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Introduction

Die Grenzen meiner Sprache bedeuten die
Grenzen meiner Welt.

Ludwig Wittgenstein, 1889-1951,
tractatus logico philosophicus 5.6

ALl

(a) Ludwig Wittgenstein (b) Julia

Figure 1.1: Alan Edelman: “Good programming language design is applied psychology”

For the online version, see
https://www.tu-chemnitz.de/mathematik/fima/public/mathematischeStatistik.pdf

for an introduction.


https://www.tu-chemnitz.de/mathematik/fima/public/mathematischeStatistik.pdf

8 INTRODUCTION

Related areas include
(i) data science
(ii) statistical learning
(iii)) machine learning

(a) supervised learning
(b) unsupervised learning

(c) reinforcement learning
(iv) statistical pattern recognition
(v) reinforcement learning vs supervised learning
(vi) artificial neural networks, a branch of artificial intelligence

Literature includes Pflug [13], Cressie [7], Bhattacharya et al. [2], Tamhane and Dunlop [18],
Kersting and Wakolbinger [9] and Bottou et al. [4] or Bishop [3].
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2.1

Distributions

Alles was Gegenstand des Denkens ist, ist
daher Gegenstand der Mathematik. Die
Mathematik ist nicht die Kunst des
Rechnens, sondern die Kunst des
Nichtrechnens.

David Hilbert, 1862-1943

BINOMIAL DISTRIBUTION

Definition 2.1. Given the parameters p € [0, 1] and n € N, the binomial distribution bin(n, p)
has the probability mass function (Z) pk(1 = p)rk.

Proposition 2.2. The expectation and variance of a random variable X ~ bin(n, p) are EX =n-p
andvarX =np (1 - p).

Proof. Recall that 37 _ (7)p*(1 = p)"~* = (1 — p + p)" = 1. Taking the derivative with respect
to p gives

0= kZO (Z)pk‘lu =p)" k(1= p) = (1= K)p)

1 K k n—k
= 1- k —np),
S0 ;}(k)p (1-p)" " (k—np)
that is ;
_ Y ke Nn—k g _
]EX_;O(k)p (1-p)" k. k =np. @2.1)

Taking the derivative again,

n= kz_;) (Z)pk“(l —-p)" K (k(1 - p) - (n—k)p)k

= ﬁ Z (Z)Pk(l -p)" 7 (k—np)k
=0

and thus
np(l-p)=EX>-np - EX=EX?>- (EX)>=varX,

the assertion. m]



10 DISTRIBUTIONS

Theorem 2.3 (De Moivre-Laplace theorem). It holds that

_l(k_/ln)z)

n\ g n—k 1
p(1-p)"™"~ ——exp (
(k) V2roy, 2 o2

where p, = np and oy, = np(1 = p).

k
Proof. We shall employ Stirling’s formula (cf. Remark 2.4 below), k! ~ V27k ( k) . Then

'
(n)Pk(l -p) k= mpk(l -p)"k

k
27tn (g)n k n—k
~ (1-p)
Vark (k)k 2= k) ("Tjk)"_kp Y
1 n n*~knk

1-p)yr*

= Var \ k(n— k) Kk (n— k)nkP
_ 1 (np)k n(1-p)\"™*
T o Vk (ﬁ) '

' k(nn—k)

=[G
=—— -exp|-n-n|=|],
zﬂ_k(n—k) n

n

where 1(¢) :=t1n % +(1-1)In 11_;;; indeed,

k k
k k. o k 1-= k —k 1—
n(—):—ln£+(1——)ln TR L A lnn( p)‘
n . p

n n 1-p n k n n—k
Note, that
t 1-1¢ t 1-1¢
n()=In—+1-1In —1=In—-log
p I-p p I-p

and "’ (t) = % + 11Tz’ sothat n(p) =0,n'(p) =0and " (p) = ﬁ; we find the Taylor series

expansion 1(t) = 22(_1—11);)' Consequently, from for % - p,

(Z)pk(l -p)" T~ ! - exp (—n ‘N (S))
27rn% (1 — k)

_ ! _,k/n-p)?

