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Random Fields

Similar to a stochastic process, a random field is a family of random variables
indexed by a parameter. The former concept is often tied to a parameter set
which is totally ordered (e.g. N or R`0 ), whereas for random fields the
parameter is a spatial coordinate, typically from subsets of R2 or R3.
Random fields first arose in the field of geostatistics to model phenomena in
Earth Sciences such as hydrology, agriculture or geology.
Since the data for PDE models often consists of one or more functions of
space, it is natural to specify the uncertain or random data for PDEs as
random fields.
The alternative view of random fields is as random variables with values in
abstract sets, such as spaces of functions, equivalence classes of functions or
distributions.
Naturally, there are extensions to spatio-temporal random fields featuring an
additional (ordered) parameter used to model, e.g., turbulence or
meteorological phenomena.
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Random Fields
Definition

Definition 3.1
Given a set D Ă Rd, d P N and a probability space pΩ,A,Pq, a (real-valued)
random field is a mapping

a : D ˆ Ω Ñ R

such that each function apx , ¨q : Ω Ñ R, x P D, is a random variable.
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Random Fields
Random field as a function-valued random variable

Definition 3.2

For each fixed ω P Ω the associated function ap¨, ωq : D Ñ R is called a
realization of the random field.

Denote by RD the set of all real-valued functions f : D Ñ R. In particular,
realizations of a real-valued random field belong to RD by Definition 3.2.
Denote further by ApRDq the smallest σ-algebra containing all sets

A “ tf P RD : pfpx1q, . . . , fpxnqq P Bu

for any B P BpRnq,x1, . . . ,xn P D,n P N.

Proposition 3.3
Let a be a random field on D Ă Rd with underlying probability space pΩ,A,Pq.
Then the mapping ω ÞÑ ap¨, ωq from pΩ,Aq to the measurable space pRD,ApRDqq
is measurable and hence a random variable with values in RD.
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Random Fields
Independence

Definition 3.4
(a) Two real-valued random fields tapx q,x P Du and tbpyq,y P Du on D Ă Rd

are said to be independent if the associated pRD,ApRDqq-valued random
variables are independent.

(b) We call fi : D Ñ R, i “ 1, 2, independent realizations of a real-valued
random field a on D Ă Rd if fipx q “ aipx , ωq for some ω P Ω, where ai are
i.i.d. random fields with the same distribution as a.
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Random Fields
Finite-dimensional distributions

Definition 3.5
For a real-valued random field tapx q,x P Du defined on D Ă Rd the probability
distributions of all random vectors papx1q, . . . , apxnqq with x1, . . . ,xn P D on
pRn,BpRnqq are known as the finite-dimensional distributions of a.

The Daniell-Kolmogorov theorem states consistency conditions for defining the dis-
tribution of a random field by a family of finite-dimensional probability measures.
We denote by Pa the probability distribution of a random field a on the measurable
space pRD,ApRDqq.
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Random Fields
Characterization by finite-dimensional distributions

Theorem 3.6 (Daniell & Kolmogorov)
Suppose that for each set tx1, . . . ,xnu Ă D there exists a probability measure
µx1,...,xn on Rn such that
(i) For any permutation σ of t1, . . . , nu and any B P BpRnq there holds

µxσp1q,...,xσpnqpσpBqq “ µx1,...,xnpBq,

where σpBq “ tpxσp1q, . . . ,xσpnqq : px1, . . . ,xnq P Bu and
(ii) for m ă n and any B P BpRmq

µx1,...,xnpB ˆ Rn´mq “ µx1,...,xmpBq.

Then there exists a random field tapx q,x P Du with finite-dimensional
distributions µx1,...,xn . If apx q and bpx q are two such random fields, then
PapAq “ PbpAq for any A P ApRDq.
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Random Fields
Mean, covariance

Definition 3.7
A random field a on D Ă Rd is said to be of second order if for all x P D there
holds apx q “ apx , ¨q P L2pΩ;Rq. We say a second-order random field a has mean
function apx q :“ E rapx qs and covariance function

cpx ,yq “ capx ,yq :“ Covpapx q, apyqq, x ,y P D.

Definition 3.8
A function f : D ˆD Ñ R is called positive semidefinite if for any n-tuple
px1, . . . ,xnq P D

n and vector z “ rz1, . . . , zns
T P Rn there holds

n
ÿ

j,k“1

zjzkfpxj ,xkq ě 0.

