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Bounded H..-calculus (sketch)

Throughout the talk, A C C is a closed sector with vertex in 0 :

a/\"\l A

Let A: Z(A) C X — X be a sectorial operator, in particular,

sup |[AMA— A)*ng(X) < +o0.
0£AEA

Definition: A admits a bounded Hy.-calculus if

I (Al 2x) < € llflloo

for all holomorphic and bounded f : C\ A — C.




Remark: For f decaying to some e-rate both at 0 and infinity,

f(A) = 1 /8/\ f(A) (A=A td)| e 2(X).
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BUT: For the estimate in terms of ||f||~, sectoriality is not
enough. One needs “additional structure of the resolvent”.

Approach: If A is a (pseudo-)differential operator, show that
suitable ellipticity asumptions on A imply that the resolvent has the
structure of a parameter-dependent pseudodifferential operator.

Note: How the “ellipticity asumptions” and “pseudodifferential
structure” look like depends heavily on what A is.



Escher-S. (Trans. AMS 2005):

Pseudo’s of Hérmander-class S{"s with symbols of low
regularity; in particular, the Diri&hlet—Neumann—Operator for
domains with ¢1*¢-boundary.

Denk-Saal-S. (Math. Nachr. 2009):
Douglis-Nirenberg systems (of low regularity).

Bilyj-Schrohe-S. (Proc. AMS 2010):
Hypo-elliptic pseudo’s from Weyl-Hérmander calculus.

Coriasco/Schrohe-S. (Math. Z. 2003, Canad. J. Math. 2005,
Comm. PDE 2007, Preprint 2017):

BIP and H,-calculus for differential operators on manifolds
with conic singularity.



Differential operators on the interior of a smooth compact
manifold with boundary B with a specific “degenerate” structure
near the boundary X := 0B:

In a collar-neighborhood U = [0,¢) x X of the boundary,

7
A=t*# Z aj(t)(—tory, p=ordA,
j=0

with a;(t) € Diff*7(X) depending smoothly on t € [0,¢).

Example (warped metric cone): The Laplacian with respect to a
metric g = dt? + t2g,(t) is

A= t_2{(t6t)2 + (dim X — 1+ a(t)) t0¢ + AXJ}

where a(t) = t0¢(log det gy (t))/2.



A acts in a scale of weighted Sobolev spaces

H,7(B), s, TeER, 1< p<+oo

Definition (s € N): u € Hp"(B) iff u € H joc(int B) and

il ; dt .
£ (49, D2 u(t, x) € LP (IBB, de), j+lal <s.
Note: s measures smoothness, v decay/growth-rate for t — 0.

Note: A of order u induces continuous maps

A:HY(B) — Hp *7TH(B)




Principal symbol: o(A) € €°(T*int B \ 0)
Rescaled principal symbol: (A) € €°°((T*X x R) \ 0) defined by

a(A)(x, &) = ll_rpo t* o(A)(t,x, & t717)

Conormal symbols: Operator-valued polynomials

he(z) = ﬂj;) F(O)Z : C — Dift"(X) C L (X)

Ellipticity: A elliptic with respect to v € R if
(a) (rescaled) principal symbol never vanishing,

(b) ho(z) invertible for every z with Rez = %1 — 7.

Note: (a) = ho(z) ' meromorphic with values in L_"(X)



Closed extensions of elliptic operators

Let A be elliptic w.r.t. v + p and consider

A€, (Int B) C HT(B) — H3(B)

comp

> closure/minimal extension given by | Zmin(A) = Hy ™7 H(B)

» maximal extension given by

.@max(A) = H;+M”Y+M(B) D wé

where w(t) is both = 1 and supported near the boundary, and
& is a finite-dimensional space of smooth functions not
depending on s and p.

» An arbitrary closed extension A of A is given by a domain

D(A) = HEHTHB) D &, ECE




Definition:

The model-cone operator associated with A is

A=tH z’; aj(0)(—td:y

It is a differential operator on X" := (0, +0c) x X. Let

~

& = span

{u= t_p;c"(x)lnk t|Au=0, "' —Repe (%v+u)}

(determined by the poles of ho(z)~! with =L —Rez € (7,7 + p)).

Proposition (Gil-Krainer-Mendoza 2006, S. 2010): & is determined

by ho(z)_1

and hy(z),..., hu(z). It has the same dimension as &

and there is a canonical isomorphism

0 : Gr(&) — Gr(&) (Grassmannians)




A=t2 ((tat)2 + a(t)(t0:) + At,x) in

Conormal symbols: ho(z) = 22 + Ay, hi(z) = —a(0)z + A
Poles of hg(z)~: 0 double pole, +1/—A; simple poles
Passage from & to &: Assume —Aj > 1. The function

c+alnted, co, c1 € C,
generates

o+ ca(lnt+tc(x)) € é, c(-) = ho(—1)"14(0).



