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1. INTRODUCTION

In the frequently cited work [6] by S. Goldberg and E. O. Thorp, an interesting strictly sin-
gular and continuous linear operator between sequence spaces is mentioned by their example.
This bounded linear operator, which we will henceforth call B, maps the non-reflexive Ba-
nach space ¢! onto the separable Hilbert space ¢>. The existence of such a surjective operator
B: ¢! — 2 is justified in [2]. As we can see below, B is not uniquely determined, but always
non-injective, and in the sequel we will use as B a well-selected representative from the family
of bounded linear operators from ¢! onto ¢2.

The more in-depth characterization of the operator B fits with A := B, X := ¢! and Y := ¢?
into the treatment of linear operator equations

Ax=y (xeX,yeY), (1.1)

where X and Y are infinite-dimensional Banach spaces and A : X — Y denotes a bounded lin-
ear operator mapping between X and Y. In particular, the distinction between well-posed and
ill-posed equations (1.1), respectively of the corresponding operators A, plays a prominent
role for the characterization. M. Z. Nashed has introduced in the seminal paper [11] an ap-
proach to classification and distinguishing type I and type II of ill-posedness for such equations.
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As in [11], in much of the literature on linear problems in Banach spaces with continuous op-
erators, well-posedness is defined by the occurrence of a closed range Z(A) of the operator A,
whereas a non-closed range % (A) indicates ill-posedness. This would mean well-posedness for
the specific operator equation

Bx=y (xel' yer? (1.2)

52
under discussion here with the closed range #Z(B) = #(B) = (>. Indeed, the alleged well-
posedness only based on the property of a closed range is motivated by the fact that a closed
range implies stability in the sense of V. K. Ivanov [8] also for non-injective bounded linear

operators A. This means, for any exact right-hand side y € Z(A) = WA)Y, that approximations

yn € Z(A) with r}1_r>r010 lvn — y|ly = 0 imply the convergence of the non-symmetric quasi-distance

qdist(A='(y,),A" (y)) :== sup inf ||¥—x||x — 0 as n — oo, and we refer for details to
TeA~1(y,)¥€AT(Y)

[4, Prop. 1.12]. However, this kind of stability with the rather weak quasi-distance error measure

is only one possible aspect for a well-posedness definition.

Another aspect of stability is the selection of “well-behaving” concrete approximate solutions
x% = x9(y%) € X to equation (1.1) with fixed right-hand side y € Z(A) for any given noisy data
y? €Y, where ||[y® —y|ly < & and § > 0 expresses the noise level. For the sake of simplicity,
we restrict here to the case of bounded linear operator A : X — Y, for which the range Z(A) is

dense inY, i.e. my =Y. There we have first the case that A is surjective with Z(A) =Y,
hence all noisy data y? € Y are range elements. This case applies for the operator B from the
Goldberg-Thorp example. Secondly, we have the case that Z(A) is a proper subset of ¥ and
noisy data y% € Y need not belong to the range % (A). Brief remarks on the remaining case that

Y . . .
the closure of the range Z(A) is a proper subset of Y can be found in the appendix.
First we consider the case of surjective operators A. A standard approach for finding approx-
imate solutions x? is the discrepancy norm minimization

|Ax—y®||y — min, subject tox € X, (1.3)

which is in particular well-regarded by finding least-squares solutions in Hilbert spaces Y. There
the convex discrepancy norm functional is solvable for all y5 € Y. But the minimizers x% € X to
(1.3) are not uniquely determined if A is non-injective. Then solutions with specific properties
are being sought. Most popular is the approximation based on the minimum-norm solution x,,),
satisfying the property ||xun||x = min{||x||x : x € X, Ax = y}. Such minimum-norm solutions
exist and are uniquely determined if X is a smooth and uniformly convex Banach space (cf. [12,
Lemma 3.3]). Then good approximations to x,,, can be calculated by means of regularized so-
lutions xg with regularization parameters o > 0. For the general theory of regularized solutions
we refer, for example, to the extensive work of A. N. Tikhonov and A. G. Yagola, see e.g. [14]
and [15]. Some prominent variant of regularization consists in finding xg by solving the convex
optimization problem

||Ax—y5||f,+oc||x||§ — min, subjecttox € X, (1.4)

for exponents p,q > 1 and under appropriate choice rules of the regularization parameter .
Note that the assignment ¥y €Y = xp € X isin general a nonlinear procedure. Unfortunately,
the Banach space X = ¢! under focus here is not uniformly convex and minimum-norm solutions
Xmn do also for surjective A : £! — Y not necessarily exist. However, as a consequence of the
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Bartle-Graves Theorem (see [3, Cor. 5].4, p. 345]) there is for surjective A : ¢ I' 5 Y a continuous
operator S : ¥ — ¢! in the sense of a (in general) nonlinear recovery operator obeying ASy = y
for all y € Y, which could deliver stable approximate solutions, but S is not available in explicit
form and hence cannot be exploited for practical use.