Note: In the stochastics literature this property is often called simply positive
definite.
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Random Fields
Covariance functions and positive definiteness

Theorem 3.9
Let D Ă Rd. The following statements are equivalent:
(a) There exists a real-valued second-order random field tapx q,x P Du with

covariance function c : D ˆD Ñ R.
(b) c P RDˆD is symmetric and positive semidefinite.

Definition 3.10
A real-valued random field on D Ă Rd is called Gaussian if each random vector
rapx1q, . . . , apxnqs follows an n-variate normal distribution for any x1, . . . ,xn P D
and any n P N.

Corollary 3.11
The probability distribution Pa on pRD,ApRDqq of a real-valued Gaussian random
field a is uniquely determined by its mean and covariance function.
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Random Fields
Values in L2pDq

Given a second-order random field a on D Ă Rd with mean a, consider the centered
random field a´a. Given a CONS tψmumPN of L2pDq, we have for each realization
of a:

ap¨, ωq ´ a “
8
ÿ

m“1

ξmpωqψm,

where the ξm are random variables defined by

ξmpωq :“ pap¨, ωq ´ a, ψmqL2pDq.

The Karhunen-Loève expansion of a results from choosing as a particular CONS the
eigenfunctions of the covariance operator C “ Ca : L2pDq Ñ L2pDq of a, which
is given by

u ÞÑ Cu, pCuqpx q “

ż

D

upyqcpx ,yqdy , x P D. (3.1)

Lemma 3.12
If a P L2pΩ;L2pDqq, then a P L2pDq and ap¨, ωq P L2pDq P-a.s.
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Random Fields
Values in L2pDq

By Definition A.23, if a P L2pΩ;L2pDqq for D Ă Rd, we have for any φ, ψ P L2pDq
by Fubini’s theorem

pCφ,ψqL2pDq “ Cov
`

pφ, aqL2pDq, pψ, aqL2pDq

˘

“ E

„
ż

D

φpx qrapx q ´ apx qsdx

ż

D

ψpyqrapyq ´ apyqsdy



“

ż

D

ż

D

Covpapx q, apyqqφpx qdx ψpyqdy ,

from which we infer that the covariance operator Ca of the L2pDq-valued random
variable a is the linear integral operator Ca : L2pDq Ñ L2pDq with kernel function
ca P L

2pDˆDq given by capx ,yq “ Covpapx q, apyqq (not pointwise, in general !)
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Random Fields
Example

Example 3.13
For d “ 1 and D “ r´b, bs, b ą 0, the exponential covariance function is defined by

cpx, yq “ e
´|x´y|

` , ` ą 0.

The eigenvalues of the associated covariance operator are given by

λm “
2`

`2ω2
m ` 1

, pm evenq, λm “
2`

`2ω̃2
m ` 1

, pm oddq

where ωm and ω̃m denote the solutions of the transcendental equations

1´ ω` tanpωbq “ 0 and ω`` tanpωbq “ 0,

respectively. The associated eigenfunctions are given by

fmpxq “
cospωmxq

b

b` sinp2ωmbq
2ωm

, f̃mpxq “
sinpω̃mxq

b

b´ sinp2ω̃mbq
2ω̃m

,
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Random Fields
KL expansion

Theorem 3.14
If pλm, amqmPN denotes the sequence of eigenpairs (in descending order, }am}L2pDq “ 1) of
the covariance operator Ca associated with the random field a P L2pΩ;L2pDqq with mean
function apx q, then

apx , ωq “ apx q `
8
ÿ

m“1

a

λm ampx q ξmpωq, (3.2)

where the series converges in L2pΩ;L2pDqq, the random variables

ξmpωq “
1

?
λm
pap¨, ωq ´ a, amqL2pDq

have mean zero, unit variance and are pairwise uncorrelated.
If the random field is, in addition, Gaussian, then ξm „ Np0, 1q are i.i.d.
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Random Fields
KL expansion, truncation

The KL expansion suggests a convenient approach for approximating a
random field to a specified accuracy by truncation:

apx , ωq « aM px , ωq :“ apx q `
M
ÿ

m“1

a

λm ampx q ξmpωq. (3.3)

The truncated RF aM has the same mean as a and the covariance function

cpx ,yq « cM px ,yq “ ca,M px ,yq “
M
ÿ

m“1

λmampx qampyq, x ,y P D.

