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1. Introduction. In contrast to the optimal control of linear systems with con-
vex objective, where first order necessary optimality conditions are already sufficient
for optimality, higher order optimality conditions have to be used for nonlinear sys-
tems to verify optimality. Second order sufficient optimality conditions (SSC) are very
useful to show certain important properties of optimal control problems, for instance
local uniqueness of optimal controls and their stability with respect to perturbations
of the problem. Moreover, they serve as important assumptions to guarantee the con-
vergence of numerical methods in optimal control. We refer to the general expositions
by Maurer and Zowe [14] and Maurer [13] concerned with different aspects of (SSC),
to Alt [2], where the approximation of programming problems in Banach spaces is
discussed, and to Alt [3], [4], containing a convergence analysis for Lagrange-Newton
methods in Banach spaces.

' Meanwhile, an extensive number of publications appeared discussing several as-
pects of (SSC) for control problems governed by ordinary differential equations. In
this respect, the well known two-norm discrepancy led to new difficulties and inter-
esting solutions. We refer for instance to Ioffe [12] and Maurer [13].

First considerations of (SSC) for control problems governed by partial differential
equations were published by Goldberg and Tréltzsch [10], [11] for the boundary control
of parabolic equations with nonlinear boundary conditions.

In the paper by Casas, Troltzsch and Unger [9] the authors have extended these
ideas to elliptic boundary control problems with pointwise constraints on the control.
Moreover, the gap between second order necessary and sufficient optimality conditions
was tightened taking into account first order sufficient optimality conditions (as intro-
duced by Maurer and Zowe [14]). It should be mentioned that in this case already four
norms have to be used (L®-norm for differentiation, L?-norm to formulate (SSC),
L'-norm for the first order sufficient optimality condition, and a certain LP-norm to
obtain optimal regularity results).
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F.Bonnans [5) shows for a particular class of semilinear elliptic control problems
with constraints on the control that a very weak form of second order sufficient con-
ditions can be used to verify local optimality: If the second order derivative of the
Lagrange function is a Legendre form, then it suffices to have its positivity in all
critical directions.

In our paper, we extend the results of [9] allowing for additional constraints on
the state. In this way, we continue the investigations of Casas and Troltzsch [8] on
second order necessary conditions. We rely also on general ideas of Maurer and Zowe
[14] and refine them by means of a detailed splitting technique.

Incidentally, we aimed to establish second order sufficient optimality conditions
for boundary control problems governed by semilinear elliptic equations in domains of
arbitrary dimension with pointwise constraints on the control and the state. However,
it turned out that pointwise state-constraints lead to essential and somehow surpris-
ing difficulties. To establish second order sufficient optimality conditions for problems
with pointwise state-constraints given on the whole domain, we had to restrict our-
selves to a 2-dimensional domain and controls appearing linearly in the boundary
condition. These obstacles seem to indicate some limits for the ”traditional” type of
(SSC) for control problems governed by PDEs.

If pointwise state-constraints are imposed on compact subsets of the domain and
the other quantities are sufficiently smooth, then arbitrary dimensions can be treated
without restrictions on the nonlinearities. (In this case the adjoint state belongs
to L®(T').) Moreover, we are able to get rid of the assumption of linearity of the
boundary condition with respect to the control by introducing some extended form
of second order optimality conditions.

2. The optimal control problem. We consider the problem to minimize the
functional

(2.1) Ry ) = [ S v@)dz + [ oleste), u(@) ds(e)
a r
subject to the equation of state
(2.2) - -Ay(z) +y(z) =0 in
’ dyy(z) = b(z,y(z),u(z)) on T,
to the constraints on the state y
(2.3) ' Fi(y) =0, i=1,...,m,
(2.4) E(y) € K,

and to the constraints on the control u
(2.5) ug(z) < u(z) <up(zr) a.e onT.

In this setting, © C R” is a bounded domain (i. e. simply connected and open) with
a Lipschitz boundary T' according to the definition by Neas [16). By f: @ xR—= R
and g,b : ' x R? = R sufficiently smooth functions are given, 8, is the derivative in
the direction of the unit outward normal v on I'. The functionals F; : C(Q) — R,
i=1,...,m, are supposed to be twice continuously Fréchet differentiable, i. e. being
of class C2. By E we denote a mapping of class C? from C(Q) into a real Banach
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space Z. K C Z is a non-empty convex closed set. ug, up : I' — R are functions of
L>=(T) satisfying uq(z) < up(x) on I'.

The control u is looked upon the control space ¢ = L*(T'), while the state y is
defined as weak solution of (2.2) in the state space C(Q) N HY(Q) =Y, i. e.

(2.6) (VyVu+yv) dz = [ b(-,y,u)vdS Vv e HY(Q).
/ !

We endow Y with the norm |ly||y = I¥llcy + lyllmi(a). The following assumptions
are imposed on the given quantities:

(A1) For each fixed z € Q or T, respectively, the functions f = flz,y), g =
9(z,y,u), and b = b(z,y, u) are of class C? with respect to (y,u). For (y,u)
fixed, they are Lebesgue measurable with respect to z € Q or z € T, respec-
tively.

In the paper, partial derivatives are indicated in the usual way by subscripts. For

instance, by, stands for 326/dydu . By b'(z,vy, u) and b"(z, y, u) we denote the gradient
and the Hessian matrix of b with respect to (y, u):

’ - by(a:,y, u) 7 _ byy(l'»y;u) byu(x,yvu)
e = (0). Vo= buy(2,3,1) bua(z,vr1) )
[b| and [b6”| are defined by adding the absolute values of all entries.

In the next assumption (A2), fixed parameters p > n—1 and s, r are used, which
depend on n. For the possible (maximal) choices of s and r we refer to the discussion
of regularity in (3.13). Roughly speaking, we have for the linearized system (2.2) that
ylr € L*(T) and y € L™(Q), if u € L*(T). s’ and r' are defined as conjugate numbers,
for instance, 1/s' + 1/s = 1.

(A2) For all M > 0.there are constants Cpy > 0 and functions v e L2 (Q),
Wyt e LU/D(T), wM2 e [26/2'(T), M3 € [(T), and a continuous,
monotone increasing function 5 € C’(}IR+ U {0}) with n(0) = 0 such that:

(i)
(2.7) by(z,y,u}) <0 a.e. z €T, VY(y,u) € R?

b(-,0) € LP(['),forap>n -1,
1b'(z,y, u)| + 1" (x, y, u)| < Cw,
16" (2, g1, w) = 8"(x, y2, u2)| < Ot 0lyr — wal + ur ~ ual)
for almost all z € T and all |y|, Jul, Juil, fui) < M, i =1, 2.