- \2rn p(1 - p) exp( " 2p(1-p) )

2
o k=
- 27 -np(1 - p) exp( 2 (VHP(I—P)) )

and thus the assertion.
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2.2

2.2 POISSON DISTRIBUTION 11

Remark 2.4 (Stirling’s formula using Laplace’s method). By changing the variables, recall that

(o] o0 (oo}
n! :/ x"eT¥dx = n"n/ x"e™ ™ dx =n”n/ eI x=x) 4.
0 Xenx 0 0

By Tayler series expansion we have that

44 ( 1)2
J@) =Inx—x~ f()+f(Dx-1)+ f7(1)

=—1- E(x— 1)?,

as f/(1) = 0. It holds that

—-n

* n(lnx—x) ® -n-2(x-1)2 e " *© _12 e
e dx ~ e 2 dx = e 2% dx = 7 V2r.
0 —c0 —oo

x<—1+‘/% \/ﬁ n

It follows that n! ~ V2mn (2)".
A more thorough analysis (cf. Abramowitz and Stegun [1, 6.1.42]) gives the asymptotic

expansion
n

_ 1 Bom
logI'(z) = (Z - 5) logz - z+log\/ﬂ+n%:1 P (am = T

POISSON DISTRIBUTION

Definition 2.5. The Poisson distribution has probability mass function

/?.k
P(X:k):ﬁe"l, k=0,1,2,...

Proposition 2.6. It holds that EX = var X = A.

Proof. Indeed,

EX ka(x k) Zk/l Azﬂkl 2
_k:O - _k:O k! (k_l)' B

and
varX:EX(X—1)+EX—(]EX)2
_Zk(k—l) et - A2
2 - Pl 2
=A°. - A=A =/l,
kz(k—z)ze *
=2
the assertion. |

Version: January 20, 2025
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12 DISTRIBUTIONS

Theorem 2.7 (Poisson limit theorem). Suppose that n - p, —— A, then, for k =0, 1,... fixed,
n—oo

n _
(k)p’,i(l —pa)"F —— e
n—

Proof. Indeed,

(Z)Pfl(l—Pn)n_k'“ nn—1)---(n—k+1) ﬁ(l /l)n_k

nk k! n
k
NG
k!
A\ k .
as (1 - 4)° —— 1. Hence the assertion. O

n—oo

BENFORD’S LAW

Theorem 2.8 (The significant-digit phenomenon, Newcomb—Benford law). Let X > 0 be a

random variable and set
h(X) = the first decimal digit in X.

Then, under a mild model assumption, P(h(X) = b) = log,, (1 + %)forb =1,...,9 ¢f Table 2.1.

b 1 2 3 4 5 6 7 8 9
P(h(X)=b) 30.1% 17.6% 12.5% 9.7% 7.9% 6.7% 5.8% 5.1% 4.6%

Table 2.1: Probabilities of Benford’s law

Proof. The number X has n + 1 decimal digits, where n = |log;, X | . The first decimal digit is
be{l, 2,...,9},iff

b-10" <X <(b+1)-10" or
log;ob+n <log;, X <log;o(b+1)+n, or

log;o b < frac (log;y X) < log;o(b +1),

where frac(x) := x — [ x] is the fractional part of x. Note that 0 < log,, b < log;o(b+1) < 1. We
specify the model assumption so that frac (log,, X) € [0, 1] ~ U is uniformly distributed. Then
it holds that

{h(X)=b} = {U € [loglo b, log,o(b + 1)}

with probability P(h(X) = b) =log,o (b + 1) —log,, b = log,, (1 + %) the assertion. o

Corollary 2.9 (Scale invariance). If X satisfies Benford’s law, then A X as well, where A1 > .

Proof. It holds that frac (log;((4 X)) = frac (log;y A +log;y X) ~ U is uniformly distributed as
well and thus the assertion. |
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2.4 IMPORTANT DENSITIES IN DATA SCIENCE 13

IMPORTANT DENSITIES IN DATA SCIENCE

Define the functions
. — 1
(W) ki1(x) = =

i) k = 2 1 ,
( ) Z(X) ﬂ\/ﬁ (enx/\/ﬁ_'_efnx/m)z

(iii) k3(x) = %e‘%xz and
@1v) k4(x) = g exp(—V2|x|) (Laplace distribution).
Lemma 2.10. All functions (i)—(iii) are densities with unit variance: it holds that
/ ki(x)dx =1, / x k;i(x) dx = 0 and / x2ki(x)dx =1

fork e {ki:i=1,2,3,4}.
Lemma 2.11 (Antiderivatives). It holds that
(i) Ki(x) = f_); k() dr = %arctan e,
(ii) Ka(x) = [ ka(r)dr = —L— =1 (1 + tanh %@)
(iii) K3(x) = [7_ k3(t)dt = ®(x) and
(iv) Ka(x) = [~ ka(t)de = L + S2000 (1 - exp(—\/§|x|)).
Proposition 2.12 (Rectifiers). It holds that
(i) [T K@) dt= [ (x—1)k(r)dt > max(0,x),
(ii) [~ Ka(ryde = Llog (1 + eT3)
(iii) [ K3(t)dt = x ®(x) + ¢(x) and

(iv) [* Ka(t)dr =1 (x/iexp(—x/i|x|) +2(x + |x|)).

