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Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

Why Bi-Continuous Semigroups?

There are one-parameter semigroups of operators which are
not C0-semigroups

Translation on Cb(R) or L∞(R)
Implemented Semigroup on L(X)
Heat semigroup on Cb(Rn)
Ornstein-Uhlenbeck semigroup on BUC(Rn)

Applications to Feller semigroups generated by
(non)-autonomous second-order differential equations with
unbounded coefficients in Cb(Rn)
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Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting (F. Kühnemund)

We start with a Banach space (X0, ‖·‖)

, together with a locally
convex topology τ (generated by a family (pi)i∈I of seminorms).

Assumptions
The norm topology is finer then the locally convex topology τ .
The space (X0, τ) is sequentially complete on norm-bounded
sets.
(X0, τ)′ is norming for (X0, ‖·‖), i.e. for all x ∈ X0:

‖x‖ = sup
ϕ∈(X0,τ)′

‖ϕ‖≤1

|ϕ(x)|



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting (F. Kühnemund)

We start with a Banach space (X0, ‖·‖), together with a locally
convex topology τ

(generated by a family (pi)i∈I of seminorms).

Assumptions
The norm topology is finer then the locally convex topology τ .
The space (X0, τ) is sequentially complete on norm-bounded
sets.
(X0, τ)′ is norming for (X0, ‖·‖), i.e. for all x ∈ X0:

‖x‖ = sup
ϕ∈(X0,τ)′

‖ϕ‖≤1

|ϕ(x)|



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting (F. Kühnemund)

We start with a Banach space (X0, ‖·‖), together with a locally
convex topology τ (generated by a family (pi)i∈I of seminorms).

Assumptions
The norm topology is finer then the locally convex topology τ .
The space (X0, τ) is sequentially complete on norm-bounded
sets.
(X0, τ)′ is norming for (X0, ‖·‖), i.e. for all x ∈ X0:

‖x‖ = sup
ϕ∈(X0,τ)′

‖ϕ‖≤1

|ϕ(x)|



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting (F. Kühnemund)

We start with a Banach space (X0, ‖·‖), together with a locally
convex topology τ (generated by a family (pi)i∈I of seminorms).

Assumptions

The norm topology is finer then the locally convex topology τ .
The space (X0, τ) is sequentially complete on norm-bounded
sets.
(X0, τ)′ is norming for (X0, ‖·‖), i.e. for all x ∈ X0:

‖x‖ = sup
ϕ∈(X0,τ)′

‖ϕ‖≤1

|ϕ(x)|



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting (F. Kühnemund)

We start with a Banach space (X0, ‖·‖), together with a locally
convex topology τ (generated by a family (pi)i∈I of seminorms).

Assumptions
The norm topology is finer then the locally convex topology τ .

The space (X0, τ) is sequentially complete on norm-bounded
sets.
(X0, τ)′ is norming for (X0, ‖·‖), i.e. for all x ∈ X0:

‖x‖ = sup
ϕ∈(X0,τ)′

‖ϕ‖≤1

|ϕ(x)|



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting (F. Kühnemund)

We start with a Banach space (X0, ‖·‖), together with a locally
convex topology τ (generated by a family (pi)i∈I of seminorms).

Assumptions
The norm topology is finer then the locally convex topology τ .
The space (X0, τ) is sequentially complete on norm-bounded
sets.

(X0, τ)′ is norming for (X0, ‖·‖), i.e. for all x ∈ X0:

‖x‖ = sup
ϕ∈(X0,τ)′

‖ϕ‖≤1

|ϕ(x)|



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting (F. Kühnemund)

We start with a Banach space (X0, ‖·‖), together with a locally
convex topology τ (generated by a family (pi)i∈I of seminorms).

