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Abstract

In this paper we study the observer design problem for descriptor systems with partly
unknown inputs. We give necessary and sufficient conditions for the existence of a solution
to the disturbance decoupled estimation problem with or without stable error spectrum
requiring at the same time that the resulting closed-loop system is regular and of index
at most one. All results are proved based on a condensed form that can be computed
using orthogonal matrix transformations, i.e., transformations that can be implemented
in a numerically stable way.
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1 Introduction

In two recent papers [8, 9] the disturbance decoupling problem for descriptor systems has
been studied via the use of orthogonal matrix transformations that allow implementation
as numerically stable algorithms. In this paper we follow this approach and study observer
design with unknown inputs for linear descriptor systems of the form

Ei = Az + Bu+Ggq, z(tg) = 2°
= Cu, (1)
Hz.

Here y, u are observations, z is an estimated output and z° a given initial value. The system
matrices satisfly £, A € R"*", B € R*™™ G € R"*?, C € R¥*", H € R*". The term g(t)
represents a disturbance, which may represent modelling or measuring errors, noise, higher
order terms in linearization or just an unknown input to the system. In this paper, we only
study square systems {E, A are square), for a reduction of the general case to the square case
see [7].

The observer design problem for standard systems E = I with unknown input has been
solved using an elegant geometric approach in [2, 15]. However, for descriptor systems this
problem has not been studied.
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Consider the construction of an observer for system (1) of the form

Eaw = Aw+ Ky+ Su, w(ty) = w°
2 = Fuw (2)

with 15, A, € R"*"e | € R™X" [ € R™*9 and § € R7exm, Combining (1) and (2) we
obtain a resulting closed-loop system

R BB NI RE

and an estimation error

z—é:[H—F][z}. | (4)

) A 0
5::[ E'C]"A::[KC Ac}. (5)

If (£,.A) is a regular pencil, i.e., det(s€ — A) does not vanish identically for all s € C, then
(3) has a unique solution for all sufficiently smooth inputs w, ¢ and all consistent initial values
aY, w, see [3]. Since, in general, we do not know q and since usually the input functions are
piecewise continuous, we need an extra requirement, namely that the index, i.e., the size of
the largest Jordan block to the eigenvalue infinity of (£, .4), is at most one. If this is not the

Here

case, then impulses in the solution arise if the inputs ¢ have discontinuities, see [13, 3].

Since the system (3) is block triangular, this requirement implies that both diagonal blocks,
and in particular our original system has to be regular and of index at most one. How to
achieve this property via feedback for the original system in a numerically stable way has
been the topic of several recent papers [4, 5, 6], see also (8, 9]. We may therefore assume
without loss of generality that (F, A) is regular and of index at most one.

The transfer function from Z to z — 2 in (3), (4) is given by

-1
sSE—A 0 B G
| o “F][ _KC sEc—Ac] [S o}' (6)

Definition 1 We say that (2) is a disturbance decoupled observer of system (1) if the closed
loop system (3) is uniquely solvable for all picewise continuous input functions and all con-
sistent initial values 2%, w®, and if furthermore the observation input u and the disturbance q
have no influence on the estimation error z — 3. The integer n., i.e., the dimension of E, is
called the order of the observer (2).

It is the subject of this paper to give necessary and sufficient conditions for the existence
of disturbance decoupled observers. These conditions should be given via the original data
and be numerically computable in a stable way.

Furthermore, if possible we would also like the closed loop system (3) to have stable error
spectrum, i.e., that the estimation error z — 2 satisfies

lim (2(t) — 2(t)) =0

t—oo



for all consistent initial values 29, wl.

The basis for our results is a condensed form under orthogonal equivalence transforma-
tions, which we will describe in the next section. The computation of this form, which is a
variation of the generalized upper triangular form for matrix pencils, can be implemented as
a numerically stable algorithm.

2 Preliminaries

We use the following notation, see also 8]

® Soo(M) denotes a matrix with orthogonal columns spanning the right nullspace of a
matrix M;

e To(M) denotes a matrix with orthogonal columns spanning the right nullspace of a
matrix M7T;

e M1 denotes the orthogonal complement of the space spanned by the columns of M;
® deg(f(s)) denotes the degree of the polynomial f(s);
o rank, [](s) denotes the generic rank of a rational matrix function.

e For convenience we do not distinguish between a matrix with orthogonal columns and
the space spanned by its columns.