(i) f(-,0) € LY(Q), f,(-,0) € L™ (), fyy(-,0) € LT/D'(Q)
Ifyy(x:yl) - fyy(z» yZ)l < ‘I’_lfw('r) ”(lyl - y?l)
foralz € Q, [yl < M,i=1,2.

(iii) g(-,0) € L'(I), g,(-,0) € L*'(), gu(-,0) € L¥(T),
gyy('yo) € LG/ (F)» gyu('yo) € L¥e/2) (F), guu('yo) € LOO(F)
(here, - stands for z, 0 for 0 € R?)
lgyy (2, y1, 1) = gyy (2, y2,u2)] < UM (@)(|y1 — yal + [uy — ual)
lgyu(z, y1, 1) ~ gyul(z, 2, u2)| < ¥M2(2)n(lys = ya| + [ug — us))

|guu(a:,y1, ul) = Guu(z, Y2, u2)| < ‘I’r’s(“’)'lﬂyl - y2| + |u1 - u2|)
for almost all z € I and all || < M, |u;| < M.



4 E. CASAS AND F. TROLTZSCH AND A. UNGER

REMARK 2.1. Note that the estimates of (i)-(iii) imply boundedness and Lipschitz
properties also for b, f,g,V', f',g' in several L-spaces. We omit them, because they
follow by applying the mean value theorem.

(A3) (i) Let us define for y € C(£2) and a certain measurable compact subset
A C Q the norm
vtz = lwllcca) + Null-a) + I1¥llLecr).

A stands for a subset, where we know y € C(A) for Neumann boundary
data of L?(T'). In the case n = 2, we may take A = Q, for n > 2 we need
A C Q. We put ”y”C(A) =0,ifA=0.
We require for a fixed reference state y € C(Q):
IF{(@yl < Crllyll: Vy € C(Q)
| (@) [v1, 2]l < Crllwiliallyell:  Yy1, 92 € C(Q),

where Cr > 0, and

|7 (y1)y — F{(y2)ul < Cumllyr — v2ll2llyllz
(F{(y1) = F{"(y2))lw, v]| < Crm n(llwr - vellcayllvlt=llvll2

for all y; with ”yj”c(ﬁ) < M,.j = 1,2, y and v from C(Q) and i =

1,...,m.
(ii) Analogous assumptions are imposed on E : C(Q) — Z, where || - ||7 is
to be substituted for | - |. For instance, :

IE"@wllz < Cellsll. Yy € C(R)

is supposed.

Let us explain some characteristic examples for the possible choice of objective func-
tionals and constraints:

Objective:

The functions f and g can be taken as

fl2,y) = folz) + fu(@)y + fyy(2)y?
9(2,9,u) = go(x) + 9y (2)y + gu(2)u + gyy (2)1° + gyu(z)yu + guu(z)u?,
where fo € L}(Q), fy € L™ (), fyy € LU/P'(Q), go € LN(T), g, € L*'(T), g € L¥(T),
9yy € LE/D(T), gy € L2C/D'(T), and gy, € L*(T") are given functions.
State—constraints: _
A characteristic set of state—constraints might have the form

R = [wstevte)de + [0 v0) a5 + [ e, uw) dug(a) =0
?: 1,...,m i 4
Ei(y)(z) = e(z,y(z)) €eC Vze A

Eay(y)(z) = ]kl(r,é)wo(ﬁ,y(f))dwr/kz(r,E)“/o(&,y(E))dS(ﬁ)
1] r

+ / k{2, €)mo(€, ¥(€)) dp; (€) — c(z) <O Ve D

A
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with sufficiently smooth functions wj, v;, n;, j = 0,..., m, continuous functions c,
ki, i =1,2,3, a convex closed subset C' C R, a closed set D C R* and a sufficiently
smooth mapping e : A x R — R'.

It should be mentioned that the choice A = @ cannot be allowed for n > 3.
However, we may approximate associated measures by functions of L-spaces. This
motivates the choice of L™— and L’-spaces used above.

3. The state equation, first order necessary optimality conditions. It
can be shown that the equation (2.2) admits for each u € «*? a unique weak solu-
tion y = y(u) € Y, where U = {u € L®(T')|uqs(z) < u(z) < up(z) a. e. on T'}.
Moreover, there is a constant M such that

(3.1) ly(u)lly < M Vueu,

in particular ||yl < M. In Casas and Troltzsch [8] it was shown that the mapping
c@ =

u — y(u) is of class C? from L (T) into Y. Furthermore, there is a constant C, such
that the Lipschitz property

lly(ur) = y(ua)ll2 < Colluy — va|lLary

holds for all u3, uy € U (|| - || was defined in (A3)). For fixed u € U°? we have
b(-,y,u) € LP(T), hence the weak solution y € Y of (2.2) belongs to the space

Yop ={y€ H(Q)| - Ay+y € LYQ),d,y € LP(T)},

which is known to be continuously embedded into Y = C(Q)NH () for every ¢ > n/2
and every p > n — 1.

In all what follows we assume that a reference pair (§,%) € Y x U is given,
satisfying together with an associated adjoint state g € W1°(Q), Vo < n/(n — 1),
-and Lagrange multipliers

A=, A)T eR™ € 2*

the associated standard first order necessary optimality condition.

