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Abstract: In this paper we investigate the problem of identifying the source term f in the elliptic system
~V-(QV®) =finQCR,1<d<3, QV®-7=jondQand ® =g on I

from a single noisy measurement couple (js, gs) of the Neumann and Dirichlet data (j, g) with noise level § > 0. In this
context, the diffusion matrix @ is given. A variational method of Tikhonov-type regularization with specific misfit
term and quadratic stabilizing penalty term is suggested to tackle this inverse problem. The method proves to be a
modified variant of the Lavrentiev regularization with implicit forward operator. Using the variational discretization
concept, where the PDE is discretized with piecewise linear, continuous finite elements, we show the convergence of
regularized finite element approximations. Moreover, we derive an error bound and corresponding convergence rates
for discrete regularized solutions under a suitable source condition, which typically occurs in the theory of Lavrentiev
regularization. For the numerical solution we propose a conjugate gradient method. To illustrate the theoretical
results, a numerical case study is presented which supports our analytical findings.
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1 Introduction

Let © be an open bounded connected domain of R%,1 < d < 3 with boundary 9. We consider the elliptic
system

~V - (QV®) = f in Q, (1.1)
QV® -7 = j' on 09 and (1.2)
® =g on 99, (1.3)

where 77 is the unit outward normal on 0 and the diffusion matrix @ is given. Furthermore, we assume
that Q = (¢rs)1<pocq € LW(Q)dXd is symmetric and satisfies the uniformly ellipticity condition

Q(x)E- €= Z Grs()&1Es > g\§|2 a.e. in O (1.4)

1<r,s<d
for all £ = (&) 1<,<q € R? with some constant ¢ > 0.

The system 7 is overdetermined, i.e., if the Neumann and Dirichlet boundary conditions jt €
H=Y2(00) := H/2(8Q)", g' € H/2(6Q), and the source term f € L2(2) are given, then there may be no
® satisfying this system. In this paper we assume that the system is consistent and our aim is to reconstruct
a function f € L*(Q) and a function ® € H'() in the system (L.I)—(L.3) from a noisy measurement couple
(js,95) € HY2(9Q) x HY/?(09Q) of the exact Neumann and Dirichlet data (j', "), where § > 0 stands for
the measurement error, i.e., we assume the noise model

155 — jTHH*l/?(BQ) +1lgs — gT||H1/2(8Q) <0 (1.5)



To formulate precisely the problem, we first give some notations. Let us denote by v : H'(Q) — H/2(9%)
the continuous Dirichlet trace operator with v~ : H/2(9Q) — H'(Q) its continuous right inverse operator,
ie., (yoy l)g =g forall g € HY/?(98). We set

HL(Q) = {u € H'(Q) ‘ / yudr = 0} and Hi/z(oﬁ'Q) = {g e H'/2(50) ‘ / x)dr = O}
o0
and denote by Cq the positive constant appearing in the Poincaré-Friedrichs inequality (cf. [35])
CQ/ ©* < / |Vip|? for all p € HL(Q). (1.6)
Q Q

Since H}(Q) := {ue HY(Q) | yu=0} C HI(Q), the inequality (L.6) is still valid for all ¢ € H{ ().
Furthermore, by (|1.4), the coercivity condition

113y < / Qv Vi (L.7)

holds for all p € HL(Q).
Now, for any fixed (j,g) € H™1/2(0%2) x Hg/Q(GQ) we can simultaneously consider the Neumann problem
—V - (QVu) = fin Q and QVu -7 = j on 90 (1.8)
as well as the Dirichlet problem
-V - (QVv) = f in Q and v = g on 0. (1.9)

By the aid of (1.7) and the Riesz representation theorem, we conclude that for each f € L%(Q) there exists
a unique weak solution u of the problem (1.8)) in the sense that u € H}(Q2) and satisfies the identity

/QQW-V@ = (J,19) + (f, ) (1.10)

for all ¢ € H}(Q), where notation (j, g) stands for the value of the function j € H~1/2(9Q) at g € H'/?(0Q)
and the notation (f, ) is the scalar inner product of f and ¢ on the space L?(2). Then we can define the
Neumann operator

N L3(Q) — HY(Q) with f — Nyj,

which maps each f € L?() to the unique weak solution Nyj := u of the problem (1.8). Similarly, the
problem (1.9) also attains a unique weak solution v in the sense that v € H'(Q), yv = g and the identity

/QQVva — (f.0) (111)

holds for all ¢ € H{ (). The Dirichlet operator is defined as
D: L*(Q) — HL(Q) with f — Dyg,

which maps each f € L*(Q) to the unique weak solution Dyg := v of the problem (1.9). Therefore, for any
fixed f € L?(Q2) we can define the so-called Neumann-to-Dirichlet map

Ap: HV2(0Q) — HY?(09)
g Apj = yNyj.

We mention that since Hj () € HL(Q), we from (1.10)) have that [, QVN}j- Vi = (f,v) for all ¢ € H ().
In view of (1.11)) we therefore conclude

Afj =g if and only if Nyj = Dyyg,



where the identities
ij:NfO +N()] and ng:DfO+Dog (112)

are satisfied, and the operators f — N0 and f + D;0 are linear and bounded from L?(Q) into itself.
Furthermore,
Afj = ’Yij = ’y./\/oj +’YNfO = Aoj + AfO,

where Apj is linear, self-adjoint, bounded and invertible, as the diffusion @ is smooth enough (cf. [34]).

As in Electrical Impedance Tomography or Calderén’s problem [4] [T5] [34] one can pose the question whether
the source distribution f inside a physical domain €2 can be determined from an infinite number of observa-
tions on the boundary 02, i.e. from the Neumann-to-Dirichlet map Ay:

fi,f2 € L*(Q) with Ap =Ap, = fi=fo?

To our best knowledge, the above question is still open so far. In case an observation As of Ay being available
one can use a certain regularization method to approximate the sought source. For example, one can consider
for operator norms || - ||« a minimizer of the problem
min ||A; — Agl|% + — 12
min 1Ay = AslE+ ol = g0
as a reconstruction along the lines of Tikhonov’s regularization method, where p > 0 is the regularization
parameter and f* is an a-priori estimate of the sought source.

However, in practice we have only a finite number of observations and the task is to reconstruct the identified
source, at least by numerical approximations. Furthermore, for simplicity of exposition we below restrict
ourselves to the case of just one observation pair (js, gs) being available, while the approach described here
can be easily extended to multiple measurements (jg, gf;)i:l ;- The inverse problem is thus stated as
follows. o
Given (j1,9") € H™V2(09) x Hy*(99Q) with AsjT = ¢', find f € L*(Q). (IP)

In other word, the interested problem is, for given (5, ") € H=1/2(09Q) x HY?(09), to find some f € L2(Q)
and consequently ® € H!(Q) such that the system (1.1)—(1.3) is satisfied in the weak sense. Precisely, we
define the general solution set

Z(Tg") ={fel?Q) | At =g"} ={feL?(Q) | NsjT =Dsg'} (1.13)

of the inverse problem (ZP). The source identification problem as described here is well known to be not
uniquely determined from boundary observations (see a counterexample in [3]), i.e., the set 7 (jT, gT) fails
to be a singleton. Since not the Neumann-to-Dirichlet map is given, but only one pair ( gt gT), the problem
is even highly underdetermined. Thus instead we will search for uniquely determined f*-minimum-norm
solutions f1 (cf. Section ) which are minimizers of the problem
min — 32 IP — MN
omin f = g ( )
Due to Lemmabelow, the set 7 ( gt gT) is non-empty, closed and convex, hence f1 is uniquely determined.
On the other hand, for all f € Z (jT7gT) the equation ijT = ngJr is fulfilled. However, we have to solve
this equation with noise data (js,gs) € H~/2(98) x Hi/Z(aﬁ) of (jT,gT) satisfying (1.5)). The simplest
variety of regularization may be to consider a minimizer of the Tikhonov functional

INtis = Drasllx + ol f = 1220
over f € L%(Q) as an approximate solution to fT, where X = L2(Q) or X = H'(Q).

