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Monte Carlo Methods
The Buffon Needle Problem

George Louis Leclerc, Comte de Buffon
(1707–1788), French naturalist and mathematician,
posed the following problem in 1777:

Let a needle of length ` be thrown at
random onto a horizontal plane ruled with
parallel straight lines spaced by a distance
d ą ` from each other. What is the
probability p that the needle will intersect
one of these lines?

Analog randomized experiment to approximate π,
later used by Laplace.

Theorem 2.1
The probability of a needle falling in such a way that it intersects one of the lines
as described above is

p “
2`

πd
.
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Monte Carlo Methods
The Buffon Needle Problem

Let tHkukPN denote a sequence of i.i.d. random variables whose value is

Hkpωq “

#

1 if k-th needle intersects a line,
0 otherwise.

Their common distribution is that of a Bernoulli trial with success probability
p “ 2`{πd. In particular:

E rHks “ p @k.

Then SN “ H1 ` ¨ ¨ ¨ `HN is the total number of hits after N throws.
SLLN:

SN
N
Ñ p a.s.

Monte Carlo simulation: compute realizations of Hk by randomly sampling
Xk „ Ur0, d{2s (distance of needle center to closest line) and Θk „ Ur0, π{2s
(acute angle of needle with lines) using a random number generator.
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Monte Carlo Methods
The Buffon Needle Problem
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Monte Carlo Methods
The Buffon Needle Problem

Setting d “ 2, ` “ 1 gives p “ 1
π . For large N , we should have N{SN « π.

A Matlab experiment (setting rng(’default’)) yields
N SN N{SN rel. Error
10 3 3.3 6.1e-2
100 32 3.12 5.2e-3
1000 330 3.0 3.5e-2
10000 3188 3.13 1.5e-3

The Italian mathematician Mario Lazzarini (1901) built a machine with which
to carry out many repetitions of this random experiment. His needle was 2.5
cm long and the lines 3.0 cm apart. He claims to have observed 1808
intersections for 3408 throws, corresponding to

π « 2 ¨
2.5

3
¨

3408

1808
“ 3.141592920353983 . . .

which corresponds to an error of 2.67 ¨ 10´7.
Is this too good to be true?
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Monte Carlo Methods
Basic Monte Carlo simulation

Given a device for generating a sequence tXku of i.i.d. realizations of a given
random variable X, basic MC simulation uses the approximation

E rXs «
SN
N
, SN “ X1 ` ¨ ¨ ¨ `XN .

By the SLLN, SN

N Ñ E rXs a.s.

Similarly, for a measurable function f , E rfpXqs « 1
N

řN
k“1 fpXkq.

For a RV X P L2pΩ;Rq the standardized RV

X˚ :“
X ´ E rXs
?
VarX

has E rX˚s “ 0, VarX˚ “ 1.

If µ “ E rXs, σ2 “ VarX, then E rSN s “ Nµ, VarSN “ Nσ2 and, by the
CLT,

S˚N “
SN ´Nµ
?
Nσ

Ñ Np0, 1q.

Oliver Ernst (Numerische Mathematik) UQ Sommersemester 2014 72 / 315



Monte Carlo Methods
Convergence rate

Since

E

«

ˆ

SN
N
´ µ

˙2
ff

“ Var
SN
N
“
σ2

N
Ñ 0,

we have L2-convergence of SN{N to µ and, by Theorem A.25, for any ε ą 0,

P

"
ˇ

ˇ

ˇ

ˇ

SN
N
´ µ

ˇ

ˇ

ˇ

ˇ

ą N´1{2`ε

*

ď
σ2

N2ε
, (2.1)

i.e., as the number N of samples increases, the probability of the error being
larger than OpN´1{2`εq converges to zero for any ε ą 0.
If ρ :“ E

“

|X ´ µ|3
‰

ă 8, then the Berry-Esseen bound Theorem A.47
further gives

|PtS˚N ď xu ´ Φpxq| ď C
ρ

σ3
?
N
, (2.2)

where Φ denotes the cdf of Np0, 1q.
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Monte Carlo Methods
Asymptotic confidence intervals

For a RV Z „ Np0, 1q and x P R, this implies

PpS˚N ď xq “ PpZ ď xq `OpN´1{2q

and therefore

Pp|S˚N | ď xq “ PpS˚N ď xq ´ PpS˚N ă ´xq

“ PpZ ď xq ´ PpZ ă ´xq `OpN´1{2q

“ Pp|Z| ď xq `OpN´1{2q

“ erf

ˆ

x
?