Let us state them for convenience. They can be proved following Casas [7], the
general considerations in Casas and Bonnans [6] and in Zowe and Kurcyusz [21]. We
Just assume them. The first order optimality system to be satisfied by (7, %) consists
of the state equations (2.2), the constraint @ € U®¢, the adjoint equation

m
(32) -AT+7= £+ NF(@la+ (E'9'Tla  inQ
i=1
(3.3) 0,7 = b,(n 0P+ 9,( 7,8 + Y_NF/(B)Ir + (E'H)'FIr onT
i=1
for the adjoint state @, the complementary slackness condition
(3.4) (z*,k—E@) <0 VYke€K,

and the variational inequality

(3.5) /(yu(%y(z),ﬁ(z)) + P(2)bu (2, 9(=), ¥(2)) (u(z) — G(x)) dS(z) > 0
r
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for all w € U*¢. We have F!(7) € C@),i=1,...,m, and E'(y)7 € C(Q)", hence

these quantities can be identified with real Borel measures on . Owing to Casas [7],
the problem

(3.6) {—A«p+go =pq in Q
Ovp+PBp=pr onT

admits for given real Borel measures pa and pr concentrated on © and I', respectively,
a unique solution ¢ € W?(Q) for all ¢ < n/(n — 1), if B € L*°(T') is nonnegative.
This justifies to write ‘

m
p= $00+Z/\i90.'+<pE,

i=1

where o, p;, and pg solve (3.6) for pg = fy, F{(W)la, E'(9)*T|a and pr = g,,
F{(@)Ir, E'(F)*7*|r, respectively. We have at least ¢y, @i and g in W19 (Q). More-
over, P satisfies the formula of integration by parts

(3.7) (—Ay+y)pde + [ (Boy+ By)edS(z) = [ ydua+ | ydur
/ / [vim]

a r

for all y € Y, ,, where ¢ > n/2, p > n—1. Therefore, it is easy to check that the
optimality conditions can be expressed by means of the Lagrange function

C(, 4, 9,7 2*) = Foly, u) — / (~Ay+y) pde — / vy = b(-, v, u))p dS
r

(3.8) a, 4
+Y A Fi(y) + (=*, E(y)),
j=1

L:Yp xUxWHo(Q) x R™ x Z* - R. The regularity of y and ¢ fit together, as
p € WH(Q) for all 0 < n/(n — 1) ensures ¢ € L*(Q) for all s < n/(n —2) (cf. Necas
[16], Thm. 3.4, p. 69) and ¢|r € L"(T) for all » < 1+ 1/(n —2) ([16], Thm. 4.2,
p-84). Hence this definition makes sense. In (3.8), (., ) denotes the duality pairing
between Z and its dual space Z*. It is obvious that £ is of class C2? with respect to
(y,u) for fixed ¢, A, and 2*.

According to (3.7), the optimality system can be written in the form (2.6), u €
U, and

(3.9) L,(7,9,8,17)y=0 VyeY
(3.10) Lu(, 8,3, )(u-8) >0 Vuel
(3.11) (Z*,k— E®@) <0 VeeK,

which is more convenient for our later computations. In order to simplify our notation,
derivatives taken at (3,%,%,),7") will be indicated by a bar. For instance, L,y,
Lu(u — 1) would stand for the derivatives in (3.9) and (3.10), respectively. Lyy{y1,y)
denotes the second derivative of £ in the directions Y1, Y2 taken at (7,%,7,A,7%).
Moreover, wa[wl,wg] is the second order derivative of £ in the directions w; =
(v1,w1), wa = (y2,u2). If wy = wy = w, we write for short wa[w,w] = wa[w]z.
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Next we state some useful results on certain linearized versions of the state equa-
tion. Regard first the linear system

~Ay+y=f inQ
(3.12) , {8uy+ﬂy=g on T,

where § € L* () is nonnegative. Owing to Casas [7], this system admits for each
pair (f,g) € L'(Q) x L'(T) a unique solution y € W17(Q) with ¢ < n/{n—1). (Note
that a function of L' can be considered as a Borel measure.) On the other hand, we
have that the solution y of (3.12) belongs to H!(2)NC(Q), if (f,g) € LI(Q) x LP(T).
This regularity result is well known for domains with C!'-boundary. Nevertheless, it
holds also true for domains with Lipschitz boundary in the sense of Necas [16] (cf.
Stampacchia [17] and Murthy and Stampacchia [15]). In view of these results we
see that the mapping T' : (f,g) — (y,ylr) is a2 mapping from L!(f) x L'(T') into
L*(Q) x LY(T) with s < n/(n~2) and t < (n — 1)/(n — 2) by embedding theorems
for W' ?(Q) (cf. again Necas [16]) and from L9(Q) x LP(T) into L= () x L*°(T).
In both cases, the mapping is linear and continuous. Interpolation theory applies to
show the following results for T' viewed as a mapping defined on L?(£2) x L2(I'):

cQ), n=2 c(T) n=2
(313) yE L(Q)VT<OO2,n n=3 ylrE L(F)VS((;Zn—l)nz:}
F@vr<—mnx4 PO Ys< S —n>a

4. Regularity condition and linearization theorem. Recall that we con-
sider a fixed reference pair (3, %) satisfying together with (%, X,%*) the first order
necessary conditions (3.9) - (3.11).

The linearized cone of U®® at W is the set C() = {v € L™(T)|v = o(u — ), p >
0, u € U%?}. Let F = F(y) denote the mapping y (Fi(y), ..., Fu(y))T from Y to

'R™. For convenience, we introduce the set of all feasible pairs

M={w=(y,u) €Y x U | y = G(u) and y satisfies the state-constraints}

(note that G is the nonlinear control-state-mapping). Following Maurer and Zowe
(14], the linearized cone L(M, W) at @ = (7, &) is defined by

LM, w) = {w = (y,u) | u € C(T) and (y, u) satisfies (4.1) —(4.3)},

where
(4.1) {—Ay;—y =0 L L in Q
vy = by(-,y,u)y+bu(-,y, uw)u on I'
(4.2) F'(G)y = 0 '
(4.3) E'(§)y € K(E(y)).
Here, K(E(y)) = {: € Z | 2 = o(k — E(7)), 0 > 0, k € K} is the conical hull of
K - E(y).

REMARK 4.1. The following choice of E : Y — Z is of particular interest:
Z=Rt E@y) = (Er(y),- -, Ex(y))T, K = (R*)~. Then (4.3) reduces to

E{(y <0

for all active i € {1,...,k}, i. e. for all i, where E;(g) = 0.
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The following regularity assumption (R) is essential for our analysis: For con-
venience we join the two constraints to one general constraint. To do so we put
Z=R"xZ, K = {0} x K, defineT :Y — Z by T(y) = (F(y), E(y)) and
K(T(y)) = {0} x K(E(7)). Our regularity condition goes back to Zowe and Kur-
cyusz [21] and is

(R) T'(@G'@C@E) - K(T(@G) =2

This condition is sufficient for the existence of a (non-degenerate) Lagrange mul-
tiplier associated to the state-constraint E(y) € K (cf. [21]). We should underline
that (R) does not rely on the condition int K # @. In the Appendix 7.1 we shall give
some sufficient conditions for (R) to hold (which, however, require int K # @). For
Z=Rt K (IR’“)‘ the condition (R.) is equivalent to the well-known Mangasarian-
Fromowitz condition.