Proof. The equality in (i) follows by integration by parts. For the inequality recall that for X with
density k it holds that

O=]EX=—‘/_OK(u)du+‘/oool—K(u)du

(o)

> - OK(u)du+ xl—K(u)du
J x|
=x—/_:OK(u)du

and thus the assertion. O

Version: January 20, 2025
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0 10
) 25
0.4 08
— [X Kihat 20
— Kk 0.3 — Ki 0.6} 4 E,Kz(l)d’(
15
k2 Kz JX Ka(hat

ks 02 K3 4 — max(0.X) 10
01 02 05

s T —— —
3 2 1 1 2 3 -3 2 1 1 2 3 -3 2 1 0 1 2

(a) pdf (b) cdf (c) integrated cdf

Figure 2.1: Distributions

STONE—WEIERSTRASS THEOREM

Theorem 2.13 (Bernstein polynomial, Bézier curves). Suppose the function f is bounded and
continuous at p € [0, 1]. Define the function

L k

B0 = ) (1ot (2],
k=0

It holds that

Buf(p) —— f(p). (2.2)

Corollary 2.14 (Stone—Weierstrass theorem). Polynomials are dense in C([0, 1]): for every
continuous function f € C([0,1]) and € > 0 there is a polynomial b such that ||f — b||le =

sup ,epo,17 1/ (P) — b(p)| < &

Proof. From (2.1) it follows that

Z(Z)pk( I-p) - 1=1, Bufo = fo, (23)
k=0

- k

Z(Z)Pk(l -p)" k.= =p, B, fi = fi and (2.4)
k=0 n

n 2
S(i)pra-prt (o) = B2 B penti-p 09

— k n

which is (2.2) for the functions fy(y) =1, fi(y) =y and fo(y) = y*.
For p € [0, 1], define the probability measure u,, == Y}_, (3)p*(1 — p)" %6« and observe

that B, f(p) = fol fdup, = /0] f(y) up(dy). For e > 0 and f continuous, we may find 6 > 0

rough draft: do not distribute



2.5 STONE—WEIERSTRASS THEOREM 15
such that | f(p) — f(y)| < efor |p —y| < J. As (p—;y)2 > 1 for |p — y| > ¢ it follows that

1
|f(p) = Buf(p)| = ‘/O fp) = 1) ﬂp(d)’)‘

1 u—
< s 10 =+ [ 1o - 01 (55 )

y:ly-pl<é

s,s+2||f||o<,/o1 (u)zﬂp(dy)

0
21| f1leo
52

= e+ 012 (12 8 fo(p) ~2p - Bufi(p) + Bufo(p) 26)
s 2||(J;2||oo (pz C2ppa (pz . p(ln— p)))

_ oy 2 Sl p(1 = p)

=&+

1
/0 p*=2p -y +y* up(dy)

02 n
oy Wl
26%-n
where we have used (2.3)—(2.5) in (2.6). Hence the result (2.2) and Corollary 2.14. ]

Corollary 2.15. Suppose the function f is Lipschitz, then there is a sequence of polynomials, by,
n=12,..., suchthat ||b, — |l = O(1/n2).

Proof. Suppose that | f(y) — f(y)| < L|p —y|. Then, by the triangle inequality, Cauchy—Schwarz
and above,

1
F(p) = Buf (p)] = ] /0 £(p) - F) up(dy)‘

1
< /O L-(p-y)up(dy)

1 12 1 1/2
2 . )2
< (/0 L up(dy)) (/0 (r-y) up(dy))
=L- ‘/IM
n

L
< —.
2

Hence the result with the polynomial b, := B, f. O

Version: January 20, 2025
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3.1

Fourier transform and the uncertainty principle

Introduced by Jean-Baptiste Joseph Fourier (1768—1830).
Recall, that L' (R;C) ¢ L*(R;C) and L' (R;C) 2 L*(R;C).