2

˙

`OpN´1{2q

where

erf

ˆ

x
?

2

˙

“ 2 Φpxq ´ 1.

If the OpN´1{2q-term is assumed negligible, this can be used to construct
(asymptotic) confidence intervals for S˚N , i.e., the MC estimate SN{N .
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Monte Carlo Methods
Confidence intervals from Berry-Esseen estimate

True confidence intervals are obtained if we carry along the bound in the Berry-
Esseen estimate (2.2), denoted by BN ,

´BN ď Pp|S˚N | ď cq ´ Φpxq ď BN

i.e., for R ě 0 we have

Pp|S˚N | ď Rq “ PpS˚N ď Rq ´ Pp|S˚N | ă ´Rq

ě ΦpRq ´BN ´ pΦp´Rq `BN q

“ ΦpRq ´ Φp´Rq
loooooooomoooooooon

“:γR

´2BN

and, in the same manner, Pp|S˚N | ď Rq ď γR ` 2BN , i.e.,

γR ´ 2BN ď P

ˆ

µ P

„

SN
N
´

σR
?
N
,
SN
N
`

σR
?
N

˙

ď γR ` 2BN .

Oliver Ernst (Numerische Mathematik) UQ Sommersemester 2014 75 / 315



Monte Carlo Methods
Application to Buffon Needle problem

In the Buffon needle problem, we have, with RV H denoting the outcome of each
needle throw,

E rHs “ p, VarH “ pp1´ pq, E
“

|H ´ p|3
‰

“ pp1´ pqr1´ 2p` 2p2s

and therefore
S˚N “

SN{N ´ p
b

pp1´pq
N

Ñ Np0, 1q.

Choosing R “ 2 gives γ2 “ erfp
?

2q « 0.9545, so that an asymptotic confidence
interval of level γ2 « 95% is obtained as

«

SN
N
´ 2

c

pp1´ pq

N
,
SN
N
` 2

c

pp1´ pq

N

ff

.
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Monte Carlo Methods
Comparison with Lazzarini’s results

In Lazzarini’s experiment `{d “ 5{6, N “ 3408, giving p “ 5
3π « 0.5305, giving

π « 5
3 ¨

3408
1808 “

355
113 . This corresponds to an approximation error of

ˇ

ˇ

ˇ

ˇ

SN
N
´ p

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

1808

3404
´

5

3π

ˇ

ˇ

ˇ

ˇ

“: εL « 4.5 ¨ 10´8.

For the given values of p and N , we have

2

c

pp1´ pq

3408
« 0.0171,

giving a γ2-asymptotic confidence interval around SN{N of width

4

c

pp1´ pq

3408
| « 0.0342.

The γ2 asymptotic confidence interval has a width of εL for N ą 4.9094 ¨ 1014.
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Monte Carlo Methods
Comparison with Lazzarini’s results

To obtain true γR confidence intervals using the Berry-Esseen bound, note that
here

BN “ C
ρ

σ3
?
N
“ C

1´ 2p` 2p2

a

pp1´ pqN
ď

0.3116
?
N

,

where we have used the value C “ 0.7056 given in [Shevtsova, 2006].