On the other hand, for any bounded linear operator A : X — Y there is a subspace U of X
as a complement of the null-space ./ (A) of A such that the direct sum X = .4 (A) & U takes
place. Since the restriction of A|yy : U — Y of the operator A is injective, there is a well-defined
pseudo-inverse AZ] : #(A) — U, and we have to distinguish the cases of complemented and
uncomplemented null-spaces. If there is some closed subspace U of X as a complement to
A (A) in X, the null-space is called (topologically) complemented in X. Then, for surjective
operators A that always possess a closed range, the pseudo-inverse AZ] :Y — U is a bounded
linear operator as a consequence of the open mapping theorem. Otherwise, the null-space is
called (topologically) uncomplemented in X, which means that all subspaces U of X in the direct
sum are not closed. This is only possible in infinite dimensional spaces X and if the dimension
and the codimension of the null-space .4 (A) are not finite. In the monograph [4] of the second
author it was proven with Proposition 1.11 ibid that then the pseudo-inverse AIT] Y = U is
always an unbounded linear operator. But in both cases and for all y € Y = #(A) there is a
well-defined element x, = Az,y € U, which we call U-solution of (1.1) to the exact right-hand
side y. Then also approximations xS = Azjy‘S € U are well-defined for surjective A. There we
have for complemented null-space .4 (A) an error estimate ||AL 5 —A}Ljy|| x < C6 (with the
operator norm C = ||ATU | (v ,x) as constant) that characterizes the quality of the approximation
of the U-solution to the exact right-hand side y by using the pseudo-inverse operator applied to
noisy data y% € Y with noise level > 0. The error tends to zero as § — 0. The situation is
completely different for an uncomplemented null-space .4 (A). Then due to the unboundedness
of the pseudo-inverse operator there is no such constant C and the two elements A}L]y‘S and A;]y
can be any distance apart even if 6 > 0 is arbitrarily small. This gives enough motivation to
require the property of complementedness of the null-space .4 (A) of A in X in addition to
the closedness of the range Z(A) for the definition of well-posedness of an operator equation
(1.1). Such a conclusion was already applied in Definition 4.1 of [7] and slightly amended in
Definition 2.6 of [5]. In this sense, we recall in Section 2 the latter definition, including also
a distinction of type I and type II ill-posedness, which differs slightly from the corresponding
definitions suggested in [11] and more recently in [7] for good reason.

Now we still briefly consider the case of non-surjective operators A with range Z(A) dense
in Y. This makes the operator equation (1.1) ill-posed in the sense of Nashed [11]. As a special
feature of the non-closed range we have here that, for noisy data y? ¢ #(A), the discrepancy
norm minimization systematically fails. This means that the optimization problem (1.3) has
no minimizers, because the norms ||x,||x of minimizing sequences (x;,),cn characterized by
1imy 0 [|Ax, — y°||y = infyex |Ax — y?||y tend to infinity as n — co. We note that U-solutions
x, =Alyfory € %(A) cannot be approximated by xf = A};y‘s because the pseudo-inverse opera-
tor ATU : #(A) — U is not defined for elements y® ¢ Z(A), independent of the question whether
the null-space .4 (A) is complemented or uncomplemented in X.

The remaining paper is organized as follows: Section 2 presents and motivates a well-
posedness definition and the distinction between two types of ill-posedness for linear operator
equations in infinite-dimensional Banach spaces. Hybrid-type operators are considered there as
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a preparation to Section 3, where Mazur-type operators are introduced with focus on the op-
erator of the Goldberg-Thorp example, which maps ¢! onto /> and will be denoted by B. The
properties of B are summarized in a theorem in Section 3. Limitations and opportunities of
regularization approaches for the treatment of B are outlined in Section 4. An appendix with
additional remarks completes the paper.