THEOREM 4.2. Suppose that (R) is satisfied. Then for all pairs (j, i) € M there
is a pair (y,u) € L(M, @) such that the difference r = (r¥,r"%) = (§,4) — (7, %) — (v, u)
fulfils the following estimates:

(4.4) Irlly xzoory € CrLplltt = @l Leo(rllit — BLeary VP> n -1
(4.5) l7ll < Cr2llt — ¥l peo(r)llt = Bl|La(r),

where ||r]| = |[r¥|la + [|["¥|lary- If b(z, y, u) = bi(x,y) + ba(x)u, then
(4.6) rlly xLeo(ry < Crpllie = @iory VP> n—L.

This theorem is proved in Appendix 7.2.
We conclude this section with some useful estimates for £ and certain remainder
terms. First, we derive the expression for

C Iy, ), (g2, u2)] = L7, T3, X, T) (w1, w), (32, u2)],

where £" denotes the second order derivative of £ with respect to (y,u). We have

Z—”[(yx.ux (y2, u2)] / ylyzd$+/(y1,u1) (-9, 0)(y2, u2)T dS
Q
+

fuy
r
(4.7) / (1, un)b" (-, G, T)(y2, u2)T dS
r
m
Z F'@) My, vl + (7, E" (@)1, v2])-
It is the term connected with @, which causes troubles, more precisely,

(48) 1 :/ ( yy( y,u )y1y2+byu( y)ﬁ)(ylu2+y2“l)+buu(':y)ﬁ)ulu2) ds.
r

We shall need an estimate of I with respect to the norm ||y|l2 + ||u|| L2y (cf. (4.17)).
This would require at least % € L%(T) in the second item and % € L>®(T') in the third
one. Without additional assumption only € L"(I') with r < (n — 1)/(n — 2) follows
from p € W1?(Q), cf. Necas [16], p. 84. This means in particular p € L"(T) for all
r<oo,ifn=2 g€ L"(T), for r < 2, if n = 3. Therefore the following additional
assumption is crucial for our analysis:
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(A4) Let one of the following statements be true:
(1) g € Lo°(I).
(i1) byu(z,y,u) = 0on I x R? and, if n > 3, then $ € L"(T') for some
r>n-—1.
(iii) byu(z,y,u) = byy(z,y,u) =0 on I x R? and, if n > 4, then p € L"(I')
for some r > (n —1)/2.
(iv) b'(-,y,u) = 0.
Let us briefly comment on the consequences of these assumptions:
(i) holds true, iffy € L1(2), g, € LP(T'), and the restrictions of F{,i=1,...,m, and
E'(§)*7" to  and T belong to LY(2), LP(T'), too. Moreover, this holds for functionals
F!,i=1,...,m, and E'(§)*Z" of C(Q)*, where the associated real Borel measures
are concentrated on the set A C Q.
(ii) requires linearity of b with respect to u, i. e. b(z,y, u) = bo(z,y) + b1 (2, y)u.
(iii) means that b(z, y, u) = by (z,y) + b2(z)u, while
(iv) is only true for an affine-linear boundary condition (however, still for a nonlinear
functional Fp).
As a consequence of (A3) and (A4), pointwise stale-constraints on the whole set

Q can only be handled by the standard part of our theory, if u appears linearly in
the boundary condition and n = 2. In the considerations below we denote by ¥ the
remainder terms of ith order of the Taylor expansion of a mapping T. In this way,
the following first and second order expansions of b(x,y, u) will be used for triplets
(z,y,u) and (z,7,7) € R%:

(4.9) b(a,y,u) - b(z,5,7) = b'(z,7,8)(y — §,u— 1) + 1},

where

(4.10) = (8 = B) (v~ B) + (6] - bu)(u ),
~and bJ,b3,b,,b, denote by, b, taken at (z,5+ I(y — ¥),u + I(u — T)) and (z,7,7),

respectively, with some J € (0, 1). Analogously,

b(z’yru) - b(l‘,g,ﬂ) = bl(m:yvﬁ)(y» -Yu— —ﬁ)

(4.11) 1 i o (Y= ,
taly-gu-m (g0 o)+,
where
1 n
(4.12) ry = ’2'(3/ ~Gu—Bp"’ -5 y-7,u-w)T

and b”?, 5" denote the Hessian matrix of b with respect to (y, u) taken at the same
triplets as above. According to our assumptions on &' and b”, the estimates

(4.13) Ir}l < Cum(ly — 91 + |u —@[?)
(4.14) I3} < Crrnlly — 9l + lu = a)(ly — F1° + Ju — G?)

are valid for all |y|, |7, |u|, [2] < M. We continue with the discussion of the remainders
rf and r§. It holds

L(y,u, 3,17 - L(F,4,5,1,7)
=ZLy(y —9) + Lulu —T) +rf

—_ — 1 = — —
=Ly(y = 9) + Lu(u =) + 5 (Loyly = 7° + 2Lyuly = §u — 0 + Luafu - ) + 15,
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where £ indicates'that L and its derivatives are taken at (y,%,%,A,Z"). We have
rl = (L) = Ly)y = §) + (L3 - Tu)(u— 1)
1 —= — -
5 :§((£3y ~ Lyy)ly — 7)%+ Q(Czu —Lyu)ly—F,u—1) + (L, ~ Luu)[u - a)%).

L? indicates that (§+ J(y — 7), w+ 9(u —1),8,X,7") is inserted for (y,u,3,X,7*) in
L’ and L", where 9 € (0,1). Relying on the assumptions (A1)-(A4) we are able to
verify

(4.15) |1 < Cellly — 93 + llu — @iar))
(4.16)  |r5] < Cenllly = Bllegy + 1w = llzoory) - (ly = TlIE + llu = WlZar)

and

(4.17) [y, 1), (v, w2)ll < Celllyalla + Nualloaey) (vallz + lluzllzacr)

with some C¢ > 0, which depends in particular on . This analysis is performed in
the Appendix 7.3.