The upper bound γR` 2BN for the probability that SN{N is within εL of the true
value p after N “ 3408 throws, corresponds to

σ
?
N
R ď εL, i.e., R ď RL :“

?
NεL
σ

« 5.2695 ¨10´6, γRL
« 4.2044 ¨10´6

giving

P

ˆ
ˇ

ˇ

ˇ

ˇ

SN
N
´ p

ˇ

ˇ

ˇ

ˇ

ď εL

˙

ď γRL
` 2B3408 « 0.0107.
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Monte Carlo Methods
Quasi-Monte Carlo methods

In quasi-Monte Carlo methods, the samples are not chosen randomly, but special
(deterministic) number sequences, known as low-discrepancy sequences, are used
instead. Discrepancy is a measure of equidistribution of a number sequence.

Example: The van der Corput sequence to base 3 is such a low-discrepancy se-
quence for the unit interval. It is given by xn “ k

3j , where j increases monotonically
and, for each j, k runs through all nonnegative integers such that k{3j is an ir-
reducible fraction. The ordering in k is obtained by representing k in base 3 and
reversing the digits. The first 11 numbers are

txnu
11
n“1 “ 0,

1

3
,

2

3
,

1

9
,

4

9
,

7

9
,

2

9
,

5

9
,

8

9
,

1

27
,

10

27
.

0 0.2 0.4 0.6 0.8 1
−0.1

0

0.1
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Monte Carlo Methods
Quasi-Monte Carlo methods

Replacing i.i.d. random numbers sampled from Ur0, 1s in a standard Monte
Carlo approximation of E rfpXqs for some f P C8p0, 1q and X „ Ur0, 1s, by
the van der Corput sequence of length N , yields a quasi-Monte Carlo method.
The convergence rate is improved from OpN´1{2q to OpN´2q.
Although this improvement is impressive, the method does not generalise
easily and the rate of convergence depends on the problem.
In particular, the rate of convergence for a quasi-Monte Carlo method
generally does depend on the dimension.
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Monte Carlo Methods
Variance reduction

The constant in the MC convergence rate appearing in (2.1) is the variance of
the RV from which MC samples are being drawn. By designing an equivalent MC
approximation with lower variance, we can expect to obtain faster convergence.

To approximate E rXs by standard MC, we draw independent samples
tXku

N
k“1 of X and compute the sample average SN{N .

Now assume a second set of samples X̃k of X is given with sample average
S̃N{N .
Since both sample averages converge to E rXs, so does 1

2 pSN{N ` S̃N{Nq.

When Xk and X̃k are negatively correlated they are called antithetic samples,
and the approximation 1

2N pSN ` S̃N q is a more reliable approximation of
E rXs than 1

2N S2N .
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Monte Carlo Methods
Variance reduction

Theorem 2.2
Let thew two sequences tXku and tX̃ku of random variables be identically
distributed with

CovpXj , Xkq “ CovpX̃j , X̃kq “ 0 for j ‰ k.

Then the sample averages SN{N and S̃N{N satisfy

Var
SN ` S̃N

2N
“ Var

S2N

2N
`

1

2
Cov

˜

SN
N
,
S̃N
N

¸

ď Var
SN
N
. (2.3)

Worst case: Variance of average of N samples and N antithetic samples less
than variance of N independent samples.
Best case: negatively correlated SN{N and S̃N{N , therefore variance of N
samples and N antithetic samples less than variance of 2N indepependent
samples.
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Monte Carlo Methods
Example: Predator-prey dynamical system

Consider the popular model of the dynamics of two interacting populations

9u “

„

9u1

9u2



“

„

u1p1´ u2q

u2pu1 ´ 1q



, up0q “ u0.

Assume the vector of initial conditions u0 is uncertain and that it is modeled as a
random vector u0 „ UpΓq, where Γ denotes the square

Γ “ u0 ` r´ε, εs
2.