2. CHARACTERIZATION OF WELL-POSEDNESS AND ILL-POSEDNESS WITH FOCUS ON THE
HYBRID CASE

We deliver now the present version of a definition for well-posedness and ill-posedness
characterization and classification of operator equations (1.1) with bounded linear operators
A : X — Y mapping between infinite dimensional Banach spaces X and Y. For simplicity, we
assume that the closure of the range of A and the Banach space Y coincide. The associated
Figure 1 is intended to illustrate the definition.

Definition 2.1 (Well- and ill-posedness characterization and classification). Let A: X — Y be a
bounded linear operator mapping between the infinite-dimensional Banach spaces X and Y.
Then the operator equation (1.1) is called well-posed if

the range Z(A) of A is a closed subset of Y and, moreover,

the null-space .4 (A) is complemented in X
otherwise the equation (1.1) is called ill-posed.
In the ill-posed case, (1.1) is called ill-posed of type I if
the range Z(A) contains an infinite-dimensional closed subspace of Y';

otherwise the ill-posed equation (1.1) is called ill-posed of type II.

. jonal
finite-dimEnST g
range L
operator 1S Compact

operator is ill-posed of type II

not strictly singular

operator is

hybrid-type . %
strictly singular

operator

FIGURE 1. Case distinction for bounded linear operators between infinite-
dimensional Banach spaces with dense range
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As we have motivated in the introduction, well-posedness in the sense of Definition 2.1 needs
a closed range Z(A) as well as a complemented null-space .4 (A) of the operator A, and we
refer for further justification also to Proposition 4.6 in the appendix. Although the phenome-
non of uncomplementedness was already mentioned in Nashed’s publication [11], its impact on
stability of approximate solutions to the operator equation (1.1) was not mentioned ibid. There-
fore, our new definition differs in this point for good reason from the setting in [11]. Well-posed
situations can be found in Figure 1 in the area above the horizontal line left of the vertical line.
They include the case of compact operators A with finite-dimensional range.

In another point, our definition differs also from [11] as well as from [7, Def. 4.1]. We collect
in the class of type I ill-posed problems all ill-posed equations, where the range of A contains
an infinite-dimensional closed subspace to be found in Figure 1 in the area below the horizontal
line left of the vertical line. This includes the hybrid case along the lines of Definition 4.6 from
[7], which we will recall in Definition 2.3, after we recalled in Definition 2.2 the concept of
strict singularity.

Definition 2.2 (Strictly singular operators). A bounded linear operator A : X — Y mapping
between the Banach spaces X and Y is said to be strictly singular if, given any closed infinite-
dimensional subspace Z of X, A restricted to Z is never an isomorphism.

Definition 2.3 (Hybrid-type operators). We characterize the operator equation (1.1) and its
corresponding bounded linear operator A : X — Y as of hybrid-type if A is strictly singular and
its range Z(A) contains an infinite-dimensional closed subspace of Y.

The following proposition along the lines of Prop. 4.7 from [7], but with a slightly amended
proof, establishes a connection to the uncomplementedness of the null-space in the hybrid sit-
uation and explains the clear area separation between hybrid-type and compact operators in
Figure 1.

Proposition 2.4. For an operator equation (1.1) of hybrid-type, the operator A : X — Y is not
compact, and its null-space N (A) is always uncomplemented.

Proof. By Definition 2.3, Z(A) contains a closed infinite-dimensional subspace, say M. Since
M is infinite-dimensional, then by the Riesz lemma there is a bounded sequence (y,) C M
which has no convergent subsequence. For the non-injective operator A, the open mapping
theorem in the formulation of [13, Theorem 3, item 4] gives a sequence (x,),en With Ax, =y,
and ||x,||x < C||ya||y for all n € N. If A was compact, then (y,),cn would have a convergent
subsequence, which is a contradiction.

If the null-space would be complemented for the non-compact operator A, then X = A" (A) @
U is connected with an infinite-dimensional closed subspace U of X. Now, let again M C Z(A)
denote an infinite-dimensional closed subspace of Y and, due to the continuity and injectivity
of A on U, the image set A;'][M] of the continuous pseudo-inverse with respect to U applied to
M is an infinite-dimensional closed subspace of X, on which the continuous operator A is even
continuously invertible. This, however, contradicts the strict singularity of A. 0

From the properties of uncomplemented null-spaces in infinite-dimensional Banach spaces
we immediately find the assertion of the following corollary.