5. Standard second order sufficient optimality condition. We aim to es-
tablish sufficient optimality conditions, which are close to the necessary ones derived
in Casas and Troltzsch [8]. Therefore, we take into account first order sufficient op-
timality conditions. We combine an approach going back to Zowe and Maurer [14]
with a splitting technique, which was known for the optimal control of ordinary dif-
ferential equations and has been extended to the case of elliptic equations without
state—constraints by the authors in [9].

In [14], Maurer and Zowe introduce first order sufficient optimality conditions
taking into account a general constraint g(w) < 0. Aiming to apply this approach to
our problem in its full generality, we observed that this type of first order sufficient
optimality conditions considerably complicates the presentation and the assumptions.
Therefore, we introduce in a first step the first order sufficient optimality condition
only for the constraints on the control. Later, we deal in the same way with the
state-constraints, too. Define for fixed 7 > 0 (arbitrarily small)

7 = {z € T|lgu(z, 5(=), u(x)) + B(2)bu(2, §(2), u(x))| > T}.

I; is a subset of ”strongly active” control constraints (cf. (3.5)). Moreover, we
mention that

(5.1) : (T E'@y) <0

holds, if (y,u) € L(M,w). This follows from (z*, E'(F)y) = o(Z",k — Em) <0
according to (3.4). Let P, : L®(T') — L*(T') denote the projection operator u
xr\r,¢ = Pru. In other words, (Pru)(z) = u(z) on ' \T; and (P,u)(z) =0 on I,.

We start with the following "standard” second order sufficient optimality condition.
(SSC) There exist positive numbers 7 and § such that

(52) ‘C”(yv -ﬂ’ _‘P_, X) ?)[w% w2] Z 6”1‘2”27([‘)

holds for all wy = (y2,u2) obtained in the following way: For every w =
(y,u) € L(M,w) we split up the control part u by u; = (¥ — Pru) and
uz = P;u. Finally, we denote by y; the linearized state associated to ui, 1. e.

{-Ayi-i-yi:o in Q

(5:3) Buyi = b,( 7, @i + bu( 5, Wu; on T
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According to this, we get the splitting w = w; + wy = (y1, u1) + (y2, u2).
THEOREM 5.1. Let the feasible pair W = (y,u) satisfy the regularity condition
(R), the first order necessary optimality conditions (3.9)-(3.11) and the second order
sufficient optimality condition (SSC). Suppose further that the general assumptions
(A1)-(A4) are satisfied. Then there are constants p > 0 and &' > 0 such that

(5.4) Fo(g,4) > Fo(3, ) + &||i — u|3x(r)
holds for all feasible pairs w = (§, &t) such that

(5.5) |l — @l poo(ry < e

Proof. Let w = (§,4) be a given feasible pair. We use for convenience the
notation ! = (p, A, Z") for the triplet of Lagrange multipliers appearing in the first
order necessary optimality conditions. Obviously,

(5.6) Fo(w) = Fo(W) = L(w,]) - L(@,1) ~ (z*, E(9) — E(#))
follows from F(w) = F(w) = 0. It holds
—(z*, E(9) - E(3))) > 0,
hence we may avoid this term, and a second 6rder Taylor expansion yields
Fo(w) — Fo(w) > L(@,1) — L(w,1)
> /lu(a -w)dS + -;-L”(m, D[w - o) + £ (w, v — )
r

‘where I, (z) = gu(z,¥(z), () + P(z)bu(z,F(z), u(z)). Hence

(5.7)  Fo(w) - F(w) > T/ |4 — | dS + %E”(E, Dw o) + v§ (W, v — ).
e

We introduce for convenience the bilinear form B = £"(w, {) and approximate
w— Wby w = (y,u) € L(M,®), according to Theorem 4.2. In this way we get
r=(r¥,r*) such that & — @ = w4 r and

(5.8) lIrl] < CLllé = @l ooyl — ¥l a(r)-

Then B[w — w]* = Blw)? + 2B[r,w] + B[r]2. We have w € L(M, ), hence (SSC)
applies to B[w]?. Splitting up w = w; + w, as in (SSC),
Blw]? = Blws]? + 2B[w,, wo] + Blw;)?
> 8lluzllzary — 2Cc(llwallz + llullzagry) (ly2llz + Nuzllzar)
~Ce(llyallz + i) Lagry)?

by (SSC) and (4.17). Suppose ¢ < 1 and ||i — Ul{Le(r) < o. In the following, ¢
denotes a generic constant. By ||yi||2 < c|lu)|L3(ry and Young’s inequality,

)
B[“’]2 2 5"“2”3,2(1") - 5""2”22(1‘) - C”“l”%z(r)
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Zg / uzdS—c/u2dS

[, T,
5

> [ la-urds— [ ra=giids-c [1a-apas
nr, m\r, r,

—c/m—m |r"|dS—c/|r"|2dS.
Fr Ff

The third integrand is estimated by || — %l{ o (ry|& — 7], in the other integrals (ex-
cepting the first) we insert the estimate (5.8). This leads to

] . o -
69) B’z / li— a2 dS — cg/ Jis— ]S — calli — T2ar)-
r\r, r,
The estimation of B{r,w] and B|[r]? is simpler.
|Blr, w]| < cllrllilulleary = ellrllllé -+ r*||ar)
< colld — |32y
The same estimate applies to B{r]%. Altogether,
510) Blio-w?> 2 [ |a—adS—co [ i—uldS - colld -l
(5.10) w-w)° 25 () co | |lu—1 cellte — F||7a(r)
I\, r,
is obtained. Inserting (5.10) in (5.7), we get

2

. _ N 4 L L
Fo(i) - Fo(@) > (7 — co) / i~ aldS + 2 / Jis— T dS - colli — 2
r, , r\r,

r, \r,

Because of ||it — || () < 1, we have |é — T| > |& — u]? almost everywhere. Using
this in the first integral, setting ' = min{7/2,/2}, and inserting the estimate (4.16)
for 15, we arrive at

Fo(b) — Fo(®) > ||& — Tl|Za(r) (8" — ce — nlcllii — Tl|Lo(r)))
& _
2> ’2'||“ - “ll%ﬁ(r)

for sufficiently small ¢ > 0. O

The study of the paper [14] reveals that first order sufficient optimality conditions
can be extended also to state-constraints. However, this leads to a quite involved
construction and more restrictive assumptions. We have to suppose that the function
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b is linear with respect to the control u and n = 2. The associated theorem is stated
below. For fixed 8 > 0 and 7 > 0 we define the following subset of L(M, ):

Lg+(M, @) ={w = (y,u) |w € L(M,®w) and satisfies (5.11) below}.