The minimal extension falls into Schulze’s calculus of

parameter-dependent cone pseudodifferential operators ( “cone
algebra”):

(1) Both o(A) and o(A) do not take values in A,

(2) Ais elliptic w.r.t. v + g,

(3) A: KX € K37 (XY) — K57 (XM)

has no spectrum in A\ 0.
Note: (3) is a kind of “Shapiro-Lopatinskij condition”

Theorem (Schulze): In this case, there exists a ¢ > 0 such that
Amin + cin 7—[2’7(18%) is sectorial and its resolvent has a certain
pseudodifferential structure.

Theorem (Coriasco-Schrohe-S. 03): In this case, Amin + ¢ has BIP
in 127 (B).



Let A have t-independent coefficients. Let A have a domain
D(A) = Hg”ﬂ‘(IB%) + wé&

Assumptions:
» & is invariant under dilations:
u(t,x) € & = u(st,x) e & Vs>0.

» A satisfies (1), (2) from above and
(3) A: KX @ wé C KIT(XN) — K37 (XN)

has no spectrum in A\ 0.

Theorem (Schrohe-S. 05): In this case, there exists a ¢ > 0 such
that A+ cin Hg’W(B) is sectorial and its resolvent has a certain
pseudodifferential structure. Moreover, A + ¢ has BIP.



Theorem (Schrohe-S. 2005/07): Let A be a closed extension of A
in 7—[2’7(153). Assume that the resolvent exists and has a certain
pseudodifferential structure. Then A has a bounded H.-calculus.

Theorem (Schrohe-Roidos 2014): The previous theorem remains
true for extensions A of A in H,;7(B), s > 0.

Theorem (Gil-Krainer-Mendoza 2006): Let A satisfy (1), (2) and
let A be an extension in 3" (B) such that

(3) A: KhTHHXM B w(©71E) € KSV(XN) — KI7V(XM)

is invertible for large A € A with [[A(A — A)~|| uniformly
bounded.

Then there exists a ¢ > 0 such that A + c is sectorial in ’Hg’V(IB%).

Note: Resolvent has a slightly different pseudodifferential structure.



Theorem (Schrohe-S. 2017): Let A be an extension of A in

Hy'(B), s >0, such that

(1) Both o(A) and 5(A) do not take values in A,

(2) Ais elliptic with respect to v+ p and ~,

(3) Gil-Krainer-Mendoza's condition on the model-cone operator
A holds true.

Then there exists a ¢ > 0 such that A + c is sectorial, the
resolvent has a certain pseudodifferential structure, and A + ¢ has
a bounded H.-calculus.

Note: Condition (2) means that A and A* are elliptic w.r.t. v +



Fourier transform: DY — &

Mellin transform: (—td;)k — z*

Rough idea: The resolvent is of the form

(A=At =t*H\) + P(\) + G(\)

» H()\) parameter-dependent Mellin pseudo of order —p with
holomorphic symbol, supported near the boundary;

» P()\) parameter-dependent Fourier pseudo of order —p,
supported away from the boundary;

» G()\) parameter-dependent Green operator (smoothing).

Note: o t*H(\) + P()\) maps into H3 "7 #(B)
e G(\) “generates’ &.



Fact: Zmax(A) C Hp " 7(B) for some € > 0.

Green operators: Are of the form

G\ =wK(N)w+R(Y)|

» R(A) is an integral operator with smooth kernel r(y,y’; \)
vanishing at OB to order v + ¢ in y, to order —y + ¢ in y/,
and vanishes of infinite order for |\| — +o0;

» K()) is an integral operator on X”* with smooth kernel
k(t,x, ', x'; N) = k(e[\Y*, x, £ [IAY5, X5 )

where k(s, x,s’,x"; A) vanishes at s = 0/s’ = 0 of rate
v+e/—v+¢eand at s = +00/s’ = +o0 of infinite order, and
behaves in A as a pseudodifferential symbol of order —1.



Estimate the Dunford-integral for f(A) using the above structure
of the resolvent:

» P()\) and t*H(\) produce Fourier/Mellin pseudo’s of order 0
with symbol estimates involving only ||f]|sc,

» G(\) is treated using a certain Hardy integral inequality.



»

Thank you for your attention !
Vielen Dank fiir lhre Aufmerksamkeit !

Grazie per la vostra attenzione !
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