Corollary 2.5. For an operator equation (1.1) of hybrid-type, the operator A is non-injective
and both the dimension and the codimension of its null-space A (A) are not finite.
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The crucial point of hybrid-type operators A 1is its strict singularity (cf. [9, p. 284]), which
means that for any closed infinite-dimensional subspace M of X, the restriction A|y; of A to M is
not an isomorphism. Note that in all ill-posed cases, apart from hybrid-type operators, strictly
singular operators A (areas with dark background in Figure 1) are ill-posed of type II (occurring
in the area right of the vertical line in Figure 1). They include the class of compact operators
with infinite-dimensional range.

3. THE OPERATOR OF THE GOLDBERG-THORP EXAMPLE

For the operator B mapping from ¢! onto > of the Goldberg-Thorp example in [6] there is no
specific structure prescribed. However, such operator B can be represented based on operators
defined below in Definition 3.1, which we call Mazur-type operators, with properties outlined
in Proposition 3.2 below.

Definition 3.1 (Mazur-type operators). A bounded linear operator A%’ : ¢! — Y mapping into
a separable infinite-dimensional Banach space Y is called Mazur-type if there is a sequence
(£%))ren in Y which is dense in the unit sphere in ¥, with £®) £ ¢\ for k # [, and satisfies,
for x = (x1,x3,...) € £!, the representation

[Al]x= ixké(")- 3.1)
k=1

Note that, for any x € ¢!, the weighted sum of { (%)_functions in (3.1) always converges and
provides us with an element of Y.

Proposition 3.2. For a separable infinite-dimensional Banach space Y, all Mazur-type opera-
tors A’f : 01 — Y in the sense of Definition 3.1 are mapping ¢' onto Y. IfY is reflexive, then
all Mazur-type operators Alf are strictly singular, hence of hybrid-type in the sense of Defini-
tion 2.3, and the associated operator equation (1.1) with A := A{ is ill-posed of type I in the
sense of Definition 2.1.

Proof. The existence of bounded linear operators mapping from ¢! onto any separable infinite-
dimensional Banach space Y by using the Mazur-type structure (3.1) has already been proven
by Banach and Mazur, and we refer to [2, page 111, item (e)]. Such proof was presented in a
somewhat more accessible form in the context of Theorem 2.3.1 of [1]. The strict singularity of
the operator A{ for reflexive Banach spaces Y is a consequence of [6, Theorem, item (b), p. 334],
because ¢! does not contain any infinite-dimensional reflexive subspace. 0J

Remark 3.3. Proposition 3.2 ensures that all Mazur-type operators with Y = ¢2 deliver surjec-
tive and strictly singular operators B = Afz : /' — 2 along the lines of the Goldberg-Thorp ex-
ample. Since, for all separable Banach spaces Y, there are infinitely many sequences (§ (k) Yken C
Y with the required properties for Mazur-type operators A)II by formula (3.1) in Definition 3.1,
infinitely many different versions of the operator A! exist, and of course also for the operator B
from the Goldberg-Thorp example with ¥ := ¢2.
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Theorem 3.4. Any surjective bounded linear operator B : £' — (2 is of hybrid-type, and hence
the operator equation (1.2) is ill-posed of type I in the sense of Definition 2.1. The operator
B has a null-space A (B), which is uncomplemented in {'. Both the dimension and the codi-
mension of the null-space A (B) are not finite. Consequently, B is non-injective. The adjoint
operator B* : (> — (= is injective and hence not strictly singular with an infinite-dimensional
closed range #(B*) = A (B)* (annihilator of A (B)). Therefore, the adjoint operator equa-
tion

B'n=z (nef* zer) (3.2)
is well-posed in the sense of Definition 2. 1.