In present work we adopt the variational approach of Kohn and Vogelius [28] 29] 80] in using cost functions
containing the gradient of forward operators to the above mentioned inverse source problem. More precisely,
we use the convex function

To(f) = / QV (Njs — Dygs) -V (Nyjs — Dygs) d, (1.14)



(cf. Lemma [2.3)) instead of the mapping f — [[Nyjs — Drgsl|%, together with Tikhonov regularization and
consider the unique solution f, s of the strictly convex minimization problem

)2
fengy(lg Ts(f) +pllf = 22 (Pp,s)

as the regularized solution. The motivation in using this cost functional [J5 as misfit functional is that for
all £ € L*(Q) the inequality

Caq

)= /QQV (Nes™ = Deg?) - V (Nejt — Deg') dae > HNéﬂ - ngTHHl =0

holds true and Jo(f) =0at any f € T (jT, gT). The advantage is evident, because the minimizer f, s satisfies
the equation

f-r = —%(ija — Dygs) (1.15)

(see Theorem below). Due to formula , the approach proves to be a modified variant of the Lavren-
tiev regularization (see, e.g., |2 13| 25 [42]) with implicit forward operator. Furthermore, for convenience in
numerical analysis with the finite element methods we consider here the Tikhonov regularization. The use
of different convex penalty terms, e.g. total variation, may be a work for us in future.

Let N/ ;»lj(; and D’J}gg be corresponding approximations of the solution maps Nyjs and Dygs in the finite

dimensional space VJ of piecewise linear, continuous finite elements. We then consider the discrete regularized
problem corresponding to (P, ), i.e., the following strictly convex minimization problem

min | QV (s ~ Dhas) -V (NJis = Dias) da + ol = e G
Using the variational discretization concept introduced in [24], we show in Section [3|that the unique solution

f;ﬁ s of the problem (732’ 5) automatically belongs to the finite dimensional space VI'. Thus, a discretization
of the admissible set L?(Q2) can be avoided.

As h,0 — 0 and with an appropriate a-priori regularization parameter choice p = p(h,d), we in Section
prove that the sequence (f}5) converges to f1 in the L?(Q2)-norm. Furthermore, the corresponding state
sequences (N)ﬁlgéj(;) and (D;ﬁ;&gtg) converge in the H'(Q)-norm to ® = &T(fT 5t ¢) solving (T.1))(T.3).
Section [5| is devoted to convergence rates. In this section we also show that if f € 7 (jT, gT) and there is a
function w € L?(£2) such that

f f w.] _Dng (1.16)

then f = f1, ie., f is the unique f*-minimum-norm solution of the identification problem. Condition
appears to be a source condition which is typical for Lavrentiev regularization and allows for convergence
rates. Precisely, for the known matrix Q € C%1(2)**? and the exact data (', 9") € HY2(0Q) x H3/2(09)
we derive the convergence rates

. 2 2
HN;}J% - D};L‘,ag5"H1(Q) + p||f£ﬁ§ _ fTHLQ(Q) =0 (6> +h*+hp+dp+p°)

and
2

IR N ] T IO

|
H1(Q) H1(Q)

will be established. Finally, for the numerical solution of the discrete regularized problem (PZ)L’ 5) we employ
a conjugate gradient algorithm. Numerical results show an efficiency of our theoretical findings.
The source identification problem in PDEs arises in many branches of applied science such as Electro-

Encephalo-Graphy, geophysical prospecting and pollutant detection, and attracted great attention from
many scientists in the last 30 years or so. For surveys on this subject we may consult in [8] [16], 19} 23], [26], [41]



and the references therein. So far, only a limited number of works was investigated the general source
identification problem and obtained results concentrated on numerical analysis for the identification problem.
In [20, B2 B3] authors have used the dual reciprocity boundary element methods to simulate numerically
for the above mentioned identification problem. In case some priori knowledge of the identified source is
available, such as a point source, a characteristic function or a harmonic function, numerical methods treating
the problem have been obtained in [5 [6l, BI [38]. A survey of the problem of simultaneously identifying the
source term and coefficients in elliptic systems from distributed observations can be found in [37], where
further references can be found.

We conclude this introduction with a remark that so far we have not yet found investigations on discretization
analysis for the general source identification problem, a fact which motivated the research presented in this
paper. Since the main interest is to clearly state our ideas, we only treat the model elliptic problem while
the approach described here can be easily extended to more general models, e.g., for the source identification
problem in diffusion-reaction equations

-V (QV@) + 12D =finQ, QVP-ii+0cd = ;! on 0Q and ® = ¢g' on N (1.17)

from a measurement (js, gs) of (j',g"), where Q satisfying the condition (L.4)), 0 # x = k(z) € L>=(Q), i.e,
the set {z € Q|k(z) # 0} has positive Lebesgue measure, and o = o(x) € L (0Q) with ¢ > 0 are given.
The variational approach is now formulated as the minimizing problem with the misfit

/ QV (Rfj5 — ngg) -V (Rfj5 — ng(;) dx + / /*62 (Rfj5 — ng5)2 dx + / g (Rfj5 - ng5)2 dx
Q Q o0
over f € L?(2), where R and D are the Robin operator and the Dirichlet operator relating with the

equation (1.17)), respectively. Recently obtained results concerning the inverse source problem for ([1.17)) on
the identification together with numerical algorithms can be found in, e.g., [Tl B @} 10].

Throughout the paper we use the standard notion of Sobolev spaces H1(€), Hi(Q2), W*P?(Q), etc from, for
example, [43]. If not stated otherwise we write [, --- instead of [, ---du.

2 Preliminaries

We first mention that the solution Nj satisfies the following estimate

. 1+Cq (.
HNf]HHl(Q) < “Caq (||JH1/2(39) ||W’H£<H1(Q)7H1/z(m)) + ||f||L2(Q))
< O (I3l g-s720m + 12y ) - (2.1)

where Cy 1= %max <17 |7||£(H1(Q)’H1/2(8Q))> . Next, we can rewrite Dyg = vg + G, where G = v~ lg

and vy € H{(Q) is the unique solution to the variational problem [, QVuvo- V¢ = (f,¢) — [, QVG - V¢ for

all ¢ € H}(Q). Since 1G] g1 () < H'y_lHL( , we thus obtain the priori estimate

H1/2(6Q),H1(Q)) ||g||H1/2(BQ)

1+ Cq
1Ds9ll g1y < llvoll g o) + Gl 1) < Cod <Hf||L2(Q) + d||Q|| poc (yaxa ||G||H1(Q)) Gl g1
1+ Cqo 1+ Cq .
< CQQ ||f||L2(Q) +(d Cﬂg HQ”L‘X’(Q)dXd +1 ny ||£(H1/2(6(2),H1(Q)) ||g||H1/2(8Q)
< Cp (Il 2o + 19 a1 200 ) (2.2)

— (& C; - —
where Cp := maX(ng(;?7(dngqQ||Q||LOO(Q)d><d+1) | 1HL(H1/2(89),H1(Q))> and @ = (¢rs)i<po<q €
coroydxd _ .
Le(Q)? with QI oo (yaxa := maxi<p s<d [|Grs| oo (o) -

Now we summarize some useful properties of the Neumann and Dirichlet operators. The proof of the following
result is based on standard arguments and therefore omitted.



