Downloaded 05/03/22 to 134.109.197.173 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SIAM J. NUMER. ANAL. © 2022 Society for Industrial and Applied Mathematics
Vol. 60, No. 2, pp. 659-687

ON THE CONVERGENCE OF ADAPTIVE STOCHASTIC
COLLOCATION FOR ELLIPTIC PARTIAL DIFFERENTIAL
EQUATIONS WITH AFFINE DIFFUSION*

MARTIN EIGEL', OLIVER G. ERNST#, BJORN SPRUNGKS, AND
LORENZO TAMELLINIY

Abstract. Convergence of an adaptive collocation method for the parametric stationary dif-
fusion equation with finite-dimensional affine coefficient is shown. The adaptive algorithm relies
on a recently introduced residual-based reliable a posteriori error estimator. For the convergence
proof, a strategy recently used for a stochastic Galerkin method with a hierarchical error estimator
is transferred to the collocation setting. Extensions to other variants of adaptive collocation meth-
ods (including the now classical approach proposed in [T. Gerstner and M. Griebel, Computing, 71
(2003), pp. 65-87]) are explored.
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1. Introduction. Collocation methods are now a mainstay for solving equations
containing high-dimensional parameters such as arise in uncertainty quantification
(UQ) analyses of ordinary or partial differential equations (ODE/PDE) with uncertain
model coefficients [39, 48, 1]. It was realized early on that already moderately high-
dimensional problems become tractable only when the approximations are based on
sparse subspaces of the basic tensor product construction [44, 43, 10, 38, 9, 4].

Subsequent work established that, under mild conditions, certain classes of ran-
dom PDEs are tractable even in the presence of countably many parameter variables
[16, 17, 47, 15, 3, 49, 35, 2, 12, 26]. These results prove that there exists a sequence
of converging approximation operators (be they of collocation or Galerkin/projection
nature) and also provide the corresponding convergence rates. Such sequences of con-
verging approximation operators can sometimes be estimated a priori as in [49, 12, 26].
Another possible procedure is to rely instead on a posteriori adaptive strategies: the
details of such strategies vary depending on the type of approximation operators
(projection/collocation), and, moreover, these a posteriori adaptive strategies are of-
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ten based on heuristics known to behave well in practice (even better than the a priori
constructions) but for which a proof of convergence is often lacking.

For projection approaches, adaptive stochastic Galerkin finite element methods
(ASGFEMs), which control the discretization of both physical and parametric vari-
ables, are well studied. The extensive research activity in recent years comprises in
particular residual-based error estimators [21, 25, 23, 24] and hierarchical error es-
timators [5, 8, 19, 6]. The setting in these works is similar to the one considered
here, i.e., linear elliptic PDEs with affine parametric coefficients. However, the cited
works allow for a countably infinite number of parameters, which additionally neces-
sitates adaptivity in the number of dimensions retained in the approximation. With
the employed Legendre chaos discretization for the parameter space, only the mar-
gin of an active set of polynomials has to be considered in the error estimator. The
developed error estimators have been shown to be reliable and efficient, which for
hierarchical estimators usually requires additional assumptions. Convergence of an
ASGFEM algorithm was first shown in [25] for a residual estimator and, using a dif-
ferent argument, in [6] for a hierarchical estimator. A goal-oriented error estimator
was presented in [7], and the more involved case of nonlinear coefficients and Gauss-
ian parameters has only been considered recently in [22] with a low-rank hierarchical
tensor discretization.

On the stochastic collocation side, the current literature discusses quite exten-
sively algorithms for stochastic adaptivity, whereas much less attention has been de-
voted to (reliable) spatial adaptivity. To date, most adaptive sparse grid approxima-
tion schemes involve some variation of the basic procedure proposed by Gerstner and
Griebel in [30]; see also [34]. This algorithm drives adaptivity in the parameter vari-
ables by exploring at each iteration a certain number of sparse subspaces admissible
to the approximation and then evaluating for each of these an error indicator; this
requires solving a certain number of PDEs. The subspace with the largest error indi-
cator is selected and added to the approximation, and a new set of admissible sparse
subspaces for the next enrichment step is generated. Several error indicators and vari-
ations of the selection strategy have been considered; see, e.g., [36, 31, 47, 15, 42, 28].
A crucial point is that these error indicators are heuristics. Conversely, the work
[33] by Guignard and Nobile proposes a variation of the Gerstner—Griebel algorithm
based on a reliable residual-based error estimator which can control adaptivity in both
the physical and parametric variables. Another significant difference compared with
typical indicator-based adaptive algorithms is that the procedure proposed in [33]
evaluates the error estimator without solving additional PDEs. This allows significant
computational savings compared to the basic Gerstner—Griebel algorithm. For other
works discussing spatial adaptivity in the context of stochastic collocation methods,
see [46, 37].

Guignard and Nobile give no convergence analysis in [33] for their proposed algo-
rithm, and our contribution in this work is to close this gap. We do this by proving
convergence of a slight modification of their algorithm (cf. Algorithm 4.1), thus es-
tablishing a convergence result for an adaptive sparse collocation method. This result
is stated in Theorem 4.3. Our convergence analysis is based on a convergence the-
orem for abstract adaptive approximations (i.e., which covers both projection and
collocation approximations, as well as other possible approximation strategies) w.r.t.
the parameter variables. We derive this theorem by generalizing results given in [6]
on convergence of adaptive stochastic Galerkin methods. This approach for proving
convergence requires that the employed error estimator possess the property of reli-
ability. In [33] Guignard and Nobile already established this property for their error
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estimator, but only for a specific model problem, namely, an elliptic PDE whose dif-
fusion coefficient depends linearly on a finite number of parameters. Moreover, we
also require the underlying univariate sequence of collocation points to be nested in
order that the sparse collocation construction be interpolatory. Hence, our particu-
lar convergence result is also tied to these assumptions on the underlying PDE and
collocation points. However, we believe that the general approach for establishing
convergence of adaptive sparse collocation methods presented in this paper might be
adapted to more general cases in the future. For instance, upon assuming that the
error indicator used in the basic Gerstner—Griebel adaptive algorithm is indeed a reli-
able error estimator, we are able to prove convergence of this variant of the algorithm
as well (see Theorem 4.4). We note that our analysis considers adaptivity in the pa-
rameter variables only, i.e., we focus on the semidiscrete setting. Finally, we mention
the simultaneous and independent work [29], which also provides a convergence re-
sult (and a convergence rate) for adaptive stochastic collocation methods applied to
an elliptic PDE with diffusion coefficient depending affinely on finitely many random
variables. While the overall framework and the focus of that work is similar to ours,
some differences are noteworthy: the algorithm for which [29] proves convergence is
essentially the one introduced by Guignard and Nobile in [33], while we consider a
different version and, in addition, we also provide a convergence proof for the original
Gerstner—Griebel variant. Furthermore, the line of proof in [29], while similar to the
present one, has of course some different technical aspects; in particular, our proof is
valid for any choice of collocation points over the parameter space, whereas the proof
in [29] assumes that Clenshaw—Curtis collocation points are used when constructing
the sparse grid.

The remainder of this paper is structured as follows. Sections 2 and 3 contain
preliminary information; in particular, section 2 states the model problem and recalls
the results in [6] that will be instrumental for the rest of the work, while section 3
gives details on the construction of adaptive sparse grid collocation schemes. Sec-
tions 4 and 5 contain our main results; section 4 contains the statement of the specific
adaptive collocation algorithm that we consider (i.e., our version of the Guignard—
Nobile algorithm; see Algorithm 4.1), the associated convergence result (Theorem
4.3), the convergence result of the Gerstner-Griebel Algorithm (Theorem 4.4), and
some discussion on computational aspects, while section 5 contains the proof of the
convergence result. Finally, conclusions and future research directions are outlined in
section 6.

2. Preliminaries. In this section we specify the model problem under consid-
eration and recall basic properties of its solution. Furthermore, we discuss general
adaptive approximations w.r.t. the parameter variables and state an abstract conver-
gence result which provides the basis of our convergence analysis for adaptive sparse
grid collocation.

2.1. Model problem. We consider a common model problem arising in un-
certainty propagation via random differential equations, i.e., the stationary diffu-
sion equation containing a coefficient function which depends linearly on a high-
dimensional parameter. Specifically, we wish to solve the parametric elliptic boundary
value problem

(2.1a) -V - (a(y)Vuly)) = f on D C RY,
0 on 0D.
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The domain D C R? is assumed to be bounded and Lipschitz, f € L?(D), and the
coefficient a(y) € L>(D) is given by a finite expansion of the form

M
22)  a(z,y)=ap(@)+ > am(T) ym, yel =T T:=[-11],
m=1
where M € N and ag, . ..,ap € L*>(D). The parametric domain T is equipped with
the uniform product measure pu(dy) := ®n]\f:1 (1?’7"‘, i.e., the components of y can
be viewed as independent and identically distributed uniform random variables over
' = [-1,1]. Further, we assume that the functions ao,...,ap € L>(D) satisty the
uniform ellipticity condition
M
(2.3) Z lam(z)| < ao(x) —7r Ve e D
m=1
for some r > 0. This implies that
. in ‘= mi i > .
(2.4) Gmin += 11 eswseanf a(z,y) >r>0
We also introduce the quantity
(2.5) ai=1——min 1),

a inszD aO(x)

which will turn out to be important in Theorem 2.1 below. Due to the uniform
ellipticity assumption, the weak solution u(y) € H = Hg (D) exists for any y € T and
satisfies u € C(I'; H).

Polynomial expansions. In order to approximate the solution u of (2.1), or
rather the parameter-to-solution map y — u(-, y) € H, we shall analyze polynomial
expansions of u in the parameter y € T,

(2.6) u(m,y) =Y w(z)Pi(y), F=N), wueH,
keF

where Py (y) = HM Py, (ym) is a finite product of univariate polynomials Py: I" —

m=1
R of degree k with Py = 1. Two common choices for the basic polynomials P are

1. Taylor polynomials: Py(y) := y* = Hi{:l ykm  where then

1
ug(x) = tp(x) = Eaku(w,O);
2. Legendre polynomials: Py(y) := Li(y) = H%Zl Ly, (ym), with Ly denoting
the kth Lil-normalized Legendre polynomial w.r.t. the uniform distribution
w1 (de) = %” onI'=[-1,1] and

uk(z) = / u(@, y)Li(y) p(dy).