If B is of Mazur-type attaining the form

Bx: = Zxkc(k) 662 for x:(xl,xz,...)éﬁl, (3.3)
k=1

the adjoint operator B* can be explicitly written as

B'n =, p,(m,{P)p,..) e £ (3.4)

Proof. Since the infinite-dimensional space £2 is reflexive, the strict singularity of the operator
B from ¢! onto £ is again a consequence of [6, Theorem, item (b), p. 334]. Then B is of hybrid-
type and the equation (1.2) ill-posed of type I. The operator B possesses (due to Proposition 2.4)
a null-space .#'(B), which is uncomplemented in ¢'. As a consequence of Corollary 2.5, both
the dimension and the codimension of the null-space .4 (B) are not finite, and thus B is non-
injective. The injectivity of B* is an immediate consequence of [10, Theorem 3.1.22(a)], which
applied to our surjective operator B claims that B* is an isomorphism from ¢ onto a subspace
of £*. The closedness of the range Z(B*) of B* and the formula %(B*) = .# (B)" are conse-
quences of the closed range theorem (see, e.g., [16, Theorem of Chapt.VIL.5]). This closedness
of the range of B* together with the injectivity of B* ensure that the equation (3.2) is well-posed
in the sense of Definition 2.1. For Mazur-type operators B possessing the structure (3.3), we
have as an immediate consequence of the definition of the adjoint operator that

(n,Bx)p = Zka,é'(k))fz forall n €¢* and x € (.
k=1

This yields immediately the representation (3.4) of B*. Note that for Mazur-type operators B of
the form (3.3) the injectivity of B* can be proven straightforward when we assume that B*1; =
B*My € £~ and 1 := 1, — 1, for n, M1, M2 € £2. Then we have ((n,EM) 2, (n,EP)p,...) =0.
Since the sequence ({®));cn is a dense subset of the unit sphere in £2, for an arbitrary element
¢ € 2 with||¢||,2 = 1, we find that (1, {) 2 = 0 since (17, {¥)) 2 = 0 for all k € N. This, however,
yields 1 = 0 € £? and thus the injectivity of B*. O

Remark 3.5. As we have seen by Theorem 3.4, the surjective operator B : £ — (> from the
Goldberg-Thorp example is of hybrid-type in the sense of Definition 2.3, which means that the
operator is strictly singular and its range contains an infinite dimensional closed subspace. In
this remark we note that also non-surjective operators may be of hybrid-type. For example, we
present the operator A : ¢! x ¢! — (% x (%, where we set A := (B,C) with B from the Goldberg-
Thorp example and C := <§’12 is the injective embedding operator from ¢! into ¢> with range
Z(C) dense in ¢>. Then B and C and consequently A are strictly singular and the null-space
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N (A) = .4 (B) x {0} is uncomplemented. Moreover, the non-closed range Z(A) = ¢> x %(C)
is dense in 2 x ¢% and contains the closed infinite-dimensional subspace £ x {0} of £% x ¢,
Consequently, the operator A of this example is of hybrid-type.

4. LIMITATIONS AND CHANCES OF REGULARIZATION APPROACHES FOR
GOLDBERG-THORP

Even if the sequence (¢®))cn forming a countable dense subset of the unit sphere in >
would be known, an effective regularization strategy for the stable approximate solution to
equation (1.2) is difficult. In [5, Theorem 3.3] it was shown that the associated Tikhonov-type
regularization based on the optimization problem

||Bx—y8||§2 + ajx||; — min, subject tox € £', 4.1)

as a variant of (1.4) fails, because regularized solutions xg € ¢! as minimizers to (4.1) do only
exists for noisy data y? from a dense subset of /2. An analogous result holds for the existence
of minimum-norm solutions x,,,;,.

Proposition 4.1. Ify is not a multiple of { (k) for some k, then there is no minimum-norm solution
Xmn Satisfying
X = min X|[p1- 4.2
el = _min_ i “2)
Proof. The minimization problem (4.2) is equivalent to

A (B)F 00|l [lr (xima) # 0

with
=—1, if x <O,
Ecd| lnlx) & &e[-1,1], ifx=0, forkeN.
=1, if xp >0

From Theorem 3.4 we know .4 (B)* = %(B*). Thus, if there exists a minimizer, then there is
some 1 € £ such that B*n € || - || st (Xpn)-

Assume that x,,, has at least two non-zero components [X;, ], # 0 and [x,], # 0. Denote the
signs of both components by s, € {—1,1} and s, € {—1, 1}, respectively. Then [B*1N|;, = sm
and [B*n], = s, or, equivalently, (1, Cé(f )> — s and (,™) 2 = 5,. Now take a subsequence