Lemma 2.1. (i) The Neumann operator N : L*(Q) — HY(Q) is continuously Fréchet differentiable. For
each f € L?(Y) the action of the Fréchet derivative in the direction & € L*()) denoted by ny = N3ii(€) ==
N'(f)€ is the unique weak solution in H(Q) of the homogeneous Neumann problem

—V - (QVny) =& in Q and QVny -7 =0 on N

in the sense that it solves the equation [, QVny -V = (&, ) for all ¢ € HL(Q). Furthermore, the estimate

na e ) < 12:5; 1€]l p2(qy s fulfilled.

(ii) The Dirichlet operator D : L*(Q) — H () is continuously Fréchet differentiable. For each f € L*(Q)
the action of the Fréchet derivative in the direction & € L?(S) denoted by np := D}g(f) = D'(f)E is the
unique weak solution in HE () of the homogeneous Dirichlet problem

—V - (QVnp) =& in Q and np =0 on 90

in the sense that it solves the equation [, QVnp -V = (,1) for all ) € HY(Q). Furthermore, the estimate

Inpll a1 ) < 1&?; 1€l 12y holds true.

Lemma 2.2. (i) The map T : L?(Q) — L?(Q) defined by
T(f) :=N;0—Ds0
is linear, bounded and self-adjoint, i.e., (T(f),w) = (f, T(w)) for all f,w € L*(Q).
(ii) For any fized (j,g9) € H=Y2(9Q) x H'/2(0Q) the map L : L*(Q) — L*(Q) defined by
L(f) :==Nyj—Dsg=T(f) + Noj — Dog
is affine linear, continuous and monotone, i.e., (L(f) — L(w), f —w) > 0 for all f,w € L*(9).
Proof. (i) It follows from that
(T(f), w) = / QVN,0- V(N0 —D;0) / QVN,L0- VA0 7/ QVN,0-VD,0,  (23)
Q Q Q
and similarly,
(f, T(w)) = / QVN;0 - VN,0 — / QVN;0 - VD,0. (2.4)
Q Q
Using 1) again, we get
/ QVNU,O . VDfO = (w,DfO) = / QVDU,O . VDfO
Q Q
(2.5)
/ QVN;0-VD,0 = (f,D,0) = / QVDs0-VD,0
Q Q
and the self-adjoint property of T now follows directly from —.
(ii) Denoting by £ := f — w, we get from that
(L(f) = L(w), f —w) = (T(f) = T(w), f —w) = (T(£),£) = /QQVN&O - V(N0 —D0).  (26)
We further have from f that
/ QVDe0 - V(N0 — D0) = 0. (2.7)
Q
Combining with , we arrive at
(L)~ L(w).f = w) = [ QVNG0—De0) - T(Ne0 = De0) > .

which finishes the proof. O



We now briefly discuss the character of the null-space ker(T) of the operator T occurring in the above lemma.
For simplicity we assume that the known matrix Q = Iy, the d X d-unit matrix. Then the counterexample
of [3] shows that ker(T) # {0}. Furthermore, one can easily see that for any ¥ € C?(f2), the space of
all functions having second-order derivatives with compact support in €2, the negative Laplace —AW of ¥
satisfies —AW € ker(T).

Finding an element f € 7 (jT, gT), i.e. a solution to the identification problem (ZP), is equivalent to solving
an operator equation (see for notations and details Lemma above)

F(f,j,9) =0, where F(f,j,g):=L(f), and j:=j', g:=g". (2.8)

Such an implicit inverse problem model was generally introduced in the monograph [7, Section 1.2]. Due
to Lemma the forward operator F' in the operator equation is affine linear with respect to f and
of implicit nonlinear structure with respect to the data. We can rewrite it as T(f) + B(jT,¢") = 0, where
for fixed (jT,g") the magnitude B(jT,¢") is a constant function in L2(Q2) and T is a linear, bounded and
self-adjoint operator mapping in L?(£2) such that L is a continuous, affine linear and monotone operator. The
non-standard character comes from the fact that data j and g in the operator equation do not occur separated
in a right-hand side, but implicitly and nonlinearly embedded in the forward operator itself. Nevertheless
the monotonicity of L allows us to apply Lavrentiev regularization for stabilizing the inverse problem for
given noisy data (js, gs) by using the solution of the singulary perturbed version

F(f.js,9s) +p(f = f")=Ngjs —Drgs+p(f = f)=0 (2.9)

of the original operator equation as regularized solution. One simply sees that the uniquely determined
Lavrentiev-regularized solution satisfying and the Tikhonov-regularized solution f, s satisfying (1.15]
coincide. Since the null-space ker(T) of the operator T is non-trivial, the operator equation with affine
linear forward operator is locally ill-posed everywhere, see [13] and in particular Definition 1.1 ibidem. Taking
into account the results from [36] Lavrentiev-regularized solutions cannot converge to the f*-minimum norm
solution with a convergence rate better than || f, 5 — f*||z2(0) = O(V3) as § — 0. As Corollary will show,
we achieve this optimal rate with our method.

Lemma 2.3. (i) If the sequence (f,) C L?(Q) converges weakly in L*(Q) to an element f, then the sequence
(Ny, 35, Dy, gs) converges weakly to (Nyjs,Drgs) in H () x HY(Q).

(i) The function Js defined by (1.14)) is conver and weakly sequentially lower semi-continuous.

Proof. (i) Since the sequence (f,) converges weakly in L?(2), so is bounded in the L?(Q)-norm. Thus, it
follows from the estimate (2.1)) that the sequence (N7, js) C HL(Q) is bounded in the H'(Q)-norm. Then a
subsequence which is not relabelled and an element ®5 € H(Q) exist such that (N7, js) converges weakly

to @ in H'(Q). For all ¢ € H}(Q) and n € N we have that [, QVN7, js- Vo = (js,7¢) + (fn, ) . Sending
n to oo, we obtain [, QV®x - Vo = (js5,v¢) + (f,¢), which means that ®x- = Ny js.

Next, we have for all n € N that Dy, g5 = D, + v 'gs, where D,, € H}(Q) is the unique solution to the
following variational equation

/ QVD, -V = (fur) / Qg5 - Vi (2.10)

for all 1 € Hg(Q). Since the sequence (Dy, gs) is bounded in the H'(2)-norm, so is the sequence (D,,).
A subsequence not relabelled and an element D € H} () exist such that (D,,) converges weakly to D in
HY(€). Then, sending n to oo in , we obtain the identity fQ QV (D +'yflg(5) -V = (f,¢) for all
Y € HY(). Therefore, Dygs = D + v gs and the sequence (Dy, gs) converges weakly to Dygs in H ().

(ii) Due to the inequality

Caq
17 Co lellzn ) < /QVsD Vi < dlIQ e (ayixallellin oy Vo € Ho(Q), (2.11)

the expression

[u,v] == /Q QVu- Vv (2.12)



generates a scalar inner product on the space H}(Q) which is equivalent to the usual one. This results
(Nt ds:s Dy, gs) — (Nyjs, Dyrgs) weakly in H(2) x HX(Q) with respect to the scalar product (2.12). Finally,
any norm is weakly lower semi-continuous, we then obtain

Ts(f) = Nyjs — Dygs,Nyjs — Dygs) < lim inf Wi.js — Dy, 95, N, js — Dy, 95] = lim inf s (fn) ,

which follows that J5 is weakly sequentially lower semi-continuous. Finally, we show the convexity of J5. In
deed, due to Lemma we from ((1.12)) have for all £ € L?(€) that

Ts(f)E = Q/QQV (Nyjs — Dygs) - V (N}1is(€) — Dygs(§)) = Q/QQV (Nyjs —Drgs) - V (NeO — De0)

:2/QQV (NfO—DfO)-V(NgO—D§O)+2/QQV (Nojs — Dogs) - V (N0 — Ds0) |

and so
T3 ()(&:€) = 2/{ QV (Ne0 — D¢0) - V (Ng0 — D0) > 0,
)
which shows the function Jj in fact is convex. The proof is completed. O

Proposition 2.4. The minimization problem (P,s) attains a unique solution f,s, which as reqularized
solution represents an approzimation of the f*-minimum-norm solution fT to the identification problem

(TP).