Since u € C(T;H) C L2 (T;H) we have that the expansion (2.6) using Legendre
polynomials converges in Li (T;H). The following result due to [3] establishes, un-
der suitable assumptions, the ¢P-summability of both Taylor and Legendre coeffi-
cients which, for instance, implies that the Taylor expansion (2.6) of u converges in
L>(T'; H).
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THEOREM 2.1 ([3, Theorems 2.2 and 3.1, Corollaries 2.3 and 3.2]). Let the condi-
tion (2.3) for a as in (2.2) be satisfied. Then a unique solution u of the corresponding
elliptic problem (2.1) exists and belongs to C(T;H). Moreover, for any p := (pm)M_,
with 1 < pp, < o1 with o as in (2.5)

1. the Taylor coefficients ty, € H of u satisfy (p*||tx||n)ker € 2(F);
2. the Legendre coefficients uy, € H of u satisfy (by, ' pF||ug||2)ker € £2(F) with

b = 1Y, VI F 2.

Remark 2.2. The authors of [3] actually consider the infinite-dimensional noise
case, i.e., with M = oo in (2.2), and prove the results stated in Theorem 2.1 under
the assumption that

<1

H Z;ozl Prml@m]
@0 c(D)

for a sequence p := (pm)m>1 With p,, > 1. Hence, Theorem 2.1 can be derived easily
from this general case by setting a,,(x) = 0 and p,,, > 1 arbitrarily for m > M:

M
Zm:l |a’m|

ag

<a!

Cc(D)
< 0471 (1 - amin) =1

Zﬁ:l Pm|am|
ag

M
_ Em:l pm|am|
) %o

2.2. Adaptive polynomial approximation. Given the decay rate stated in
Theorem 2.1 for the norms of the coefficients uy of the expansion (2.6), a polynomial
approximation of u seems feasible. To this end, we consider truncated expansions ux
based on a finite multi-index set A C F,

up = Spu = E it\kpk, Uy € H,
keA

where S, denotes a suitable approzimation operator and Uy are approximations to
the true coefficients uy of u (cf. (2.6)). For instance, S could be the operator as-
sociated with a Galerkin projection for approximating u using the finite-dimensional
polynomial space

PA(T) :=span{Py: k € A},

or, as will be the case below, the operator associated with sparse collocation based on
A. At this point we do not need to further specify Sj.

We consider in particular an adaptive construction of such polynomial approx-
imations uys. More specifically, starting from an initial set Ag C F we construct
nested multi-index sets A,, C A, 41, n € Ny, and compute the associated polynomial
approximations u, := S, u by a generic adaptive algorithm as detailed in Algorithm
2.1.

Again, we do not further specify how to compute the estimates n, (k) = n(k, u,)
at this point. Instead, we provide a fairly general convergence theorem for Algorithm
2.1, stating conditions on 7, (k) that guarantee convergence of the algorithm.

The following theorem draws upon the work [6] on the convergence of adaptive
stochastic Galerkin methods. Specifically, it is a compact summary of a way of proving
convergence for stochastic Galerkin FEM as outlined in detail in [6, sections 6 and 7],
slightly modified to fit the application to adaptive sparse collocation. We state the
theorem here and provide the proof at the end of the section.
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Algorithm 2.1 Generic adaptive algorithm.

g W

Ao = {0}

Up = Sp,U

: for n € Ny do

Choose a candidate set of multi-indices C,, C F \ A,, for enriching A,
Evaluate estimates of the error contribution on the candidate set:

nn(k) :n<k?un)a k Ecn

6:  Determine marked indices M,, C C, (according to a given marking strategy
based on 7, (k))

>

Set Apy1:=Ap UM, and upqq := Sh,, .

8: end for

THEOREM 2.3 (cf. [6]). Let u,, denote the approximations constructed via Algo-
rithm 2.1. Assume that

1.

the total error estimator n, = Y ycc M (k) is reliable, i.e., there evists a
constant C' < oo independent of n such that

[ = up|| < Cpn,

where || - || denotes a suitable norm for functions v: T' — H;

. there exists a sequence of nonnegative numbers (.o (k))rer € L1(F) such that

for (M (k))ker with (k) := nn (k) for k € C,UA,, and (k) = 0 otherwise,
we have

Jim 100 = Dnller 7y = 0

. there exists a constant ¢ > 0 independent of n such that for all k € C,, \ M,

we have

nn(k) <c Z Un(’t)

ieEMy,
From these assumptions it follows that
lim |ju — u,|| =0.
n—oo

Remark 2.4. Before we prove the theorem, we comment on the second and third
assumptions:

1.

2.

The third assumption is generally easy to satisfy. For instance, simply choos-
ing M,, := arg maxycc, 7. (k) satisfies the assumption with ¢ = 1.

For sparse grid collocation, the second assumption turns out to be the most
difficult to verify. Moreover, it is probably the most cryptic assumption of the
theorem. It can usually be verified as follows: assuming the sequence u,, has
a limit us, with corresponding error estimators 7 (k) := n(k, uso ), conclude
from u, — Us that |7 — Mnller — 0 by exploiting continuity properties of
the error estimator n(k,u,) w.r.t. u,. Note that, a priori, the limit us, of
uy, need not necessarily coincide with the solution of the PDE (2.1). Indeed,
Uso = U 18 the assertion of the theorem.

. The second assumption on the convergence of the reliable error estimators 7,

is a central ingredient for the proof of Theorem 2.3: since ||, — ool ¢1(7) — 0
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we have that

M < Y Moo(B) + Y (k) = 0o (k) < D noa(k) + [[Tin — nooller(7)

keCn keCn, keCn

converges to zero for n — oo if Y7, o Neo(k) does for n — oo as well.
Moreover, since we assumed 7, € (1(F), 1.o(k) decays for large multi-
indices k. Thus, if C, tends to include increasingly large multi-indices k,
then ), c 700(k) should decay to zero. This will be made rigorous in the
subsequent proof of Theorem 2.3.

The proof of Theorem 2.3 employs the following abstract lemma, which was shown
for the case p = 2 in [6, Lemma 15]. Since its proof can be generalized to arbitrary
1 < p < oo without significant modification we merely state the result and refer the
reader to [6, Lemma 15] for a detailed proof.

LEMMA 2.5 (cf. [6, Lemma 15]). Let z = (z;)ken € P(N), p € [1,00), and let
2" = (Z,in))keN € (P(N), n € Ny, be sequences of nonnegative numbers satisfying
lim, oo ||z — 20)||p = 0. Assume further that there exists a continuous function
g: [0,00) — [0,00) with g(0) = 0 and a sequence of nested subsets J, C N, i.e.,
TIn C Tn+1, such that

n n)\?
VneNoVk ¢ Jopi: 2V <g| > (Zf ))
1€Tn+1\Tn
Then limy, 00 D g 7. 2y = 0.

Proof of Theorem 2.3. Since the error estimator is reliable, we only need to show
that

lim 7, = lim Z (k) = 0.

n—oQ n—oo

keCy
Due to
Z (k) < Z Moo (k) + Z (k) — noo (k)| < Z Moo (k) + [[T1 — Moo |2 vy »
keCy keCy, keCy, keCy,

as well as ||, — Moo |ler — 0 by assumption, the statement of the theorem follows if
lim Y neo(k) =0.
keCr

In order to show this, we apply Lemma 2.5 as follows: we identify the countable set
F with N, 1. with z, and 7, with 2(™). Recall that by assumption |7, — oo |let — 0.
Thus, the first assumption of Lemma 2.5 is satisfied. Moreover, we identify the A,, C F
with 7, C N. These sets are nested and J,,4+1 \ J,, corresponds to M,,. By our third
assumption and the construction of 7, there holds for each n € N

(k) <c S Au(i) Yk € A,
ieEM,,

since 1, (k) =0 for k ¢ C,, UA,, and (C, UA,) \ A1 = Cpp \ M,,. Thus, the second
assumption of Lemma 2.5 is also satisfied with g(s) = cs. Hence, we can apply Lemma
2.5 t0 2 >~ 1o and 2, ~ 7, and obtain that

lim Y (k) =0,
kgA,
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which by > pcc Moo (k) < D kg, Moo(k) concludes the proof. |

3. Adaptive sparse collocation. We now introduce the sparse collocation ap-
proach and discuss how adaptive sparse grid algorithms can be derived from the ab-
stract Algorithm 2.1. In particular, we show how to obtain the classical a posteriori
adaptive algorithm by Gerstner and Griebel [30] based on heuristic error indicators
(as opposed to reliable error estimators, as proposed by Guignard and Nobile in [33]).
As already discussed in the introduction, changing from indicators to estimators is key
to proving convergence. Our version of the estimator-based algorithm by Guignard
and Nobile and its convergence are then discussed in the subsequent sections.