(C®))ien of (M)gen converging to

B Smg(m)+sng(n)
= . 4.3
= o 00 15, L] 5 4
Then (n,§*)) 2 — (n,7) 2. From
3 2
N, M) = (4.4)

[|Sm C(m) =+ Sn C(n)sz

we see (17,7),2 > 1 and that (n,7j),2 > 1 holds if and only if ™) and {*) are linearly depen-
dent. Thus, (1, 7). = 1 is only possible for £ = — )

In case (1, 7j),2 > 1 we find (large enough) k; with (1, { %)) o > 1 or, equivalently [B*nl;, > 1.
Thus, B*n ¢ 9|| - ||y (Xmn), which shows that x,,, can have at most one non-zero component
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Den]i if U # —C®) for all [ # k. With only one non-zero component in X,,, we obtain

Bxyn = [xmn]kg(k)
In case (n,7),2 = 1, we do not obtain a contradiction (at the moment). That is, x,,, may

have two non-zero components [X;,,|,, and [x,,], as long as § (n) = - (m)  But a third non-zero
component [x,,,]; is not possible, because corresponding § () would have to be equal to both
—&m) and —¢™ = M) Thus, Bx,, = (mn)m — [xmn]n)C(m). O

Since the continuous operator S : £> — ¢! with BSy = y for all y € ¢ from the Bartle-Graves
Theorem is not explicitly available, this S is not useable as a (nonlinear) pseudo-inverse for
finding stable solutions to equation (1.2). On the other hand, finite-dimensional approximations

Byx = Z xe (K
k=1

of B and associated least-squares solutions based on the optimization problem
Han—ySng — min, subjecttox € ¢!, (4.5)

are also not helpful due to the non-injectivity of B and since the null-space .4"(B) is not available
in an explicit manner. Namely, the finite set ({(1), £(2) ... £(")) does in general not only contain
linearly independent functions, and the dimension of the range % (B,) may be small (e.g. only
2) even if n is very large.

The existence and stability deficits of minimizers xg € ¢! to the optimization problem (4.1)
are essentially based on the fact that the hybrid-type operator B fails to be weak*-to-weak con-
tinuous as a typical property of type I ill-posedness (cf. [5, Theorem 3.2]), and consequently
[5, Proposition 3.1]) does not apply. From a theoretic point of view there is a chance to over-
come this drawback when the operator B can be restricted in a reasonable manner to some
non-surjective operator with dense range being ill-posed of type II. We outline this in the fol-
lowing.

Lemma 4.2. Consider a sequence (§ (k))keN that forms a countable dense subset of the unit
sphere in 0% with {%) 2 W for k # 1. Moreover let (¢¥)) ey denote the sequence of usual unit
elements belonging to the Hilbert space (. Then there exist a sequence (k1)ien in N and an
isomorphism T : (%> — (2 such that C(kl) =Te) forall I € N.

Proof. Since the sequence (§ (k))keN is dense in the unit sphere of ¢2, we find some k; € N for

each [/ € N with

1
o) _
e — W)l < .

The corresponding sequence (& 1)),y is pairwise disjoint, because [|e(/t) —¢(2)|| ;2 = /2 when-
ever [] # I,. For each fixed n € N and each (cy,...,c,) € R" we have

Bate-0)| < Flallet g0 < o [§ 5 <2 Fle @

with A < 1. The assertion of the lemma now follows from [17, Thm. 13, page 41], and we refer
to the corresponding definition at page 31 ibid. UJ

(4.6)

2
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The subsequence (&*));cyy in the lemma is an almost orthonormal basis in the sense of a
Riesz basis. It is even a Bari basis. See [17] for definitions and context.

Proposition 4.3. There exists a closed infinite-dimensional subspace U C £' isomorphic to ¢!
such that the restriction B|y : 01 — 0% of B to U is injective and weak*-to-weak continuous and
has dense range % (B|v) in €2, where the weak*-convergence in ¢ is understood with regard to
the predual space c.

Proof. Take (k;)jen and T from Lemma 4.2 and set

p1
U :=span{elk) : [ € N} . (4.8)

Foru=Y%,", we®) € U with Bu = 0 we obtain

T <Z ule(l)> = Z wTel) = Zulg(k’) =Bu=0 4.9)
=1 =1 =1

and, thus, };°, ule(l) = 0, which is only possible if u = 0, because (e(l))leN is an orthonormal
basis in £2. This proves injectivity of By .