Goal: estimate E ru1pT qs at time T ą 0.
Denote by un “ unpωq the explicit Euler approximation after n time steps of
length ∆t starting with initial data u0 “ u0pωq.
Define φpuq “ u1 for u “ ru1, u2s

T P R2, estimate E rφpunT
qs for

nT∆t “ T , using the MC method.
Denote by SN :“ SN{N the average over N samples of u1pT q.
Expect better approximations for N large and ∆t small.
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Monte Carlo Methods
Example: Predator-prey dynamical system

Notation:

forward map: G : Γ Ñ Cpr0, T s;R2q

discretized forward map: G∆t : Γ Ñ Cpr0, T s;R2q

quantity of interest (QoI): Q : Cpr0, T s;R2q Ñ R, u ÞÑ u1pT q “ φpupT qq

approximation of QoI: Q∆t :“ φpunT
q “ φpG∆tpu0q|t“T q

MC estimate, N samples: pQ∆t :“ pQ∆t,N « E rQ∆ts « E rQs .

Error with N samples and nT “ T {∆t time steps:

eN,∆t “ |E rQs ´ pQ∆t| ď |E rQs ´ E rQ∆ts |
loooooooooomoooooooooon

explicit Euler error

` |E rQ∆t
s ´ pQ∆t|

looooooooomooooooooon

Monte Carlo error
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Monte Carlo Methods
Example: Predator-prey dynamical system

Explicit Euler error:
}upT q ´ u∆tpT q} ď K∆t.

φ Lipschitz-continuous with constant L “ 1:

|φpupT qq ´ φpu∆tpT qq| ď K L∆t.

Therefore
|E rQs ´ E rQ∆ts | “ |E rQ´Q∆ts | ď K L∆t. (2.4)
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Monte Carlo Methods
Example: Predator-prey dynamical system

For MC error, apply CLT, confidence intervals: if VarQ∆t “ σ2,

P

ˆ

ˇ

ˇ

ˇ
E rQ∆ts ´ pQ∆t,N

ˇ

ˇ

ˇ
ď

2σ
?
N

˙

ą γ2 `OpN
´1{2q

Combined with (2.4):

P

ˆ

eN,∆t ď K L∆t`
2σ
?
N

˙

ą γ2 `OpN
´1{2q.

Balance discretization and MC errors:

KL∆t «
δ

2
,

2σ
?
N
«
δ

2
,

leads to

∆t «
δ

2KL
and N «

16σ2

δ2
.
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Monte Carlo Methods
Example: Predator-prey dynamical system

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

u
1

u
2

Population dynamics problem integrated over r0, T “ 6s with u0 “ r0.5, 2s ` Ur´ε, εs

for ε “ 0.2. Unperturbed trajectory (black) along with 15 perturbed trajectories. For the
unperturbed trajectory u1pT q “ 1.3942.
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Monte Carlo Methods
Example: Predator-prey dynamical system, antithetic sampling

We may introduce antithetic sampling to this problem by noting that, if u0 „ UpΓq,
then the same holds for the random vector

ũ0 :“ 2u0 ´ u0.

Thus, the trajectories generated by the random initial data ũ0 have the same dis-
tribution as those generated by u0.

Denote by Xk “ φpu∆tpT qq the basic samples, by X̃k the antithetic
counterparts. Note that all pairs of samples are independent except each
sample and its antithetic counterpart.
We estimate S2N using the sample variance.

To estimate 1
2

´

SN ` S̃N

¯

by (2.3), note that

CovpSN , S̃N q “
1

N2
CovpSN , S̃N q “

1

N2

N
ÿ

k“1

CovpXk, X̃kq “
1

N
CovpX, X̃q

The last quantity can be estimated using the sample covariance.
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Monte Carlo Methods
Example: Predator-prey dynamical system

0 0.5 1 1.5 2 2.5 3 3.5 4

x 10
4

1.46

1.47

1.48

1.49

1.5

1.51

1.52

N

u
1
(t

e
n
d
)

0 0.5 1 1.5 2 2.5 3 3.5 4

x 10
4

1.46

1.47

1.48

1.49

1.5

1.51

1.52

N
u

1
(t

e
n
d
)

MC estimation of E ru1pT qs using standard MC with N samples (left) versus MC with
antithetic sampling using N{2 samples (right) of the initial data. Both curves show the
estimate along with a 95% (asymptotic) confidence interval.
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Multilevel Monte Carlo Methods
Discretization

The following summary of basic MLMC techniques and analysis closely follows
[Teckentrup, 2013], see also [Cliffe et al., 2011]

To estimate the expectation E rQs of a (random) quantity of interest (QoI) Q,
assume only approximations Qh « Q are computable, where h ą 0 denotes a
discretization parameter for which

lim
hÑ0

E rQhs “ E rQs .