DEFINITION AND ELEMENTARY EXAMPLES

Definition 3.1 (Continuous Fourier transform). Let f: R — C be a function. Its Fourier transform
is the function

7 1 —iwx
fl@) = (FPw) = = /R ¢ £ (x) d. 3.1)

More generally, for a measure u on R we define

S ._L a —lwx .
A(w) -—\/ﬂ/_we p(dx);

this is the same for the measure with density f, for which u(dx) = f(x)dx.

As well, we define

g(x) = \/%_nv/ﬂgeiwxg(w) dw.

Remark 3.2. Note, that f — f and g — § are linear mappings.

Example 3.3 (Translation and scaling). Let f(x) := e!** f(kx + &), then

Ff(w) = \/%/Re_"“’xei”xf(loc+6)dx

11 X6 4 x=8
= —— [ T f(x) dx
xex=8 Var [kl Jr

1 1 — LB (x-5)

[ — K d.)C
Nritl f)
eiéw%’u w —

)

7 p

Example 3.4 (Sinc function). Suppose that

sin w

f(x) =1_11)(x), then F f(w) = \/g

w

17
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Proof. Indeed,

FOURIER TRANSFORM AND THE UNCERTAINTY PRINCIPLE

1 1—iwx
ff(w)—\/T_n‘/_‘le dx

1 e—imx 1

V2 W oy
1 e—iu) _ eiw
V2r  —lw

1 cosw—isinw—cosw —1Isinw

\2r —iw

2 sinw
N7 w

Example 3.5. Suppose that

Proof. Indeed,

Proposition 3.6. Suppose that (with £ > 0)

in particular it holds that

or

O
|x| 2 1
F(x) =€, then Ff(w) = \| —7——.
+ w
1
¢f(x) = —/ - _lwxdx+ _/ —-X la)xdx
V2r Jo
1 e—(1+iw)x o0 e —(l-iw)x|®
i — —
Va2r —l-iw |, \/g —1+iw |,
1 1 1 1
= +
Var l+iw  \2pl-iw
~ \/? 1
N7l +w?
O
flx) = Lo S en Fw) = Ha+1@C | pmilpra)w=30 0,
1 <X—IJ)2 1 202
fay=p=e 2 then T f(w) = e_mwx/z_e_T, (3.2)
4 P
1 _x2 1 2202
flx) = e 22, then ¥ f(w) = —e™ 2 . (3.3)
V2r(? 27

rough draft: do not distribute
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3.2 FOURIER TRANSFORM AS A UNITARY OPERATOR 19

Proof. Recall that E !X = e#*3°97 for X ~ N'(u, o2) , that is

1(x—p

e 3O gy = pur+iP? (3.4)

‘V27r
It follows (with ¢ «— a — iw and 0% « €2 in (3.4)) that

N

1 ® —lwx
flo)= 7= / s

( ) 1 _ (x=p)?
— S / ela—iw)x 26 22 dx
V21 J -0 V2rl
_ L uaio)+h(a-iw)e?
V21
— 1 eHaty La2e? e—i(u+a)w—%w2€2
V2r ’
the assertion. O

FOURIER TRANSFORM AS A UNITARY OPERATOR

ax+(

x— )2
Corollary 3.7 (Corollary to Proposition 3.6). For every function f(x) = e 2 it holds that
f(x) = f(0).

Proof. Itis enough to consider a = 0 (otherwise, modify u < u + at?) in the Example 3.6. With
t «—i(x — ), 4 < 0and o? « 1/¢2 in (3.4) we have that

%
X

f= = / ¢ f(w)daw

—luw—fw da)

— _/ eiwx
V27T -0 V2
o) 2

1
 \2ne?

27r£—12
= 1 e % ( X;ll ? s
2 l?
the assertion. m|
Theorem 3.8. It holds that f = F~' f.
x-p; |\
Proof. The assertion follows from Corollary 3.7 for every function f(x) = a,-e_(Ti) by
linearity of 7, but these functions are dense in L. |

Proposition 3.9. For the inner product (f|g) = fRf(x)g(x)dx it holds that (F f| g) =
<f| F- g) that is, F~! = F*, the adjoint.