Using this notation and Lemma 9 in [8] we have the following characterization of a dis-
turbance decoupled observer for system (1).

Lemma 2 An observer of the form (2) is a dfsturbance decoupled observer for system (1) if
and only if the matriz pencil (€,A) defined in (5) is regular, of indez at most one and

sE— A 0 B G
rank, [ ~KC sE.-A. S 0 |=n+ N, (7)
H -F 0 0

where n. is the order of observer (2).

Proof. The proof follows directly from Lemma 9 in (8]. O

Given an arbitrary matrix pencil (E, A), it is well-known [11, 14] that there exist nonsin-
gular matrices that transform the pencil (E, A) to Kronecker canonical form (KCF). It is in
general impossible to compute the Kronecker canonical form with a finite precision algorithm,
since this is an ill conditioned problem. Instead one can obtain a condensed from under or-
thogonal equivalence transformations. This form, the generalized upper triangular form is
well studied [10, 11] and has been implemented in LAPACK (1].

Lemma 3 [10] Given a matriz pencil (E,A), E,A € RY" there ezist orthogonal malri-
ces P ¢ R, Q € R™™™ such that (PTEQ,PTAQ) are in the following generalized upper



triangular form:

ny

L |sBn— Ay sEyp— Ay sEy — Ags

oo l 0

7 N __ 2
Ph(sll — A)Q = Iy 0
ly 0

Ny n3

sEyy — Ayy sFa3 — Ay
0 SE33 - A33
0 0

n4
SEM — A]4
skaq — Agg
, 8
sE3q — Aag (8)
SE44 - A44

where sIVy) — Ayy and sFE44— Aygq contain all left and right singular Kronecker blocks of sE— A,
$liyp — A9y and sE33 — Asz are upper triangular and regular, and contain the regular finite
and infinite structure of sE — A, respectively. (Note that l; = ny and I3 = ng.)

This form allows to determine left and right reducing subspaces of a matrix pencil which are
defined as follows.

Definition 4 [10] Given a matriz pencil (E,A), E,A € R*™. Let P, be orthogonal ma-
trices, such that PT(sE — A)Q is of the form (8).

(i) The left and right reducing subspaces V;_[E, A] and Vi [E, A] of (E, A) correspond-
ing to the finite spectrum of (E, A) are the spaces spanned by the leading Iy + ny columns of
P and leading ny + ny columns of Q, respectively.

(it) The maximum left and right reducing subspaces V,,_[F, A] and Vin—r[E, A] are the
spaces spanned by the leading I + ny + n3 columns of P and leading ny + ngy + n3 columns of

Q, respectively.

The following condensed form is a direct consequence of Theorem 7 in (8] and Lemma 3.

Theorem 5 (iven a system of the form (1), with (E, A) regular and of indez at most one,
there exist orthogonal matrices U,V € R™" sych that

UT(sE - A)V
) ny [X) ny Ny Ng
ly |sEn —An sEyp — Ayp sE13— Az sEyq— Ay sEjs — Ags sk — Ase
_ ly 0 sEy2 — Azz sEy— Ags sEy— Ay sEas — Ags  sEag — Aog
I3 0 0 —Assz —Azq ski3s — Azs  sFag — Asg |’
14 0 0 0 0 0 _A46
np Ny N3 N4 N5 Ng
CV = [ 0 0 0 C; Cs Ce], (9)
. ny Ny N3 N4 N5 7Ng
nv = [ 0 0 Hy Hy Hs 116],
L Gy L | By
T L 0 l B
e b Ty l2 | B
UG Lol U'B Is | By |
Iy 0 Iy | By



where F35 and Ay are nonsingular, Hy and Cy are of full column rank, and Sfurthermore

'rank[ E, G, ]
rank(sEj; — Aj))