Proof. The proof of existence of solutions is based on Lemma in combining with arguments of [39]
Proposition 4.1], therefore omitted here. Furthermore, since the cost function of (P, ;) is strictly convex,
the minimizer is unique. O

3 Finite element discretization

Let (Th)o <ne1 DEB family of regular and quasi-uniform triangulations of the domain Q with the mesh size
h. For the definition of the discretization space of the state functions let us denote

Vi= vt e 0@Q) | v p € PU(T), VT € T"}

and

Vi, =V N HL(Q) and V] := VI N HY(Q) C V],
where P; consists all polynomial functions of degree less than or equal to 1.

Proposition 3.1. (i) Let f be in L?*(Q) and j be in H=/?(0R). Then the variational equation
[ @Uu 9t = (£6") + (") for all " € VL, (3.1)
Q
admits a unique solution u € Vfo. Furthermore, the prior estimate

HuhHHl(Q) <Cx (”f”[ﬂ(g) + ||j||H—1/2(8Q)) (3.2)

is satisfied. The map N : L?(Q) — Vﬁo from each f € L?(Q) to the unique solution u" =: /\/';‘j of (3.1) is
then called the discrete Neumann operator.

(ii) Let f be in L*(Q) and g be in Hi/Q(ﬁQ). The equation

/ QVY" -V = (f, ") for all " € V] (3.3)
Q



has a unique solution v € Vﬁo with yo" = g. Furthermore, the inequality

10" L4120y < €0 (1120 + lgllars/200)) (3.4)

is satisfied. The map D" : L*(Q) — Vﬁo from each f € L?(2) to the unique solution v =: D’J}g of (3.3)) is
called the discrete Dirichlet operator.

Similar to Lemma one sees that the discrete operators N, D" are Fréchet differentiable on L2(€). For
each f € L2() the Fréchet derivatives N (f)¢ =: N}L/j(f) € V', and DM (f)€ =: D’J}/g(f) € V}'y in the
direction & € L?(Q) satisfy the equations

/Q QUNTj(€) - Vi = (£, 6" (3.5)
and
/Q QUDYg(€) - Vi = (€.4") (3.6)

for all p" € Vﬁo and " € Vfo.

We now can introduce the strictly convex, discrete cost function
Tﬁ,a(f) =T (f)+pllf - f*||iz(9) with J*(f) := /QQV (/\/;Ljé - D?Qé) -V (N;Ljé - D}}ga) ~
Theorem 3.2. The problem

: h h
(2im Tholl) (P2s)

attains a unique minimizer f which satisfies the equation
* 1 .
f=f :—;(N;Lj(;—D;ch(;). (3.7)

Remark 3.3. Since N;"jg and D]’Z'g[; are both in V}, so is f, provided that f* € V}. Thus, taking this into
account, a discretization of the set L%(£2) can be avoided.

Proof of Theorem[3.4 The existence and uniqueness of a minimizer to the problem (735,6) are exactly

obtained as in the continuous case, therefore omitted here. It remains to show (3.7)).

Let f € L?(Q) be the minimizer to (Pg) 6). The first-order optimality condition yields that

TS ()€ =T (FE+ 206 f — 1) =0 (3.8)
for all £ € L?(Q), where

706 =2 [ @V (N is(€) = DY 95(6)) - ¥ (Vs — Do)
~2 [ QUAYs(©) ¥ (s — Dlas) +2 | @VDjas- VDY as(6) ~2 | QVAGds - VDY 55(6).
By (3.5), it follows that
| QUAis(€) - ¥ (Vs — Dhas) = (6.NFds ~ D)
while and yield
| @vDtas - VDY aste) = (£.0% as(c))



and
| @UNps- I asl) = (1,05 55(0) + (5 () = (105 55(6)) .

We thus infer that

T3 ()€ =2(&N}js — Dhgs) (3.9)
and so obtain the equation
1, .
(&p(N}”J(s—D?ga)Jrf—f ) ) (3.10)
for all ¢ € L?(Q), which finishes the proof. O

4 Convergence

From now on C' is a generic positive constant which is independent of the mesh size h of 7", the noise level
0 and the regularization parameter p. Before presenting the convergence of finite element approximations
we here state some auxiliary results.

Lemma 4.1. An interpolation operator TI? : L*(Q) — Vfo exists such that
" = " for all o € V{”O and Hfj(H&(Q)) C V{"O C V{L’O.

Furthermore, it satisfies the properties

Jim |9 — HgﬁHHl(Q) =0 foralvec HXQ) (4.1)
and
|9 — HZz?HHl(Q) < Ch||9|| g2 for all ¥ € HL(Q) N H*(Q). (4.2)

Proof. Let TI" : L'(Q) — V} be the Clement’s mollification interpolation operator, see [I8] and some
generalizations [I1] [12] [40]. We then define the operator

1

MY =" — — [ " eV, W eL(Q)
109 Joq
which has the properties (4.1]) and (4.2]). The proof is completed. O

On the basis of (4.1) and (4.2) we introduce for each ® € H}(Q)

o = ||® -T2, (4.3)

()"
We note that limy_,q gg =0 and
0< ol <Ch (4.4)
in case ® € H?(). Furthermore, let (f,j,g) € L*(Q) x H~/2(99) x Hi/Q(aQ) be fixed, we denote by
Y ; h o _ ||ph
oty = [N75 = Niill g oy and 875 = 1PF9 = Drgll 1 0y (4.5)
Then
: h _ 1: h
illlg%)af’j = illlg})ﬁf’g =0. (4.6)
In particular, if Nyj € H?(2) and Dyg € H?(12), the error estimates
a?,j < Ch and B}L’g < Ch (4.7)
are satisfied (cf. [14 [I77]).
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Lemma 4.2. Let (f1,41,91) and (f2,72,92) be arbitrary in L?(2) x H~Y/2(d) x Hl/Q((‘?Q). Then the
estimates

[N —NJZJQHHI(Q) <Cn <||f1 — follpz(o) + [l —j2HH71/2(3Q)) (4.8)
and
HD%gl - D?ngHHl(Q) <Cp (”fl - f2||L2(Q) + llg1 — 92HH1/2(39)) (4.9)

hold for all h > 0.

Proof. According to the definition of the discrete Neumann operator, we have for all ¢" € Vﬁ o that
/QQVN;gji V" = (i, vy + (fi ") withi=1,2.
Thus, &%, := N} j1 — N} jo is the unique solution to the variational problem
/QQV‘I’/}{/ Vel = (i1 — ja,ve") + (f1 = fo, ")

for all " € VI, and so that (4.8) is satisfied. Likewise, we also obtain ([£.9). The proof is completed. O

Lemma 4.3. Let (Th") be a sequence of triangulations with im, o hy, = 0. Assume that (js,,9s,) is a

sequence in H—/2(09Q) x Hi/z(BQ) convergent to (js,gs) in the H='/2(0Q) x HY/?(0Q)-norm and (f,) is
a sequence in L2(Q2) weakly convergent in L*() to f, then there holds the inequality

liminf 7 (f,) > J5(f). (4.10)

Proof. In view of (3.2)), the sequence (N;l"j(;n) C H1(Q) is bounded in the H'(Q)-norm, a subsequence

not relabelled and an element ®x € H(Q) exist such that (N js,) converges weakly in H(2) to ®ur.
Similar to Proof of Lemma in order to establish (| , it is sufﬁcmnt to show that ®nr = Nyjs. Using
the operator I17» in LemmalL1] for all p € HL(Q) we have that

