to prove that the corresponding null-spaces are trivial, i.e., we have to show that the homogeneous equation

r_{S2} N^{−1}_τ φ = 0 on S_2 (19.18) has only the trivial solution in the spaces ~B^s_{p,q}(S_2) and ~H^s_p(S_2) with s and p satisfying the inequalities (16.15). We again consider the particular case s = −1/2 and p = q = 2 for which the condition (16.15) is fulfilled. Further, let φ ∈ ~B^{−1/2}_{2,2} (S_2) = ~H^{−1/2}_2 (S_2) be some solution to the equation (19.18), and construct the potentials:

U^{(1)}(x) = V^{(1)}_τ ( (H^{(1)}_τ )^{−1} N^{−1}_τ φ ) (x), x ∈ Ω^1, (19.19)

U^{(2)}(x) = V^{(2)}_τ ( (H^{(2)}_τ )^{−1} N^{−1}_τ φ ) (x), x ∈ Ω^2. (19.20)

Theorem 11.3 implies that the pair (U^{(1)}, U^{(2)}) represents a solution to the homogeneous problem (C − DD)_τ of the space (W^1_2 (Ω^1) , W^1_2 (Ω^2)). By Theorem 8.6 we then conclude U^{(μ)} = 0 in Ω^μ, μ = 1, 2, whence [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = φ = 0 follows. Therefore, the above homogeneous equation has no nontrivial solutions in the space ~B^{−1/2}_{2,2} (S_2). Now Lemma 16.1 completes the proof.

THEOREM 19.2 Let 4/3 < p < 4 and let the conditions (19.4), (19.5), and (19.7) be fulfilled. Then the problem (C − DD)_τ is uniquely solvable in the class (W^1_p (Ω^1) , W^1_p (Ω^2)) and the solution is representable in the form (19.12)-(19.13), where φ is the unique solution of the ΨDE (19.15).

Proof. First we note that the condition (16.15) with s = −1/p implies the inequality 4/3 < p < 4. Next, Lemma 19.1, with s = −1/p and 4/3 < p < 4, shows that the ΨDE (19.15) is uniquely solvable. This together with the representation formulae (19.12)-(19.13) yields the solvability of the nonhomogeneous problem (C − DD)_τ in the sapace indicated in the theorem.

It remains to prove the uniqueness of solution for 4/3 < p < 4. Let (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_p (Ω^2)) be some solution of the homogeneous problem (C − DD)_τ . Clearly, then [U^{(1)}]^+, [U^{(2)}]^− ∈ B^{1−1/p}_{p,p} (S) and [B^{(1)}(D, n)U^{(1)}]^+, [B^{(2)}(D, n)U^{(2)}]^− ∈ B^{−1/p}_{p,p} (S). In addition, f := [U^{(1)}]^+ − [U^{(2)}]^− = 0 on S and F := [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = 0 on S_1. Therefore, F ∈ ~B^{−1/p}_{p,p} (S_2). Due to Theorem 14.6, such solution is uniquely representable by formulae (14.24)-(14.25) which in the case in question read as

U^{(μ)}(x) = V^{(μ)}_τ ( (H^{(μ)}_τ )^{−1} N^{−1}_τ F ) (x), x ∈ Ω^μ, μ = 1, 2, (19.21)

with F ∈ ~B^{−1/p}_{p,p} (S_2).

The homogeneous versions of the conditions (19.2)-(19.3) (i.e., (19.9)-(19.11)) then shows that F has to satisfy the equation

r_{S2} N^{−1}_τ F = 0 on S_2,

from which F = 0 on S_2 follows for arbitrary p ∈ (4/3, 4) due to Lemma 19.1. Therefore, U^{(μ)} = 0 in Ω^μ (μ = 1, 2) in view of (19.21). This completes the proof.

The next theorem deals with the smoothness of solutions to the mixed interface problem (C − DD)_τ . THEOREM 19.3 Let the conditions (19.4), (19.5), (19.7), and (16.23) be fulfilled, and let the pair (U^{(1)}, U^{(2)}) = (W^1_p (Ω^1) , W^1_{p,}(Ω^2)) be the unique solution to the problem (C − DD)_τ .

