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Alvarez-Gaumé/Atiyah/Bismut/Witten (1980’s):

With X a cpt., even-dim. Riem. spin MF, there (formally!) exists a
canonically given even linear map

I : pΩpLX q :�
8¹

j�0
ΩjpLX q ÝÑ C, ξ ÞÝÑ

»
LX

e�E�ω ^ ξ,

the supersymmetric path integral, such that
i) I is supersymmetric (or equivariantly co-closed):

Irpd�ιK qξs � 0 for all ξ P pΩS1pLX q :� pΩpLX q X tζ : ιKζ � 0u.

Above, K is the generator of S1 ýLX , so d � ιK turnspΩS1pLX q into a super complex ( equivariant homology).
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ii) For all ξ P pΩS1pLX q with pd � ιK qξ � 0, one has the
Duistermaat-Heckmann localization formula

Irξs �
»

X�FixpS1 ýLXq
pApX q ^ ξ|X . (1)

iii) Given E � pE ,∇q Ñ X , there exists a canonically given
BchpE q P pΩ�

S1pLX q such that
BchpE q|X � ChpE q,
pd � ιK qBchpE q � 0,
indpDE q � IrBchpE qs.

Why all this?

indpDE q � IrBchpE qs �
»

X
pApX q^BchpE q|X �

»
X
pApX q^ChpE q.

Batu Güneysu
The Chern character of ϑ-summable Fredholm modules over DGA’s and localization on loop space
3 / 13



Introduction
Some cyclic homology

Localization on loop space

Two very serious (and obviously connected) mathematical
problems:

definition of I: K pγq � 9γ ÑÐ Brownian motion
right choice of observables: growth conditions ÑÐ sufficiently
large to carry BchpE q.

Program: construct a natural map ρε : CεpΩpX qTq Ñ pΩpLX q of
super complexes, and a linear functional I : CεpΩpX qTq Ñ C which
descends to a linear functional

I : ΩintpLX q :� impρεq ÝÑ C, so that I does the job.

Surprising fact: Using cyclic homology, I can be constructed in a
very general framework, namely, it is the Chern character of a
ϑ-summable Fredholm over a locally convex DGA....
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G.-Ludewig 2019

Def. With Ω a LC-DGA (locally convex DGA), an
(even-dimensional) ϑ - summable Fredholm module over Ω is given
by a triple M � pH, c,Qq, such that

H is a super Hilbert space,
c : Ω Ñ L pHq is an even bounded linear map,
Q an odd self-adjoint (unbounded) linear operator on H with
e�tQ2 trace class for all t ¡ 0,

with

rQ, cpf qs � cpdf q, and cpf θq � cpf qcpθq, cpθf q � cpθqcpf q,

for all f P Ω0, θ P Ω. New: c is not a representation (only on Ω0)!
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Ex. (spin case): We can take Ω � ΩpX q, H � L2pX ,Σq with
Σ Ñ X spin bundle, Q � D the Dirac operator in L2pX ,Σq and

c : ΩpX q ÝÑ L pL2pX ,Σqq, cpαqΨpxq :� cpαpxqqΨpxq.

Def.: The acyclic extension of Ω is the LC-DGA given by
ΩT :� Ωrσs with σ a formal variable of degree �1 with σ2 � 0,
where on θ � θ1 � σθ2 P ΩT the differential is dT � d � ι with

dθ � dθ1 � σdθ2 and ιθ � θ2.

Ex. (spin case): Here we have ΩpX qT � ΩpX � S1qS
1 with

ιØ ιBt .
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Def. For each cont. seminorm ν on ΩT define a seminorm εν on

CpΩTq :�
8à

N�0
ΩT b ΩTr1sbN

by

ενpθq :�
8̧

N�0

νpθNq

N! , θ �
8̧

N�0
θN P CpΩTq.

The completion of CpΩTq with respect to εν ’s is denoted by
CεpΩTq and called the space of entire chains.