(G5 s70) + (Frr©) = (s, YT @) + (Fo, L2 0) + (s (0 — L 0)) + (fnr o — 27 g0)

where IIl7¢ € Vs, We note that

‘<j6n=7 (v — Hﬁ”@)>| < ||j5n||H*1/2(BQ) HV (v - HZ”‘P) HHl/z(aQ)

<4s,

H-1/2(89) H’Y||£(H1(Q)7H1/2(ag)) H‘P - Hgn‘PHHl(Q)

<C ||<p — Hi’"ngHl(Q) — 0 as n — oo.
Likewise, limy o0 | (fn, ¢ — II2")| = 0. We thus get for all p € H((2) that
(s v) + (fr9) = lim (s, 79) + (for0)) = lim ((Gs, 57 0) + (fu, 1137 0))

= lim QVN;L Js, - VI = lim QVN)’}”](; Vet lim | QUNrjs, -V (T3¢ — )
n oo Q

n—oo
= lim QVN;” s, - Vo = / QVdy - Vo
n—oo Q
and so that ® = Nyjs. The proof is completed. O
Lemma 4.4. The problem
min ||f F Iz (IP - MN)
fEL(j

attains a unique solution, which is called the f*—mzmmum—norm solution of the identification problem.
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Proof. Since (jT,gT) is the exact data, the set 7 (jT,gT) is nonempty. Furthermore, it is a closed subset of
L2(2). Indeed, let (f,) C T (jT, gT) be a sequence convergent in the L?(Q)-norm to f. In view of Lemma
the sequence (N, jT, Dy, g7) then converges weakly in H'(Q)x H'(Q) to (N}, Dsg"). Since Ny, jT =Dy, g
for all n € N, it follows that Nfﬂ = ngJr and so that f € I(jT,gT).

We will see that the set 7 (jT,gT) is in fact convex. Let f1, fo € T (jT,gT) and ¢1,co € [0,1] with ¢; + ¢ = 1.
We show that f:=c1f1 +cofo €T (jT,gT). Indeed, since fi, fo € T (jT,gT), there are uy,uy € H(Q) with
yu; = yus = g' such that

AQVul-V¢=<jT,7¢>+(f1,¢) and /QQVUTV%O:@'T,’W)*'(JEAP)

for all o € HL(Q). Setting ® := ciuy + cquz € HL(Q), we then have that

7P = c1yus + cayuy = erg’ + cag’ = (1 + e2)g’ = g

Furthermore, we get for all p € H(Q) that
| @ve Vo= (ilae) + (7.9)

which infers ® = NyjT with v® = gf, thus f € Z (jT,¢"). Consequently, the problem (ZP) has a unique
minimizer, which finishes the proof. O

We now show the convergence of finite element approximations to the identification problem.

Theorem 4.5. Let f1 be the unique f*-minimum-norm solution to the identification problem (IP), which
solves the minimization problem (ZP — MN). Assume that lim,_, o hy, = 0 and (8,,) and (pn) any positive
sequences such that

) aly ot
pn — 0, —— =0, IL3L 0 and —L22
VPn N V/Pn
where a??)ﬂ and ﬂ??’gT are defined by (4.5)—(4.6). Furthermore, assume that (js,,gs,) is a sequence in
H=12(0Q) x H§/2(3Q) satisfying

— 0 as n — oo, (4.11)

7s., _jTHH*l/?((‘)Q) +lgs. = gT||H1/2(8Q) < On

and fp = /?:,Jn is the unique minimizer of (73;‘:,5”) for each n € N. Then:

(i) The sequence (f,) converges in the L?(Q2)-norm to f1.

(i) The corresponding state sequences (Nﬁfjgn) and (D?:g(;n) converge in the H'(Q)-norm to the unique
weak solution & = df (fT,jT,gT) of the boundary value problem (1.1)—(1.3)).

Before going to prove the theorem, we make the following short remark.

Remark 4.6. In case the weak solution ®f = ®T(fT, jT, g7) of (L.I)-(L.3) belonging to H?(f2), the estimate
(4.7) shows that 0 < a’;?,ﬁ, ,B;L?M < Chy,. Therefore, in view of (4.11)), the above convergences (i) and (ii)
are obtained if the sequence (p,,) is chosen such that

n n

— 0 and — 0 asn — oo.

VP N
By regularity theory for elliptic boundary value problems, the regularity assumption ®' € H?(Q) is satisfied

if the diffusion matrix Q € CO’I(Q)dXd, gt e H72(090), gt € H?/2(89Q) and either S is smooth of the class
C%! or the domain 2 is convex (see, for example, [21], 43]).

pn — 0,
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Proof of Theorem[4.5 We have from the optimality of f,, that
To (fn) + pallfn = 2y < o (F1) + pall F1 = 117200 (4.12)

Since at fT there holds the equation N #t gt = fogT, we infer from Lemma that

2
Ti (1) < C|Nfds, = Dz gs,

H(Q)
= C Ny s, = Nir it + Dipg' = Divgs, + Njp it = Nyij' + Dpig' — Dl g
rt Jon +J e 5t 9on 'J £t ng tg Q)
<o -1 e -]
S ( T]5 Hl(Q)+ 96, — ng Q)
2
+wprat =Nt g+ |Prdt = Dl (4.13
Al HY(Q) Dyi H'(Q)

. . + h h 2 2 h ? h 2
< C (H]&,L —J HH—I/Z(@Q) + Hgén -9 HH1/2(8Q) "i_O‘erl,jwL + Bf‘?’g‘r) < ¢ (6n + (af“rn,fr) + (ﬁf‘?,glr) )

which implies from (4.12) that

lim 5 (fn) =0 (4.14)
and, by the assumption (4.11)),
. . )
limsup | fo = f*1720) < 11 = £ - (4.15)

So that the sequence (f,) is bounded in the L?(2)-norm. A subsequence not relabelled and an element
f € L*(Q) exist such that (f,,) converges weakly in L?(2) to f and

||f fr ||L2 < hmlnf||fn f*||2LQ(Q). (4.16)

For any f € L*(€2) we denote by Jo(f) := [, QV (NyjT — Dsg") - V (NyjT — Dsg') . By ([L.7), we have

HijT _D.?QTHQ < 2% 7). (4.17)

(@)~ Cog
Furthermore, applying Lemma we have that jo } < liminf, . \75’1" (fn) = 0, here we used (4.14).
Combining this with (4.17)), we get Nz jT = ng which infers f € Z (4%, g") . Now we show f: fT and the

sequence (f,) converges to f in the LQ(Q) norm. By the definition of the f*-minimum-norm solution and

1'4 . we get that

t < . )2 <1 _px||2 T
It - timinf 1~ 7 ey < Hmsup L = s < 15 -

)

and so that HfT —f* Hf f*

norm solution and the sequence (f,) weakly converging in L?(Q) to f, we conclude that f = ft and the

L2(Q) =1lim, o0 || fr — f* H%Q(Q). By the uniqueness of the minimum-

sequence (f,,) in fact converges in the L?(Q2)-norm to f.
Finally, we show the sequences (Nf js.) and (D "9, ) converge to ®f = Nyijt = Dyrgl in the H*(€2)-norm.
Indeed, by Lemma [4.2] we obtain that

s~ ]

e I o
Hl(Q)_H fu o0 HY(Q) i 7t HY(Q)

<C(||]5 —J ||H 1/2(59)+an 1 HLQ(Q)-FafTJJ — 0 asn— oo.