To obtain weak*-to-weak continuity, due to [4, Lemma 9.3] it suffices to show that Be'kt)
converges weakly to zero for [ — oo, We have Be®) = £ k) = Tel!) and that (e(!));cry converges
weakly to zero in ¢ as [ — co. Because bounded linear operators are always weak-to-weak
continuous, this proves the assertion.

U obviously is isomorphic to ¢! and T~!B|y is the embedding operator (5"12 from ¢! into ¢2,
the range of which is dense in £2. Since the range of B|y is the image of this dense subspace
with respect to the isomorphism 7', this range is also dense. 0J

Remark 4.4. Both the lemma and the proposition remain true if ¢ is replaced by some separa-
ble Hilbert space. For (e(l)) /eN one may choose an arbitrary orthonormal basis.

Since the operator B restricted to a suitably chosen closed infinite-dimensional subspace U is
weak*-weak continuous between ¢! and ¢? as a consequence of Proposition 4.3, the following
corollary takes place.

Corollary 4.5. Let y € Z(B|y) and ||y® —y||y < 8. Then minimizers x5, € U C 0" of the opti-
mization problem

||B|Ux—y5||§2 + ax|| 1 — min, subject tox € U C {', (4.10)

(i.e. Tikhonov-regularized solutions) exist for arbitrary noisy data y5 € (2. Moreover, Theo-
rem 9.4 from [4] applies and yields convergent approximations when the noise level § > 0 tends
to zero.

The subspace U has a simple and explicit structure described by (14) and (16) as long as the
sequence (i )xen is explicitly accessible. For now, Mazur-type operators are not of relevance
in practice. Thus, it is not clear whether such accessibility can be the case. But the results
show how to apply Tikhonov regularization to operators with uncomplemented null-space, in
principle.
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APPENDIX

Remarks on the case that %Z(A) is a proper subspace of Y: For the case that the closure

of the range Z(A) of the bounded linear operator A is a proper subspace of Y, i.e. WY #+7Y,
ill-posedness of type I and type II in the sense of Definition 2.1 may arise in the context of
operator equations (1.1), but also well-posedness may occur. We refer to [7, Sect. 5] for specific
well-posedness and ill-posedness classification details in that case. The special feature here is

that the handling of noisy data of the form y® € ¥\ % (A)Y presents additional challenges. If

we consider a direct sum ¥ = Z(A) @V, then a continuous linear projection P : Y — V exists

if and only if V is a closed subspace of Y, which means that ,%(A)Y is complemented in Y. In
the case that the closure of the range of A is complemented in Y (V closed), a pseudo-inverse
operator AL : #(A) BV — U, where X = A (A) @ U, is defined with ALV =0forallveV.
But for y® ¢ %(A) @V an element Azjy‘S is not defined. We know this phenomenon from the
Moore-Penrose pseudo-inverse in the Hilbert space setting.

Remarks on quotient maps and its consequences:

Let Q: X — X/.#(A) be the quotient map w.r.t. .4 (A) and let A : X/ 4/ (A) — Y be the
injective bounded linear operator such that A = AQ. Further let U be a subspace of X such
that X = 4"(A) ® U. Denote by A}Lj : #(A) — U the corresponding pseudo-inverse of A, by

A1 %(A) — X the inverse of A, and by QI] : X/ A (A) = U the pseudo-inverse of Q w.r.t. U.

Proposition 4.6. For the operators introduced above we have:

(1) A}L/ is bounded if and only both A~" and QZ] are bounded.
(i) A~ is bounded if and only if Z(A) is closed.
(111) Q;r] is bounded if and only if U is closed (i.e. if V (A) is complemented).

Proof. For the non-trivial implication in (ii) observe that Al = QAZ and QL = ALA.

That closedness of %(A) implies boundedness of A~ in (ii) is a direct consequence of the open
mapping theorem. On the other hand, if A~! is bounded, then A is an isomorphism. Thus, Z(A)
is a Banach space, because X /.#"(A) is a Banach space.

Boundedness of Q;] in (ii1) is again a consequence of the open mapping theorem. On the other

hand, if QZ] is bounded, then the restriction Q|y of Q to U is an isomorphism between U and
X/ A (A). Because X /.4 (A) is a Banach, then U is also a Banach space. O
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