The decisive inequality characterising Lg,; is
(5.11) @@ 26 [ ue)dste)

Lg (M, W) is the subset of L(M, ), where first order sufficient optimality conditions
are not very supported by the term (z*, E(y)). It is only this set, where we have to
require second order conditions, namely

(SSC’) There exist positive numbers 3, r, and § such that

(5.12) L"(9,%,3,X,7")[wa, wa] > 8l|uzllar

holds for all wy = (y2, u3) obtained in the same way as in (SSC) by elements
w taken from the smaller set Lg . (M, ).
Using this condition we formulate
THEOREM 5.2. Let the feasible pair W = (¥, %) satisfy the regularity condition
(R), the first order necessary optimality conditions (3.9)-(3.11) and the second order
sufficient optimality condition (SSC’). Suppose further that the general assumptions
(A1)-(A4) are satisfied. Moreover, assume that n = 2 and b(z,y,u) = by(z,y) +
ba(z)u. Then there are constants ¢ > 0 and §' > 0 such that

(5.13) Fo(g,4) > Fo(g, ) + &'||& — 1|32
holds for all feasible pairs @ = (§, 1) such that
(5.14) It = 2|lLe(ry < e

Proof. We start exactly in the same way we have shown Theorem 5.1 and arrive
at

(5.15) Fo(w) — Fo(®) = L(w,1) ~ L(W,1) — (7", E(§) - E(9))-

Once again, & ~ W = w+ r. Now we distinct between two cases.

Case I: First order sufficiency yields (5.4):

In this case
(5.16) - E@) > 8 [ lu(@)]dse)
m\[,
i.e. w=(y,u) € L(M,w)\ Lp (M, w). Here we handle (5.15) as follows
Fo() — Fo(W) = L'(@,1)(w ~ ®) + r{ (B, b - ®) — (z*, E(3) - E(@))

= ‘Cy(wxl)(i/ - —y_) + ﬁu(m,l)(ﬁ - 'ﬂ) —_ (?’E’(y)(g _ y))

+r{ (@, 0 — @) - (Z*,rE (7,9 - 7))
—0+ / L(2)(a(z) — §(z)) dS(z) — (2*, E'(3)y)
r
(5.17) +ri (

w,w - w) - <?a El(y)ry + rlE(-g:g" y))»
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where Iy (z) = gu(z, (2), U(z)) + P(x)bu(z, §(2), #(z)).
Owing to n = 2 and b(z, y, u) = by (x,y) + ba(z)u, we are able to apply the strong
estimate (4.6) for p = 2. That is

(5.18) lirlly xzoo(ry < Crelld = FEacr)-
By Theorem 4.2, (5.18), (4.15), and (A3), (ii) we have
max{|[r]l2, 71 IrFllz} < e(llg — B3 + llé — @lLagr))-

Thus the Lipschitz property of u — y(u) = G(u) from L?(T) into C(2) (note that
n = 2) implies that the last three items of (5.17) can be estimated by c||# — HH%,([‘).

To the second one we apply (5.16), while the first one is treated by I';:
We know that

ly(z)(a(z) —¥(z)) >0 a.e onT,

hence

/lu(ﬁ—ﬁ)dSZ /lu(ﬁ—'ﬂ)dS::/lluHﬁ—mdSZ r/lﬁ—mds.
r r, r, r.
Now (5.17) can be continued by

Foi) = Fo(@) 2 7 [[fa~ a1+ [ fulds - ellé = e
r, r\l,

>r [la-ulds+p [ i aldS = elli =Tl
r, r, :
as ||r¥||pe=(r) < ¢||& — '12||%,(F). Proceeding with the estimation, we have
Fo(w) — Fo(®) > min{B, T}|& — Ly (r) — cellé — l|vr)
> B'lla— Tl

with some 3 > 0, provided that ||&—|[(r) < @ < €1, Where g, is sufficiently small.
Assume additionally that ¢; < 1. Then i — u|? < |& — ] a. e., hence

(5.19) Fo(w) — Fo(w) > B')l& — GlfZa(r,
for ||& — U||L=(r) < 01

Case II: Partial use of first order sufficient optimality conditions

Here, we avoid the term (z*, E(y) — E(Y)) and proceed word for word as in the proof
of Theorem 5.1, using Lg,r instead of L. O

REMARK 5.3. In applications, it will be quite difficult to describe in an explicit
way, which (y,u) € L(M,®) fall into the different classes, where case I or case 11
applies. Therefore, this type of first order sufficient condition is only of limited value.

Theorem 5.1 follows from Theorem 5.2 by setting 3 = 0, where we can avoid the
restrictions n = 2 and b(z,y,u) = bi(z,y) + ba(z)u.

By definition, C(%) = {p(u—)|u € U, p > 0}. The closure of C(TW) in L*(T) is

cdC(@) = {ve L) |v(z) <0, if u(z)=wup(z), v(z) >0, if G(z) = ua(z)}.

If we require (SSC) for clC(T) instead of C(u), then Theorem 5.1 holds as well, since
clC(a) O C(u). It can be shown by means of (R) and the generalized open mapping
theorem that (SSC) formulated for c1C(T) is in fact equivalent to (SSC) for C(u).
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6. Extended second order conditions. A study of the preceding sections
reveals that (SSC) is sufficient for local optimality in any dimension of 2 and without
any restriction to the form of the nonlinear function b, whenever we know @ € L (T').
This holds, if pointwise state-constraints are required only in compact subsets of
and the other quantities are sufficiently smooth. We can allow for pointwise state-
constraints up to the boundary I' for n = 2, if b(z,y, u) is linear w.r. to u. An
extension to B € L"(I') was possible only under stronger assumptions on b. We shall
briefly sketch in this section that some extended form of (SSC) can partially improve
the results for n < 3.