More precisely, we shall assume the error in mean to converge at a rate α, i.e.,

|E rQh ´Qs | À hα, as hÑ 0, α ą 0.
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Multilevel Monte Carlo Methods
Mean-square error

Given an unbiased estimator pQh for E rQhs, the associated mean-square error
(MSE) may always be decomposed as

E
”

`

pQh ´ E rQs
˘2
ı

“ E
”

`

pQh ´ E
”

pQh

ı

` E
”

pQh

ı

´ E rQs
˘2
ı

“ E
”

`

pQh ´ E
”

pQh

ı

˘2
ı

`

´

E
”

pQh

ı

´ E rQs
¯2

“ Var pQh ` pE rQhs ´ E rQsq2

“ Var pQh ` E rQh ´Qs
2

consisting of the variance of the estimator and the squared expectation of the
discretization error (systematic error, bias).
We shall sometimes refer to the root mean-square error (RMSE), which is
simply the square root of the MSE, i.e., the L2-norm of the estimation error

c

E
”

`

pQh ´ E rQs
˘2
ı
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Multilevel Monte Carlo Methods
Standard MC estimator

If the standard Monte Carlo estimator pQh “ pQMC
h,N with N samples is used,

and Qpiqh denote i.i.d. RV with the same distribution as Qh, then

Var pQMC
h,N “ Var

˜

1

N

N
ÿ

i“1

Q
piq
h

¸

“
1

N2
N VarQh “

VarQh
N

,

giving

E

„

´

pQMC
h,N ´ E rQs

¯2


“
VarQh
N

` E rQh ´Qs
2
.

We denote by C p pQq the cost, in terms of the number of floating-point
operations required for its evaluation, associated with an estimator pQ.
The cost will often depend on the type of discretization, typically inversely
proportional to h or, more generally, satisfying a relation of the form

C pQ
piq
h q À h´γ , γ ą 0.

so that C p pQMC
h,N q À Nh´γ .
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Multilevel Monte Carlo Methods
Cost scaling

To balance the two error components, assume each ist bounded by ε2

2 ,
resulting in a total bound of ε for the RMSE.
Assuming VarQh is approximately constant independent of h, this error
balance requires

N Á ε´2 and h À ε1{α.

Since the cost per sample was assumed to satisfy C pQ
piq
h q À h´γ , this gives

C p pQMC
h,N q À Nh´γ ,

whereby the total cost of achieving a RMSE of Opεq using a standard MC
estimator is

Cεp pQ
MC
h,N q À ε´2´γ{α.
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Multilevel Monte Carlo Methods
Multilevel estimator

The idea underlying multilevel estimators is to use realizations of Qh on
different levels, i.e., for different values h0, . . . , hL of the discretization
parameter, and decompose E rQhs as

E rQhs “ E rQh0
s `

L
ÿ

`“1

E
“

Qh`
´Qh`´1

‰

“:
L
ÿ

`“0

E rY`s ,

where

h` “ s´1h`´1, h0 ą 0, ` “ 1, . . . , L, s P Nzt1u. (2.5)

Given (unbiased) estimators tpY`uL`“0 for E rY`s, we refer to

pQML
h :“

L
ÿ

`“0

pY`

as a multilevel estimator for Q.
Since all expectations E rY`s are sampled independently, we have

Var pQML
h “

L
ÿ

`“0

Var pY`.
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Multilevel Monte Carlo Methods
Multilevel Monte Carlo estimator

If each pY` is itself a standard Monte Carlo estimator, i.e.,

pY0 “ pY MC
0,N0

:“ pQMC
h0,N0

and

pY MC
`,N`

:“
1

N`

N
ÿ̀

i“0

´

Q
piq
h`
´Q

piq
h`´1

¯

, ` “ 1, . . . , L,

one obtains a multilevel Monte Carlo estimator, denoted pQMLMC
h,tN`u

.