Similarly, we also get HD;L:g(;n - DngTHHl(Q) <C (||95 —g ||H1/2(BQ) + ||fn ff HL2(Q) —|—Bf| g.) — 0 as
n tends to co, which finishes the proof. O
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5 Convergence rates

In this section we investigate convergence rates for Tikhonov regularization of our identification problem.
Let us start with the following remark concerning the unique f*-minimum-norm solution of the identification
problem.

At this point it should be noted that due to L(w) = N,j" — D, g' for j = j7 and g = g7 the condition
is a range-type source condition in the sense that f — f* belongs to the range of the affine linear forward
operator L. In the standard model of Lavrentiev regularization with linear forward operator this the typical
source condition for obtaining the optimal convergence rate || f,s — f|lz2(q) = O(V0) (cf. [42] and [25]) and
that such a source condition can only hold if f is an f*-minimum norm solution. The latter assertion will
be confirmed for our modified model by the subsequent remark.

Remark 5.1. Assume that f € Z (ij,gT) and a function w € L?(Q) exists such that f — f* = N,jT —Dyg.
Then f is the unique f*-minimum-norm solution of the problem (ZP — M N).

Indeed, we have with ¢ € {£ € L2(2) | NgjT = Deg'} that
1 1
5”5 T §Hf )
1
(vaij - Dng) - (fanjT - Dng)
- /Q QN ¥ (Nawj' = Dug') = (71,7 (Mg — Dung?))

~ [ QNG (W' = Dugl) + (57 (Wit = D))
= /QQV (NVegt = NpjT) -V (Nwit — Dugh)
Since YNgjT = v N;iT = g, it follows that NejT — Npjt € HL(2). We thus obtain from the last inequality
1 " 1 N . . . ) )
5”5 — 720 — §||f — 2 > /QQVNw]T -V (Nejt = Nyjt) - /Q QVDug' -V (Nejt — Nyjh)
= (. Neg" = Npi®) + (GTy Wed" = Nipi®)) = (w, Neg™ = Vi) =0,
which finishes the proof.

We are now in a position to state the main result of this section.

Theorem 5.2. Assume that for f € I(jT7gT) there exists a function w € L?(Q) such that the source
condition

f_f*:ijT_,Dng (51)

holds true. Then, according to Remark f is the uniquely determined f*-minimum-norm solution f' and
minimizer of the problem (IP — MN). Moreover, we have the error estimate and convergence rate

2
h - _ mh h_ et)2
I Y P 4l P
2 2
=0 (52 + (Q?T,jf) + (ﬁ?i@) + Pé’kfwﬁ + PQK/NT + PQ%OvangT +op + P2> ) (5.2)

where fh = f,';é s the unique minimizer of (P/%) and DoyNyjt — gt is the unique weak solution to the
Dirichlet problem

—V - (QVv) =0 in Q and v =~vN,j" — g7 on 90

and a};“r7j’f} 5%@7 Qﬁ/qujm Qﬁrﬂﬁ and Q%Ow\/wjf_gf come from (4.3) and (4.5).
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Remark 5.3. In case (cf. Remark N1, NouwiT, Doy Nwjit — gt € H?(2), by ([44) and ([d.7)), we have
h h h h h
0< Oéffd'hﬁf‘r,g‘rv ONwit? ON 1312 @Doy Ny jt —gt <Ch

and so that the convergence rate

2
[Wsds = Dlgs [, o + A5 = £ ey = O (8 412 4o+ 50+ )
is obtained.

Remark 5.4. Let ®f = &f (fT,jT,gT) be the weak solution of (1.1))—(1.3). Then the convergence rate

2
i1 oo

HHl(Q) H(Q)

2 2
=0 <62p_1 + (a?ﬁﬁ) Pt (’BJ}"LT,gT) P+ Q/}{fwﬁ T Qﬁ/ﬂﬁ + Q%OWijT*QT totpt O‘?T,ﬁ + 6?*@*)
is also established. Indeed, the desired equation directly follows from (5.2) and the following inequalities
[Wpds = N1 g < € (s =3 mssmomy + 1% = Py + i)

<C (541" = S oy + 1)

H(Q)

h h h
and Hthg5 — DngTHHl(Q) <C (5 + Hf — fTHB(Q) + Bﬂ’gf) , here we used Lemma
Proof of Theorem[5.4 In view of (4.13)) we first have that

g7 <0 (84 (o) + () )

We have from the optimality of f* that
T+ ollF" = I ey < TN + ol = 1l

which yields

Pl = £l ooy < Co' (52 (o *)2 + (5?*79*)2>1/2 LA AR P
<c (52 (ahis0) + (Bhg) + ,0) . (5.3)
and
T + ol = ey < TGN + 0 (151 = £ gy — 17 - — 1)
<52 (O‘fw)2+ (5?T,gf)2> +20(f1 =t =1 (5.4)
Since NyijT = Dyigl, it follows from that
(Ffr=r T =" = (f = " Nuj' — Dug)
= (fT = " Nuwi' = Np1i" + Dyrg' — Dug')
= (fT = 1" Nuwit = Npg®) + (F1 = £ Dyrg" = Dug) . (5.5)

By , we infer
(f1 Nus" = NpijT) = /Q QN33 V (W' = NitjT) = (5% v Wang™ = NyriT))
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and
(F" Nud! = Npd") = [ QNG+ 9 (Wt = Npus) = (117 (N = N
which follow that
(fT = " Nug' = Npij)
- /Q QV (N1 = Njujt) - ¥ (Wag! = N 1)
= /Q QV (Nyi5" = Dprg') - V (Nuj' = Nyig") + /Q QV (Dpng" = Npnj) -V (Mg = NpijT) . (5.6)
Since 7 (Dyig" — Dywg') = 0, it follows from that
(ff = 1" Dyig" = Dug") = (f1, Dsig! — Dug’) = (1", Dyr1g" — Dug')
= /QQVDMT -V (Dsig' — Dug’) — /QQVthgT -V (Dsig' — Dug')
=/Q QV (Dsig" —Ding') -V (Dyrg" — Dug'). (5.7)
We thus infer from (5.5)—(5.7) that
(ff=rft =1
:/QQv(thgT—thjT)-V(Nwﬂ—/\/ﬁj*)

+/QV (/\/ijT—thgT)-V(/\/wﬂ—/\/ﬁﬂ)ju/@v (Dfig" —Dsug') -V (Dsig" — Dug’). (5.8)
Q Q

We note again that NijT = fogJr and ~y fong — thgf) = 0. Then, together with (1.10) and (L.11)), the
é

last two term in the right hand side of ([5.8]) is written as
/QQV (fojtpfhg*).V(ijT—fojTH/QQv (Dsrgt —Dpng') -V (Dyrg" — Dugh)
= /QQV (Dsig" —Dpng’) - V (Nuwi' — Dug)
:AQVijT-V(fogT—Df;LgT)—/QQVDng-V(thgT—Df;LgT)

= (w, Dsrg" = Dpng") + (§7, 7 (Dyrg" = Dyng')) — (w, Dyrg" — Dpngh) = 0.
Thus, we obtain from that

(Ft = fo ft = ) = /QQV (Dyngt — Npngl) - ¥ (Nogt — N1 .
Next, for simplicity we denote by W = N,jT — N;+4T and note

YW = yNyjit — gt (5.9)

Then we have that
(FF = f* = ) = /Q QY (Dprgt — Npnjt) - VW
- vV (Dsgt — Dot -VW—/ V (Nmjt =N GT) - VIV
/QQ(fg fg) QQ(fJ fy)
+ v (D" gt — D" -VW—/ V (NE T =N s) - VIV
/QQ(fg fgtS) QQ(fJ f]é)

