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Numerical Methods for Partial Differential Equations

Quadrature formulas

weak forumlation local contributions of the cell K∫
Ω

∇ϕ>j A∇ϕi dx |detBK |
q∑

`=1

ωK̂,`

[
B−>K ∇̂p̂n(ξK̂,`)

]>
A(TK(ξK̂,`))

[
B−>K ∇̂p̂m(ξK̂,`)

]
∫

Ω

∇ϕj · β ϕi dx |detBK |
q∑

`=1

ωK̂,`

[
B−>K ∇̂p̂n(ξK̂,`)

]
· β(TK(ξK̂,`)) p̂m(ξK̂,`)∫

Ω

ϕj c0 ϕi dx |detBK |
q∑

`=1

ωK̂,` p̂n(ξK̂,`) c0(TK(ξK̂,`)) p̂m(ξK̂,`)∫
Ω

f ϕi dx |detBK |
q∑

`=1

ωK̂,` f(TK(ξK̂,`)) p̂m(ξK̂,`)

Table 1: Transformation of volume integrals in the weak formulation to the reference
cell and approximation via a quadrature rule

weak formulation local contributions of the cell K∫
Γ

ϕj α(s)ϕi ds
|Fj|
|F̂j|

q′∑
`=1

ωF̂j ,`
p̂n(ξF̂j ,`

)α(TK(s)) p̂m(ξF̂j ,`
)

∫
Γ

g(s)ϕi ds
|Fj|
|F̂j|

q′∑
`=1

ωF̂j ,`
g(TK(s)) p̂m(ξF̂j ,`

)

Table 2: Transformation of boundary integrals in the weak formulation to a reference
facet and approximation via a quadrature rule

The order of a quadrature rule∫
K̂

ĝ(x) dx ≈
q∑

`=1

ωK̂,` ĝ(ξK̂,`)

is the largest r ∈ N, such that equality holds for all polynomials ĝ ∈ Pr(K̂) (analo-
gously: boundary integrals). The numbers ωK̂,` are called weights and the points
ξK̂,` are called nodes of the quadrature rule.
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r q coordinates number weights

1 1 (1
3
, 1

3
, 1

3
) 1 |K̂|

2 3 (1
2
, 1

2
, 0) 3 1

3
|K̂|

3 7

(1
3
, 1

3
, 1

3
)

(1
2
, 1

2
, 0)

(1, 0, 0)

1

3

3

9
20
|K̂|

2
15
|K̂|

1
20
|K̂|

Table 3: Quadrature rules on triangles given in barycentric coordinates. If “number”
is larger than one, the coordinates of further nodes are given by cyclic permutations.

r q coordinates number weights

1 1 (1
2
, 1

2
, 0) 1 |F̂j|

3 2
(1

2
+ 1

6

√
3, 1

2
− 1

6

√
3, 0)

(1
2
− 1

6

√
3, 1

2
+ 1

6

√
3, 0)

1

1

1
2
|F̂j|

1
2
|F̂j|

5 3

(1
2
+ 1

2

√
3
5
, 1

2
− 1

2

√
3
5
, 0)

(1
2
− 1

2

√
3
5
, 1

2
+ 1

2

√
3
5
, 0)

(1
2
, 1

2
, 0)

1

1

1

5
18
|F̂j|

5
18
|F̂j|

8
18
|F̂j|

Table 4: Quadrature rules on facets of a triangle given in barycentric coordinates.
The quadrature rules on the other edges are obtained by permutations of the coor-
dinates.
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