Assumptions
The norm topology is finer then the locally convex topology τ .
The space (X0, τ) is sequentially complete on norm-bounded
sets.
(X0, τ)′ is norming for (X0, ‖·‖)

, i.e. for all x ∈ X0:

‖x‖ = sup
ϕ∈(X0,τ)′

‖ϕ‖≤1

|ϕ(x)|



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting (F. Kühnemund)

We start with a Banach space (X0, ‖·‖), together with a locally
convex topology τ (generated by a family (pi)i∈I of seminorms).

Assumptions
The norm topology is finer then the locally convex topology τ .
The space (X0, τ) is sequentially complete on norm-bounded
sets.
(X0, τ)′ is norming for (X0, ‖·‖), i.e. for all x ∈ X0:

‖x‖ = sup
ϕ∈(X0,τ)′

‖ϕ‖≤1

|ϕ(x)|



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting - Examples

Example
(Cb(R), ‖·‖∞ , τco)

, pK(f) := supx∈K |f(x)|, K ⊆ R compact
(L(X), ‖·‖op , τsot), px(A) := ‖Ax‖, x ∈ X



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting - Examples

Example
(Cb(R), ‖·‖∞ , τco), pK(f) := supx∈K |f(x)|, K ⊆ R compact

(L(X), ‖·‖op , τsot), px(A) := ‖Ax‖, x ∈ X



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting - Examples

Example
(Cb(R), ‖·‖∞ , τco), pK(f) := supx∈K |f(x)|, K ⊆ R compact
(L(X), ‖·‖op , τsot)

, px(A) := ‖Ax‖, x ∈ X



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

The Setting - Examples

Example
(Cb(R), ‖·‖∞ , τco), pK(f) := supx∈K |f(x)|, K ⊆ R compact
(L(X), ‖·‖op , τsot), px(A) := ‖Ax‖, x ∈ X



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

Bi-Continuous Semigroup

Definition
A semigroup (T (t))t≥0 of bounded operators on a Banach space
(X0, ‖·‖) is called bi-continuous with respect to the locally
convex topology τ if the following conditions hold:

(i) ∃M ≥ 1, ω ∈ R ∀t ≥ 0 : ‖T (t)‖ ≤Meωt

(ii) (T (t))t≥0 is strongly τ -continuous, i.e. t 7→ T (t)x is
τ -continuous for each x ∈ X0.

(iii) (T (t))t≥0 is locally bi-equicontinuous, i.e. for every
‖·‖-bounded sequence (xn)n∈N with xn

τ→ x we have
T (t)xn

τ→ T (t)x uniformly on bounded intervals.
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The Generator

Definition
The generator (A,D(A)) of a bi-continuous semigroup is defined
by:

Ax := τ - lim
t→0

T (t)x− x
t

D(A) :=
{
x ∈ X0 : ∃ τ - lim

t→0

T (t)x− x
t

, sup
t∈(0,1]

‖T (t)x− x‖
t

<∞

}
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The Generator

Theorem (F. Kühnemund)
The generator (A,D(A)) of a bi-continuous semigroup (T (t))t≥0
has the following properties:

If x ∈ D(A), then T (t)x ∈ D(A) for all t ≥ 0 and the map
t 7→ T (t) is continuously differentiable with respect to τ and

∀t ≥ 0 : d

dt
T (t)x = AT (t)x = T (t)Ax

(A,D(A)) is

bi-

closed, i.e for all sequences (xn)n∈N in D(A)
such that xn

τ→ x and Axn
τ→ y, with (xn)n∈N and (Axn)n∈N

‖·‖-bounded, we have x ∈ D(A) and Ax = y.
D(A) is

bi-

dense in X0, i.e. for each x ∈ X0 there exists a
‖·‖-bounded sequence in D(A) which τ -converges to x.
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The Generator

Proposition
Let (T (t))t≥0 be a bi-continuous semigroup on X0.

The restriction
of (T (t))t≥0 to

X0 := D(A)‖·‖

is a C0-semigroup generated by the part of A in X0, and X0 is the
space of strong continuity for (T (t))t≥0.

