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Introduction

Alvarez-Gaumé/Atiyah /Bismut /Witten (1980’s):

With X a cpt., even-dim. Riem. spin MF, there (formally!) exists a
canonically given even linear map

e}
1QUX) =] [(LX) —C, e— | e Er g,
iy LX

the supersymmetric path integral, such that
i) I is supersymmetric (or equivariantly co-closed):
I[(d+ik)€] =0 for all € € Qa1 (LX) := Q(LX)  {C : 1xC = 0}.
Above, K is the generator of S & LX, so d+ uk turns

Qg1 (LX) into a super complex (~ equivariant homology).

Batu Giineysu 2/13



Introduction

i) For all &€ € Qqi(LX) with (d + 1i)¢ = 0, one has the
Duistermaat-Heckmann localization formula

I[e] = A(X) A €x. (1)

JX:Fix(Sl(BLX)
iii) Given & = (E, V) — X, there exists a canonically given
Bch(&) € Q& (LX) such that
o Beh(&)]x = Ch(&),
o (d + tx)Bch(&) = 0,
o ind(D®) = I[Bch(&)].
Why all this?

ind(Dg) = I[Bch(&)] = L A(X) ABch(&)|x = L A(X) A Ch(&).
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Introduction

Two very serious (and obviously connected) mathematical
problems:

@ definition of I: K(v) = 4 —<« Brownian motion

@ right choice of observables: growth conditions — <« sufficiently
large to carry Bch(&).
Program: construct a natural map p, : C¢(Q(X)) — (AZ(LX) of
super complexes, and a linear functional [ : C°(Q2(X)1) — C which
descends to a linear functional

I Qi (LX) :=im(p) —> C, so that | does the job.

Surprising fact: Using cyclic homology, I can be constructed in a
very general framework, namely, it is the Chern character of a
¥-summable Fredholm over a locally convex DGA....
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Some cyclic homology

G.-Ludewig 2019

Def. With Q a LC-DGA (locally convex DGA), an
(even-dimensional) ¥ - summable Fredholm module over Q is given
by a triple # = (H,c, Q), such that

@ 7H is a super Hilbert space,

@ c:Q — Z(H) is an even bounded linear map,

@ Q an odd self-adjoint (unbounded) linear operator on ‘H with
e 1@ trace class for all t > 0,

with
[Q,c(f)] =c(df), and ¢c(f0) =c(f)c(f), c(0f)=c(0)c(f),

for all £ € Q0 0 € Q. New: c is not a representation (only on Q0)!
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Some cyclic homology

Ex. (spin case): We can take Q = Q(X), H = L?(X,X) with
¥ — X spin bundle, @ = D the Dirac operator in L?(X,¥) and

c:QX) — Z(L3(X, X)), c(a)V(x):= c(a(x))¥(x).

Def.: The acyclic extension of € is the LC-DGA given by
Qr := Q[o] with o a formal variable of degree —1 with o2 = 0,
where on 0 = 0" + 00" € Q7 the differential is dpr = d — ¢ with

dd =do —odfd” and 16 =0".

Ex. (spin case): Here we have Q(X)r = Q(X x §1)5" with

L Lp,.
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Some cyclic homology

Def. For each cont. seminorm v on Qp define a seminorm ¢, on

C(Q’H‘) = 60.—5 Qr ®QT[1]®N
N=0

@) =] vn) 3 oy e C(Qr).

N=0 N=0

The completion of C(Qr) with respect to €,'s is denoted by
C¢(Qr) and called the space of entire chains.

CL () LALN CE(Qr) ALN CL(Qr) (cyclic homology).
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Some cyclic homology

Recall that we have fixed a module .#Z = (H,c, Q) over Q. Define
for each N € Nyg a linear map

F . : C(Qr) — {closed operators in H}

Fid =@
FQ ) = c(de'> — [Q.c(8)] — c(6")
FO(01 ®02) = (—1)1%1 (c(6,65) — c(6;)c(62)),

FO =0 forall N>3.

For M < N denote with &y y all tuples | = (h, ..., Ip) of
subsets of {1..., N} with j U---uU Iy ={1..., N} and with each
element of /, smaller than each element of I, whenever a < b.
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Some cyclic homology

Given 01 Qe 9/\/ € Q%)N and | = (/1, ey /M) € e@M,N,
1<as Msetb,:=0it1,....0im), ifL={|i<j<i+m}
for some i, m.

Thm (G.-Ludewig) There exists a unique continuous linear
functional

Ch(4) : C(Qr) — C,
the Chern Character of # , such that

(Ch( ), 00® - ® On) = Y f Str (c(lo)e™ % Fu (04)

IE.@M N

x e (=)@ Fu(Oy)--- e_(””_””*)Q F///(H,M)e_(l_””)o ) dr.
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Some cyclic homology

On the properties of Ch(.Z):

Thm (G.-Ludewig) Ch(.#) is even, co-closed, invariant under
homotopies of .#, Chen-normalized, and leads to a
noncommutative index theorem of the form

inde(p)3(c(p) De(p)) = (Ch(.#), Ch(p)),

for all p = p? € Mat,(Q°). Here, Ch(p) € C5.(Qr) is the
Bismut-Chern character of p.

Batu Giineysu 10/13



Localization on loop space

Consider now .Zx = (L?(X,X),c, D) over Q(X). The extended
Chen integral map

pe - C(QX)T) — QLX),
p(@o, . ,9[\/) = A51 JA 96(0) A (LKell(Tl) + (9’1/(7'1)) A

< A (kb (Tn) + ON(Tn)) dT

is a continuous map of super complexes (G.-Cacciatori).
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Localization on loop space

Set
1:= Ch(sy) : C(QX)r) — C,  Qint(LX) := im(pc) = Q(LX).
Thm (G.-Ludewig) There exists a unique linear functional

I Qi (LX) — C  with lope = 1.

Moreover, | is even and equiv. co-closed, and for all £ € Qine (LX)
with (d + tx)& = 0 one has the localization formula

e = L A(X) A €]x. )

Finally, for all & — X one has I[Bch(&’)] = ind(Dg).
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Localization on loop space

Proof:

i) I is well-defined, even, equiv. co-closed <> | Chen normalized,
even, co-closed;

i) /[Bch(&)] = ind(Dg) <> non. index theorem and

pe(Ch(p)) = Beh(im(p));

iii) localizaton formula <> | homotopy invariant + heat kernel
methods a la Getzler.

Thank you very much for your attention!

Batu Giineysu 13/13



	Introduction
	Some cyclic homology
	Localization on loop space