Univariate interpolation nodes. The first ingredient for any sparse grid con-
struction is the choice of the underlying univariate sequences of collocation points.
In this work, we consider nested point sequences: Let (y(;))ien, C [—1,1] denote a
sequence of univariate interpolation nodes and define the associated node sets

(3.1) Vi = {y(i): i=0,...,m(k)} CT, k € Ny,

where m: Ny — Ny denotes the growth function of the sets Vi, i.e., | V| = 1 + m(k).
We assume throughout that m(0) = 0 and that m is strictly increasing. Thus, we
exclude delayed sequences of node sets with Vi, = Y41 for certain k as sometimes
employed for sparse grid methods; see [45]. As an immediate consequence of these
assumptions, we have m(k) > k and |Vi| > k + 1. We later also use the generalized
inverse of the growth function given for ¢ € Ny by

(3.2) m~ () ;= min{k € Ny : i <m(k)} <14,

which gives the index of the first node set ) which contains y;). A particularly con-
venient, construction of such nested nodes is provided by Leja points. Leja sequences
on I' = [~1, 1] are defined recursively by first choosing yg) € I' and then setting

k—1
(3.3) Y(k) = arg max H [y — vl k € No;
vel o

see, e.g., [13, 15, 14, 47, 41] and the references therein. The standard choice is to set
Y0y = —1; the rule (3.3) then leads to

yo=-1 yuy=1 Y= =0 y@ ~-057735, yu) = 0.65871,

Another common sequence, referred to as R-Leja (real Leja) points, is obtained by
carrying out the Leja construction on the upper unit circle in the complex plane in
place of I' = [—1, 1] and then projecting the sequence thus obtained onto the real line.
This results in (see, e.g., [13] for a proof)

Yei) = cos gy, @ € Ny,

¢ n+2
by =0, ou)y=7, ¢ =7/2, Pent1)= (; ! Pn+t2) = P2nt2) T T

For both Leja and R-Leja nodes, we may utilize any strictly increasing growth function
m with m(0) = 0 to construct nested node sets Vi C Vi+1 as in (3.1). The most
common choice uses sets growing by unit increments, i.e., m(z) = i.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/03/22 to 134.109.197.173 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

CONVERGENCE OF ADAPTIVE STOCHASTIC COLLOCATION 667

Besides the Leja construction, Clenshaw—Curtis nodes are also popular collocation
points. Here the node sets )} consist of the extrema of the first-kind Chebyshev
polynomials

Yo = {0}, Vi ={—cos(mi /m(k)):i=0,...,m(k)}, keN

Nestedness of the ), is then achieved by the doubling rule m(k) = 2 for k > 1. The
corresponding sequence of nodes (y(;))ien, is given, suitably arranged, by

Yoy =0,
Ya) = —Cos (0), Y(2) = — COS (),
Y(3) = —cos (1/4m), Y(a) = —cos (3/4m),....

Sparse collocation. We consider hierarchical sparse collocation based on nested
sequences of node sets Yy, as introduced above. Let Py (T") denote the set of univariate
polynomials on I' of degree at most £k € Ny. We can then define for any Hilbert
space-valued continuous function f: I' — H two objects:

e a Lagrange interpolant Z: C(I'; H) — Py (I's H);
e a univariate detail operator Ay: C(I';H) — Py (L5 H),

AQZI@, Ay =T —1Zp_1, keN.
With these definitions, we have that
(3.4) Aif =0  VfePu(l,H), Vi>m (k).

Since Agf = Zpf — Ip—1f = Tp(f — Zi—1f), and due to the nestedness of the node
sets Vir—1 C Vi, the detail operators may be expressed as

m(k)
Apf = Z [f(y(i)) - Inﬂf(y(i))} gl(m(k))7
i=m(k—1)+1
m(k . -
"y = T] ELAC) Py forie {mk—1)+1,...,m(k)}.
=021 7@ T YG)

It is therefore convenient to introduce the notation
(3.5) hi(y) == 6" (), yer,

where ¢ € {m(k — 1)+ 1,...,m(k)}. The polynomials h;, each associated to a node
Y@), ¢ € No, are called hierarchical Lagrange polynomial,* h; € Pum(ry- The quantity
TWw) = Tn-1f(W@) = (f = Zn-1f)(y)) is also called hierarchical surplus. Next,
consider tensorized detail operators

M
Ai=QQ)Ai,.  Ai: C(TyH) = P (TiH),
m=1

IThe difference from the standard Lagrange polynomials is that h; is defined using only the
most recently added nodes y(;) with i € {m(k —1)+1,...,m(k)}, whereas the standard Lagrange
polynomials are redefined for all ¢ € {1,...,m(k)} when new nodes are added.
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where m(i) = (m(iy),...,m(ipr)) € NM and
Py = span{y’ : j,, <m(i,,) form=1,...,M}.

Given a (finite) subset A C F, we define the sparse grid collocation operator associated
with the sparse grid Y by

S 5:ZA1‘7 YA ZZUJ% Vii=Yi, X Vig X X Vip,-
icA ieA
We require the multi-index sets A C F to be downward-closed (or monotone), which

means that ¢ € A implies ¢ — e,, € A, where e,, denotes the mth canonical unit
multi-index. Downward-closedness of A implies three facts (see, e.g., [26]): First,

Ia=Ayg:d<m@@), i€ A}, yu) = WG Yo You)) €T,

where j < m(%) is understood componentwise; second, that the sparse grid collocation
operator yields an approximation in Py ) (I'; H),

Spa: C(T5H) = Pmay(T;H), m(A) :={j € F: 7 <m(i) for some i € A};
and third, together with the nestedness of the node sets, that Sy is interpolatory, i.e.,

Saf(yay) = fyay)  Yyu) € Da.

Remark 3.1. For finite and monotone multi-index sets A there exist N € N multi-
indices %1,...,ty € A such that

J
A=|JRi, Ri={jeF:j<il,
n=1

i.e., the multi-indices %, can be viewed as the corners of A. As an immediate conse-
quence, we have

N
Pur(a)(T:H) = €D Punii) (T3 H).
n=1
Adaptive sparse collocation algorithms. Two ways to construct monotone
multi-index sets A for (hierarchical) sparse grid collocation are the classical algorithm
introduced by Gerstner and Griebel in [30] (as well as numerous variations mentioned
in the literature surveyed in the introduction) and the alternative algorithm intro-
duced by Guignard and Nobile in [33]. Both can be seen as specific instances of
the generic Algorithm 2.1. We describe the former here and the latter (or, rather,
a slight variation thereof) in the next section, together with a convergence analysis.
To introduce these algorithms, we need to specify three “ingredients”: the candidate
set Cp, a marking strategy for determining marked sets M,, C C,, and corresponding
estimates 7, (k) for the error contribution of indices in the candidate set. To this end,
we require the following definitions (see also Figure 3.1):
e The margin Marg(A) C F of a multi-index set A C F is given by

Marg(A) :={k € F\ A: k — ey, € A for some m € N}.
o The reduced margin R(A) C Marg(A) of a subset A C F is given by
R(A) := {k € Marg(A): k — e, € A Ym € N}
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4 ‘
A
¢ RO
3L ¢ €& Marg(A) \R(A)| ]
En([2 2])
2 J L
1 L4 ¢
0r L4
o 1 2 3 4 5 6

FiG. 3.1. A multi-indez set A C N2 (gray squares) and its margin Marg(A) (colored diamonds):
more specifically, the multi-indices of Marg(A) that also belong to the reduced margin R(A) are shown
in red, the remaining ones in blue. Finally, we mark with yellow circles the indices of Marg(A) that
constitute Ep([2, 2]), i.e., the monotone envelope of k = [2, 2]. (Color available online.)

e The monotone envelope Ep(k) C Marg(A) of a multi-index k € Marg(A):
(3.6) En(k) = ﬂ{E C Marg(A): k € F and AU E is monotone}.

Note that Ej(k) U A is the smallest (in cardinality) monotone multi-index
set containing A U {k} and that for k € R(A) we have Ex(k) = {k} by
construction.
The adaptive procedure in [30] now chooses the following:
e As candidate set C,, the reduced margin of A,, i.e., C, = R(Ay).
e As estimators 7,, approximating the error contribution of k € C, by the
LP-norm of the hierarchical surplus, i.e.,

(3.7) m(k) = | Akullnrags K € R(AR),

Note that this is merely an error indicator and not a proper estimator, i.e.,
no proof of the properties required by Theorem 2.3 is available. A large body
of literature, however, provides numerical evidence that this error indicator
is quite robust and gives good results in practice.

e As marking strategy to select the index in the reduced margin which max-
imizes the value of 7, i.e., My, = {arg max,cg(a,) 7 (k)}. An alternative
strategy would be to use Dorfler marking and mark, for example, the 50% of
the indices in the reduced margin with the largest 7,,; cf. [20].

Algorithm 3.1 summarizes the Gerstner—Griebel scheme as pseudocode.

Note that, since Sy is interpolatory for ), nested and A monotone, we can effi-
ciently compute 7,, in (3.7), and therefore Sy, ., based on Sy, . For this, let i € R(A,,)
and Ap41 = A, U{i}. Then

n+1

M
(38) A= Y [ulyy) — Sy hi(y) =TT ),

Y,y €EVi\Va m=1

where the h; are the univariate hierarchical Lagrange polynomials defined in (3.5) and
the set of additional nodes J)i+ =YV \ Va is

V=V xVExex VL V=YYV = {yg i mii— 1) +1< 5 <m(i)}.

V&l
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Algorithm 3.1 Adaptive sparse grid algorithm of Gerstner and Griebel [30].

1: Ao = {0}
2: Up 1= Sp U
3: for n € Ny do
4:  Compute reduced margin R(A;,)
5. Compute error indicators (reduced margin):
(k) = [|AkullLg gy, k€ R(A)
6:  Choose k;; 1= arg maxycg(a,,) (k)
7. Set Apyy = A, U{k;} and upqy := S, u.
8: end for

The main shortcoming of this approach is that the computation of A;u requires solv-
ing the PDE to evaluate u(y(;)), and for this reason one may refer to this algorithm as
fully a posteriori. Clearly, it would be a waste of computational resources to discard
these additional PDE solutions; therefore, practical implementations of Algorithm
3.1 ultimately augment A to Acpa = Ap U R(A,) at the last iteration and return
Uend = SA,,, instead of Sy, . Nonetheless, this procedure is “suboptimal” in terms of
computational effort. If the reduced margin is large, this operation can be expensive.
Moreover, as previously mentioned, the choice of 7,, in (3.7) is a heuristic, and no con-
vergence proof for the adaptive algorithm is available. To overcome this shortcoming,
we introduce and analyze in the next section another variation of Algorithm 2.1, for
which we can prove convergence.

We close this section by pointing out that using a hierarchical basis is convenient
but not necessary, and the standard (nonhierarchical) Lagrange basis can also be
used to implement Algorithm 3.1. To this end, one would need to draw on the so-
called combination technique [32] for evaluating the detail operators A;u as a linear
combination of tensorized Lagrange interpolants,

A= Z (_1)“‘ (Ii17j1 ®ZLiy—jy @ ® IiM*jM)’uﬂ
jefo,1}M

and to adjust the computation of Syu accordingly; see, e.g., [42, 33]. This has the
advantage that nonnested sequences of node sets (such as zeros of orthogonal polyno-
mials) can be used if desired; see, e.g., [42, 26].