Version: January 20, 2025



20 FOURIER TRANSFORM AND THE UNCERTAINTY PRINCIPLE

Proof. By changing the order of integration it holds that

(F 1) = /R FI(@) - g(w)dw

1 IXO LN dv .
_/RE/Re f(x)dx - g(w)dw

B | )
=/ f(x)- —/e’xwg(cu)da)dx
[T
=(f1F'g),
where we have used Theorem 3.8. m]

Corollary 3.10. The Fourier transform is a linear, unitary operator.

Proof. It follows from the preceding proposition that #*% =1, and FF¥* = 1. O

Theorem 3.11 (Parseval’s' theorem, Parseval-Plancherel” identity isometry). It holds that
Jo F@)-g()dx = [ f(w)-g(w)dw, thatis, (f| g) = (F | F&) and in particular || f|| = |F £
Proof. Indeed,

/R 7(@) - g(w)dw = (F ] Fg)
— (fl F*Fg)

=(fIF 'Fg)
=(flg

- [ 76 goax.
R
the assertion. O

Proposition 3.12 (Convolution). Let (f+g)(x) = [, f(x~y)g(»)dy, then f * g(w) = V2r f (w)-
8(w), that is, F(f * g) = 21 F f - Fg. Put differently,

Fi(0) = F(@) - 8(w), then u(x) = \/% / : = )g()dy. (3.5)

Proof. Indeed,

1 . 1 .
- —lwx _ d dx: —lwx _ d dx
M/Re /Rf(x y)g(y)dy _\/E/Re /Rf(x y)g(y)dy
— 1 —iw(x+y)
7= L O @ty
=YV2 —1 —lwx dx - _1 —iwy d ,
" e g o

the assertion. The second assertion (3.5) follows after inversion. m]

' Marc-Antoine Parseval, 1755-1836, French mathematician
2Michel Plancherel, 1885-1967, Swiss mathematician
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EIGENFUNCTIONS AND FURTHER PROPERTIES

Proposition 3.13 (Fourier transform of derivatives). It holds that

(F (L)) () = (i) - (Ff)(), that is D (w) = (iw)" - f(w) (3.6)
and o
(F )™ = F(M"f), that is f™ (w) = (=ix)" - f(x)(w), 3.7)

where (M f)(x) = —ix - f(x) is the multiplication operator.

Proof. Indeed, by integration by parts, [, e™/“* f’(x)dx = iw [ €™/~ f(x)dx, and thus (3.6) by
induction. By taking the derivative of (3.1) we have that

! L Ooe_i“’x—ix x)dx = M f(w
f(w)—m/_w (=ix) f(x)dx = M F(w)

and thus (3.7). m]

Theorem 3.14 (Eigenfunctions, and eigenvalues). The eigenfunctions of the Fourier transform are

x2
H,(x)e™ 7, where H,(x) = (—1)”6)‘2 (%)ne_)62 are Hermite’s polynomials; the corresponding
eigenvalues are i", n =0, 1,2, . ... The first eigenfunctions are

x2

eo(x) =e 7,

x2

e1(x) =2x-e" 7,

x2

er(x) = (4x*>=2) - e T,

[S)

X

e3(x) = (8x° = 12x) - e~ 7, et
Proof. Indeed, we have that

1 ! /m —%d ! /00 —3(ix+y)? 4 1 /w %—ixy—%d
= e S — e y=—- = e y
V27 oJ —o0 Yeix+ty V2mr J - V21 J -0

and thus
-% ! /w —ixy ‘%d
e = — e e y.
V27T —00

x2
(cf. also Example 3.6). By multiplying with e 7 it follows that

2 1 RO ¥2 1 a2 2
e_x = — e_T_lxy_Tdy = —/ e_f(x*'ly) . e_y dy
V27T [00 V27T —00

Differentiating n-times with respect to x (denoted by D = %) gives
1 « ;
(—1)'e " H,,(x) = Nir / (D';e—%<x+’”2) e dy.
T —00
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22 FOURIER TRANSFORM AND THE UNCERTAINTY PRINCIPLE
n,—1(x+iy)? N\ 1 n,—L(x+iy)?
Now note D’le™2 = (=i)" - Dfe™2 so that

2 1 & 2
(_l)ne—x H (x) — (_l-)n_/ (Dn —*(X+ly) ) e Y dy.
" V21 J -0 Y
By integration by parts (n times) and employing the definition of H,, again, it follows that