—Asz —Azqy sEzs— Ass
rank 0 Cy Cs
Hy Hy Hy
0 0 Es5 FEj |
rank| 0 Cy Cs Cg
Hy Hy Hs Hg |

(Note that ny = ly, ns = I3 and ng = ly.)

lla

127

n3 + ng +

n3 + ng +

Vs € C, (11)
ns, VseC, (12)
n5+n6. (13)

Proof. By applying Theorem 7 in [8] to (sET — AT,CT,GT, HT) there exist orthogonal

matrices U7 and Vq, such that

n N2
h | sEn — A sEyp — Ap,
U (sE-AVi = 1 0 sEgy — Agy
I3 0 0
ll FG] ny ng
Ufé = L o], cvi= [0 o
I3 | 0
ny nNg ‘ﬁ3
HVi = [0 0 Hs),
where -
L33
l'ank[ E]] G1 ] = ll, rank C3
Hj
lg =mnq and for all s € C
81:733; Az
ra11k(sE22 - A22) = 12, rank C3
1,

Using Lemma 3 we can determine the generalized upper triangular form of sf; — Ay, ie.

there exist orthogonal matrices U, and V3, such that

, By = A
[ 1+n2 UT ] SE:23 —_ /}23 V2 =
2 sE33 — Az

ﬁ3 — Ng
ly | sO13 - P35
ly | 8093 — ®yy
I3 | 033 — P33
Iy 0

ng

sEy3 — Az

sEy — Ags |,

sE33 — Ass

3

03]1

= fig, (14)
= 'I~,3. (15)

1

Ng
ske — A
sEos — Agg
skas — Asg

sliye — Ao



with O3 of full row rank and sF46 — Agg of full column rank for all s € C. Set

ﬁ3 -~ Nlg Ng 7~13 — Ng e
CaVy=: | Wy Cs|, M3V =: | s g ).
O33 FEag
E .
By (14) we have that v 636 is of full column rank and that ©33 has full row rank.
3 6
I3 Hg
Hence, there exist an orthogonal matrix V3, such that
n3 N4 g
013 — P13 h | sbi3— Az sEyy— Ay sEys — Ags
5023 — B3 | Va=tly | sEy3 — Agz sbag— Ayy  sEzs — Azs
5033 — P33 I3 — Az —Azy sk3s — Ass
and
n3 N4 Ns ng ng nj

\I’3V3 = [ 0 04 05], H3V3 = [113 114 II5]
with I35 nonsingular and Hg, Cy of full column rank. Let

I,
SIE S DI [

In order to prove that U and V give the transformation matrices to the condensed form (9)
we only need to prove Iy = ng, E46 = 0 and that Ag is nonsingular.

Since (E, A) is regular we have that rank, (sE4 — Agg) = l4, but rank(sE4g — Ayg) = ng
for all s € C. Hence, we have l; = ng, that A4e is nonsingular and that det(sFy6 — Age) =
det(—Ayg) # 0. Furthermore, (F, A) is of index at most one. By Lemma 3 in [8], this implies
that rank(E) = deg(det(sE — A)), which implies that F4 =0. 0

Using the condensed form (9) we can characterize the following indices and subspaces.
Using the abbreviations

I,

bl

H
o, := Vi [TEr,nTan),
¢, := V. [ITET,N7ATr)),
we set
sE— A:=s0]NITE - oI N" A (16)
and we define the indices:
§ = rank { IC{ } + dim(®,),
g = rank(E)
T = rank{| C Vf_,[E,A])—rank([ c ] Vi_.[E, A)). (17)
H



Corollary 6 Let E,A,C,G, I and B be in the condensed form (9). Then

& = nz+ng+ns+ ng

M’ = Mng

T = n3 (18)
and furthermore

Ds

rank[ Hy H, ] = rank({ b

H ] Vioi[E, A]) = rank(EVy_,[E, A)). (19)

Based on these preliminary results, in the next section we derive necessary and suflicient
conditions for the existence of a disturbance decoupled observer.

3 Main Theorem

In this section we now present our main Theorem.

Theorem 7 Given a system of the form (1) with (E, A) regular and of indez at most one.
Let the matrices E, A be defined as in (16) and the indices &, 7, as in (17).