4. Adaptive sparse collocation for the diffusion problem. We now turn
our attention to our above-mentioned slight variation of the adaptive algorithm by
Guignard and Nobile from [33]; see Remark 4.2 below for a discussion on the difference
between the two versions. This algorithm is based on the following error estimator,
for which reliability was established in [33].

PROPOSITION 4.1 ([33, Proposition 4.3]). Let u denote the solution of the random
elliptic PDE given in (2.1) with linear diffusion coefficient as in (2.2), and let A C F
be a monotone subset such that the sparse grid collocation operator Sy as introduced
in section 3 is interpolatory. Then for any p € [1,00] we have

HU_SAu”Lﬁ(I‘;Hé(D)) < . Z ||Ak(aVSAU)||Lﬁ(r;L2(D))~

keMarg(A)
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Proposition 4.1 suggests 1, (k) := [|Ax(aVSa, u)|| Lz (r;22(py) as an error estimator
for adaptively constructing the sparse grid approximations u, = Sjx,u and also to
consider the entire margins Marg(A,,) as candidate sets. This yields Algorithm 4.1.
Note here that the value p € [1,00] has to be chosen in advance and that C, :=
Marg(A,,) C F is, in fact, finite for finite M. Moreover, we highlight that Proposition
4.1 implies that Algorithm 4.1 satisfies the first assumption (reliable error estimator)
of the abstract convergence result, stated in Theorem 2.3. Besides that, also the third
assumption of Theorem 2.3 is satisfied by construction, i.e., by the marking strategy
M, = Ep, (k) (where En (k) is the monotone envelope of A,,; see (3.6)) and the
choice of k; cf. Remark 2.4.

Algorithm 4.1 Adaptive sparse grid algorithm for the diffusion problem (2.1) (vari-
ation of Guignard-Nobile in [33]).

1: Ag := {O}

20 Up 1= Sp U

3: for n € Ny do

4:  compute margin as candidate set C,, := Marg(A,,)

5:  compute error estimators:

(4.1) (k) = 1Ak (@Vun)|rprir2(py), Kk € Marg(Ay)

choose k;; := arg max;cc_ 7. (k)
set M,, := Ep, (k)

set A1 := A, UM,

9:  compute Up41 := S, U

10: end for

® N

Remark 4.2 (adaptive algorithm in [33]). The difference between Algorithm 4.1
and its original version by Guignard and Nobile in [33] is that in [33] the following
profit indicators are introduced in place of the error estimator 1, (k) given in (4.1):

ZiEEAn (k) nn(l)
Zz’eEAn(k) W(i)’

with W (%) denoting the work contribution of the multi-index ¢, i.e., the number of
new grid points in ;)J;r required to evaluate A;, which is given by

(4.2) Tn(k) = k € Marg(A,,),

M

W(i) =Y = [T (mm) — m(in - 1).

m=1
Then k! is chosen as

(4.3) K

n

:= arg maxm,(k), M, = Ey, (k).

keCyp
In the case of linearly growing univariate node sets m(i) = ¢ we have W (i) = 1, i.e.,
(k) = Wl(k)l >_icEa, (k) (%) corresponds to the average error estimator on the
monotone envelope Ey, (k). We provide a more detailed discussion of both versions
of the adaptive algorithm for the elliptic problem in section 4.2 with a focus on
computational aspects.
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We now turn to our main result stating the convergence of Algorithm 4.1, under
rather mild assumptions on the employed univariate interpolation nodes. Specifically,
we assume an algebraic growth of the operator norm of the associated detail operators

A% fllorr)

(4.4) [Aklloo ==
ozrecrr) |Ifllcmr)

s k € Np.

THEOREM 4.3 (convergence of Algorithm 4.1). Given the assumptions of Theorem
2.1 and assuming there exist constants 0 < ¢, < oo such that

(4.5) [Aklloo < (1+ck)?  VE € Ny,
the approximations u, constructed by Algorithm 4.1 satisfy

nh_{go [u — unHLﬁ(I‘;H(}(D)) =0.

We already established above that Algorithm 4.1 satisfies the first and third as-
sumptions of the abstract convergence theorem, i.e., Theorem 2.3. It thus remains
to verify the second assumption. This turns out to be somewhat technical and is
presented in detail in section 5.

We now comment on the additional assumption (4.5) of Theorem 4.3 regarding
the operator norms ||Ag||e of the univariate detail operators. Condition (4.5) is
rather mild and satisfied, for example, if the corresponding interpolation operators Zj
possess an at most algebraically increasing Lebesgue constant:

(4.6) 1Zx oo := sup 1Zx fllormr) < 1+ con? Vk>1

fllemzy =1
for constants 0 < ¢1, ¢a,0 < 00, since then with ¢ = ¢(cq, ¢2,6) < 00

1A%lloe < 1 Zklloo + [1Ze—1lloe < 2¢1 4 2¢2k? < ¢k Vk>1,

and Ay = Ty, ie., |Aollo = [[Zollcc = 1. Note that the algebraic growth bound
(4.6) holds, for instance, for interpolation based on Leja and R-Leja nodes y;) €
[—1, 1] introduced above; see [13, 14] and references therein, where such bounds were
established for Leja and R-Leja nodes, respectively:

1 Zk|| oo < 5k*log k for k > 2, I Zh]|oo < 2K for k> 1.

Moreover, for Clenshaw—Curtis nodes combined with the doubling rule m(k) = 2%,
k > 1, we obtain by classical results [40, 11] that

2log 2
g2

2
[Zilloe < 1+ = log (m(k) = 1+ B>

)
4.1. Extensions of Theorem 4.3. In this subsection we comment on two pos-
sible extensions of our convergence analysis.

Convergence of the adaptive algorithm by Guignard and Nobile in
[33]. As outlined in Remark 4.2, the adaptive algorithm proposed by Guignard and
Nobile in [33] differs from Algorithm 4.1 only in the marking strategy or, to be more
precise, by the choice of k; see (4.3). Thus, in order to extend Theorem 4.3 to this
algorithm it suffices to verify that the third assumption of Theorem 2.3 also holds
for the marking strategy (4.3) w.r.t. to the error estimators n, given in (4.1). We
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focus on the case of Leja nodes with a linear growth function m(z) = ¢ here, since the
version with Clenshaw—Curtis nodes was analyzed in the recent work on convergence
[29] mentioned in the introduction. If Leja points are considered, we can easily ensure
convergence by a mild additional assumption: there exists a constant 0 < ¢ < oo such
that for any monotone multi-index set A we have

(4.7) peiax na(k) <c L, na(k),  na(k) = [[Ax(@VSau)llLz r.r2(p));
i.e., the largest error estimator in the full margin can be bounded by the constant
times the largest error estimator in the reduced margin. Indeed, by construction of
the profits m, in (4.2) and of the marking strategy in (4.3) we have for m(i) = i that
(k) = n,(k) if k € R(A,) and

>iem, (%)
max 7,(k)= max w,(k)< ==~ < n(1).
keR(An)77 (k) kER(A,) (k) ZieMn W (%) iez/\/t:nn (4)

Hence, condition (4.7) then guarantees that the third assumption of Theorem 2.3 is
also satisfied for the marking strategy (4.3). We consider (4.7) as a plausible assump-
tion in practice, although pathological counterexamples may possibly be constructed.

Convergence of the Gerstner—Griebel algorithm. The abstract conver-
gence result, Theorem 2.3, as well as our techniques for proving Theorem 4.3 can
also be exploited to show convergence of the adaptive algorithm by Gerstner and
Griebel in [30], i.e., of Algorithm 3.1. To this end, we need of course to assume
the reliability of the error indicators 7, (k) = [[Agul|r ;). Since these hierarchical
surpluses are not connected to the model problem (2.1), as is the case for the residual-
based error estimators (4.1), we state the theorem in a more general setting; i.e., we
consider general Hilbert space-valued mappings u: I' — H and, moreover, we do not
restrict ourselves to solutions u that admit a Taylor expansion, but rather consider
the more general case of a solution that admits an expansion over polynomials Py
with a certain growth of their maximum norm. Reliability is also not proved here but
merely assumed and must be checked on a case-by-case basis.

THEOREM 4.4 (convergence of Algorithm 3.1 by Gerstner and Griebel [30]). Let
H be a separable Hilbert space, and let u € C(T';H) allow for a polynomial expansion
(2.6) converging in LE(T;H) for a p € [1,00] where the corresponding univariate
polynomials Py, € Pr(I';R) satisfy

(4.8) | Pellcarry < (1 +2k)°

for finite constants ¢, 0 > 0. Further assume that
1. the coefficients ux, € H, k € F, of the polynomial expansion (2.6) satisfy

(P* lurll) ey € C(F)

for a weight vector p € RM with 1 < p,, for allm=1,...,M;
2. there exists a constant C' < oo such that for any finite and monotone A C F

(4.9) flu— SAUHLI;(F;H) <C Z ||Aku||Lﬁ(r;H);
EER(A)

3. the univariate detail operators Ay satisfy (4.5) for finite constants 0 < ¢,0 <
00.
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Then we have for the approximations u, constructed by Algorithm 3.1 that
Jim flu = un| Lz rag = 0-

Note that the first item on the uy is satisfied for the model problem by Theorem
2.1 and that for Taylor polynomials condition (4.8) holds with ¢ = 6 = 0. This theo-
rem provides an overview of the three most important “ingredients” for convergence of
adaptive collocation: exponentially decaying coefficients uy, merely algebraic growth
of norms of the Ay, and reliability of the employed error indicators. The proof of
Theorem 4.4 is significantly easier than that of Theorem 4.3, because the error indi-
cators do not depend on the current approximation. Nonetheless, proving Theorem
4.4 requires some auxiliary results stated in section 5 and is therefore postponed to
section 5.2.