In addition to (19.4), (19.5), (19.7), i) if conditions (18.21) are satisfied, then

(U^{(1)}, U^{(2)}) ∈ (H^{s+1+1/t}_t (Ω^1) , H^{s+1+1/t}_t (Ω^2)); ii) if conditions (18.23) are satisfied, then

(U^{(1)}, U^{(2)}) ∈ (B^{s+1+1/t}_{t,q} (Ω^1) , B^{s+1+1/t}_{t,q} (Ω^2));

iii) if conditions (18.25) are satisfied for some α > 0, then

(U^{(1)}, U^{(2)}) ∈ (C^ν(Ω^1) , C^ν (Ω^2)) with any ν ∈ (0, α_0), α_0 := min{α, 1/2}. Proof. It is verbatim the proof of Theorem 16.5.

19.2. Problem (C−N N )_τ . The original interface conditions for the problem (C−N N )_τ read as

[U^{(1)}]^+ − [U^{(2)}]^− = f^{(1)}, [B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F^{(1)} on S_1, (19.22) [B^{(1)}(D, n)U^{(1)}]^+ = Φ^{(+)}, [B^{(2)}(D, n)U^{(2)}]^− = Φ^{(−)} on S_2, (19.23) where

f^{(1)} ∈ B^{1−1/p}_{p,p} (S_1), F^{(1)} ∈ B^{−1/p}_{p,p} (S_1), Φ^{(±)} = (Φ^{(±)}_1 , · · · , Φ^{(±)}_4 )^⊤ ∈ B^{−1/p}_{p,p} (S_2). (19.24) We require that the vector function

F :=

F^{(1)} on S_1, Φ^{(+)} − Φ^{(−)} on S_2.

(19.25)

satisfies the necessary compatibility condition F ∈ B^{−1/p}_{p,p} (S). (19.26) Denote by f^0 ∈ B^{1−1/p}_{p,p} (S) some fixed extension of the vector function f^{(1)} from the submanifold S_1 onto the whole surface S. Then an arbitrary extension preserving the functional space is represented by formula

f = f^0 + φ ∈ B^{1−1/p}_{p,p} (S), (19.27) where φ ∈ ~B^{1−1/p}_{p,p} (S_2).

Next, we again reduce the above original interface conditions (19.22)-(19.23) to the equvalent equations:

[B^{(1)}(D, n)U^{(1)}]^+ − [B^{(2)}(D, n)U^{(2)}]^− = F on S, (19.28) [U^{(1)}]^+ − [U^{(2)}]^− = f on S_1, (19.29) [B^{(1)}(D, n)U^{(1)}]^+ + [B^{(2)}(D, n)U^{(2)}]^− = Φ^{(+)} + Φ^{(−)} on S_2, (19.30) where F and f are given by (19.25) and (19.27), respectively.

Further, we look for the solution (U^{(1)}, U^{(2)}) to the problem (C − N N )_τ in the form (cf. (14.24)-(14.25))

U^{(1)}(x) = V^{(1)}_τ ( (H^{(1)}_τ )^{−1} N^{−1}_τ [F + N_{2,τ} (f^0 + φ)] ) (x), x ∈ Ω^1, (19.31) U^{(2)}(x) = V^{(2)}_τ ( (H^{(2)}_τ )^{−1} N^{−1}_τ [F − N_{1,τ} (f^0 + φ)] ) (x), x ∈ Ω^2, (19.32) where f^0 and F are the given vector functions on S and φ ∈ ~B^{1−1/p}_{p,p} (S_2) is the unknown vector function.