(3.4)
Since tφjpx qφkpuquj,kPN is a CONS for L2pD ˆDq, cM Ñ c in L2pD ˆDq.
For a bounded domain D and continuous covariance function, its series
expansion (3.4) and the MSE of the truncated KL series (3.3) both converge
uniformly.
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Random Fields
KL expansion, uniform convergence

Theorem 3.15
Let aM denote the truncated approximation defined in (3.3) of a real-valued
random field a P L2pΩ;L2pDqq for a compact domain D Ă Rd with covariance
function c P CpD ˆDq. Then the KL eigenfunctions tamumPN are continuous on
D and the series expansion of c converges uniformly, i.e.,

sup
x ,yPD

|cpx ,yq ´ cM px ,yq| ď sup
xPD

8
ÿ

m“M`1

λmampx q
2 Ñ 0, M Ñ8. (3.5)

In addition,
sup
xPD

E
“

papx q ´ aM px qq
2
‰

Ñ 0 M Ñ8.

Oliver Ernst (Numerische Mathematik) UQ Sommersemester 2014 129 / 315



Random Fields
KL expansion, variance

For the variance of the truncated KL expansion, we have

Varpapx qq ´ VarpaM px qq “ E
“

papx q ´ ampx qq
2
‰

“

8
ÿ

m“M`1

λmampx q
2 ě 0,

hence aM always underestimates the variance of a.
Viewed as a random variable a P L2pΩ;L2pDqq, we have for the truncation
error

}a´ aM }
2
L2pΩ;L2pDqq “

8
ÿ

m“M`1

λm.

In addition,

}a´ aM }
2
L2pΩ;L2pDqq “ E

”

}a´ a}2L2pDq ´ }aM ´ a}2L2pDq

ı

“

ż

D

Var apx qdx ´
M
ÿ

m“1

λm.
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Random Fields
KL expansion, variance

This allows an assessment of the truncation error w.r.t. } ¨ }L2pΩ;L2pDqq

provided the first M eigenvalues can be calculated as well as the integral of
Var a over D.
Eigenvalue approximations can be obtained by solving the covariance
eigenproblem numerically. If Var a ” σ2 on D, this yields

}a´ aM }
2
L2pΩ;L2pDqq “ σ2|D| ´

M
ÿ

m“1

λm,

where |D| “
ş

D
dx is the Lebesgue measure of D.

In this case the error can always be estimated once a number of leading
eigenvalues are available.
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Regularity of Random Fields

Definition 3.16
A random field tapx q,x P Du is said to be mean-square continuous if, for all
x P D,

}apx ` hq ´ apx q}L2pΩq “ E
“

papx ` hq ´ apx qq2
‰

Ñ 0 as h Ñ 0.

We assume centered random fields a in the remainder of this section, i.e., a ” 0.

Theorem 3.17
Let tapx q,x P Du be a centered random field. Then its covariance function c is
continuous at px ,x q, x P D, if and only if E

“

papx ` hq ´ apx qq2
‰

Ñ 0 as
h Ñ 0. In particular, if c P CpD ˆDq, then a is mean-square continuous.

Corollary 3.18
Let tapx q,x P Du be a centered random field. If its covariance function is
continuous along the ‘diagonal’ tpx ,x q : x P Du, then it is continuous throughout
D ˆD.
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Regularity of Random Fields
Mean-square differentiability

Theorem 3.19
Let tapx q,x P Du be a centered second-order random field. If its covariance
function c P C2pD ˆDq, then a is mean-square differentiable, i.e., there exists a
random field tBxjapx q,x P Du such that for all j “ 1, 2, . . . , d,

›

›

›

›

apx ` hejq ´ apx q

h
´ Bxjapx q

›

›

›

›

L2pΩq

Ñ 0 as hÑ 0

and Bxjapx q has covariance function

cjpx ,yq “
B2cpx ,yq

BxjByj
.