4.2. Computational considerations. Having established the convergence of
our variant of the algorithm by Guignard and Nobile, as stated in Algorithm 4.1, as
well as of the Gerstner—Griebel adaptive sparse grid algorithm, Algorithm 3.1 (abbre-
viated GG algorithm in the following), we comment on the computational advantages
and disadvantages of both:

1. The GG algorithm considers candidate indices in the reduced margin instead
of the full margin. This makes treating problems with high-dimensional pa-
rameters somewhat easier with the GG algorithm, since the size of the full
margin grows substantially faster than the reduced margin.

2. However, as already noted, the GG algorithm is fully a posteriori: evalu-
ating the error indicators involves actually evaluating u (i.e., solving addi-
tional PDEs) on the new collocation points Y, (k) = Vi \ Va,uqk} for each
k € R(Ap); see (3.7), (3.8), and line 5 of Algorithm 3.1. By contrast, Algo-
rithm 4.1 computes its error estimator by evaluating the current sparse grid
interpolant u, at the new collocation points VI (k) for k € Marg(A,,). This
is a significant advantage of the error estimator-based algorithms (both the
original version by Guignard and Nobile and our variant, Algorithm 4.1) over
the GG algorithm, in particular if solving the PDE for individual parameter
values is computationally expensive (even though these additional PDE solves
are not discarded but ultimately enter the final approximation returned by
Algorithm 3.1, as already discussed in section 3).

3. On the other hand, because the error estimators are based on the current ap-
proximation, they have to be recomputed in each step of Algorithm 4.1, i.e.,
in general 1, (k) # np41(k) for any k € Marg(A,,) "1Marg(A,,+1). This is not
required by the GG algorithm. Thus, the evaluation of the sparse grid inter-
polant w,, should be implemented in a very efficient way, since this operation
is repeated at each iteration for an increasingly large number of multi-indices
in the margin. In this sense, the hierarchical representation of the sparse grid
interpolant via hierarchical Lagrange polynomials and hierarchical surpluses
is to be preferred over the classical combination technique representation [32],
since the former usually yields a faster evaluation—at the price of a higher
offline-cost due to the computation of the surpluses.

4. The hierarchical sparse grid representation as well as the error estimators
in [33] for the diffusion problem require nested univariate node sets—for an
efficient implementation and reliability, respectively. By contrast, the GG
algorithm also works with nonnested nodes; see, e.g., [42, 26, 27]. This might
be a rather minor point, since suitable nested node families in the form of
Leja or Clenshaw—Curtis nodes are available.
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As an extensive numerical study of the error estimator-based adaptive scheme
has been already carried out by Guignard and Nobile in [33], we present no further
numerical experiments here. In their study, they observed for several numerical test
examples of the diffusion problem (2.1) that the error estimator stated in Proposi-
tion 4.1 is sharp. These test examples included different dimensions of the physical
domain (d = 1,2) as well as different numbers M of parameter variables and different
expansion functions a,, in the definition of the diffusion coefficient. Besides this, a
second set of experiments in [33] compared the performance of the error estimator—
based algorithm and the GG algorithm; both showed a similar performance w.r.t. the
number of grid points in the corresponding adaptively constructed sparse grids Ya,,
(recall that each sparse grid point corresponds to a PDE solve); however, if all PDE
solves (i.e., also those necessary for evaluating the profits on the margin) are taken
into account, then the GG algorithm performed significantly less effectively.

Although the algorithm by Guignard and Nobile in [33] slightly differs from Al-
gorithm 4.1 as considered here, these differences are negligible for the numerical per-
formance for the following reasons:

e The version of Algorithm 4.1 proposed in [33] considers normalized profit in-
dicators m, for the indices k; see (4.2). However, previous numerical evidence
for the GG algorithm suggests that whether error indicators or profit indica-
tors are used does not play a major role for the convergence; see, e.g., [42].
Therefore, for the same reasons, one can expect Algorithm 4.1 to exhibit nu-
merical behavior similar to the original adaptive algorithm by Guignard and
Nobile in [33].

o Although the second set of results in [33] is for Clenshaw—Curtis collocation
points only, it is well known that in practice the performance of Leja and
Clenshaw—Curtis points is quite similar for adaptive sparse collocation using
the GG algorithm; see, e.g., [41]. Thus, it is again reasonable to assume that
similar results to those reported in [33] also hold for Algorithm 4.1 using Leja
nodes.

e The tests in [33] are performed with p = oo only, both for the evaluation of
the error and for the computation of the error indicator. Our theory covers
any p € [1,00], and we expect that GG and Algorithm 4.1 would behave
similarly also for p # oc.

5. Proofs of Theorems 4.3 and 4.4. We begin this section by stating four
auxiliary results required for the subsequent proof of our main results, Theorems 4.3
and 4.4. First, we recall a statement on the operator norm of the tensorized detail
operators A; given in (4.4).

PROPOSITION 5.1 ([15, section 3]). For the operator norm (4.4) of the tensorized
detail operators

1Aifller;r)

[A¢lle =
ozrecrmr) Ifllomr)

i € F,
there holds
M
1Alloe = T 1A, lloe-
m=1

Next, we provide an estimate for the sparse grid collocation operator Sy applied to
Taylor polynomials/multivariate monomials given an algebraically growing operator
norm of the univariate detail operators. This result is similar to [26, Proposition 3.1].
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PROPOSITION 5.2. Let there exist constants 1 < ¢ < oo and 6 < oo such that
[Ailloe < (14¢i)?  VieN.
Then for the Taylor polynomials Ti(y) := y*, k € F, and T = [~1,1]™ we have

M
sup [[SaTkllcwm < [[ (1 +ckm)'™, ke F.
ACF m—1

Proof. First, notice that with m~! as in (3.2) and using (3.4) we have

M
AiTk = H AimTkm =0

m=1
if 4,, is such that m(i,, — 1) > ky,, ie., if i,, > m~1(k,,) for any m. Thus, with
Ri:={j €F:jm <knVm=1,..., M}, we obtain

sup || SAT; R) = max SAT; .
AQI}H A kHC(I‘,R) ACRe [:Sa k“C(I‘,R):

where m~1(k) = (m~1(ky),...,m 1 (kp)) € NM. Moreover, the triangle inequality
yields

M
ISATkllc@z < D 1AiTklomr < D Al 1Tklemr <> [T 0+ cim)’.
€A 1EA icA m=1

Since we are considering A to be a subset of Ryy-1(x), we can further bound the last
term as

M M M M
S G+ein)’ < > [ Otckn)’ < IRi| [ (ckm)? = J] (1ckm)
icA m=1 ie’Rm,l(k) m=1 m=1 m=1
since [Rp-1()| < R = [To_, (1 4 knm). 0

Furthermore, we require a rather general result on the summability of sequences
on F.

LEMMA 5.3 ([18, Lemmas 2 and 3]). For any 0 < ¢ < 1, one has

M - —k
p e R and m1n7M|pm|>1 = (p )ke]__eﬂq(}').

m=1,...

Moreover, for any 0 < ¢ < 1 and any algebraic factor

M
Bk):=[[ (A +ckn)’,  keF,

m=1

with finite ¢,0 > 0, one has

p € RM and minM\pm| >1 < (B(k) p_k)kej_. € tI(F).

=1,...,

Note that the original statement in [18, Lemmas 2 and 3] is for the case of count-
able sequences p = (pm)men € L4(N).

The last auxiliary result provides a simple estimate for the tails of converging
series of the same form (6 (k) p*k) per as considered in the previous lemma.
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PROPOSITION 5.4. Let p € RM be a vector of numbers p,, > 1, m =1,..., M,

and let
M

Bk):=[[(1+ckn)’, keF,

m=1

be an algebraic factor with finite ¢,0 > 0. Then we have for any k € F
(5.1) > @7 <CBKpTF, C=3 Bk)pt
izk keF

Proof. First, note that by Lemma 5.3 the constant C' defined in (5.1) is indeed
finite. By refactoring, we have

M
Zﬂ(] = Z H 1 + ¢im Jm = H Z (1 + ij)ep;njm
i>k j>km=1 m=1 \jm>km

We then obtain, for each m=1,..., M,

[e’e) . 0
_ 1+ cj+ ckp, .
S (Lt cim)prin = (14 chn)? Z() o

G hem per AN
o0
< (14 ckn) m21+0j ol
7=0

Thus, the refactoring argument can be continued as

ZB(J = Z H + Cjm) mjm

>k j>km=1

< H (1 + ckp)? pfm Z (1 + cjm)?prim

m=1 Jm >0

’kznl—kcy pondm =C B(k)p~

j>0m=1

with C' as in (5.1). O
5.1. Proof of Theorem 4.3.

Proof. We prove Theorem 4.3 by applying Theorem 2.3. To this end, we need to
verify the three assumptions of Theorem 2.3. The first holds due to Proposition 4.1
and the third by construction; cf. Remark 2.4. Hence, it remains to verify the second
assumption. To this end, we set

7, (k) — {”Ak(avSAnu)HLﬂ(F;L?(D)) ke A, UCy,,

(5.2) .
0 otherwise

and proceed in two steps (see also Remark 2.4):
1. We define the (formal) limit

(5.3) Uso 1= Z Apu, Ao = U Ay,

keA neN
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and verify in Lemma 5.5 below that u., € C(T; H}(D)) as well as

nlLII;O [ too — UnHC(I‘:,Hé(D)) =0.

2. We then set

(5.4) Noo (k) := [Ak(aVuoo)ll Lz (ri2(p))  k € Ao UMarg(As),
. h - 0 otherwise

and show in Lemma 5.7 that
lim ||9e0 — |l = 0,
n— oo

which concludes the proof. 0

LEMMA 5.5. Given the assumptions of Theorem 4.3, the u,, n € N, form a
Cauchy sequence in C(T; H}(D)). In particular, us given in (5.3) is its well-defined
limit in C(T'; H}(D)).