The conditions (19.28) and (19.29) are then satisfied automatically, while the condition (19.30) leads to the ΨDE for the unknown vector φ

r_{S2} [N_{1,τ} N^{−1}_τ N_{2,τ} φ] = q on S_2, (19.33) where the right-hand side vector q ∈ B^{−1/p}_{p,p} (S_2) reads as

q = 2^{−1}(Φ^{(+)} + Φ^{(−)}) − r_{S2} [2^{−1}(N_{2,τ} − N_{1,τ} )N^{−1}_τ F − N_{1,τ} N^{−1}_τ N_{2,τ} f^0]. (19.34) In the proof of Lemma 14.8 it has been shown that the principal homogeneous symbol matrix of the ΨDO N_{1,τ} N^{−1}_τ N_{2,τ} is positive definite. Therefore, by the arguments employed above one can prove the following assertion (see the proof of Lemma 19.1). LEMMA 19.4 The operators

r_{S2} N_{1,τ} N^{−1}_τ N_{2,τ} : [ ~B^{s+1}_{p,q} (S_2)]^4 → [B^s_{p,q}(S_2)]^4, (19.35) : [~H^{s+1}_p (S_2)]^4 → [H^s_p(S_2)]^4, (19.36) are bounded for any s ∈ IR, 1 < p < ∞, 1 ≤ q ≤ ∞.

These operators are invertible if the condition (16.15) holds.

This lemma implies the existence and regularity results quite in the same way as in the previous subsection.

THEOREM 19.5 Let 4/3 < p < 4 and let the conditions (19.24)and (19.26) be fulfilled. Then the nonhomogeneous problem (C − N N )_τ is uniquely solvable in the class of vector functions (W^1_p (Ω^1) , W^1_p (Ω^2)) and the solution is representable in the form (19.31)-(19.32), where φ is the unique solution of the ΨDE (19.33).

THEOREM 19.6 Let the conditions (19.24), (19.26), and (16.23) be fulfilled, and let the pair (U^{(1)}, U^{(2)}) ∈ (W^1_p (Ω^1) , W^1_p (Ω^2)) be the unique solution to the problem (C − N N )_τ .

In addition to (19.24), (19.26), i) if conditions (18.39) hold, then

(U^{(1)}, U^{(2)}) ∈ (H^{s+1+1/t}_t (Ω^1) , H^{s+1+1/t}_t (Ω^2)); ii) if conditions (18.40) hold, then

(U^{(1)}, U^{(2)}) ∈ (B^{s+1+1/t}_{t,q} (Ω^1) , B^{s+1+1/t}_{t,q} (Ω^2)); iii) if conditions (18.41) hold for some α > 0, then

(U^{(1)}, U^{(2)}) ∈ (C^ν(Ω^1) , C^ν (Ω^2)) with any ν ∈ (0, α_0), α_0 := min{α, 1/2}.

References

[1] Adams, R.A. Sobolev Spaces, Academic Press, New York-San Francisco-London, 1975.

[2] Agmon, S., Douglis, A. and Nirenberg, L., ‘Estimates near the boundary for solutions of elliptic partial differential equations satisfying general boundary conditions’, I, II., Comm. Pure Appl. Math., 12, 623-727 (1959), 17, 35-92 (1964).

[3] Douglis, A. and Nirenberg, L., ‘Interior estimates for elliptic sysytems of partial differential equations’, Comm. Pure Appl. Math., 8, 503-538 (1954).

[4] Agranovich, M.S., ‘Elliptic singular integro-differential operators’, (in Russian), Uspekhi Mat. Nauk, 20, No. 5(131), 3-10 (1965).

[5] Agranovich, M.S., ‘Spectral properties of diffraction problems’, (Russian). In: N. N.

Voitovich, B. Z. Katsenelenbaum and A. N. Sivov, Generalized method of eigenoscillation in the diffraction theory, (in Russian), Nauka, Moscow, 1977, 289-412.

[6] Brakhage, H. and Werner, P., ‘Über das Dirichletsche Außenraumproblem für die Helmholtzsche Schwingungsgleichung’, Arch. Math. 16, 325-329 (1965).

