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1. Let M be a Riemannian manifold. Prove the following formulae for all
smooth functions f, f1, f2 : M → C, all smooth functions u : R → R and
all smooth 1-forms α on M :

d†(fα) = fd†α− (df, α), (1)

∆(f1f2) = f1∆f12 + f2∆f1 + 2<(df1, df2), (2)

∆(u ◦ f) = (u′′ ◦ f) · |df |2 + (u′ ◦ f) ·∆f, if f is real-valued. (3)

2. Let M be a manifold, let E,F → M be vector bundles, and let P be a
differential operator from E → M to F → M . Fix f ∈ ΓL1

loc
(M,E) and a

subspace A ⊂ ΓL1
loc

(M,F ).

Show that there exists h ∈ A such that for all triples of metrics (g, hE , hF )
it holds that∫

M
hE

(
P g,hE ,hFψ, f

)
dµg =

∫
M
hF (ψ, h) dµg for all ψ ∈ ΓC∞

c
(M,F ) ,

(4)

if and only if there exists h ∈ A (necesserly the same h as above) such that
one has (4) for some triple (g, hE , hF ).

3. Let % be the geodesic distance on the Riemannian manifold M .
a) Show that for the open balls

B(x, r) := {y : %(x, y) < r} ⊂M

one has

B(x, r) = {y : %(x, y) ≤ r}.

b) Show that (M,%) is a complete metric space, if and only if all closed
bounded subsets of (M,%) are compact.

1


