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Introduction

De�nition

An analytic function R(λ;T ) := (T − λI)−1 de�ned on resolvent set ρ(T )
is called resolvent operator.

De�nition

An operator T is called power-bounded if there exists constant C such that

sup
n≥0
‖Tn‖ = C <∞.
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Weighted Shift Operator

De�nition

A bounded linear operator T on a Banach space F (X) of functions or

vector-valued functions on a set X is called weighted Shift operator

(WCO) if it can by represented in the form

Tu(x) = a(x)u(α(x)), x ∈ X, (1)

where α : X → X is a given map and a(x) is a scalar- or matrix-valued

function on X.
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Weighted Shift Operator Generated by Rotation

If we consider representation

S1 = R\Z,

then a rotation on the unit circle can be formulated in an additive form, i.e.

the map γ : x→ x+ h acts as a rotation of angle 2πh on unit circle S1.

De�nition

An operator Tγ acting on C(S1) by formula

Tγu(x) = u(γ(x)),

is called a rotation operator. For any a ∈ C(S1), an operator acting by

formula

(aThu)(x) = a(x)u(x+ h), (2)

is called a weighted shift operator generated by rotation.
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Denete by

an(x) =

n−1∏
j=0

|a(x+ jh)|.

Norm of powers of operator (2) is given by

‖[aTh]n‖ = max
x

an(x).
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Lemma (1.)

Let aTh be a weighted shift operator generated by rotation.

1 If h is a rational number, i.e. h =: mN , N 6= 0, � some fractions, then

σ(aTh) = ΣN (a) where

ΣN (a) = {λ : ∃x ∈ X,λN = aN (x)}.
2 If h is irrational number, then σ(aTh) = {λ : |λ| = Φ(a)}, where Φ(a)

is the geometric average of a, i.e.

Φ(a) = exp[

� 1

0
ln |a(x)|dx] (3)

and R(aTh) = Φ(a).
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Theorem (Sh. (2015))

Let h = m
N ,m 6= 0. There exists constant C = C(a,N) such that for the

norm of powers of operator aTh satis�es

R(aTh)n ≤ ‖[aTh]n‖ ≤ C(a,N)R(aTh)n.

In particular, if n = νN , then

‖[aTh]n‖ = R(a;N)n;

if n = νN + l, 1 < l < N, then

lim
n→∞

‖[aTh]n‖
R(a;N)n

= max
s∈M(l)

|al(s)|,

where

M(l) = {t : |al(t)| = max
x

al(x)}.
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Assume that the spectral radius in (3) is equal to 1, then

� 1

0
ϕ(x) = 0, (4)

where ϕ(x) = ln |a(x)| and

ln ‖[aTh]n‖ = max
x

n−1∑
j=0

ϕ(x+ jh).
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The convergence of the sequence ϕn(x) is relate to di�erent aspects, in

particular, to homological equation

g(x+ h)− g(x) = ϕ(x) (5)

and to problem of small denominators1.

The equality (4) is the necessary condition but not the su�cient of solution

of (5).

However, the equation (5) has been cited as an example when the sole

solutions of analytical functional equations are non-di�erentiable functions

in

Fifth Hilbert's Problem

1V.I Arnold, Small denominators and problems of stability of motion in classical and

celestial mechanics, Uspehi Mat. Nauk, 18:6(114) (1963), P.91�192
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II International Congress of Mathematicians

in Paris on 8 August 1900
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*IMU and Wikipedia.
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Theorem (Gordon, 1975)

If ϕ(x) ∈ C2(S1) is not trigonometrical polynomial, then there exsits an

irrational number h for which the equation (5) has no measurable solutions.
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Theorem (Antonevich, Sh. (2017))

Let ϕ(x) not be trigonometrical polynomial and it satis�es condition (4).

For any sequence ωn such that ωn
n → 0, there exists irrational number h,

such that for some subsequence nj holds

‖[aTh]nj‖ ≥ eωnj .

It means that the growth rate of powers of operators generated by

irrational rotation can be arbitrary.

Considered number h can be constructed as Liouville's number, i.e.

|h− m

N
| < 1

Nµ
µ > 0.
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Lemma (2.)

If function ϕ(x) is not trigonometrical polynomial and satis�es (4), then

for any N0 there exists rational number h = m
N for N ≥ N0 such that

R(aTh) > 1.

Theorem (Erdös, 1975)

Let η1 < η2 < η3 < . . . be an in�nite sequence of integers satisfying

lim
n→∞

sup η
1
tn
n =∞

for every t > 0, and ηn > n1+ε. For some �xed ε > 0 and n > n0(ε). Then

h =

∞∑
n=1

1

ηn

is a Liouville number.
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Let ε > 0 and

Aε = {h ∈ R : ∃ C such that |h− m

N
| ≥ C(h)

N2+ε
∀ m ∈ Z}.

Theorem

Let ϕ(x) ∈ Cm(S1) and it satis�es condition (4) and let h ∈ Aε for some

ε > 0. If m > ε+ 3, then the weighted shift operator generated by

irrational rotation is a power-bounded operator, i.e.

sup
n≥0
‖[aTh]n‖ < C2−m+ε.
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Theorem

If function ϕ(x) is a trigonometrical polynomial, then the weighted shift

operator generated by irrational rotation is a power-bounded operator, i.e.

sup
n≥0
‖[aTh]n‖ < C

for any irrational number h.
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If σ(T ) ∈ S1, then :

R(λ;T ) = −
∞∑
n=1

1

λn+1
Tn,

and

‖R(λ;T )‖ ≤
∞∑
n=1

1

|λ|n+1
‖Tn‖ (|λ| > 1). (6)
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Theorem (Kriess Matrix Theorem, 1953)

Let T be a linear bounded Banach space operator. If T is power-bounded

and σ(T ) = S1, then the resolvent holds

‖R(λ;T )‖ ≤ C

|λ| − 1
(|λ| > 1). (7)

Condition (7) is called Kriess's resolvent condition.

Theorem (Ritt, 1962)

Let T be a linear bounded Banach space operator. If T is power-bounded

and σ(T ) = {1}, then the resolvent holds

‖R(λ;T )‖ ≤ C

|λ− 1|
(|λ| > 1). (8)

Condition (8) is called Ritt's resolvent condition.
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Theorem (Antonevich, Sh. (2016))

Let T be a linear bounded Banach space operator. If σ(T ) ∈ S1, then the

resolvent holds

‖R(λ;T )‖ ≤ C exp[
ρ

(|λ| − 1)γ
] (9)

if and only if

‖Tn‖ ≤ C exp[νnβ]

where the relations between the orders and types are given by:

γ =
β

1− β
, β =

γ

1 + γ
, (10)

ρ =
(βν)β

γ
, ν =

(ργ)
1

γ+1

β
. (11)
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Theorem

Let T be a linear bounded Banach space operator. If σ(T ) ∈ S1, then the

resolvent holds

‖R(λ;T )‖ ≤ C

(|λ| − 1)ξ+1
(12)

if and only if

‖Tn‖ ≤ Cnξ.
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‖(aTh − λI)−1‖ ≥


C exp[ ρ

(|λ|−1)γ ], only if ωnj = νnβj ;

C
(|λ|−1)ξ+1 only if ωnj = ξ lnnj .

where h is irrational number.
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Open qestion:

For which irrational number h, the subsequence ωnj has power growth?
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Thank you!

Have a nice day.
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