[7] Buchukuri, T.V. and Gegelia, T.G., ‘On the uniqueness of solutions of the basic problems of elasticity for infinite domains’, (in Russian), Differentsial’nie Uravneniya, 25, No. 9, 1556-1565 (1988).

[8] Burchuladze, T.V. and Gegelia, T.G., Development of the Potential Method in the Theory of Elasticity, (in Russian), Metsniereba, Tbilisi, 1985.

[9] Chkadua, O., ‘The non-classical boundary-contact problems of elasticity for homogeneous anisotropic media’, Math. Nachr., 172, 49-64 (1995).

[10] Colton, D. and Kress, R., Integral Equation Methods in Scattering Theory, John Wiley, New York, 1983.

[11] Colton, D. and Kress, R., Inverse Acoustic and Electromagnetic Scattering Theory, Springer-Verlag: Berlin, Heidelberg, New York, 1992.

[12] Costabel, M. and Stephan, E., ‘A direct boundary integral equation method for transmission problems’, J. Math. Anal. Appl., 106, 376-413 (1985).

[13] Costabel, M. and Stephan, E., ‘An improved boundary element Galerkin method for three-dimensional crack problems’, Integral Equations and Operator Theory, 10, 467-504 (1987).

[14] Dafermos, C.M., ‘On the existence and the asymptotic stability of solutions to the equations of linear thermoelasticity’, Arch. Rational Mech. Anal., 29, No. 4, 241-271 (1968).

[15] Duduchava, R., ‘On multidimensional singular integral operators’, I, II, J. Oper. Theory, 11, 41–76, 199–214 (1984).

[16] Duduchava, R., Natroshvili, D. and Shargorodsky, E., ‘Basic boundary value problems of thermoelasticity for anisotropic bodies with cuts’, I, II, Georgian Mathematical Journal 2, No. 2, 123-140; 2, No. 3, 259-276 (1995).

[17] Duduchava, R., Natroshvili, D. and Shargorodsky, E., ‘Boundary value problems of the mathematical theory of cracks’, Proc. I.Vekua Inst. Appl. Math. Tbilisi Univ., 39, 68-84 (1990).

[18] Duduchava, R., Sändig, A.-M. and Wendland, W.L., ‘Asymtotics of solutions to boundary equations with applications to interface cracks in anisotropic composites’, Preprint Nr. 95-9, Universität Stuttgart, Mathematisches Institut A, 1995.

[19] Duduchava, R. and Wendland, W.L., ‘The Wiener-Hopf method for systems of pseudodifferential equations with an application to cracks problems’, Integral Equations Operator Theory, 23, 294-335 (1995).

[20] Eskin, G.I., Boundary Value Problems for Elliptic Pseudodifferential Equations, Translations of Math. Monographs AMS, Vol. 52, Providence, Rode Island, 1981.

[21] Fedorjuk, M.V., Seddle-Point Method, (in Russian), Nauka, Moscow, 1977.

[22] Fichera, G., Existence Theorems in Elasticity, Handb. der Physik, Bd. 6/2, Springer- Verlag, Heidelberg, 1973.

[23] Gelfand, I.M. and Shilov, G.E., Generalized Functions and Operations on them, (in Russian), 2-nd Ed., Fismatgiz, Moscow, 1959.

[24] Gegelia, T.G. and Jentsch, L., ‘Potential methods in continuum mechanics’, Georgian Mathematical Journal, 1, No. 6, 599-640 (1994).

[25] Hargé, T., ‘Valeurs propres d’un corps élastique’, C.R. Acad. Sci. Paris, Sér. I Math., 311, 857-859 (1990).

[26] Hsiao, G.C., ‘On the boundary-field equation methods for fluid-structure interactions’, Proceedings of the 10.TMP, Teubner Texte zur Mathematik, Bd. 134, Stuttgart-Leipzig, 79-88 (1994).

[27] Hsiao, G.C., Kleinman, R.E. and Roach, G.F., ‘Weak solution of fluid-solid interaction problems’, Preprint-Nr. 1917, Technische Hochschule Darmstadt, Fachbereich Mathematik, 1997.

