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Numerical Methods for ODEs

General Runge-Kutta-Methods and order conditions

Definition of Runge-Kutta-Methods

Runge-Kutta methods are one-step methods (yk+1 = yk + hkΦ(tk, hk, yk)) with an
increment function of the form

Φ(tk, hk, yk) =
r∑

j=1

γjfjk,

where the “slopes” are computed by means of

fjk = f

(
tk + αjhk, yk + hk

r∑
i=1

βji fik

)
, j = 1, . . . , r.

The coefficients can be collected in vectors and matrices and the RK-method can
be represented by a Butcher-Tableau:

a = (α1 . . . αr)
>

c = (γ1 . . . γr)
>

B =

β11 . . . β1r
... . . . ...
βr1 . . . βrr

 =⇒
α1 β11 . . . β1r
...

... . . . ...
αr βr1 . . . βrr

γ1 . . . γr

Order conditions

• Autonomy invariance:

1 =
r∑

j=1

γj αj =
r∑

i=1

βji, j = 1, . . . , r

• High (consistency) order:

. Order 1: 1 =
r∑

j=1

γj

. Order 2:
r∑

j=1

γj αj =
1

2

. Order 3:
r∑

j,i=1

γj αi βji =
1

6

r∑
j=1

γj α
2
j =

1

3

. Order 4:
r∑

j=1

γj α
3
j =

1

4

r∑
j,i=1

γj αj βji αi =
1

8

r∑
j,i=1

γj βji α
2
i =

1

12

r∑
i,j,k=1

γk βkj βji αi =
1

24
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