For @ ¢ L™ (T') it seems to be natural to introduce in L®(I') the norm

1/2

lully = / (1+ [#(2)[)u*(z) dS(2)

r

If % € L*°(T), this norm is equivalent to ||u|Lsr). Note that u € L*(T) and y € C(RQ)
holds in all parts of our paper. However, we apply also different LZ-norms in this
spaces. In order to get rid of the restrictions imposed on b in (A4) we re-define the
set of strongly active control constraints T', by

(6.20) I'rp = {2 € T'{|gu(2,¥(2), u(2)) + P(2)bu(z, (), W(x))| > (1 + [B(=)])}-
Moreover, we require instead of (5.2) the condition
(621) Cu(y>ﬂa P, X)?)[wmw?] Z 6“1‘2”3)

If we proceed in this way, then the statement of Theorem 5.1 remains true without
assumption (A4) forn=2,3.
"~ This can be seen as follows: The sections 1-3 are not influenced by introducing
llully, while in section 4 only the estimates (4.15)-(4.17) have to be changed. This
is the decisive point. We are able to replace || - ||za(ry by || - || there, as the basic
inequalities (7.15)-(7.17) (Appendix 7.3.) can be slightly re-formulated: (7.15) is
nothing more than

(6:22) [ s <,
r

(7.17) remains unchanged (n = 2, 3), and (7.16) is substituted by

1/2

[ wlisltulas = [ 1pl2t gt /ful ds < Il ( [ elvtas
r r r

(6.23) <R S=mry eyttt

where we have used (7.16) for sufficiently large s (n = 2,3). Now a careful study of
the proof of Theorem 5.1 shows that (A4) can be removed on using (6.22) and (6.23).
Assuming (6.21), we arrive at the estimate (5.4) with ||i—1]|2 instead of ||12—7I||%,(F).
Then (5.4) follows from ||ul|, > |lu}|z2(r). The same arguments apply to the first order
sufficient conditions in Theorem 5.2 for n = 2, if we re-define L(M,w) by means of
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the inequality

(6.24) @ @) >~ [ (1 +plulds
r\r,
substituted for (5.11).
7. Appendix.

7.1. On the regularity condition. (R) is satisfied in the following particular
cases: Let Y C H'(Q) denote the set of all solutions of the state equation (4.1)
linearized at (¥, u) associated to u € L*™(T'), i. e. Y = G'(@)L>(T).

a) K = Z (no inequality constraints)

Then (R) means F'()G'(u)C(u) = R™. This is implied by the stronger condition
that F'(7)Y = R™ and that there is an i € intpeo(ryU®? with F'(§)g§ = 0, where
y is the solution of the linearized state equation (4.1) associated to @ — 4, i. e.
§ = G'(u)(@t — @). The proof follows from Troltzsch {20], Lemma 1.2.2.

b) F = 0 (no equality constraints)

In this case (R) reads E'(3)G’(d)C(@) — K (E(q@)) = Z. Sufficient for this is E'(7)Y —
K(E(Y)) = Z and the existence of an @ € intf(ryd*? such that for j = G'(T)(i— )
it holds E'(y)y € K(E(Y)) (confirm again [20], Lemma 1.2.2). Case a) follows from
b).

¢) General case
(R) is implied by intz K # @, intpeo(ryU2? # 0,

(1.1) F'()Y =R™,
and the existence of an @ € intpeo(ry#*¢ such that it holds for § = G'(@)(d — %)

(7.2) E(¥) + E'(9)j € intz K,
(7.3) F'(§)j = 0.

To show that c) implies (R.) we first mention the simple fact that Z € intz K implies
4+ z/p0 € K for arbitrary z € Z, if g is sufficiently large. We show that the system

(7.4) F'@)y =z
(7.5) E'(@)y—olk - E(§)) = 2z

is solvable for all z; € R™, 2, € Z with some y € G'(u)C(u), k € K, and ¢ > 0: By
(7.1) we find u; € L°°(I') such that

Fl(g)yl =21,
where y; = G'(T)u;. Now we add to y; a multiple of §j. Then
F'(giwn +09) = F'H)n =z

by (7.3). Thus, (7.4) holds for y = y, + ¢§. Moreover,

E(@) + E'@)i - %(22 _E@u) =keK
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for sufficiently large ¢ by (7.2). This means
E'(@) (1 + ed) - ek ~ E(9)) = z2.

Therefore, (7.5) holds for y = y;+py. Furthermore, u;+o(ii—17) = e(i+(1/0)uy~u) €
C(u) for sufficiently large g, as #+(1/0)u; € U®? for g large enough (i € int ooy U%Y).
Thus y € G'(w)C(u) what remained to be shown.

7.2. Proof of the linearization theorem. To show Theorem 4.2 we need the
following auxiliary result:

LEMMA 7.1. Let u, i € U? be given with associated states Y,y defined by (2.2).
Define y € Y as the solution of the linearized state equation

{—Ay+y=0 in Q

(7:6) B,y = by (7, W)y + bu(-,5,T) (@ —7) on T.

Then there are constants Cp, Cy such that
(7.7) N9 =¥ —ully <Collte = @l|Leoqryllé — WlLory Yp>n—1
(7.8) Iy — 7 = yllz < Collt — Tl ooyl — [ Lary.-

y
In the case, where by(z,y, u) does not depend on y and u, it holds

7.9) N9 -9 -ully <Glla Ly Yp>n-1.

Proof. We use the first order expansion of b at (z,§, &) and (z, 7, %) and obtain
from (2.2), (7.6), and (4.9) that

—Ay

—T-y)+(
au(g—y_y)_b

y(‘,y, ﬂ)(

o @

-¥—-y)=0 inQ
_y r

1 onT,

where
1"} (2)] < Cu(li(z) = F(=))? + [i(z) — a@(=)[?)

and M depends on *¢ (note that the boundedness of #/*¢ implies a uniform bound
on all admissible states). Therefore the discussion of (3.12) yields for p > n — 1

19 -3—9lly <cllrdlles(r)

1 ' 1
<c (/ |g—y|2pds) + (/m—ﬁ]??ds)
r r

If p>n —1, then the mapping u — y = G(u) is Lipschitz from LP(T) to c(Q).
In the case p = 2 this holds in the norm ||y||z for y. For p > n — 1 we continue

g =5 = slly < e (e - @y + lli = Blgmerylli - llrcry).
while p = 2 yields only

9~ 7~ wll2 < elli ~ Tlzoryllis - Tlzar),
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thus (7.7) and (7.8) are shown. If b, does not depend on (y,u), then by(-, 7+ J(y —
7),u+ 9(u — ) = bu(-, 7, %), hence