Example
For (T (t))t≥0 the left translation semigroup on X0 := Cb(R) with
generator Af := f ′ on D(A) := {f ∈ Cb(R) : f ′ ∈ Cb(R)} we
obtain X0 := BUC(R).
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The C0-Situation

Definition
Let (T (t))t≥0 be a C0-semigroup on a Banach space (X, ‖·‖).

Define ‖x‖−1 :=
∥∥A−1x

∥∥ for each x ∈ X. We define X−1 to be
the completion of X with respect to the ‖·‖−1-norm.

Example
X := C0(Ω), q : Ω→ R, sups∈Ω<(q(s)) <∞, T (t)f := etq · f

Xn := {g ∈ C(Ω) : qn · g ∈ C0(Ω)} (n ∈ Z)

X := L2(R), T (t)f(x) = f(x+ t)

Xn := Wn,2(R) (n ∈ Z)
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The Construction for Bi-Continuous Semigroups

With X1 := D(A) we have:

X1 ↪→ X1 ↪→ X0 ↪→ X0 ↪→ X−1

↪→ X−1 ↪→ X−2

(T (t))t≥0 is strongly continuous on X0 = D(A)‖·‖

Construct X−1 and X−2 from this
X0 ⊆ X−1

A−2 : X−1 → X−2 (isometry)
Define:

X−1 := A−2(X0)

Norm on X−1 comes from X−2, i.e. ‖x‖−1 = ‖A−2y‖−2.
p̃i(x) := pi(A−1

−2x) (i ∈ I) forms locally convex topology.
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The Construction for Bi-Continuous Semigroups

Theorem
Let (T (t))t≥0 be a bi-continuous semigroup. Then X0 is bi-dense
in X−1 and the restriction of (T−2(t))t≥0 on X−2 to X−1 is again
bi-continuous.

Application: Desch-Schappacher Perturbation Result for
bi-continuous semigroups (Result for locally convex spaces by
Jacob, Wegner, Wintermayr (2015))
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Summary for C0-semigroups

Let (T (t))t≥0 be a C0-semigroup

, (T−1(t))t≥0 the corresponding
extrapolated semigroup, B ∈ L(X,X−1) and t0 > 0:

Xt0 := C ([0, t0] ,Ls(X)), Banach space with respect to
‖F‖∞ = sup

r∈[0,t0]
‖F (r)‖

Abstract Voltera Operator VB:

(VBF )(t) =
∫ t

0
T−1(t− r)BF (r) dr, t ∈ [0, t0] , F ∈ Xt0

SDSt0 := {B ∈ L(X,X−1) : VB ∈ L(Xt0), ‖VB‖ < 1}
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Summary for C0-semigroups

Theorem
Let A be the generator of a strongly continuous semigroup
(T (t))t≥0 on a Banach space X.

If B ∈ SDSt0 for some t0 > 0, then
the operator (A−1 +B)|X with domain

D
(
(A−1 +B)|X

)
:= {x ∈ X : A−1x+Bx ∈ X}

generates a strongly continuous semigroup on X.
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Bi-Continuous Desch-Schappacher Perturbation

First of all we need a space which plays the role of Xt0 in our
situation:

Xt0 :=
{
F : [0, t0]→ L(X) : τ -strongly continuous, norm bounded

and {F (t) : t ∈ [0, t0]} is bi-equicontinuous

}

and again the abstract Voltera operator

(VBF )(t) =
∫ t

0
T−1(t− r)BF (r) dr, t ∈ [0, t0] , F ∈ Xt0



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

Bi-Continuous Desch-Schappacher Perturbation

First of all we need a space which plays the role of Xt0 in our
situation:

Xt0 :=
{
F : [0, t0]→ L(X) : τ -strongly continuous, norm bounded

and {F (t) : t ∈ [0, t0]} is bi-equicontinuous

}

and again the abstract Voltera operator

(VBF )(t) =
∫ t

0
T−1(t− r)BF (r) dr, t ∈ [0, t0] , F ∈ Xt0



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

Bi-Continuous Desch-Schappacher Perturbation

First of all we need a space which plays the role of Xt0 in our
situation:

Xt0 :=
{
F : [0, t0]→ L(X) : τ -strongly continuous, norm bounded

and {F (t) : t ∈ [0, t0]} is bi-equicontinuous

}

and again the abstract Voltera operator

(VBF )(t) =
∫ t

0
T−1(t− r)BF (r) dr, t ∈ [0, t0] , F ∈ Xt0



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

Bi-Continuous Desch-Schappacher Perturbation

First of all we need a space which plays the role of Xt0 in our
situation:

Xt0 :=
{
F : [0, t0]→ L(X) : τ -strongly continuous, norm bounded

and {F (t) : t ∈ [0, t0]} is bi-equicontinuous

}

and again the abstract Voltera operator

(VBF )(t) =
∫ t

0
T−1(t− r)BF (r) dr, t ∈ [0, t0] , F ∈ Xt0



Motivation Definitions Extrapolation Spaces Desch-Schappacher Perturbation

Admissible Operators

Definition
We say that an continuous linear operator B : (X, τ)→ (X, τ−1)
is an element of the set SDS,τt0 , if B satisfies all of the following
conditions:

VBF (t)x ∈ X for all t ∈ [0, t0] and x ∈ X
The map t 7→ VBF (t) is τ -continuous, norm-bounded and
bi-equicontinuous (in particular: VB : Xt0 → Xt0)
‖VB‖ < 1
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The Perturbation Result

Theorem
Let (A,D(A)) be a generator of a bi-continuous semigroup
(T (t))t≥0 on a Banach space X. If B ∈ SDS,τt0 for some t0 > 0,
then the operator (A−1 +B)|X with domain
D((A−1 +B)|X) := {x ∈ X : A−1x+Bx ∈ X} generates a
bi-continuous semigroup on X under the assumption that
D((A−1 +B)|X) is bi-dense.
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Admissibility Conditions

For C0-semigroups the following holds:

Corollary
Let A be the generator of a strongly continuous semigroup
(T (t))t≥0 on a Banach space X and let B ∈ L(X,X−1).

Moreover, assume that there exists t0 > 0 and q ∈ [0, 1) such that∫ t0

0
T−1(t− r)Bf(r) dr ∈ X∥∥∥∥∫ t0

0
T−1(t− r)Bf(r) dr

∥∥∥∥ ≤ q ‖f‖∞
for all continuous functions f ∈ C ([0, t0] , X). Then B ∈ SDSt0 .
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Moreover, assume that there exists t0 > 0 and q ∈ [0, 1) such that∫ t0

0
T−1(t− r)Bf(r) dr ∈ X∥∥∥∥∫ t0

0
T−1(t− r)Bf(r) dr

∥∥∥∥ ≤ q ‖f‖∞
for all continuous functions f ∈ C ([0, t0] , X). Then B ∈ SDSt0 .
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Admissibility Conditions

By changing the conditions we can get the following result:

Corollary
Let (T (t))t≥0 be a bi-continuous semigroup with generator (A,D(A)).
Let B : (X, τ)→ (X−1, τ−1) be a linear and continuous operator and
t0 > 0 a number such that:

VBF (t)x ∈ X for all t ∈ [0, t0] and x ∈ X

∃M ∈
(
0, 1

2
)
∀f ∈ Cb ([0, t0] , (X, τ)) :∥∥∥∥ t0∫

0
T−1(t0 − r)Bf(r) dr

∥∥∥∥ ≤M ‖f‖∞
∀f ∈ Cb ([0, t0] , (X, τ)) ∀p ∈P ∃q ∈P ∃K > 0 :

p

(
t0∫
0
T−1(t0 − r)Bf(r) dr

)
≤ K · sup

r∈[0,t0]
|q(f(r))|

Then B ∈ SDS,τt0 .
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Thank you for listening!
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