Analogous relations hold for higher order mean-square derivatives of a random field
given higher order differentiability of the covariance function.
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Regularity of Random Fields
Regularity of realizations

Mean-square continuity and differentiability depend on the expectation, i.e.,
on an average over all realizations.
A related issue is the regularity of each individual realization.
Even for Gaussian fields, it is not possible to show that each realization is
continuous.
Even though the distribution of a Gaussian random field is uniquely defined
on ApRDq, realization-wise continuity cannot hold in general.
ApRDq is contructed from a countable set of conditions, whereas statements
about the continuity of functions involve conditions on a continuum of
points, i.e., uncountably many conditions.
However, given a condition of the moments of the ‘increments’ apx q ´ apyq,
a version of apx q with continuous realizations can be shown to exist.
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Regularity of Random Fields
Regularity of realizations

Theorem 3.20
Let D be a bounded domain in Rd and tapx q,x P Du be a centered Gaussian
random field such that, for some L, s ą 0

E
“

|apxq ´ apyq|2
‰

ď L}x ´ y}s2 @x ,y P D.

Then for any p ě 1 there exists a random variable K such that eK P LppΩq and

|apx q ´ apyq| ď Kpωq}x ´ y}
ps´εq{2
2 @x ,y P D a.s.,

i.e., realizations of a are Hölder continuous with exponent s{2.
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Regularity of Random Fields
Regularity of realizations

Definition 3.21
A random field tbpx q,x P Du is called a version of a random field tapx q,x P Du
if

P papx q “ bpx qq “ 1 @x P D.

A random field tapx q,x P Du is said to have a continuous version if there exists
a version of a with continuous realizations.

Theorem 3.22 (cf. [Kallenberg (1997)], Thm. 2.23)
Let a be a random field on D Ă Rd with values in a Banach space and assume for
some a, b ą 0 that

E r}apx q ´ apyq}as À }x ´ y}d`b, x ,y P D.

Then a has a continuous version, and for any c P p0, b{aq the latter is a.s. locally
Hölder continuous with exponent c.
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Covariance Eigenvalue Decay
Stationarity

Definition 3.23
(a) A random field a is strictly stationary or homogeneous if its finite-dimensional

distributions are invariant under translation, i.e., if the multivariate
distribution of papx1q, . . . , apxnqq is the same as that of
papx1 ` hq, . . . , apxn ` hqq, for all h .

(b) A random field a is (wide-sense) stationary or (wide-sense) homogeneous if its
mean is constant and its covariance function satisfies cpx ,yq “ cpx ´ yq.
Such a covariance function is known as a stationary covariance.

Example 3.24
The separable exponential covariance function is given by

cpx ,yq “
d
ź

j“1

e
´|xj´yj |

`j , `j ą 0,

where `j is a correlation length parameter in the j-th Cartesian direction, is an
example of a stationary covariance function.

Oliver Ernst (Numerische Mathematik) UQ Sommersemester 2014 139 / 315



Covariance Eigenvalue Decay
Fourier representation

Theorem 3.25 (Wiener-Khintchine)
The following two statements are equivalent:
(a) There exists a mean-square continuous stationary random field

tapx q,x P Rdu with stationary covariance function c.
(b) The function c : Rd Ñ R is such that

cpx q “

ż

Rd
eiλ¨x dF pλq

for some measure F on Rd with F pRdq ă 8,

The measure F is called the spectral distribution. If it exists, the density f of F is
called the spectral density. Alternatively, given c : Rd Ñ R, we may compute

fpλq “ p2πq´d
ż

Rd
e´iλ¨x cpx qdx .

If f is nonnegative and integrable then c is a valid covariance function.
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Covariance Eigenvalue Decay
Fourier representation

Example 3.26 (Separable exponential covariance)
The Fourier transform of the separable covariance function is obtained as the
rpoduct of the transforms of its factors, i.e.,

fpλq “ p2πq´d
ż

Rd
e´iλ¨x cpx qdx “

d
ź

j“1

p2πq´1

ż

R
e´ixjλje´|xj |{`j dxj ,

yielding

fpλq “
d
ź

j“1

`j
πpλ2

j ` `
2
j q
.