[28] Jentsch, L., ‘Über stationäre thermoelastische Schwingungen in inhomogenen Körpern’, Math. Nachr., 64, 171-231 (1974).

[29] Jentsch, L., ‘Stationäre thermoelastische Schwingungen in stückweise homogenen Körpern infolge zeitlich periodischer Außentemperatur’, Math. Nachr., 69, 15-37 (1975).

[30] Jentsch, L., ‘Verallgemeinerte thermoelastische Schwingungen in Körpern mit gleitenden Einschlüssen aus anderem Material’, In: Jentsch, L. und Maul, J., Mathematical Research, Bd. 4, Akademie-Verlag Berlin, 1980.

[31] Jentsch, L., ‘Zur Existentz von regulären Lösungen der Elastostatik stückweise homogener Körper mit neuen Kontaktbedingungen an den Trennflächen zwischen zwei homogenen Teilen’. Abh. d. Sächs. Akad. d. Wissensch. zu Leipzig, Math. Naturw. Klasse, Bd. 53, H. 2, Akademie-Verlag Berlin, 1977.

[32] Jentsch, L. and Natroshvili, D., ‘Thermoelastic oscillations of anisotropic bodies’, Preprint 96-1, Technische Universität Chemnitz-Zwickau, Fakultät für Mathematik, 1-45(1996) (see also, E.Meister (Ed.): Modern Mathematical Methods in Diffraction Theory and its Application in Engineering, (Proceedings of Sommerfeld’96 Workshop, Freudenstadt, Schwarzwald, 30 September - 4 October, 1996), Methoden und Verfahren der mathematischen Physik, Band 42, Peter Lang, Frankfurt am Main-Berlin-New York- Paris, 1997, 68-87).

[33] Jentsch, L. and Natroshvili, D., ‘Non-classical interface problems for piecewise homogeneous anisotropic elastic bodies’, Math. Meth. in Appl. Sci., 18, 27-49 (1995).

[34] Jentsch, L. and Natroshvili, D., ‘Non-classical mixed interface problems for anisotropic bodies’, Math. Nachr., 179, 161-186 (1996).

[35] Jentsch, L. and Natroshvili, D., ‘Intraction between thermoelastic and scalar oscillation fields’, Integral Equations and Operator Theory, 28, 261-288 (1997).

[36] Jentsch, L. and Natroshvili, D., ‘Intraction between thermoelastic and scalar oscillation fields (general anisotropic case)’, Preprint 97-5, Technische Universität Chemnitz- Zwickau, Fakultät für Mathematik, 1997.

[37] Jentsch, L. and Natroshvili, D., ‘Non-local approach in mathematical problems of fluidsolid interaction’, Preprint 98-1, Technische Universität Chemnitz, Fakultät für Mathematik, 1998.

[38] Jentsch, L., Natroshvili, D. and Sigua, I., ‘Mixed interface problems of thermoelastic pseudo-oscillations’, Preprint 97-1, Technische Universität Chemnitz-Zwickau, Fakultät für Mathematik, 1997.

[39] Jentsch, L., Natroshvili, D. and Wendland, W.L., ‘General transmission problems in the theory of elastic oscillations of anisotropic bodies’, DFG-Schwerpunkt Randelementmethoden, Bericht Nr. 95-7, Stuttgart University, 1-42 (1995) (to appear in Journal of Mathematical Analysis and Applications).

[40] Jones, D.S., ‘Low-frequency scattering by a body in lubricated contact’. Quart. J. Mech.

Appl. Math., 36, 111-137 (1983).

[41] Kapanadze, R.V. ‘On some properties of singular operators in normed spaces’, (in Russian), Proc. Tbilisi Univ., Mat. Mech. Astronom., 129, 17-26 (1968).

[42] Kondratijev, V.A. and Oleinik, O.A., ‘Boundary value problems for ssystem of equatuons of the elasticity theory in unbounded domains. Korn’s inequalities’, (in Russian), Uspekhi Mat. Nauk, 43, 5(263), 55-98 (1988).