The associated MSE then has the standard decomposition

E

„

´

pQMLMC
h,tN`u

´ E rQs
¯2


“

L
ÿ

`“0

Var Y`
N`

` E rQh ´Qs
2 (2.6)

into estimation variance and bias.
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Multilevel Monte Carlo Methods
MLMC scaling

To achieve a balanced RMSE of ε, note that the the bias term in (2.6) is the
same as for the standard MC estimator, leading again to a choise of h “ hL
satisfying h À ε1{α.
Achieving a bound of ε2{2 for the variance term in the MSE is typically
possible at lower cost than for standard MC for the following two reasons:
If Qh Ñ Q also in mean square, then Var Y` “ VarpQh`

´Qh`´1
q Ñ 0 as

`Ñ8, allowing for smaller and smaller sample sizes N` on finer and finer
levels.
As εÑ 0, the discretization parameter h0 on the coarsest level can remain
fixed, leading to fixed cost per sample there.
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Multilevel Monte Carlo Methods
MLMC cost

The cost of the MLMC estimator is

C p pQMLMC
h,tN`u

q “

L
ÿ

`“0

N`C`, C` :“ C pY
piq
` q.

Treating the N` as continuous variables, the variance of the MLMC estimator
is minimized for a fixed cost for

N` »

c

Var Y`
C`

(2.7)

with the implied constant chosen to make the total variance equal to ε2{2.
This results in a total cost on level ` proportional to

?
C`Var Y` and therefore

C p pQMLMC
h,tN`u

q À

L
ÿ

`“0

a

C`Var Y`
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Multilevel Monte Carlo Methods
MLMC cost

If Var Y` decays faster than C` increases, the cost on level ` “ 0 dominates,
and, since N0 h ε´2, the cost ratio of MLMC to ML estimation is
approximately

C0

CL
h

ˆ

hL
h0

˙γ

.

If C` increases faster than Var Y` decays, then the cost on level ` “ L
dominates, and then the cost ratio is approximately

Var YL
Var Y0

,

which is Opε2q if h0 is such that Var Y0 h VarQh0
.
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Multilevel Monte Carlo Methods

Theorem 2.3

Let th`uL`“0 satisfy (2.5), ε ă expp´1q, and assume there exist constants
α, β, γ, δ, cM1, cM2, cM4 ą 0 such that α ě mintβ, γ{δu and δ P p 1

2 , 1s.
Assume further that

(M1) |E rQh`
s ´ E rQs | ď cM1h

α
` .

(M2) Var pY` ď cM2N
´1{δ
` hβ` .

(M3) E
”

pY`

ı

“

#

E rQh0
s , ` “ 0,

E
“

Qh`
´Qh`´1

‰

, ` “ 1, . . . , L.

(M4) C ppY`q ď N`h
´γ
` .

Then there exists tN`uL`“0 such that E
„

´

pQML
h ´ E rQs

¯2


ď ε2 where h “ hL and

C p pQML
h q ď c

$

’

&

’

%

ε´2δ, if δβ ą γ,

ε´2δ| log ε|1`δ, if δβ “ γ,

ε´2δ´pγ´δβq{α, if δβ ă γ,

where the constant c depends on cM1, cM2 and cM4.
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Multilevel Monte Carlo Methods
MLMC Algorithm

The following MLMC algorithm computes the optimal values of N` ‘on the
fly’ using (unbiased) sample averages and sample variances of Y`.
We assume there exists an h‹ ą 0 such that the error decay in |E rQh ´Qs |
is monotonic for h ď h‹ and satisfies |E rQh ´Qs | h hα.