Proof. We abbreviate the norms in C(T'; H}(D)) and C(I;R) by || - ||¢. Fur-
thermore, let p € RM be such that 1 < p,, < a~! as in (2.5) and let T and tg,
k € F, denote the multivariate Taylor polynomials and the corresponding Taylor co-
efficients of u, respectively. For n,m € N with n < m we obtain by the triangle and
Cauchy—Schwarz inequalities

< 3 ltwll 18,00, Tl
¢ keF

> tSa,a, Tk
keF

1/2 12
< (Z o ||tk||%> <Z”_2k ”SAM\A"T’““i) |

keF keF

lum — unllc = HSAm\A UHC

where by Theorem 2.1

1/2
(5.5) Cup = <Z P tkn%) < .

keF

Since ATy, = 0 if i, > m~Y(k,,) for any m we have by Proposition 5.1 and the
assumptions that

1€EA L \Ap 1€EA\An

= > ATk o

1E€E(Aoo \An)NR  —1 5y

< gn(k) = > I+ chnm

iG(Am\An)ﬂRmfl(m m=1

where Ry-1x) = {¢ € F: 4 < m~!(k)}. Since for any of the finitely many i €
(Ao \ An) NRin—1() there exists an ng € N such that ¢ € A,, for all n > ng, we obtain

lim g, (k) = lim g2(k) =0 vk € F.

n—oo n—oo
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Moreover, we conclude as in the proof of Proposition 5.2

M M
gn(k) < >0 T+ ckm)’ <g(k) = T 1+ chm)' ™.
ie'R’m*I(k) m=1 m=1

By Lemma 5.3 we have

> p 7 g(k)® < o,

keF

so that g%: F — [0,00) serves as a summable dominating mapping of the g2: F —
[0,00) and we obtain by Lebesgue’s dominated convergence theorem

: —2k 2
dim Y7 p7 gu(k)* =0,

Thus, since

| — Un||20 < Ci,p Z pizk gn("’)z vm > n,
keF

we conclude that the approximations u, = >, A, A;u form a Cauchy sequence in
the (complete) Banach space C(T; Hg (D)) with s = Y-;cx  Aju as its limit, since
Ay T A |

For the second step of the proof of Theorem 4.3, we first state an important
lemma concerning the decay of the error estimators.

LEMMA 5.6. Let the assumptions of Theorem 4.3 be satisfied, and let A C F be
an arbitrary monotone subset. Then there exists a constant C = C(M, p,c,0,a) < 0o
such that for

n(k, Spu) = ”Ak(avsl\u)HLZ(I‘;LQ(D))> keF,
we have for any k € F

M
n(k, Spau) < C g(k), g(k) = <H (1+ ckm)%H) p k.

m=1

Proof. Set up := Sau. By linearity Ag(aVuy) for k € F can be written as

aZAiVu

iEA

A [aVup] = Ag = ZAk [aA;Vu].

iEA

Moreover, using the Taylor expansion of the solution u we deduce that

(56)  Ap[aAiVu] = A |ad; Y (VHy) T | =Y (Vt)) A [aliTy].

JEF JEF
We observe that for certain combinations of ¢, j, and k it holds that Ay [aA;T;] = 0.
First of all,

ATy = H (A, T5,,)=0 if Im: jp <mlip, — 1),
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since then A; T = 0. Second, the function aA;Tj is a polynomial in y belonging
to the space

Pm(i)Jrl = span{yp: Pm < m(lm) +lform=1,..., M},
since @ is affine in y. Hence,
Ap[aA;T;1 =0 if 3m:m(iy,) + 1 < m(ky, — 1).

We now combine both necessary conditions j > m(¢—1)+1 and m(¢)+1 > m(k—1)+1
for Ay [aA;T;]) # 0 to
je>mk—-2)+1>k—1,

where the last inequality follows due to m(k) > k. Thus, introducing the notation
[k — 1] := (max{k,, — 1,01)M_,, the sum (5.6) reduces to

m=1>

A ladiu] = > (Vt;) Ag [aAT;].

jz[k—=1]4

By interchanging the order of summation we obtain

1Ak (@Vur)ll Ly psr2(py) = > Ak(aAiVuy)
ieA

L}.(T;L2(D))

=D D> (V) AxladTy)

ieh gzl LE(DL2(D))

= 3 (v4) Aclas,a1y]

jZ[k_1]+ Lﬁ(F;L2(D))

We now set (k) := an[:l(l + ck,,)? as well as

(57) Amax = SUpP SUp |a(m7 y)| < 00.
yel' xeD

By using the triangle inequality and Propositions 5.1 and 5.2 we deduce

||Ak(avuA)HLﬁ(F;L2(D)) = Z (Vt;) Ar [aSATj]
j>[k—1]4 LP/(T;L2(D))

< > V2o 12 [@SA Tl o rm)
jz[k—1]4

< Z HthH B(k) ”aSATJ'Hc(F;R)
j>[k—1]4

< Z HthH ﬂ(k) Amax HSAT]'”C(F;R)
jz[k—1]4

< amax Bk) Y lltlla (),

Jj>[k—1]4
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where we set y(5) = [IV_,(1 + ¢jm) ™. By the Cauchy-Schwarz inequality we

m=1
obtain
1/2

Sl v@) < Cup | D>, PG|
i>[k=1]4 i>[k—1]4

with p as in Theorem 2.1 and C,, , as in (5.5). We can then apply Proposition 5.4 to
bound ij[k_1]+ =27 4(4)2. More specifically, Proposition 5.4 yields the existence
of a constant Cp .9 < oo such that it holds that

M
S p7H (§)? < Cpeo p 2 (K —1]4)% < Cpeo (H p$n> p~* (k)2
jz[k—1]4 m=1

since < is increasing and p,, > 1 for each m. Thus, for any k € F we get

12
|Ak(@Vur) g rup oy < Gmax Cup B(R) Ch'2, (H p> pt.

The statement follows with

M
(58) C := amax C Cﬁl)/fg (H Pm) )
m=1

since g(k) = B(k)y(k) p~*. O
This bound of the error indicators is now used to proceed with the second step
of the proof to verify the second assumption of Theorem 2.3.

LEMMA 5.7. Given the assumptions of Theorem 4.3 we have for n. as in (5.4)
and M, as in (5.2) that
im0 = 7 ller 7y = 0-
Proof. We introduce the shorthand notation

AT := AUMarg(A), ACF,

and notice that consequently A, C |J, . A. Moreover, we have

neN

Ak (aV (Uoo — un))llLn(rir2py), k€ AL C AL,
Moo (k) — T (k)| < q 1Ak (aVuco) || £z (r;12(D)) ke AL\ AL,
0, ke F\AL.

Hence,

100 = Nnller 7y < Z [Ak(aV (uco — un))llLz L2 (D))

keAL
term I
+ Z Ak (aVuoo)ll Lz (r;L2 (D)) -
keATN\AL
term II

We would like to take the limit on both sides and verify that the two terms on the
right-hand side tend to zero, which we analyze separately in the following.
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Term I. Assuming for a moment that we can apply the dominated convergence
theorem to exchange the sum and the limit, we would get

lim Z Ak (aV (uoo — Un))HLﬁ(FL?(D))

n— o0
keAL

= Z li_}rn [Ak(aV(uco — un))llLr(r;2(p)) by dominated convergence
keAL

< Y lim B(k)[aV(us — un)|eizz(py by Prop. 5.1, 5(k) = TIM, (1 + ch)?
keAL

< Z nl;n;o B(k)amax||uoc — tnllo(r;my(py)  recalling the def. of amax in (5.7)
kcAL
=0 by Lemma 5.5.

In order to apply Lebesgue’s dominated convergence, we need to check that there
exists a function g: F — [0, 00) such that, for all n € N and k € AL,
(5.9)

[Ak(aVuso)|| Lz (riz2(py) + 1Ak(@Vun)| e (2 (py) < 9(k)  and Z g(k) < oo.
keAd

The bounding function g is obtained by Lemma 5.6: there exists a constant C' < oo
such that

[Ak(aVuco)| e (r;02(py) + [1AK(aVun)| Lz (r;02 (D)) < 2C g(k),

with

M
g(k) :== (H 1+ ckm)29+1> p k.

m=1

The required summability of g is derived by Lemma 5.3, i.e.,
Z 2C g(k) < 2C Z <H +ckm)29+1> p k< .
keAL keF

Term II. To verify that the limit of the second term is also zero, observe that
the dominated convergence theorem in (5.9) implies

Z HAk(aVUOO)||Lﬁ(I‘;L2(D)) < 0.
keAL

Together with the fact that A%, CJ,cyA;, this implies the final result

lim Z Ak (aVuoo) || 22 (r;22(py) = 0 0

n— o0
keAT\AS

By Lemma 5.7, the three assumptions of Theorem 2.3 have been verified, proving
convergence of the described adaptive algorithm.
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5.2. Proof of Theorem 4.4.