1 o .
_x H, (x) _ ( 1)" n\/__ —%(xﬂy)2 . (D;l -y )dy

. o)

l

«/ﬂ_m

2
e~z ”‘y+ “H,(y)e~ v dy

2
S H,(y)e” T dy.

i &) P sz . .
The assertion H,(x)e™ 7 = \lﬂ e Hn(y)e‘dey follows after multiplying the latter

x2
equation with e 7. O

Example 3.15 (Delta distribution). Suppose that

A 1 Rl 1 .
u(-) =64(+), then 6, (w) = —/ e7i9%5,(dx) = —=e71?% (¢ L*(R;C)). (3.8)
a a \/ﬂ . a \/E
We shall also write 69 = § and 6,(y) = §(a — y).
The measure ¢, does not have a density function with respect to the Lebesgue measure dx.
But suppose that there were a distribution function (i.e., a generalized function) ¢, such that
Sa(dx) = 64(x)dx. Then f(a) = [, f(1)da(dx) = [, f(X)6a()dx = [ f(x)6(a —x)dx. In

(x-a)?

L_¢" 22 with very small, but strictly

S, V2ré?
positive £ > 0, then §,(w) = V%e_i““’e_%), which is in line with (3.8) (where £ = 0).

light of (3.2) it is convenient to imagine d,(x) =~

Remark 3.16 (A la physique. .. ). We have that 7 ~!¥ f = £, that is,

f(a):\/%/Re" m/ e71O% £ (x)dxdw

1.
://—e’w(“_x)dwf(x)dx.
R R27T

8q4(x)=6(a—x)

Indeed, it follows from (3.8) that T‘l\/%?e“‘“’“(x) =0,4(x) = 8(a — x), that is,

\/2_ / \/?e_“"“dw 0a(x).
n n
The assertion follows, as \/%7 I ei“’x\/%e‘i“’“da) = 5= [, e7 "9 dw (cf. Example 3.3

with k = 1 and 6 = 0). In particular, we get (with a = 0) that fR e'“*dw =21 6(x).
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UNCERTAINTY PRINCIPLE

Let || fllz2 = 1, then
1= / £ GOPdx = / 1700 Pdx

by Parseval’s theorem (Theorem 3.11). Both, | £(+)|? and | f(-)|? can be interpreted as density of
a distribution.

Proposition 3.17 (Kennard’s® theorem, the statement was also derived by Hermann Weyl*). It
holds that

ooy 3 (3.9)
where
00 C 2
ot = [ I P - ( / wx-|f<x>|2) and
[} o 2
s [ et [ o ifwr]

are the corresponding variances.

Remark 3.18. Equality in (3.9) is attained for the normal distribution.

Proof. Without loss of generality we may assume that /_0; x| f(x))Pdx = /_O:O w-|f(w)|?dx =0
(cf. Example 3.3). Define g(x) := x - f(x) and h(w) = w - f(w), then

ot = [ lewPa=tglgyando? = [ lhw)Pdw= [ h(@)Pdo = )

—00 [0e]

with Parseval’s theorem (Theorem 3.11).
With (3.6) it holds that

ih(w)=iw- f(w)=f(w), thush=—i- f.

With integration by parts it follows, as the function vanishes at infinity, that

<g|h>—<h|g>=/ x%-(—if’(x))—/ TP xf ()

- —o0

=i [T T - ] s
:i[:mf(x)dx:i.

3Earle Hesse Kennard, 1885-1968, US theoretical physicist
4Hermann Weyl, 1885-1955, German mathematician
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It follows from Cauchy—Schwarz that

> 1

(gl hy —<hlg)
. 7

o G} = (glg) - (hlh) = Kgl W) = >

as |z]?> > J(2)? = |%| for every z € C. Hence the assertion. O

Remark 3.19 (Uncertainty principle, Werner Heisenberg®). The solution of the general wave
equation (cf. Problem 3.22 below) is u(t, x) = ¢! (X*=V'1) = oipx/h. (=it E/h — pi(kx-w1) (expressed

in three different terms), where v = % = ¢ is the phase velocity, E = fiw = hf the energy,
w = 2 f the angular frequency of the light, k = % the wave number and 7 := % =1.05-1073*J s

is the reduced Planck constant. The general solution of the wave equation thus is

u(tox) = [ et (p)ap,
hence x and p are related via a Fourier transform. Heisenberg’s uncertainty principle
Ax - Ap =12

follows from (3.9), with Ax := oy and Ap = T

FOURIER TRANSFORM TO SOLVE DIFFERENTIAL EQUATIONS

Problem 3.20 (Ordinary differential equation). To solve the ordinary differential equation
—y”(x) + y(x) = h(x) consider, with (3.6), its Fourier transform (w2 + 1)$(w) = h(w). It follows
that $(w) = 7 - h(w) and with (3.5) (Proposition 3.12) and Example 3.5 that

= [T B =1 [ o,

For h(x) = e~1*!, the solution of —y”" + y = h is explicitly

1 re Lxox ifx <0
- _ “Iylg=lx=ylqy = ¢ 2 =
y() 2/_006 ‘ g {”Txe-x ifx > 0.

