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1. It suffices to prove the k = 1, 2 case, as the general k-case then follows
by induction.
k = 1: Assume f is weakly C1 and let x ∈ R. Then the limit

lim
t→0

t−1(f(t+ x)− f(x))

exists in the weak topology, so that for some ε > 0, the famility t−1(f(t+
x)−f(x)), t ∈ (x−ε, x+ε), is weakly bounded and by uniform boundedness
in fact bounded in the H -topology, so there exists C > 0, such that for all
t ∈ (x− ε, x+ ε) one has∥∥t−1(f(t+ x)− f(x))

∥∥ ≤ C,
and so f is continuous in the H -topology.

k = 2: Assume f is weakly C2. Fix x0 ∈ R. Define a function g : [x0,∞)→
H by

〈g(x), φ〉 :=
〈
f ′(x), φ

〉
, φ ∈H .

Then g is weakly C1 and so by the k = 1 case in fact continuous in the
H -topology. Integrating the latter equation we obtain

f(x) = f(x0) +

∫ x

x0

g(r)dr,

where the integral is defined in the H -topology. As g is continuous in the
H -topology, its integral (and so f) is C1 in the H -topology.

2. Assume x0 = 0 is the origin of the chart V and recall that V lies in a
chart. Let f : R→ R be smooth and set

v(x, t) := e−αtf(|x− ζt|2),

where α > 0 will be chosen later. To guarantee that v = 0 on the lateral
surface of Γ and v > 0 elswehere, note that (t, x) ∈ Γ implies x− ζ ∈ U , so
that we assume

f > 0 on [0, r2) and f(r2) = 0. (1)
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In addition,

f ′ ≤ 0, f ′′ ≥ 0 in [0, r2]. (2)

Set
w(t, x) := |x− ζt|2,

so
v = e−αtf ◦ w.

Then for (t, x) ∈ Γ one has by a simply calculation

∂tv = −eαt(αf ◦ w + Cf ′ ◦ w),

as x, t run through a compact set, where C > 0 is a constant. Morever,
since the coefficients of ∆ are bounded in V (the latter sitting relatively
compactly in another chart!), one gets

∆w ≤ C ′,

and
|dw|2 ≥ c′

∑
i

(∂iw)2 = cw,

where c′ is a constant that comes from gij ≥ c′δij and c := c′/4. Calculating
∆v with the chain rule and using (2) one obtains

∂tv −∆v ≤ −eαt(αf ◦ w + C1f
′ ◦ w + C2wf

′′ ◦ w).

Finally, taking f to be of the form f(s) := (r2 − s2) we have (1), (1), and
one can pick α large enough such that

αf ◦ w + C1f
′ ◦ w + C2wf

′′ ◦ w ≥ 0

in [0, r2], which completes the proof.

3. Step 1: f ≤ 1 implies (H + λ)−1f ≤ 1/λ for all λ > 0.
Proof of Step 1: We are going to show that f ≤ λ implies (H + λ)−1f ≤ 1.
Set

u := (H + λ)−1f ∈ Dom(H) ⊂W 1,2
0 (M).

We are going to show that with

v := (u− 1)+ ∈W 1,2
0 (M)
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one has v = 0. Multiplying

−∆u+ λu = f

with v and integrating by parts we get∫
(du, dv)dµ+ λ

∫
uvdµ =

∫
fvdµ. (3)

In view of dv = du on {u > 1} and dv = 0 elsewhere, we have∫
(du, dv)dµ =

∫
{u>1}

|du|2dµ ≥ 0,

while ∫
uvdµ =

∫
{v>0}

(v + 1)vdµ =

∫
v2dµ+

∫
vdµ

Thus, using (3) and f ≤ λ we get

λ

∫
v2dµ+ λ

∫
vdµ ≤

∫
fvdµ ≤ λ

∫
vdµ,

thus

λ

∫
v2dµ ≤ 0,

and so v = 0.

Step 2: f ≤ 1 implies Ptf ≤ 1 for all t > 0.

Proof of Step 2: applying the formula e−tr = limk

(
k
t

)k
(r + k/t)−k for

r = H (spectral calculus), we get the L2-convergence

Pt = e−tH = lim
k

(
k

t

)k
(H + k/t)−k.

Since by step 1 we have

(H + k/t)−kf ≤
(
k

t

)−k
,

we immediately get Ptf ≤ 1. Note here that on any measure space, hn → h
in Lq and hn ≤ c for all n, implies h ≤ c.
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