Proof. Again we prove the assertion by applying Theorem 2.3, i.e., verifying the
three assumptions of Theorem 2.3. The first holds by assumption and the third by
construction of Algorithm 3.1; cf. Remark 2.4. Thus, it remains again to verify the
second assumption of Theorem 2.3. We set

Aj; =A,UC, = A, UR(A,)
as well as

[AkullLz 0. k€ AT,
0 otherwise

(5.10) (k) = {
and define

A P (. ke AL
(511) noo(k) — || ku”LH(I‘,Hﬁ € oo.v A; — U Aj;
0 otherwise, e

We verify in Lemma 5.8 below (which is similar to Lemmas 5.6 and 5.7) that
lim {|7ee = fnfler =0,
n—oo

which concludes the proof. 0

LEMMA 5.8. Let the assumptions of Theorem 4.4 be satisfied. Then there exists
a constant C < oo such that for any k € F

M ~
(5.12)  [[Arullzz gy < C g(k),  g(k) = <H (1 + k)’ (1 +Ckm)9> pt.

m=1

Moreover, we have (oo (k))ker € (*(F) for noo(k) as given in (5.11) and, therefore,
for My, as in (5.10)
lim {[7og = 7nller = 0.
n—oo
Proof. In the following we denote the norm in LF(I';H) and C(T';’H) simply by

|- |z and || - ||c, respectively. By employing the polynomial expansion of v and the
Cauchy—Schwarz inequality, we obtain

[Akulle = | D wsde Pl <> [luillw |ARPs 1
ieF Lp  iEF
1/2 1/2
% —21 2
< (S i) (S i)
i€F 1€F

where p € RM is as assumed in Theorem 4.4. By assumption the first term is bounded
by a constant

1/2
Cup = (Z p* Iui||%> < 00

i€EF
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Concerning the second term, we first note that

M
APi= [] Ak, P, =0 if 3mi i < mky — 1),

m=1

Hence, we require ¢ > m(k — 1) + 1 > k for ApP; # 0 and therefore obtain by
Proposition 5.1 and the assumption (4.8)

S o AP =Y p % AP, <> p % ARG

keF i>k i>k
) M
< 29721 ( H (1+ Ckm)9> I Pillerr)
i>k m=1
<v(k)Y_p % B(3)?,
i>k
with
M B M
B(i) =[] A +cim)’, (k)= J](Q+ckm)’.
m=1 m=1

Hence, by Proposition 5.4 we have for a finite constant C'
> PP B < Cp? B(k)?,
i>k

and thus
[AkullLr < CupC? v(k)B(k)p~*,  keEF,

which proves (5.12). Moreover, by Lemma 5.3 we know that (g(k))xer € ¢*(F), and
hence also (7, (k))ker, (oo(k))ker € £1(F), n € N. Finally, we have by definition of
Moo and 7, that

Ioe = Talls = Y lArullze < CupCY? D7 glk).

keAL\AT keALANAT
The summability (9(k))rer € €'(F) and AL, =, ey A} then yield the desired result
lim [lnos —Tulle < lim Y g(k) =0. O
KEATA\AS

6. Conclusions. We have proved convergence of an adaptive sparse collocation
algorithm for approximating the solution of an elliptic PDE with a high-dimensional
parameter y € [—1,1]™ applying the analysis technique from [6], developed for the
stochastic Galerkin FEM, to a slight variation of the algorithm proposed by Guignard
and Nobile in [33]. In this sense, our work can be seen as an extension of [33], where
a very close variant of the algorithm considered here was presented and analyzed
numerically, but without convergence proof.

The algorithms we propose here and that in [33] are both modifications of the well-
known dimension-adaptive sparse grid algorithm due to Gerstner and Griebel in that
they replace the hierarchical surplus error indicators with a rigorous residual-based
error estimator. As a by-product of our analysis we also obtain a convergence proof for

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/03/22 to 134.109.197.173 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

CONVERGENCE OF ADAPTIVE STOCHASTIC COLLOCATION 685

the Gerstner—Griebel algorithm applied to the same problem, under the assumption
that the hierarchical surplus error indicator is also a reliable error estimator. The con-
vergence proof is tailored to the specific problem, i.e., an elliptic PDE with parametric
diffusion coefficient depending affinely on a finite number of parameters. Because the
algorithm is based on a residual-based error estimator, the analysis is problem-specific
and must be adapted for each new PDE as well as for different forms (e.g., nonlin-
ear) of the random diffusion coeflicient. However, we expect that a large part of the
machinery proves valid or at least extensible in a straightforward way. Particularly, if
reliable error estimators (for the approximation error w.r.t. the parameter variables)
are available, only a stability condition of these estimators w.r.t. u, needs to be es-
tablished in order to verify the crucial second condition of the general convergence
theorem, Theorem 2.3. Our analysis in section 5.1 can serve as a blueprint for doing so.

Regarding possible extensions of this work, we point out that the convergence
analysis we have presented proves convergence but does not provide a rate. This
might be achieved by a saturation assumption following again the line of proof in [6]
for adaptive stochastic Galerkin FEM. Conversely, the extension of the specific model
problem to the important case of the diffusion coefficient resulting from the param-
etrization of a log-normal random field is deemed to be more challenging. Another
important yet challenging addition to our work would be to extend the convergence
result to the infinite-dimensional case, i.e., to consider countably many parameters
M = oo in the affine expansion of the diffusion coefficient (2.2). This would pose both
theoretical and algorithmic challenges: on the theoretical side, our proof would need
to be revisited since some constants are not bounded when M — oo (in particular,
the constant C' in Lemma 5.6; cf. (5.8)). From the algorithmic point of view, having
M = oo would lead to margin sets of infinite cardinality, which is, of course, unfeasible.
Under the assumption that ||a,,|| L~ in (2.2) are monotone decreasing (this assumption
could be weakened), a possible approach would be to implement a so-called “buffering”
procedure, as discussed in [33] (see also [47, 15, 42, 26]); such an algorithm would start
by considering only the first My < oo parameters, and any time a parameter is “acti-
vated” (i.e., a collocation point is added along that parameter dimension for the first
time), the total number of considered parameters would increase by one in such a way
that there are always M, considered but yet “unactivated” parameters in the buffer.

A further interesting follow-up would be to carry out an extensive numerical
study on a number of different PDEs for which finite element error estimators are
available, and investigate numerically whether Algorithm 4.1 consistently displays
good performance (i.e., similar to the GG algorithm) for all the PDEs considered.
These numerical investigations exceed the scope of this work and are left for future
research.

REFERENCES

[1] I. BABUSKA, F. NOBILE, AND R. TEMPONE, A stochastic collocation method for elliptic partial
differential equations with random input data, STAM J. Numer. Anal., 45 (2007), pp. 1005—
1034, https://doi.org/10.1137/050645142.

[2] M. BACHMAYR, A. COHEN, R. DE VORE, AND G. MIGLIORATI, Sparse polynomial approzimation
of parametric elliptic PDEs. Part I1: Lognormal coefficients, ESAIM Math. Model. Numer.
Anal., 51 (2017), pp. 341-363.

[3] M. BACHMAYR, A. COHEN, AND G. MIGLIORATI, Sparse polynomial approzimation of parametric
elliptic PDEs. Part 1: Affine coefficients, ESAIM Math. Model. Numer. Anal., 51 (2017),
pp. 321-339.

[4] J. BEcK, R. TEMPONE, F. NOBILE, AND L. TAMELLINI, On the optimal polynomial approxi-
mation of stochastic PDEs by Galerkin and collocation methods, Math. Models Methods
Appl. Sci., 22 (2012), 1250023, https://doi.org/10.1142/S0218202512500236.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/050645142
https://doi.org/10.1142/S0218202512500236

Downloaded 05/03/22 to 134.109.197.173 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

686

[20]

21]

22]

M. EIGEL, O. G. ERNST, B. SPRUNGK, AND L. TAMELLINI

A. BespaLov, C. E. POWELL, AND D. SILVESTER, Energy norm a posteriori error estimation
for parametric operator equations, SIAM J. Sci. Comput., 36 (2014), pp. A339-A363,

https://doi.org/10.1137/130916849.

A. BespaLov, D. PRAETORIUS, L. RoccHI, AND M. RUGGERI, Convergence of adaptive sto-
chastic Galerkin FEM, STAM J. Numer. Anal., 57 (2019), pp. 2359-2382, https://doi.org/

10.1137/18M1229560.

A. BEspALOV, D. PRAETORIUS, L. RocCHI, AND M. RUGGERI, Goal-oriented error estimation
and adaptivity for elliptic PDEs with parametric or uncertain inputs, Comput. Methods

Appl. Mech. Engrg., 345 (2019), pp. 951-982, https://doi.org/10.1016/j.cma.2018.10.041.

A. BESPALOV AND D. SILVESTER, Efficient adaptive stochastic Galerkin methods for parametric
operator equations, STAM J. Sci. Comput., 38 (2016), pp. A2118-A2140, https://doi.org/

10.1137/15M1027048.

M. BIERI, A sparse composite collocation finite element method for elliptic sPDEs, SIAM J.

Numer. Anal., 49 (2011), pp. 2277-2301, https://doi.org/10.1137/090750743.

M. BIERI AND C. SCHWAB, Sparse high order FEM for elliptic sPDEs, Comput. Methods Appl.

Mech. Engrg., 198 (2009), pp. 1149-1170, https://doi.org/10.1016/j.cma.2008.08.019.

L. BRUTMAN, On the Lebesgue function for polynomial interpolation, SIAM J. Numer. Anal.,

15 (1978), pp. 694704, https://doi.org/10.1137/0715046.

P. CHEN, Sparse quadrature for high-dimensional integration with Gaussian measure, ESAIM

Math. Model. Numer. Anal., 52 (2018), pp. 631-657.

M. A. CHKIFA, On the Lebesgue constant of Leja sequences for the complex unit disk and of

their real projection, J. Approx. Theory, 166 (2013), pp. 176-200.

M. A. CHKIFA, New bounds on the Lebesque constants of Leja sequences on the unit disc
and on MR-Leja sequences, in Curves and Surfaces, J.-D. Boissonnat et al., eds., Springer

International, Cham, 2015, pp. 109-128.

M. A. CHKIFA, A. COHEN, AND C. SCHWAB, High-dimensional adaptive sparse polynomial
interpolation and applications to parametric PDEs, Found. Comput. Math., 14 (2014),

pp. 601-633.

A. CoHEN, R. DEVORE, AND C. SCHWAB, Convergence rates of best N-term Galerkin approx-

imations for a class of elliptic sPDFEs, Found. Comput. Math., 10 (2010), pp. 615-646.

A. CoHEN, R. DEVORE, AND C. SCHWAB, Analytic regularity and polynomial approzimation of

parametric and stochastic elliptic PDE’s, Anal. Appl. (Singap.), 9 (2011), pp. 11-47.

A. COHEN AND G. MIGLIORATI, Multivariate approzimation in downward closed polynomial
spaces, in Contemporary Computational Mathematics—A Celebration of the 80th Birthday
of I. Sloan, J. Dick, F. Kuo, and H. Wozniakowski, eds., Springer International, Cham, 2018,

pPp. 233-282.

A. J. CROWDER, C. E. POWELL, AND A. BESPALOV, Efficient adaptive multilevel stochastic
Galerkin approzimation using implicit a posteriori error estimation, SIAM J. Sci. Comput.,

41 (2019), pp. A1681-A1705, https://doi.org/10.1137/18M1194420.