+/ Qv ('D;clhg(s — N;th(;) VW =1 + I + Is. (5.10)
Q
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We can write
/ Qv (thgT - DjzhgT) VW
Q
_ /QQV (thgT . Dj}hgf) - VDAW + /Q Qv (thgT . D?m*) VI (W — Doy W)
+ /Q QV (thgT - D?,LQT) V(W — DyW — I} (W — DoyW)) .
Since Df;LgT — D?hgT € HL(Q), we then get that
/Q Qv (th gt - Db, gf) VDA W = /Q QVDW -V (th gt — D}}hgT> =0.
Since

Y (W =DoyW) =W = yDoyW =W —yW =0,
we infer IIZ (W — DopyW) € VI, = Vi' N H} () and then obtain from (L.11) and (3.3) that

/Q QV (Dyrg' = Dlug") - VI (W = Doy W) = 0.
Hence we have
’/QQV (Dsrg' = Dlg") ~VW’
= ‘/Q QV (thgf - D}thT) V(W = DyW —TIF (W — DOWV))‘

< O|[pgt - D]

() W = DoyW —TI5 (W — DO'VW)HHI(Q)
< C (18" gy + 19 | sr1s2 sy ) (IW = TEW | s g + [PorW = DA W [ 1, )

<C (HthLZ(Q) + HgTHH1/2(6Q))

(Nt =N 1 gy + NG5 = TN )+ 1P = T DOA Y 1)

() ()
= C (17" + " rv20m) (DRt + 0851 + Obpniasr—at) (511)
here we used (59). Similarly, since I!W € V! and by and (31, we get that
‘/QQV (W = A s) -VW‘
= ’/Q QV (Nt = NJujT) - VITLW + /Q QV (Nt = Najt) - v (W~ T2W)
= ’/QQV (Npndt = Ast) - @ (W—HZW)‘
<C (HthLQ(Q) + HjTHHfl/Z(aQ)) HW - HZW”Hl(Q)

<C (HthL?(Q) + ||jTHH*1/2(89)) (Qkfwﬁ + Qkfﬁﬁ> : (5.12)
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Combining (5.11]) with -, we obtain, by (5.3 . that
plli| = p ’/Q Qv (th,gT - D;thf) VW — /Q Qv (J\/fhjT —N}zﬁ) : vw‘
<Cp (||fh||L2(Q) + ||ngHH1/2(8Q) + HjTHH—l/?(aQ)) (gﬁfwﬁ + ij\/fij + Q%MN,,JT—N)
<C <52 + (Q?T’jT)Q + (5?%@)2 + P) (Qk/’wj’r + Q_}/Z\[ijT + Q%Ow\/wjugf)
+Cp (Q,}/i/wjf + Q,}/{/ffj’r + Q%Ow\/wjrfgt)
=¢ (52 (o ﬁ>2 * (5?*,9*)2 + PR, gt + POt T Pg%owwﬁ—gf) : (5.13)
Now, using Lemma [£.2] we arrive at
plla| = p ’/Q Qv (D;hgf — D?hgé) VW — / Qv (N)&jf - N;tha) : vw‘
<Co([Phust =Pl ., + [V -2 )
<Cp (||95 -9 HH1/2(8Q) + |15 _jTHH*1/2(8Q)) < Cop. (5.14)

Since for a.e. in Q the matrix Q(z) is positive definite, the root Q(z)/? is then well defined. Thus, using
the Cauchy-Schwarz inequality and Young’s inequality, we have that

plIsl = p ‘/ QV (D?ngé *N}ln]}s> 'VW‘
0

= p‘/ﬂQl/QV (D’;h% —N;th(;) ~Q1/2VW‘

1/2

1/2 /
S p </ Q1/2V (thg(; N;th(;) . QI/QV <D?}L95 _ N?}Lj&)) (/ QI/QVW . Q1/2vw>

=p ( /Q QV (Dhugs = Nfiis) -V (Dugs = Nfuiis ) )1/2 ( / QVIV - vw)l/2

< Cp (T3 (")

It follows from (5.10) and (5.13)-(5.15) that
20 (f1=f* 1= 1"

2 2 1
<C (52 (af’r ]1) + (51}1,91) + PQjL\/wjf + PQX/NT + PQ%MNMT_QT +pd + P2> + §jgh(fh)

1
<C*p* + ijah(fh) <Cp®+ ijs (f")- (5.15)

which together with (5.4]) follows that
ST + ol = 111
9 § P L2(Q)
2
<C (62 (osz ) + (ﬁ?f,gf) + P00, g1 POt + POt —gt T PO+ pz) : (5.16)
2
Since Hth gs — ;th(; HHl( < th (fh) ) now directly follows from (5 , which finishes the proof. [

For showing the optimality character of the rate result in Theorem it is of interest to work out the rate
situation in the continuous (non-discretized, h = 0) but noisy (6 > 0) case. We will do this in the following
corollary. The result is an immediate consequence of formula if we omit the misfit term on the left-hand
side, divide both sides by p and take the square root.
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Corollary 5.5. Assume that, for the f*-minimum-norm solution f%, there exists a function w € L*(Q) such
that the source condition f1 — f* = N,jt — Dyg' holds true. Then we have the convergence rate

1fo5 = fHll2) = O(V38)  as 60
whenever the regularization parameter p is chosen a priori as
cd < p(d) <cd

with some constants 0 < ¢ < ¢ < oo.

6 Conjugate gradient method

In this section we will utilize the conjugate gradient (CG) method (see, for example, [22] 27]) to find the

minimizes of the strictly convex, discrete regularized problem (P[’} 5

Let
VY, s(f) =2 (Nfis — Dgs) +20(f — )

be the L?-gradient of the cost function Tgﬁ at f (see Proof of Theorem , where f* € V. Then the
sequence of iterates via this algorithm is generated by f° € L?(Q) NV} and, for k >0

fk+1 = fk +tkdk,
where

s {—VTZ’J(f’“) =0, o IV 5 ("))

= PO " and tF = in Y k4 tdhy.
SVTh () B ik >0 VT, T A s U

A short computation shows that
Jo, QV (N30 = DA.0) - V (NPujs — Dhgs ) + p (d*, 15 — )
Joy QV (N0 = DI.0) - V (N0 — D 0) + p [[d¥][72 g
) (@, 975()
2 (4, N0 = Dh,0) + p ld¥|70)

k _

Consequently, the CG method then reads as follows: giving an initial approximation f° € V}, number of
iterations N and a positive constants 71, 72. Computing

2
VYRS (£7) = 2 (Mads — Dlogs) +20(° — ), d® = —V!,5(f%), =2 e
" ! i ) PO 2 (A0, N0 — DB0) + p [0 2a gy

and setting

fl=f41%" and k =1, Tolerance := HVTﬁ,(;(fk) T — TQHVYZL7§(fO)

HLZ(Q) - HLZ(Q)'

19



while (Tolerance > 0) & (k < N) do

r

_ _ 2 2
r= ||VTZ76(fk 1)||L2(Q)’ r= ||VTh76(fk)||L2(Q)v 5k: =
| (912 5(4)

dk _ *VThé(fk) +,Bkdk717 tk - __
2 2 (dk, N0 — DI 0) + p |d*|3 g,

if t* > 0 then

fk+1 _ fk —l—tkdk
else
2
1 [la*]]
dk: _ *V’rz’g(fk), tk _ 5 - - ) L2(Q) —
(d¥, N2.0—D"0) + p|ld 1220

fk+1 _ fk —I—tkdk

end
k:=k+1, Tolerance:= HVTZ’(; (fk) HL2(Q) i TzHVTZ,é (1) HL2(Q)
end

Printing (Tolerance, k, f*)
Algorithm 1: CG iteration

7 Numerical test

In this section we illustrate the theoretical result with a numerical example. For this purpose we consider
the the boundary value problem

-V (QV®) = flin Q, (7.1)

QV® -7 = j' on 99 and (7.2)

®d =g on 9Q (7.3)

with Q = {z = (71,22) € R? | — 1 < 21,22 < 1}. We assume that entries of the known symmetric diffusion

matrix @ are discontinuous which are defined as
q11 = 33X T X\Q11s 912 = XQias> 922 = 4X Qs + 2X 0\ Q00
where xp is the characteristic function of the Lebesgue measurable set D and
Q11 = {(z1,32) € Q| |21 < 1/2 and |z2] < 1/2}, Qg = {(21,22) € Q | |21] + |z2] < 1/2} and
Qog = {(w1,22) € Q| 2] + 23 < 1/4}.
The Neumann boundary condition jT € H=1/2(9Q) in is chosen with

-T( ) 5sinmxy  if — 1<z <1 and xy = =£1,
xTr) =
J 3cosmay ifxy=xland —1<z9 < 1.