Since `j ą 0 for all j, f is nonnegative and is the density of a measure F with
F pRdq ă 8. By the Wiener-Khintchine theorem c is thus the covariance kernel
for some mean-square continuous random field.
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Covariance Eigenvalue Decay
Fourier representation

Example 3.27 (Gaussian covariance)
For a symmetric positive definite matrix A P Rdˆd the function

cpx q “ e´xTAx , x P Rd,

has the Fourier transform

fpλq “ p2πq´d
ż

Rd
e´ix ¨λe´xTAx dx “

1

p2πqd{22d{2
?

detA
“ e´λTA´1λ{4.

f is nonnegative and is the density of a measure F – in fact the Gaussian
distribution Np0, 2Aq. Again, the Wiener-Khintchine theorem asserts that c is the
covariance function of a random field.
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Covariance Eigenvalue Decay
Isotropy

Definition 3.28
A stationary random field tapx q,x P Rdu is said to be isotropic if its covariance
function is invariant under rotations, i.e.,

cpx ,yq “ cprq, r “ }x ´ y}2.

Example 3.29 (Isotropic Gaussian covariance)

A simple example of an isotropic covariance function is cprq “ e´r
2

, arising from a
Gaussian covariance with A “ Id. In fact, cpx q “ e´xTAx is isotropic whenever
A “ σId for some σ ą 0.

Example 3.30 (Bessel covariance)
Another isotropic covariance function, proposed by Whittle as a generalization of
the exponential covariance to higher dimensions, is given by cprq “ rK1prq, where
K1 is the modified Bessel function of second kind with index 1.
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Covariance Eigenvalue Decay
Isotropy

For isotropic functions the Fourier transform in the Wiener-Khintchine theorem
becomes a Hankel transform (cf. Theorem D.1). For fpsq “ fp}λ}2q, we obtain
for d “ 1, 2, 3

cprq “

$

’

’

’

’

&

’

’

’

’

%

2
ş8

0
cosprsq fpsqds, d “ 1,

2π
ş8

0
J0prsqfpsqsds, d “ 2,

4π
ş8

0
1
rs sinprsqfpsqs2 ds, d “ 3.
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Covariance Eigenvalue Decay
Isotropy

Theorem 3.31
Let tapx q,x P Rdu be an isotropic random field with mean-square continuous
covariance function c. There exists a finite measure F on R` known as the radial
spectral distribution such that

cprq “ Γ
`

d
2

˘

ż 8

0

Jνprsq

p rs2 q
ν

dF psq, ν “ d
2 ´ 1.

If the spectral density exists, fpsq “ fpλq for s “ }λ}2 is called the radial spectral
density function. Then

dF psq “
2πd{2

Γpd2 q
sd´1fpsqds and fpsq “ p2πq´d{2

ż 8

0

Jνprsq

prsqν
cprqrd´1 dr.
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Covariance Eigenvalue Decay
The Matérn class

The Matérn class is a family of isotropic covariance functions named after the
Swedish forestry statistician Bertil Matérn and is very popular in geostatistics as
well as machine learning etc.
The covariance function is given by

cprq “
σ2

2ν´1 Γpνq

ˆ

2
?
ν r

ρ

˙ν

Kν

ˆ

2
?
ν r

ρ

˙

, r “ }x ´ y}2, (3.6)

where

Kν is the modified (second-kind) Bessel function of order ν,
ν is known as the smoothness parameter,
σ2 is the variance parameter,
ρ is the correlation length parameter,
Γ denotes the Gamma-function.
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Covariance Eigenvalue Decay
The Matérn class
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With smaller correlation length ρ the Matérn covariance function becomes
more strongly concentrated near r “ 0.
With increasing values of the smoothness parameter ν the Matérn covariance
function becomes smoother at r “ 0. (It is analytic everywhere else.)
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Covariance Eigenvalue Decay
Decay rate

The Matérn family has a number of attractive features:
It contains the exponential, Bessel and Gaussian covariance functions as
special cases:

ν “ 1
2 : cprq “ σ2 expp´

?
2r{ρq exponential covariance

ν “ 1 : cprq “ σ2
´

2r
ρ

¯

K1

´

2r
ρ

¯

Bessel covariance

ν Ñ8 : cprq “ σ2 expp´r2{ρ2q Gaussian covariance

Smoothness of realizations: a random field with Matérn covariance function
is s times mean-square differentiable if and only if ν ą s.
The flexibility of the parametrization allows its application to many statistical
situation, the parameters may be estimated from observed data using
statistical techniques.
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Covariance Eigenvalue Decay
Matérn eigenvalue decay

Before asymptotic decay sets in (determined by the smoothness of the kernel),
there is a preasymptotic plateau whose length is determined by the correlation
length parameter ρ.