This ensures that |E rYLs | h hα since s ą 1 and thus |pYL| h hα for NL
sufficiently large.
This gives a computable error estimator to determine whether h is sufficiently
small or whether L needs to be increased.
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Multilevel Monte Carlo Methods
MLMC Algorithm

Algorithm 1: MLMC algorithm
1 LÐ 0.
2 Estimate Var YL by the sample variance of an initial number of samples.
3 Calculate optimal tN`uL`“1 using (2.7).
4 Evaluate extra samples at each level as needed for the new N`.
5 if L ě 1 then
6 test for convergence using pYL h hα.

7 if not converged or L “ 0 then
8 LÐ L` 1 and go back to 2.

Step 3 aims to make the variance of the MLMC estimator less than ε2{2.
Step 5 ensures that the remaining bias is less than ε{

?
2.

Oliver Ernst (Numerische Mathematik) UQ Sommersemester 2014 103 / 315



Contents

1 Introduction

2 Monte Carlo Methods
2.1 Introduction
2.2 Basic Monte Carlo Simulation
2.3 Improving the Monte Carlo Method
2.4 Multilevel Monte Carlo Estimators
2.5 The Monte Carlo Finite Element Method

3 Random Fields

4 Stochastic Collocation

Oliver Ernst (Numerische Mathematik) UQ Sommersemester 2014 104 / 315



Monte Carlo Finite Element Method

We return to our model elliptic boundary value problem with random data

´∇¨pa∇uq “ f, on D Ă R2, u|BD “ 0, (2.8)

where a and f are random fields defined on D with respect to a probability space
pΩ,A,Pq.

If f is random, we assume fp¨, ωq P L2pDq for (almost) all ω P Ω.

Our goal is to use the MC method to estimate a quantity of interest which
depends on the (random) solution u. We focus, for now, on the mean
E rupx , ¨qs and variance Var upx , ¨q.
With each of N i.i.d. realizations apjq “ ap¨, ωjq and f pjq “ fp¨, ωjq we
associate the unique solution upjq, approximate upjqh « upjq using the finite
element method and compute the (H1

0 pDq-valued) estimates

µN,h :“
1

N

N
ÿ

j“1

u
pjq
h , σ2

N,h :“
1

N ´ 1

N
ÿ

j“1

ˆ

u
pjq
h ´ µN,h

˙2
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Monte Carlo Finite Element Method
Assumptions on a

To ensure a unique solution upjq for each realization, we could require the coef-
ficient a to satisfy Assumption B.3. However, this proves too restrictive in many
applications, and for many cases it is sufficient to require merely realization-wise
bounds:

Assumption 2.4

For almost all ω P Ω, realizations ap¨, ωq of the coefficient function a “ apx q lie in
L8pDq and satisfy

0 ă aminpωq ď apx , ωq ď amaxpωq ă 8 a.e. in D, (2.9)

where

aminpωq :“ ess inf
xPD

apx , ωq, amaxpωq :“ ess sup
xPD

apx , ωq. (2.10)
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Monte Carlo Finite Element Method
Realization-wise solution

For any realization ω for which Assumption 2.4 holds and fpωq P L2pDq, we may apply
the Lax-Milgram lemma and obtain a unique solution of (2.8).

Theorem 2.5

Let Assumption 2.4 hold and fp¨, ωq P L2pDq P-a.s. Then (2.8) has a unique solution
up¨, ωq P H1

0 pDq P-a.s.

The following theorem provides sufficient conditions for the realization-wise solutions u
to have finite p-th moments, i.e., to lie in LppΩ;H1

0 pDqq.
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Monte Carlo Finite Element Method
Realization-wise summability

Theorem 2.6

Under Assumption 2.4, assume the mappings a : Ω Ñ L8pDq and f : Ω Ñ L2pDq are
measurable, let V h Ă H1

0 pDq denote a closed subspace and uh : Ω Ñ V h satisfy P-a.s.
ż

D

apx , ωq∇uhpx , ωq ¨∇vpx qdx “

ż

D

fpx , ωqvpx qdx @v P V h.

