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Time-mvariant system

Time-invariant system with discrete time n

E{%H = Az, + Bu, A: X > X, B:U— X,

Yo = Cz,+ Du, C:X=Y. D:U—>Y

A, B, C, D are bounded linear operators between Hilbert spaces.

Starting at time 0 with initial state xo and input uo, us, uz,...
we compute the output yo, y1, y2,...

k—1
ype = C A zo + Z CA* 1 Bu; 4+ Duy.

5=0 2/30



Tpny1 = Az, + Bu, k—1 |
> { Yy, = Cz,+ Du, yr = CAFzo + Z C'Ak_l_]B’u,j + Duyg.

7=0

Transfer function

Os(\)=D+>» CAT'BN =D+ XC(I-)A)"'B

721

Starting at time 0 with initial state xo= 0 and input uo, us, uz,...
we compute the output yo, y1, y2,... by multiplication

u(A) =) uN y(A) =) yN O(N)u(A) = y(A)

j21 j>1
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Az, + Bu, . . .
Cz, + Du, s called a realization of 0 if

05:(A) = 0(A) in a neighborhood of 0.

$n+1
Yn

A system & {

Two fundamental subspaces of the state space

Im (A|B) = span nZOIm A" B Ker (C|A) = m Ker C A"

n>0

The system . is controllableif Im (A|B)=4X
The system ). is observable if Ker (C|A) = {0}
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The system X = (4,B,C,D;X,U,Y) is a dilation of the system
Y=(A,B,C,D; X, U,)Y)

~

if X=E®X®E, suchthat

-Al A2 A3- _Bl-
S| o [4] 4 |.|[B ,[0 C Cl],D;E@XEDE*,U,y
0 0 4| | 0

The system X is a restriction of 3.

A system is minimal if it is not a dilation of any other (different)
system.

Prop. A system is minimal iff it is controllable and observable.
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The system X = (A4,B,C,D;X,U,)Y) is called passive
if for each initial condition g and input sequence ug, uy, Uo, . ..
I*

1241l = ll2nll® < llunll® = [1yn

A B

<~ The system matrix Ms = [ oD

] X OU - X DY is a contraction.

Two theorems

| Ms|| <1 —  f(-) isaSchur class function

e o

0(-) isaSchurclass —>  0(-) - appears as the transfer function
function of a unitary system [Br, NF]
- appears as the transfer function of a
minimal and passive system. o/30



Finite dimensions

Finite dimensions

Consider a rational C?*? -valued function € , analyticin a

neighborhood of 0,
and let ¥ =(4,B,C,D;C",C",C%  be aminimal realization of 0 .

State space similarity theorem: all minimal realizations of 0

are given by

2(S) = (SAS™, SB,CS™, D;C™, C?, C)

where S € C™*"™ is an invertible matrix.
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Finite dimensions

Kalman-Yakubovich-Popov Lemma

Given a rational Schur class function with minimal realization
Oss(\) =D+ XC(I—-XA)"'B
Then there exists an invertible S € C**" such that

%(S) = (SAS™!,8B,CS57, D;C",CP,C?) is passive.

This implies that for H = §*S :

H—-A"HA-C"C —-C"D—-A*HB
>0
—-D*C—-B*HA [I—-D*D—-B*HB | —

In this case: A is stable.

Conversely: if A is stable and H > 0 satisfies the above inequality, then

Y(H Y/ 2) is a passive system and 0 is in the Schur class.
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Finite dimensions

Schur complement

Let )] be aminimal system and @ a rational Schur class function.

We want to find positive and invertible H such that

a B]_[H-AHA-C'C -C'D-AHB ] _
B 6| | -DC—B*HA I-D*D—B*HB |~

Schur complement

o B12[1 BSFY [ a—pBsUE 0 I 0
sl P I S L 1]

Moore-Penrose inverse: §l—1]
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Finite dimensions

Moore Penrose Inverse

Self-adjoint matrix § € CP*P

0p 0

Put X;=Imé Xo=Kerd and (5:[0 0

]ZXl@XQ—)Xl@XQ

Then the Moore Penrose Inverse is defined by

—1
5[1]:[66 8]:X1@X2—>X1@X2

5'5[_1]:P1m6 5[_1]'5:P1m6
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Finite dimensions

Schur complement

Let )] be aminimal system and @ a rational Schur class function.