10
0

10
1

10
2

10
−6

10
−4

10
−2

10
0

m

λ
m

 

 

ν=1/2, ρ=1

ν=1/2, ρ=1/10

ν=1/2, ρ=1/50

ν=1, ρ=1

ν=1, ρ=1/10

ν=1, ρ=1/50

Eigenvalue decay, Matérn covariance kernel, D “ r´1, 1s.
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Covariance Eigenvalue Decay
Widom’s result

In a paper published in 19632, Harold Widom analyzed linear integral operators of
the form

u ÞÑ Ku, pKuqpx q “

ż

Rd
V px q1{2kpx ´ yqV pyq1{2upyqdy . (3.7)

We obtain the covariance operator for an isotropic covariance function on a bounded
domain D Ă Rd by setting V px q “ 1D and kpx ´ yq “ cp}x ´ y}2q.

Definition 3.32
Two functions f : E Ñ R and g : F Ñ R, E Ă Rn and F Ă Rm are said to be
equimeasurable if, for all t P R,

|tx P E : fpx q ą tu| “ |ty P F : gpyq ą tu|

where | ¨ | denotes Lebesgue measure.

2Widom, H., Asymptotic behavior of the eigenvalues of certain integral equations. Trans.
Amer. Math. Soc. 109, 278–295 (1963).
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Covariance Eigenvalue Decay
Widom’s result

We denote the spectral density (Fourier transform) of c “ cpx q “ cp}x }2q by

ĉpλq “ p2πq´d
ż

Rd
cpx qe´ix ¨λ dx “ fpsq

and set Kpλq :“ p2πqd ĉpλq.

Theorem 3.33 (Widom, 1963)
For the integral operator K in (3.7) let V be a bounded, nonnegative function
with bounded support, let k be integrable over Rd with an ultimately positive
Fourier transform and let tλmumPN denote its (nonincreasing) sequence of
eigenvalues. If the function φ0 : R`0 Ñ R is equimeasurable to
V px qKpλq : Rd ˆ Rd Ñ R, then

λm — φ0pp2πq
dmq as mÑ8.

Note: The theorem still holds when the integral operator leads to a K 1pλq such
that

Kpλq — K 1pλq, as }λ}2 Ñ8.
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Covariance Eigenvalue Decay
Decay rate

Corollary 3.34
Let c “ cprq be an isotropic covariance function on Rd with radial spectral density f “ fpsq.
Assume that fpsq — bs´ρ as sÑ8, for some b, ρ ą 0. Let D be a bounded domain in Rd
and let tλmumPN denote the (nonincreasing) eigenvalues of the covariance operator C given
by (3.1). Then

λm — KpD, d, ρ, bqm´ρ{d, mÑ8,

with KpD, d, ρ, bq :“ p2πqd´ρbp|D|Vdq
ρ{d, where Vd “ 2πd{2

dΓpd{2q denotes the volume of the
unit sphere in Rd.

Corollary 3.35
If the spectral density fpsq of an isotropic random field satisfies fpsq — bs´ρ, then

λm — Km´ρ{d, mÑ8,

with K “ p2πqd´ρb p|D|Vdq
ρ{d where Vd denotes the volume of the d-dimensional unit sphere.
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Covariance Eigenvalue Decay
Decay rate

The Fourier transform of the Matérn covariance function with smoothness param-
eter ν, variance σ2 and correlation length parameter ` is given by

fps; ν, σ, `q “ σ2π´d{2
Γpν ` d{2q

Γpνq

α2ν

ps2 ` α2qν`d{2
.

where α :“ 2
?
ν{`.

Corollary 3.36
For the Matérn covariance in d dimensions with smoothness parameter ν the
covariance eigenvalues decay asymptotically like

λm — Km´p1`2ν{dq, mÑ8,

where

K “ p2πq´2ν´d{2σ2 Γpν ` d{2q

Γpνq

ˆ

2
?
ν

`

˙2ν

p|D|Vdq
1`2ν{d

.
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Covariance Eigenvalue Decay
Realizations of Gaussian RF

Matérn covariance, σ “ 1, ν “ 1
2 , ` “ 0.5
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Covariance Eigenvalue Decay
Realizations of Gaussian RF
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Covariance Eigenvalue Decay
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Covariance Eigenvalue Decay
Realizations of Gaussian RF

Matérn covariance, σ “ 1, ν “ 5
2 , ` “ 0.05
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