The identified source function fT € L?(Q2) in (7.1) is assumed to be discontinuous and defined as

5t

fi= 2X0, — X, t m){ﬂ\(ﬂluﬂg)v

where
Q= {(z1,22) € Q| (21 +1/2)> + 16(x2 — 1/2)* < 1} and
Qo == {(z1,22) € Q| (21— 1/2)* + (22 + 1/2)? < 1/16} .
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Then the Dirichlet boundary condition gt in (7.3)) is defined as gt = YN i g1 with \V i 41 being the unique
weak solution to the Neumann problem (7.1)—(7.2

For the discretization we divide the interval (—1, 1) into £ equal segments and so that the domain = (—1,1)2
is divided into 2¢2 triangles, where the diameter of each triangle is hy = f In the minimization problem

(79[’}75) we take h = hy and p = p; = 0.001h,. For observations with noise we assume that

(.j5£7952) = (.]T +$379T +E§)a

where §; = hey/pe and

- cos2mxy if —1<z <1, 2o = =1, _ sin3rxy if — 1<z <1, g = £1,
Jj(x) = . and g(z) = § . .
cosbmry ifxy =41, 1<y <1 sindnxy if zy =41, —1 < xy <1.
The measurement error is then computed as §, = ngk - jTHLQ({)Q) + Hgak - gTHL2(89)'

We use Algorithm [1] which is described in the last paragraph of Section [6] for computing the numerical
solution of the problem (sz 64) We start with the coarsest level £ = 6. As an a-priori estimate and the

initial approximation we choose f* := 0 and

At each iteration k£ we compute

Tolerance := [V 5, (f2) |2y = 7 = 72V T30, ()| 2y

where 7 = 10*6@/2 and 7 1= 10*4h;/2. Then the iteration was stopped if Tolerance < 0 or the number
of iterations reached the maximum iteration count of 500.

After obtaining the numerical solution of the first iteration process with respect to the coarsest level £ = 6,
we use its interpolation on the next finer mesh ¢ = 12 as an initial approximation f{ for the algorithm on
this finer mesh, and soon £ =24, ...

Let f; be the function which is obtained at the final iterate of Algorithm [I] corresponding to the refinement
level £. Furthermore, let Nhe 7, o and D" ég(;e denote the computed numerical solution to the Neumann problem

-V - (QVu) = frin Q and QVu - i = js, on 09
and the Dirichlet problem

—V - (QVv) = frin Q and v = gy on 01,

respectively. The notations N ﬂ and D gT of the exact numerical solutions are to be understood similarly.
We use the following abbrev1at10ns for the errors

L = ||fe—f! HL2(Q)’LN H ) Jse — ijHLZ’(Q)’ H ) Joe — TjTHHl(Q) and
= Hnggéz Dhrg ||L2(Q Hp, = ||sz95z D'Tg ||H1(Q

The numerical results are summarized in Table [I]and Table [2] where we present the refinement level ¢, mesh
size hy of the triangulation, regularization parameter p;, measured noise dy, number of iterations, value of
tolerances and errors L3, LY, L%, H), and Hp. Their experimental order of convergence (EOC) is presented
in Table[3] where
ln O(h1) —InO(hy)

In hl In hg

and ©(h) is an error function with respect to the mesh size h.

EOCg
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All figures are here presented corresponding to £ = 96. Figure [I] from left to right shows the graphs of the
exact numerical states N;lf gt D?f g! and the difference ’D?f gt — ./\f;ff jt. Tt is reminded in our setting that

N;1jT =Dyiglh € HI(Q). The computation shows

[ D;ﬁngHLw(Q) =9.0761e-15 while [ N7f 5 :/ Diig" = —5.5164e-16.
o0 o

Figure [2| from left to right we display the computed numerical states A he 7645 Dhe gs, of the algorithm at the
& g fe SO T g IOk g
final iteration and the difference ’D?If g5, — N ;’f Jjs,- The computation shows that

|NFe e — Dy gi| o (@) = 1.2335¢-7 while / N}t je = —7.4073¢-16, / Dl ge = 1.2143¢-17.
o0 o

Figure (3| from left to right we perform the Lagrange interpolation I {“5 fT of the exact source, the computed
numerical source f; of the algorithm at the final iteration, and the differences ./\/';Lf it —N ;2 ‘45, and D;}ﬁ gt —

D3 95,
Convergence history
V4 hy pe Y Iterate Tolerance
6 | 0.4714 | 4.7140e-4 | 2.8949e-2 | 168 -3.6248e-5
12 | 0.2357 | 2.3570e-4 | 1.0235e-2 | 273 -9.6945e-7
24 | 0.1179 | 1.1785e-4 | 3.6186e-3 | 346 -2.6196e-7
48 | 0.0589 | 5.8926e-5 | 1.2794e-3 | 422 -9.6357e-8
96 | 0.0295 | 2.9463e-5 | 4.5233e-4 | 487 -1.0536e-9

Table 1: Refinement level ¢, mesh size hy of the triangulation, regularization parameter p,, measured noise
d¢, number of iterates and value of tolerances.

Convergence history
¢ | L2 L3 L2 HY, HY
0.3854 5.0961e-3 | 5.0496e-3 | 1.7611e-2 | 1.7569e-2
12 | 0.1043 1.2819e-3 | 1.2783e-3 | 7.4580e-3 | 7.4509e-3
24 | 5.4161e-2 | 3.5054e-4 | 3.4928e-4 | 3.6375e-3 | 3.6246e-3
48 | 3.0747e-2 | 1.6778e-4 | 1.6766e-4 | 1.9741e-3 | 1.9720e-3
96 | 1.9757e-2 | 9.6405e-5 | 9.6378e-5 | 1.1375e-3 | 1.1367e-3

(=}

Table 2: Errors Lfc, L3, L3, Hyr and Hp,.

Experimental order of convergence

l EOC,; | EOC,g | EOCyy | EOC,y | EOCyy

6 _ _ _ _ _

12 1.8856 | 1.9911 | 1.9819 | 1.2396 | 1.2375

24 0.9454 | 1.8706 | 1.8718 | 1.0358 | 1.0396

48 0.8168 | 1.0630 | 1.0588 | 0.8818 | 0.8782

96 0.6381 | 0.7994 | 0.7988 | 0.7953 | 0.7948
Mean of EOC | 1.0715 | 1.4310 | 1.4278 | 0.9881 | 0.9875

Table 3: Experimental order of convergence between finest and coarsest level for L2, LJQ\[, L%, H}\f and Hp,.
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Figure 1: The exact numerical states N;ff gt D?f g' and the difference ’D}Lf gt — N;lf gt

Figure 2: The computed numerical states N Z 35,5 D?j gs, of the algorithm at the final iteration and the
difference D;’fgtgz - Nﬁljge.

Figure 3: Interpolation I {L ¢ ff, computed numerical solution f; of the algorithm at the final iteration, and
the differences N;ijT = Nﬁ"jge and D’;ng — D?jgtge.
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