We want to find positive and invertible H such that

a B]_[H-AHA-C'C -C'D-AHB ] _
B 6| | -DC—B*HA I-D*D—B*HB |~

Schur complement

a B1 [I BsFUTT[a—ps-lgs 0 I 0
s o=l T T T e 1]

Moore-Penrose inverse: § [—1] -0 -1 — P s

Condition: Im ﬁ* C Im¢d nmo



Finite dimensions

We want to find positive and invertible H such that
[ a f ] B [ H—-A"HA-C*C -C*D—-A*HB ]

>
B* 0 —D*C—-B*HA [I—-D*D—-B*HB 0

Schur complement [ @ B _[1 Bé"1 ][ a—pstpg 0 I 0
5 |0 I 0 § || ol T

Condition: Im 8" CIm

Im B* CImd
{O‘ 5}20 & a— BB >0

0 >0

12/30



Finite dimensions

e B':[H—A*HA—C*C ~C"D-AHB | _
B* 5 —D*C—B*HA [I—D*D—B*HB | ~
_ ( Im g* C Im 9§
ARy &L 520
/B* 5_— -
| a—pligr >0

Definition: (finite dimensional case)

H:C"— C"™ 1is a generalized solution of the Riccati inequality
associated with > if

L (Hz,z) >0 z+#0
2. (D*C + B*HA)C" C 65(H)CP

3. 0g(H)=1I—-D*D—B*HB >0

4. H—A*HA—C*C — (C*D + A*HB)és,(H)"Y(D*C + B*HA) > 0
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Finite dimensions

e B':[H—A*HA—C*C ~C"D-AHB | _
B* 5 —D*C—B*HA [I—D*D—B*HB | ~
_ ( Im g* C Im 9§
ARy &L 520
/B* 5_— -
| a—pligr >0

Definition: (finite dimensional case)

H:C"— C"™ 1is a generalized solution of the Riccati equality
associated with > if

L (Hz,z) >0 z+#0
2. (D*C + B*HA)C" C 65(H)CP

3. 0g(H)=1I—-D*D—B*HB >0

4. H—A"HA—-C*C — (C*D+ A*HB)éx,(H)"(D*C + B*FHA) =0
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Finite dimensions

Example 1
Me — A B | _ —él () — 2N+ 4 T Q
o] | &3 W=3is
Notation O(N)] <6/7T< 1forall X e D

a(H) = H—A*HA—C*C
B(H) = C*D+ A*HB

S(H) = I-D'D—pB'HB Ro(H)=a(H)—B(H)§H)V5(H)"
9 1
(X(;E{) — E;a: (?715[ — Zi:) )
1 /3 Moore Penrose inverse
s = 5(5-#). |
) (3—H)  (H#3/4)
0(H) = f’—l—H. oH) _{04 (H = 3/4) et
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Finite dimensions

Example 1 (continued)

C D 16 ' 5 A+ 8
9 1 3 —1
a(H) = — (7H—=), Moore Penrose -1 _ ) (5—H) (H #3/4)
) = o (5 -3) o 5(H) 1—{04 #H2 coc
B(H) = (f’; - H)
] Riccati function: Rs,(H) = a(H) — 5(H)*5(H)[_1]B(H)
6(H) = -1

1. (Hx,z) >0 x#0

H < :
2. ImB* CImd :no conditions on H. 0<H =< A
3
3. The condition 6(H) >0 isthesameas # <7
H— 2 (0 < H < 3/4)
Riccati function: Rx(H) = { 64
4 =\ aea-n=8 " @=3

4. The Riccati equation Rs(H) = 0 has one solution: H = 3/64.

16/30



_J H-§ (0 < H < 3/4) Re(H) = 0 g3
RZ(H)_{G%WH—i):é—Z (H =3/4) =(H)

0.8 1

0.8 0.9 1
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Finite dimensions

Example 2
A\B] [ll] AN -5
My = = | 212 Os(\) =
= lero] =[] =o-sm= SR
o(H)= 7 +°H
Os(A)| < 1forall A €D
BUH) = — 15 + 4 -1
12 4 ?I/fsgfseeljenrose (5(H)[_1] _ { (% — %H) (H + ﬁ) C = C
0 (H=7%)
S(H) = o — H
1. (Hz,z) >0 z+#0
2. Imf* CImé : for H=7 we have "
5<19_1>:_% and 5(;—1)20801{7&2—1 O<H<§
3. The condition §(H) >0 yields 4 19_1
il . 9(H —1)°
Riccati function:  Rn(H) =~ 18/30
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Example 3

B Aab
01— \2qb

0(A)

0<a<b<l, a’24b*=1 Schur class function

0 a|0
]»153 = b 0]|a
0 6|0

1 1
— V2 b= V2
a z\f’ 2f

05
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Example 3, continued

Aab 0 o :
= O<a<b<l, a“+b"=1 Schur class function
1 — A%ab

0(A)

Set of solutions to Riccati equation: REs = {H,, Hy, H3, Hy}

Set of solutions to Riccati inequality, /s |,

it has minimal element f, and maximal element H,
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Example 3, continued