Cε�pΩTq
b�B
ÝÝÝÑ Cε�pΩTq

b�B
ÝÝÝÑ Cε�pΩTq (cyclic homology).
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Recall that we have fixed a module M � pH, c,Qq over Ω. Define
for each N P N0 a linear map

FM : CεpΩTq ÝÑ tclosed operators in Hu

by

F p0q
M � Q2,

F p1q
M pθq � cpdθ1q � rQ, cpθ1qs � cpθ2q

F p2q
M pθ1 b θ2q � p�1q|θ1

1|
�
cpθ11θ12q � cpθ11qcpθ12q

�
,

F pNq
M � 0 for all N ¥ 3.

For M ¤ N denote with PM,N all tuples I � pI1, . . . , IMq of
subsets of t1 . . . ,Nu with I1 Y � � � Y IM � t1 . . . ,Nu and with each
element of Ia smaller than each element of Ib whenever a   b.

Batu Güneysu
The Chern character of ϑ-summable Fredholm modules over DGA’s and localization on loop space
8 / 13



Introduction
Some cyclic homology

Localization on loop space

Given θ1 b � � � � � � θN P ΩbN
T and I � pI1, . . . , IMq P PM,N ,

1 ¤ a ¤ M set θIa :� pθi�1, . . . , θi�mq, if Ia � tj | i   j ¤ i �mu
for some i ,m.

Thm (G.-Ludewig) There exists a unique continuous linear
functional

ChpM q : CεpΩTq ÝÑ C,

the Chern Character of M , such that

xChpM q, θ0 b � � � b θNy �
Ņ

M�1
p�1qM

¸
IPPM,N

»
∆M

Str
�

cpθ0qe�τ1Q2
FM pθI1q�

�e�pτ2�τ1qQ2
FM pθI2q � � � e�pτM�τM�1qQ2

FM pθIM qe�p1�τMqQ2
	

dτ.
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On the properties of ChpM q:

Thm (G.-Ludewig) ChpM q is even, co-closed, invariant under
homotopies of M , Chen-normalized, and leads to a
noncommutative index theorem of the form

indcppqHpcppqDcppqq � xChpM q,Chppqy ,

for all p � p2 P MatnpΩ0q. Here, Chppq P Cε�pΩTq is the
Bismut-Chern character of p.
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Consider now MX � pL2pX ,Σq, c,Dq over ΩpX q. The extended
Chen integral map

ρε : Cε
�
ΩpX qT

�
ÝÑ pΩpLX q,

ρpθ0, . . . , θNq � AS1

»
∆N

θ10p0q ^
�
ιKθ

1
1pτ1q � θ21pτ1q

�
^

� � � ^
�
ιKθ

1
NpτNq � θ2NpτNq

�
dτ

is a continuous map of super complexes (G.-Cacciatori).

Batu Güneysu
The Chern character of ϑ-summable Fredholm modules over DGA’s and localization on loop space
11 / 13



Introduction
Some cyclic homology

Localization on loop space

Set

I :� ChpMX q : Cε
�
ΩpX qT

�
ÝÑ C, ΩintpLX q :� impρεq � pΩpLX q.

Thm (G.-Ludewig) There exists a unique linear functional

I : ΩintpLX q ÝÑ C with I � ρε � I.

Moreover, I is even and equiv. co-closed, and for all ξ P ΩintpLX q
with pd � ιK qξ � 0 one has the localization formula

Irξs �
»

X
pApX q ^ ξ|X . (2)

Finally, for all E Ñ X one has IrBchpE qs � indpDE q.

Batu Güneysu
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Proof:
i) I is well-defined, even, equiv. co-closed Ø I Chen normalized,
even, co-closed;
ii) IrBchpE qs � indpDE q Ø non. index theorem and
ρεpChppqq � Bchpimppqq;
iii) localizaton formula Ø I homotopy invariant + heat kernel
methods à la Getzler.

Thank you very much for your attention!
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