I3l = 1(65 — 8,)(3 — B)| < clg - FI*.
This yields
Nrtllze) < e (19— Flle@)lld = Tllam)) < clié = TTar),
i.e. (7.9).0
Proof of Theorem 4.2. We follow the main line of proof given by Maurer and
Zowe [14] furnishing it with a detailed discussion of remainders. Define v = & — @
and let § denote the solution of the linear system (4.1) associated to u := v. We have

ij = G'(t)v, where G : L®(T') = Y is the control-state mapping u — y = G(u) for
the nonlinear system (2.2). By Lemma 7.1,

(7.10) o -7 —dglly <e(v),

where e(v) denotes the right hand side of the estimates (7.7) and (7.9), respectively,
depending on the assumptions on b. Further,

T() - T@) = T'@ @ -7+,
where
(7.11) "l < ellg - 3z
according to the Lipschitz estimates in (A3) for F] and E’. Thus
(7.12) T(g) - T(F) = T'@§ +7+ 17,

where # = T'(7)(§—7—§) satisfies an estimate of the type (7.10). Put ®(u) = T(G(u)).
Then &' (7)v = T'(7)G'(¥@)v = T'(F)y, hence (7.12) reads

(i) — ®(@) =¥ @v+F+r.
(R) can be re-written as
&' (a)C(u) - K(®(T)) = Z.

Now the generalized open mapping theorem by Zowe and Kurcyusz [21] applies: There
is an a > 0 such that

a[®'(@)(C(T) N Bu(0)) — (K (2(7)) N Bz(0))] > Bz(0),

where By(0) and Bz (0) denote the closed unit balls of L*(I') and Z around 0,
respectively. This implies

a®'(7)(C(w) N Bu(0)) - K(®(¥)) O Bz(0).

We choose z = (7 + rT)/||F + rT|| z and conclude that there exists an h € C(%) such
that “h”Loo([‘) < Onf’ + T‘T”Z and

' @h-k=7+r",
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where k € K(®(4)) = K(T_(y)). Define yn = G'(@)h. Then
(7.13) F+rl =T (G)yn — k.
Put y =g+ yn, u = v+ h and insert (7.13) in (7.12). Then
T'@y=T() -T@) +*k

€ K -T(y) + K(T(y))
CK(T(y) + K(T(y)) = K(T(3)),

since T'(y) € K and K(T(y)) is a cone. Moreover, r* = it — i — u = —h,
P/l ey = ll& = & = ullLoo(ry = ||BllLo(r) < allf + Tz
and " =g —-F—y,
Iy =19 =7 = vlly <llg—7F-3lly +llwmlly < e(v) + lunlly
< e(v) + cllhllLoqry < e(v) +ellF + 77| 7.
Thus

”quxLoo([‘) = ||1‘y||y + ”ru“L‘"’(F) S e(v) + 20“’: + rT”Z

(7.14) < e(v) + ce(v) + ||y — 7ll3

by (7.10) and (7.11). Therefore,
rlly xzee(ry < e(llvllzooqryllvllzacry + ellEo(ry)
< dpllzemlvlls(ry
in the case of (7.7) and
Hrlly xpoo(ry < C||U||%r(r)

in the case that (7.9) holds. (4.5) is shown completely analogous. Here, e(v) is defined
by (7.8), || - |lv is to be replaced by || -||2 and || - ||ze(r) by || - [lL3r). We rely on the
continuity of T'(¥) in the L?2-norm. (4.5) follows directly from (7.14). O

7.3. Estimates of the Lagrange function. In this subsection we derive the
estimates (4.15)-(4.17) for r{, r§, and £, They depend mainly on the estimation of
I defined in (4.8), which is performed by the discussion of the following integrals:

(7.15) [1w1uas < il
r
provided that assumption (A4), (i) is fulfilled, and

— — —a1/2 1/2
/l‘pl |y| lul ds S C”SOyHL’(F)”“”L’(F) S c”(pz”L/(-/a)’(p)”yzllL/./:([*)”u”L’(l")
r

(7.16) < @l p2erce-n@yllyllLs @yllullLacr).

These estimates are justified by (A4), (ii): For n = 2 we know y € C(I') and
¢ € L'(I') Vr < 00. If n > 3, then y € L*(T) for all s < 2(n — 1)/(n — 3) (including
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s < oo for n = 3). The function 2s/(s — 2).= 2/(1 — 1/s) is monotone decreasing.
Therefore, s + 2(n —1)/(n — 3) implies 2s/(s —2) § n— 1, so that g € L"(T') for some
r > n — | is sufficient to justify (7.16) with a sufficiently large s. Finally,

(7.17) /|¢|y2 dS <@l erar lly* L erary = 1Bl Lsre-a ¥l (r)
T

is estimated by (A4), (iii): In the case n = 2 we can take s = o0, as y € C(I)
and ¢ € LY(T') is true without any additional assumption. For n = 3 we know
y € L*(T') for all s < co. If s 1 00, then s/(s—2) | 1 < n/(n-1). Since p € L"(T)
for all r < n/(n — 1), (7.17) is true for sufficiently large s. In the case n > 4
the same analysis as in the case n > 3 above leads to the additional assumption
@ € L7(T) for some r > 251 Now it is very easy to derive the estimates (4.15)~(4.17)
for £, rf, and r§: For instance, I in (4.8) is handled by (7.15)—(7.17) and

1] < /|¢l(|5yy|ly1yzl+IEyu|(|y1U2|+lyzull)+|5uul|m"2|d5
r

< c(llyallz + llwalleary) (ly2llz + lluzllar)),

as Eyy, Eyu, and by, belong to L*®(T'). The other parts of L” are discussed by means
of (A1)-(A3). This yields after easy computations (4.17). In the same way, the
remainder terms are investigated. Here, the terms connected with I are the most
difficult ones again. For instance, (7.15)-(7.17) applies to discuss

Il = / 181 {16%, — Byy | |y — 7% + 2167, — Byl |y — 9 Ju —
r

+[63, — Buul |u —u|*} dS
< enllly = Flleery + llu = llLe(ry) (Hy — T3 + |Ju — ﬁ”'ia(r)),

which contributes to #§. The other terms of r4 are handled by the estimates for

second order derivatives in (A1)-(A3) in a direct way. Simple computations of this
type verify (4.15)-(4.16). We leave the details to the reader.
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