[43] Kupradze, V.D., Gegelia, T.G., Basheleishvili, M.O. and Burchuladze, T.V., Three- Dimensional Problems of the Mathematical Theory of Elasticity and Thermoelasticity, (in Russian), Nauka, Moscow, 1976 (English translation: North-Holland Series in Applied Mathematics and Mechanics,V. 25, North-Holland Publishing Company, Amsterdam-New York-Oxford, 1979).

[44] Leis, R., ‘Zur Dirichletschen Randwertaufgabe des Außenraums der Schwingungsgleichung’, Math. Z., 90, 205-211 (1965).

[45] Lions, J.L. and Magenes, E., Problèmes aux limites non homogènes et applications, Vol.

1, Dunod, Paris, 1968.

[46] Luke, C.J. and Martin, P.A., ‘Fluid-solid interaction: acoustic scattering by a smooth elastic obstacle’, SIAM J. Appl. Math., 55, 4, 904-922 (1995).

[47] Maz’ya, V.G., Sobolev Spaces, (in Russian), Leningrad University, Leningrad, 1985.

[48] Maz’ya, V.G., Boundary integral equations, in R.V.Gamkrelidze (Ed.): Encyclopedia of Mathematical Sciences, 27, Springer-Verlag: Berlin, Heidelberg, 1991, 127-222.

[49] Mikhlin, S.G. and Prössdorf, S., Singular Integral Operators, Springer-Verlag, Berlin, 1986.

[50] Miranda, C., Partial Differential Equations of Elliptic Type. 2nd ed., Springer-Verlag, Berlin-Heidelberg-New York, 1970.

[51] Mitrea, D., Mitrea, M. and Pipher, J., ‘Vector potential theory on nonsmooth domains in IR^3 and applications to electromagnetic scattering’, The Journal of Fourier Analysis and Applications, 3, 2, 131-192 (1997).

[52] Mizohata, S., Theory of Partial Differential Equations, (in Russian), Mir, Moscow, 1976.

[53] Natroshvili, D., ‘Boundary integral equation method in the steady state oscillation problems for anisotropic bodies’, Math. Methods Appl. Sci., 20, 2, 95-119 (1997).

[54] Natroshvili, D., ‘Investigation of Boundary Value and Initial Boundary Value Problems of the Mathematical Theory of Elasticity and Thermoelasticity for Homogeneous Anisotropic Bodies by Potentials Methods,’ (in Russian), Doct. Thesis, A.Razmadze Tbilisi Math. Inst. Acad. of Sci. of Georgia, Tbilisi, 1-325, 1984.

[55] Natroshvili, D., ‘Dynamic problems of thermoelasticity of anisortopic bodies’, (in Russian), Differentsial’nye Uravnenia, 20, No. 1, 87-98 (1984).

[56] Natroshvili, D., ‘Mixed interface problems for anisotropic elastic bodies’, Georgian Mathematical Journal, 2, 6, 631-652 (1995).

[57] Natroshvili, D., Chkadua, O. and Shargorodsky, E., ‘Mixed boundary value problems of the anisotropic elasticity’, (in Russian), Proc. I. Vekua Inst. Appl. Math. Tbilisi Univ., 39, 133-181 (1990).

[58] Natroshvili, D., Djagmaidze, A. and Svanadze, M., Some Linear Problems of the Theory of Elastic Mixtures, Tbilisi University Press, Tbilisi, 1986.

[59] Nicaise, S., ‘Polygonal Interface Problems’, Methoden und Verfahren der Mathematischen Physik, Bd. 39, Verlag Peter Lang, Frankfurt am Main, 1993.

[60] Nicaise, S. and Sändig, A.-M., ‘General interface problems’, Math. Meth. in Appl. Sci., 17, 395-450 (1994).

[61] Nowacki, W., Dynamic Problems of Thermoelasticity. PWN-Polish Scientific Publishers, Warszawa, Poland, Nordhoff International Publishing, Leyden, The Nederlands, 1975.