W. DORFLER, A convergent adaptive algorithm for Poisson’s equation, SIAM J. Numer. Anal.,

33 (1996), pp. 1106-1124, https://doi.org/10.1137/0733054.

M. EiGeL, C. J. GITTELSON, C. SCHWAB, AND E. ZANDER, Adaptive stochastic Galerkin FEM,
Comput. Methods Appl. Mech. Engrg., 270 (2014), pp. 247-269, https://doi.org/10.1016/
j.cma.2013.11.015.

M. EIGEL, M. MARSCHALL, M. PFEFFER, AND R. SCHNEIDER, Adaptive stochastic Galerkin
FEM for lognormal coefficients in hierarchical tensor representations, Numer. Math., 145
(2020), pp. 655-692.

M. EIGEL AND C. MERDON, Local equilibration error estimators for guaranteed error control in
adaptive stochastic higher-order Galerkin finite element methods, STAM/ASA J. Uncertain.
Quantif., 4 (2016), pp. 1372-1397, https://doi.org/10.1137/15M102188X.

M. EI1GEL, M. PFEFFER, AND R. SCHNEIDER, Adaptive stochastic Galerkin FEM with hierar-
chical tensor representations, Numer. Math., 136 (2017), pp. 765-803.

M. EIGeL, C. J. GITTELSON, C. SCHWAB, AND E. ZANDER, A convergent adaptive stochastic

Galerkin finite element method with quasi-optimal spatial meshes, ESAIM Math. Model.

Numer. Anal., 49 (2015), pp. 1367-1398.

O. G. ERNST, B. SPRUNGK, AND L. TAMELLINI, Convergence of sparse collocation for functions
of countably many Gaussian random variables (with application to elliptic PDEs), SIAM

J. Numer. Anal., 56 (2018), pp. 877-905, https://doi.org/10.1137/17M1123079.

O. G. ERNST, B. SPRUNGK, AND L. TAMELLINI, On expansions and nodes for sparse grid collo-
cation of lognormal elliptic PDEs, in Sparse Grids and Applications—Munich 2018, H.-J.
Bungartz, J. Garcke, and D. Pfliiger, eds., Lect. Notes Comput. Sci. Eng. 144, Springer

International, Cham, 2021, pp. 1-31.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/130916849
https://doi.org/10.1137/18M1229560
https://doi.org/10.1137/18M1229560
https://doi.org/10.1016/j.cma.2018.10.041
https://doi.org/10.1137/15M1027048
https://doi.org/10.1137/15M1027048
https://doi.org/10.1137/090750743
https://doi.org/10.1016/j.cma.2008.08.019
https://doi.org/10.1137/0715046
https://doi.org/10.1137/18M1194420
https://doi.org/10.1137/0733054
https://doi.org/10.1016/j.cma.2013.11.015
https://doi.org/10.1016/j.cma.2013.11.015
https://doi.org/10.1137/15M102188X
https://doi.org/10.1137/17M1123079

Downloaded 05/03/22 to 134.109.197.173 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

CONVERGENCE OF ADAPTIVE STOCHASTIC COLLOCATION 687

[28] I.-G. FarcAg, T. GORLER, H.-J. BUNGARTZ, F. JENKO, AND T. NECKEL, Sensitivity-driven

[29]

(39]
[40]

[41]

M

T.

M.

M.

M.
. H. HoaNG AND C. SCHWAB, N-term Wiener chaos approzimation rates for elliptic PDEs

J.

adaptive sparse stochastic approximations in plasma microinstability analysis, J. Comput.
Phys., 410 (2020), 109394, https://doi.org/https://doi.org/10.1016/j.jcp.2020.109394.

. FEISCHL AND A. SCAGLIONI, Convergence of adaptive stochastic collocation with finite ele-
ments, Comput. Math. Appl., 98 (2021), pp. 139-156, https://doi.org/https://doi.org/10.
1016/j.camwa.2021.07.001.

GERSTNER AND M. GRIEBEL, Dimension—adaptive tensor—product quadrature, Computing,
71 (2003), pp. 65-87, https://doi.org/10.1007/s00607-003-0015-5.

GRIEBEL AND S. KNAPEK, Optimized general sparse grid approxrimation spaces for op-
erator equations, Math. Comp., 78 (2009), pp. 2223-2257, https://doi.org/10.1090/
S0025-5718-09-02248-0.

GRIEBEL, M. SCHNEIDER, AND C. ZENGER, A combination technique for the solution of
sparse grid problems, in Iterative Methods in Linear Algebra, P. de Groen and R. Beauwens,
eds., IMACS, Elsevier, North Holland, 1992, pp. 263-281.

. GUIGNARD AND F. NOBILE, A posteriori error estimation for the stochastic collocation

finite element method, STAM J. Numer. Anal., 56 (2018), pp. 3121-3143, https://doi.org/
10.1137/17M1155454.
HEGLAND, Adaptive sparse grids, ANZIAM J., 44 (2003), pp. C335-C353.

with lognormal Gaussian random inputs, Math. Models Methods Appl. Sci., 24 (2014),
pp. 797-826.

. KLIMKE, Uncertainty Modeling Using Fuzzy Arithmetic and Sparse Grids, Ph.D. thesis,

Universitat Stuttgart, Shaker Verlag, Aachen, 2006.

. LaNG, R. SCHEICHL, AND D. SILVESTER, A fully adaptive multilevel stochastic collocation

strategy for solving elliptic PDEs with random data, J. Comput. Phys., 419 (2020), 109692,
https://doi.org/https://doi.org/10.1016/j.jcp.2020.109692.

. MA AND N. ZABARAS, An adaptive hierarchical sparse grid collocation algorithm for the

solution of stochastic differential equations, J. Comput. Phys., 228 (2009), pp. 3084-3113,
https://doi.org/10.1016/j.jcp.2009.01.006.

. MATHELIN AND M. HUSSAINI, A Stochastic Collocation Algorithm for Uncertainty Analysis,

Technical Report NASA /CR-2003-212153, NASA Langley Research Center, 2003.

. H. McCABE AND G. M. PHILLIPS, On a certain class of Lebesgue constants, BIT, 13 (1973),

pp. 694-704.

. NoBILE, L. TAMELLINI, AND R. TEMPONE, Comparison of Clenshaw-Curtis and Leja quasi-

optimal sparse grids for the approximation of random PDFEs, in Spectral and High Order
Methods for Partial Differential Equations—ICOSAHOM ’14, R. M. Kirby, M. Berzins, and
J. S. Hesthaven, eds., Lect. Notes Comput. Sci. Eng. 106, Springer International, Cham,
2015, pp. 475-482.

. NoBILE, L. TAMELLINI, F. TESEI, AND R. TEMPONE, An adaptive sparse grid algorithm

for elliptic PDEs with lognormal diffusion coefficient, in Sparse Grids and Applications—
Stuttgart 2014, J. Garcke and D. Pfliiger, eds., Springer, Cham, 2016, pp. 191-220, https:
//doi.org/10.1007/978-3-319-28262-6_8.

. NOBILE, R. TEMPONE, AND C. G. WEBSTER, An anisotropic sparse grid stochastic collocation

method for partial differential equations with random input data, STAM J. Numer. Anal.,
46 (2008), pp. 24112442, https://doi.org/10.1137/070680540.

. NoBILE, R. TEMPONE, AND C. G. WEBSTER, A sparse grid stochastic collocation method for

partial differential equations with random input data, SIAM J. Numer. Anal., 46 (2008),
pp. 2309-2345, https://doi.org/10.1137/060663660.

. PETRAS, Smolyak cubature of given polynomial degree with few nodes for increasing dimen-
ston, Numer. Math., 93 (2003), pp. 729-753.

. SCHIECHE AND J. LANG, Adjoint error estimation for stochastic collocation methods, in

Sparse Grids and Applications—Munich 2012, J. Garcke and D. Pfliiger, eds., Lect. Notes
Comput. Sci. Eng. 97, Springer, Cham, 2014, pp. 271-293.

. SCHILLINGS AND C. SCHWAB, Sparse, adaptive Smolyak quadratures for Bayesian itnverse
problems, Inverse Problems, 29 (2013), 065011, https://doi.org/10.1088/0266-5611/29/6/
065011.

. X1u AND J. S. HESTHAVEN, High-order collocation methods for differential equations with
random inputs, STAM J. Sci. Comput., 27 (2005), pp. 1118-1139, https://doi.org/10.1137/
040615201.

ZECH AND C. SCHWAB, Convergence rates of high dimensional Smolyak quadrature, ESAIM
Math. Model. Numer. Anal., 54 (2020), pp. 1259-1307, https://doi.org/10.1051/m2an/
2020003.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/https://doi.org/10.1016/j.jcp.2020.109394
https://doi.org/https://doi.org/10.1016/j.camwa.2021.07.001
https://doi.org/https://doi.org/10.1016/j.camwa.2021.07.001
https://doi.org/10.1007/s00607-003-0015-5
https://doi.org/10.1090/S0025-5718-09-02248-0
https://doi.org/10.1090/S0025-5718-09-02248-0
https://doi.org/10.1137/17M1155454
https://doi.org/10.1137/17M1155454
https://doi.org/https://doi.org/10.1016/j.jcp.2020.109692
https://doi.org/10.1016/j.jcp.2009.01.006
https://doi.org/10.1007/978-3-319-28262-6_8
https://doi.org/10.1007/978-3-319-28262-6_8
https://doi.org/10.1137/070680540
https://doi.org/10.1137/060663660
https://doi.org/10.1088/0266-5611/29/6/065011
https://doi.org/10.1088/0266-5611/29/6/065011
https://doi.org/10.1137/040615201
https://doi.org/10.1137/040615201
https://doi.org/10.1051/m2an/2020003
https://doi.org/10.1051/m2an/2020003

	Introduction
	Preliminaries
	Model problem
	Adaptive polynomial approximation

	Adaptive sparse collocation
	Adaptive sparse collocation for the diffusion problem
	Extensions of Theorem 4.3
	Computational considerations

	Proofs of Theorems 4.3 and 4.4
	Proof of Theorem 4.3
	Proof of Theorem 4.4

	Conclusions
	References