Then, with CD the Poincaré-Friedrichs constant from Lemma B.7:
(a) If f P L2pDq is deterministic, then 1{amin P L

ppΩ;Rq with p ě 1 implies

}uh}LppΩ;H1
0 pDqq

ď CD}a
´1
min}LppΩ;Rq}f}L2pDq.

(b) If 1{amin P L
qpΩ;Rq and f P LrpΩ;L2pDqq with q, r ě 1, 1{q ` 1{r “ 1{p ď 1,

then
}uh}LppΩ;H1

0 pDqq
ď CD}a

´1
min}LqpΩ;Rq}f}LrpΩ;L2pDqq.

If, in addition, a and f are independent, the above bound holds with q “ r “ p.
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Monte Carlo Finite Element Method
Mean finite element error

Assumption 2.7

There exists a constant K2 ą 0 such that, for every f P L2pDq, we have
u P L4pΩ;H2pDqq and

|u|L4pΩ;H2pDqq ď K2}f}L2pΩ;L2pDq.

Theorem 2.8

Under the conditions of Theorem 2.5 together with Assumption 2.7 and assuming
that a´1{2

min a
1{2
max P L4pΩ;Rq, the piecewise linear finite element approximation uh

with respect to a shape-regular triangulation Th satisfies

}u´ uh}L2pΩ;H1
0 pDqq

ď Kh}a
´1{2
min a1{2

max}L4pΩ;Rq}f}L2pΩq.
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Monte Carlo Finite Element Method
Error analysis

We split the error in approximating E rus by the MC estimate µN,h in the H1
0 pDq-

norm as

}E rus ´ µN,h}H1
0 pDq

ď }E rus ´ E ruhs }H1
0 pDq

looooooooooooomooooooooooooon

discretization error

`}E ruhs ´ µN,h}H1
0 pDq

loooooooooooomoooooooooooon

MC error

.

For the discretization error we obtain, using Jensen’s inequality noting that norms
are convex function,

}E ru´ uhs }H1
0 pDq

ď E
”

}u´ uh}H1
0 pDq

ı

ď

ˆ

E
”

}u´ uh}H1
0 pDq

ı2
˙1{2

and again for the convex function φpxq “ x2 to obtain

}E ru´ uhs }H1
0 pDq

ď E
”

}u´ uh}
2
H1

0 pDq

ı1{2

“ }u´ uh}L2pΩ;H1
0 pDq

,

which is Ophq by Theorem 2.8.
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Monte Carlo Finite Element Method
Error analysis

Theorem 2.9
Under the conditions of Theorem 2.6 there holds

E
”

}E ruhs ´ µN,h}
2
H1

0 pDq

ı

ď
K

N

with a constant K independent of h.

Corollary 2.10
Under the conditions of Theorem 2.6 there holds for any ε ą 0

P
´

}E ruhs ´ µN,h}H1
0 pDq

ě N´1{2`ε
¯

ď LN´2ε

for a constant L ą 0 independent of h.

Oliver Ernst (Numerische Mathematik) UQ Sommersemester 2014 111 / 315



Monte Carlo Finite Element Method
Summary and Outlook

Result: The total error of estimating the mean E rus of the solution of (2.8)
using a piecewise linear FE discretization with mesh size h and a MC sample
size of N decays at the rate

}E rus ´ µN,h}H1
0 pDq

“ Ophq `OpN´1{2q, hÑ 0, N Ñ8.

This is already very slow convergence, and, particularly for low-regularity
solutions as arise, e.g., in groundwater flow applications, more advanced
techniques such as MLMC methods are attractive.

Recalling Theorem 2.3, we note that for rough problems we are typically in
the regime β ă γ. For standard MC estimators on each level (δ “ 1) and, as
is typical, β “ 2α, we obtain a cost on the order of ε´γ{α, which is
asymptotically the cost of computing one sample on a mesh sufficiently fine
to approximate one realization with sufficient spatial accuracy.
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