(1) System (1) has a disturbance decoupled observer of the form (2) with a regular matriz
pencil (€,A) as in (5) of index at most one if and only if 7 = 0.

(it) System (1) has a disturbance decoupled observer of the form (2) with a regular matriz
pencil (£, A) as in (5) of index at most one and has stable error spectrum if and only if

T =10 and o
rank [ SEC_ A ] =¢£ (20)

Jor all s in the closed right half plane.

Moreover, the order of the observer in both cases can be chosen to be 1.

Proof. We may assume without loss of generality that the system is in the condensed
form (9). Then by Corollary 6 7 = 0 translates to ng = 0 and condition (20) translates to

—A3zz —A3zy sE3s— Azs sF3g — Asg
rank 0 0 0 —Ayg = ng + n4q + ns + ng (21)
0 C4 Cs CG

for all s in the closed right half plane.

We first prove the necessity in both (i) and (ii) and after that we prove sufficiency for
both cases by explictly constructing the observer.

(i) Necessity: Assume that system (1) has a disturbance decoupled observer of the form
(2) with a regular matrix pencil (£, A) of index at most one. We have to show that ns = 0.



Both matrix pencils (E, A) and (E., A;) are regular and index at most one. Applying
lLemma 3 in 8], we may assume without loss of generality that

el Nc2
" ng | 8l ~ A,
Sbc - Ac = Mo ! . ] ) (22)
S K Ney Ne2
_ Na 1 _nhg 1 ) n
s = . _52], K= [1(2]’ F= [Fl 5.
Let '
—~Azs —Azq sEs5 — Ass 0 Bs + (Ass E;! Esg — Ase) Ayg Ba
A[(b) = 0 -K.C,4 -K,Cs sl — Ay S+ (I(]C5E3—51 Ese — 1(106)‘4;61 By |,
Hy H; + F21§'2C4 115 + Fg[(zC:—, —Fl HG
where

g := {(Hs — HsE33 Esg) + Fy3Ko(Co — CsEzy Esg)} Azl By — F2S,.
By (7), we have
n+ner + neg =l + Iy + neg + Iy + rankg (M(s)).
But we know that n = I} + {3+ I3+ 4. Thus, ranky(M(s)) = I3+ n.1 and hence, we have that

[ Hs Hy+ FK,Cy Hg ] — 0.

But Hj is of full column rank, so we have ng = 0.

(i) Necessity: By (i) we have already nz = 0. Since (7) holds and (£, .A) is regular and
of index at most one, we have that

[ sE - A 0 G
n+n. < rankg -KC sE.—-A. O
| H —-F 0
[ sE - A 0 B G
< rank, | -KC sE.—A., S 0
| H ~-F 0 0
= n+n..
tlence, we obtain
—Azy sk3s— Azs sE3ze— Ase 0
K 0 0 —Auge 0
s | ke, -KCs -KC¢ sE.— A.
Hy Hs Hg -F
= 13 + 14 + n.. (23)

Clomputing a column compression of [ Hy Hs Hg -F ] followed by the computation of
the generalized upper triangular form of

—Anq  sE3s — Azs sE3g — Agg 0

0 0 —Aug 0 Seol| Ho Hs Hg —F ),
~KCy  —KCs ~KCs  sE.— A.



we obtain two orthogonal matrices P and @ such that

—Aszs  sE35— Azs sEsg — Asg 0
pT 0 0 ~Agg 0 Q
-KCy —-KCs —KCsg sk, — A,
ty 1) t3
_ til 8034 — P34 5035 — B35 O35 — Byg (21)
to 0 - 5045 — Py 5045 — Pyg |’

Ly ty t3
[m H5H6—F]Q:[O 0 %]

where @34 has full row rank, g has full column rank and 8045 — b5 has full column rank
for all s € C. Then using (23) and (24) we obtain

b+l =l la+n.=1 +ty+ts,

i.e., we have t; = t, + t3 and hence, the matrix [ 5045 — By5 5046 — Dyq ] is square. [fur-
thermore, it is easy to see that

( §045 — P45 5045 — Dy )
0 Ye

has full column rank for all s € C, so if the error spectrum of the disturbance decoupled
observer (2) is stable, then

([ O45 O ],[ D45 Pyg ])

is stable, i.e.,
rank [ 8045 — Dys 5Oy — Dys ] =ty +1t3, Vse Cct.