[62] Panich, O.I., ‘On the question of the solvability of the exterior boundary value problems for the wave equation and Maxwell’s equations’, (in Russian) Usp. Mat. Nauk, 20, 1(121), 221-226 (1965).

[63] von Petersdorff, T., ‘Boundary integral equations for mixed Dirichlet, Neumann and transmission conditions’, Math. Meth. in Appl. Sci., 11, 185-213 (1989).

[64] Sändig, A.-M., ‘Boundary integral equations for coupled structures in solid mechanics.

The direct method’, Universität Stuttgart, Mathematisches Institut A, Preprint Nr. 95- 20 (1995).

[65] Seeley, R., ‘Analytic extention of the trace associated with elliptic boundary problems’, Amer. J. Math., 91, 963-983 (1969).

[66] Shamir, E., ‘Elliptic systems of singular integral operators’, I. Trans. Amer. Soc., 127, 107–124 (1967).

[67] Shargorodsky, E., ‘Boundary value problems for elliptic pseudodifferential operators:

the halfspace case’, (in Russian) Proc. Razmadze Math. Inst. (Trudy Tbiliss. Mat. Inst. Razmadze), 99, 44-80 (1993).

[68] Shargorodsky, E., ‘Boundary value problems for elliptic pseudodifferential operators on manifolds’, (in Russian) Proc. Razmadze Math. Inst. (Trudy Tbiliss. Mat. Inst. Razmadze), 105, 108-132 (1993).

[69] Shargorodsky, E., An L_p−analogue of the Vishik-Eskin theory, Memoirs on Differential Equations and Mathematical Physics, Vol. 2, 41-148 (1994).

[70] Simonenko, I.B., ‘A new general method for the investigation of linear operator equations of singular integral equations type’, I,II., Izv. Akad. Nauk SSSR, Ser. Math., 29, 567-586, 757-782 (1965).

[71] Sneddon, I., Fourier Transforms, McGraw-Hill, New York-Toronto-London, 1951.

[72] Stephan, E., ‘Boundary Integral Equations for Mixed Boundary Value Problems, Screen and Transmission Problems in IR^3’, Habilitationsschrift, TH Darmstadt, 1984.

[73] Stephan, E., ‘Boundary integral equations for mixed boundary value problems in IR^3’, Math. Nachr., 134, 21-53 (1987).

[74] Treves, F., Introduction to Pseudodifferential and Fourier Integral Operators, Vol. 1, Pseudodifferential Operators, Plenum Press, New York-London, 1982.

[75] Triebel, H., Interpolation Theory, Function Spaces, Differential Operators. VEB Deutscher Verlag der Wissenschaften, Berlin, 1978.

[76] Triebel, H., Theory of function spaces. Leipzig Birkhauser Verlag, Basel-Boston- Stuttgart, 1983.

[77] Vainberg, B.R., ‘The radiation, limiting absorption and limiting amplitude principles in the general theory of partial differential equations’, (in Russian), Usp. Math. Nauk, 21, 3(129), 115-194 (1966).

[78] Vainberg, B.R., ‘On the method of stationary phase’, (in Russian), Vestnik Moscow Univ., Ser. Mat., Mech., 1, 50-58 (1976).

[79] Vainberg, B.R., Asymptotic Methods in the Equations of Mathematical Physics, (in Russian), Nauka, Moscow, 1982.

[80] Vekua, I.N., ‘On metaharmonic functions’, (in Russian), Proc. Tbilisi Mathem. Inst. of Acad. Sci. Georgian SSR, 12, 105-174 (1943).

[81] Vorovich, I.I., Aleksandrov, V.M. and Babeshko, V.A., Non-classical Mixed Problems of Elasticity Theory, (in Russian), Nauka, Moscow, 1974.

[82] Wloka, J.T., Rowley, B. and Lawruk, B., Boundary Value Problems for Elliptic Systems, Cembridg University Press, Cambridge-New York-Melburn, 1995.