G(\) = Aab a,—§ b—é /_\/_\
( ) - 1 - )\Q(Zl) ES’ Ei \\\\\~_,////\\\\__/////
0 a|0
]V[g = b 0la
0 6|0
10 52 10 > Tos
lel ] H2 % 15 H3_[ 210 ?:')/3]
() 1 5:75 9 '_'§:7§ 9
26
0

H <H;<H, (j=1,2)
Set of solutions to Riccati equation: REs = {H,, Hy, H3, Hy}

Set of solutions to Riccati inequality, R[5 ,
has minimal element H, and maximal element H,
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1.0+

Example 3, continued /\
Aab

6(\) 1

0

(L

— 1
1 — Xab  0=3V2 b=5V2 v
a |0 o
0|a
b O -1.0r

One single solution H; = [ (1) (1)

to the Riccati equation

and the inequality.
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Infinite dimensions: obstacles

* Two minimal systems with same transfer function need not be similar
So: we use pseudo-similarity (Helton 1974; Arov 1974)

* Minimality not preserved under pseudo-similarity

» For two minimal systems with same transfer function,
pseudo-similarity need not be unique

Arov, Kaashoek, Pik: Minimal representations of a contractive operator as a product of two bounded operators,
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Definition: (finite dimensional case)
H:C"— C" is a generalized solution of the Riccati equation
associated with ¥ if

1. (Hz,z) >0 x#0
2. -
3. Sg(H)=1—D*D— B*HB >0

and (D*C'+ B*HA)C" C 0x(H)C?

4. H—-A*HA-C*C — (C*D+ A*HB)és(H)"(D*C + B*HA) = 0
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Definition: (infinite dimensional case)
H(X — X) is a generalized solution of the Riccati equation
associated with % if

1. HX = X), H>0 ((Hz,z) >0 z#0,zcDH) )

2. AD(HY?) c D(HY?), BU C DHY?
3. 6su(H)=IL,— D*D— (H'/?B)*H'?B is bounded, nonnegative and
(D*C + (H'?B)*H'?A) D(H'?) C 6x(H)"*U

4 Vo € D(H1/2) : HH1/2$H2 . ||H1/2A$H2 . HC£C||2
—1 *
= || (5u(H)?)" " (D"C + (1 B) H'?A) a
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Moore Penrose Inverse

Bounded, self-adjoint operator 0 : X — X

o 6 0 X X
Put &1 =04&, A& = Kero and 5:[01 0}:[9(;]_)[/‘;]

Then the Moore Penrose Inverse is defined by
67t 0 Im 0 X
-1 _ | % , 1 1
R

DN =Im 6, @ X,
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Theorem 1

Let ¥ = (A, B,C,D;X,U,Y) be a minimal system.

If there exists a generalized solution to the Riccati equation associated

with ¥,

then the transfer function

Definition: (infinite dimensional case)
H(X — X) is a generalized solution of the Ri¢cati equation

92()\) — D —|— )\C (_[ — )\A)_l B associated with ¥ if

1. HX—>X), H>0 ((Hz,2) >0 z#0,zeDH) )
coincides with a Schur class function 2. AD(H'?) C D(H'?), BUC D(H")
in a neighborhood of 0 5. 6u(H) =y~ DD — (HY'B) HY'B s bounded, nonnegative and

(D*C + (H'?B)*H'?A) D(HY?) C 6x(H)"*U
4. Ve e D(H?): ||Hx|® - |H'? Az|® — || Ca||?

= (5E(H)1/2)[_1] (D*C+ (H1/2B)*H1/2A) z|?
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Theorem 2

Let 2 be a minimal system such that its transfer function
0s(\) = D + AC(I — \A)"'B
coincides with a Schur class function in a neighborhood of 0.

Then there exists a generalized solution H(X — X) to the Riccati
equation.

Definition: (infinite dimensional case)
H(X — X) is a generalized solution of the Riccati equation

Moreover, the Set Of all generalized Solutions associated with X if

i H(X—)X), H>0 ((Hz,2) >0 z#0,zeD(H) )

to the Riccati equation has a minimal element.

2. AD(HY?) c D(HY?), BU c DHY?

3. Os(H)=Iy—D*D— (HY?*B)*H'?B is bounded, nonnegative and
(D*C + (HY*B)*HY?A) D(H'?) C 6x(H)"*U

4 vz e D(H?): ||Hz|? — ||H'2Az|® — ||Ca||?

= 1 (o)) ™ (D*C 4 (H2B) B2 4) o]
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Final remarks
* We have finite and infinite dimensional examples

(but we wish for more)

* When does the generalized Riccati equality have one

unique solution? (We have theorems in terms of § )

* What properties do the sets of solutions
of the Riccati equality REs
and of the Riccati inequality RI5, have?

Descriptions in the paper.
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