We have
( —Azq sE3s — Azs sEsq— Asg 0 ]
0 0 —~Age 0
—-KCy —-KCs —KCg sk, — A,
rank | Hs He —F
Cy Cs Cs 0
i 0 0 0 1 |
~Azq sE35 — Aszs
- n6+nc+rank 114 }15
Cy Cs

= ng+ns+ne+mn, VseC.

Therefore, if we set
th t2 U3

C4 C5 C(,‘O _ .
[0 0 0 IJQ‘[“4]“I“L



then we have
5034 — Pgy

rank [ I,

J:tl’ VSEC

[‘urthermore, we obtain

[ —Asq SE35~ Ass sE3g — Agg 0
0 0 —Aus 0
rank | —KC, ~KCy —KCg sk, — A,
Cy Cs Cs 0
] 0 0 0 I
[ 3934 - P34y 5035 — b5 5036 — b6
= rank 0 8945 - (D45 8946 - (1)46
| 11, I1;5 Il
= ti+ia+t3

= ng+ns+ng+n., VsecCt

sE - A
C’
(i) and (ii) Sufficiency: Let E,, A, K, S and F in (2) be of the form (22) with

which, n3 = 0 and thus Corollary 6 implies that rank =¢forall se Ct.

K\Cy = —Aszy, K,Cqy=~Hy,
Lo = Ezs, Aq = Azs+ K\Cs,
B = —(Hs+ Ky,Cs), F,=1¢R™, (25)

S1 = {(Ase — AssEy Eag) + K1(Cs - CsEa_g,lE%)}AZsl B4 — Bs,
52 = {(He - H5E:;51E36) + ](2(06 — C5E3_51E36)}A;61 B4.

Note that Cy is of full column rank, so there exist solutions K1, K3 in (25). Since (E, A) is
regular and of index at most one, Fs;5 is nonsingular, hence, a simple calculation yields that
the matrix pencil (€,.4) is regular and of index at most one. Furthermore, from r = n3 = 0,
we have

sE— A 0 B G
rank | —-KC sE.—A. S 0

H -F 0 0 )
—Azq sE3s — Ass sE36 — Asg 0 0 Bj
0 0 —Ags 0 0 B,
= Iy + 1y +rank Azy - K,Cs —K,Cg sFE35 — Aszg — K.Cs 0 S
H, —K7C5 —I,Cq 0 -1 5,
1’14 115 Hg H5 +1(2C’5 -I 0

L+ly+ (ns+ 1)
skys — Azs — K1Cs  (Azs + Kle)Eg_sl Ess ~ Azg — K1Cs B3+ S,
+ rank 0 ~Ase By
Hs + KoCs Hg + K,Cg — (115 + I('QCV5)E3~51 FEqg -5,
= h+tbh+(ns+1)+ (ns+ne) = n+ (ns + 1),

10



i.e., (7) holds. Therefore, the proof of sufficiency in part (i) is complete.  Morcover, if
rank [ SEC_, A } = £ for all s in the closed right half plane, then by (21) and a simple

generalization of Lemma 3 in (9], Ky in (25) can be chosen such that (35, Ass + K,C5) is
also stable. For this K7, (2) not only is a disturbance decoupled observer of system (1) with
order ns + 1 and (€, A) is regular and of index at most one but also its error spectrum, which
is a subset of the finite spectrum of

E3zs FEsg 0 Ass + K1Cs Ase+ K1Cg 0
(fl o o of, 0 Ase 0 1),
0 0 0 K Cy K,Cg 1

is stable. [

4 Conclusions

We have presented necessary and sufficient conditions for the existence of disturbance decou-
pled observer for descriptor system (1). All results are based on a condensed form which can
be computed in a numerically stable way using orthogonal matrix transformations. Note that
an analogous to Theorem 3 can also be obtained in a similar way if as an extra requirement
the left side of the observer E, is nonsingular.
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