Problem 3.21 (Heat equation). Consider the heat equation %u(r,x) = %zaa—;u(t,x). The

Fourier transform (with respect to x, that is, f(f, w) = —loxy (1, x)dx) is %ﬁ(t, w) +

1
i 7 e
wz%ﬁ(t, w) = 0 with general solution
At w) =e 271 . f(w).
It follows with Proposition 3.12 and (3.3) that

(== [ = [T s
u ,_x = — e 204t . y y: e 204t y y‘
21 J -0 2¢ -0 V2102t

(o

Note as well that u(0,x) = f(x), i.e., u(t,x) 7 f(x).
t—

SWerner Heisenberg, 1901-1976, German theoretical physicist
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3.5 FOURIER TRANSFORM TO SOLVE DIFFERENTIAL EQUATIONS 25

Problem 3.22 (Wave equation). Consider the wave equation %u(t, x) = czaa—;u(t, x). The
Fourier transform (with respect to x) is %ﬁ(t, w) + w*c?i(t, w) = 0 with general solution

a(t,w) = e f(w) + e g (w).
It follows with Proposition 3.12 and the delta distribution in Example 3.15 that
1 °° 1 °°
w0 = <= [ Vo= ns o+ = [ VRS- Mgy
\/ﬂ . tc \/ﬂ e tc

=f(x—tc)+g(x+tc).

With u(0,x) = f(x), the general solution is u(¢,x) = f(x — tc).

Version: January 20, 2025



26

FOURIER TRANSFORM AND THE UNCERTAINTY PRINCIPLE

rough draft: do not distribute



Law of Large Numbers

All shall be well, and all shall be well, and
all matter of things shall be well.

Julian of Norwich, 1342 — 1416

WEAK LAW OF LARGE NUMBERS
Proposition 4.1. Let X, X; be uncorrelated (not necessarily independent) withlEX = EX; = u
and var X; < 0% < co. Then
P(X-nl<s) —1
n—0oo

for every e > 0, i.e.,

X,, — E X in probability.

Proof. Note, that E X, = u and var X,, < o*/n. By the Chebyshev inequality, for all & > 0,

P(u—u|>e) < E
&

— o
SO e a—
the assertion. O

HOEFFDING

Lemma 4.2 (Hoeffdings Lemma'). Let X € R be a random variable withTE X = 0 and X € [a, b]
a.s. Then,
s2(b — a)?

E SX<
e _exp( g

), s € R.

Proof. As x +— e** is convex it follows that

b—x xX—a
e’ < s+ es?, x € [a,b],
b-a b-a

I'Wassily Hoeffding, 1914—1991, Finnish statistician and probabilist
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28 LAW OF LARGE NUMBERS

by taking expectations

EesX< b eSd — a esb

“b-a b-a ~
=(1-p)e*“+pe?

— ((1 —P) +pes(b—a)) s

_ e(p(S.(b—a))’ 4.1)
where
p = —a (recall that @ < 0) and
b—-a
o(h) = log(l—p+peh) -h-p. 4.2)
Observe that
h
’ pe
ny=—">r°¢
¢'(h) = 1— baper P
so that ¢(0) = ¢’(0) = 0 and
h h h
" e’ - (1-p)p pe ( pe ) I
@ (h) = = - =p(1-p) <4,
(1+(eh = 1)p)> 1-p+pe" 1—p+peh 4
with p = l_zi:eh € [0, 1]. By Taylor series expansion it follows that ¢(h) = ¢(0) + h¢’(0) +

%290”(0) < %2 for some 6 € (—h,h). Finally, choose h := s - (b — a) and observe that

o(h) < %2 = M, thus the assertion with (4.1). o

Theorem 4.3 (Hoeffdings inequality). Let X; be independent and bounded by X; € [a;, b;]
almost surely. Then, for S, = X1 +---+ X, andt > 0,

212
P(Sn - ESn > f) < exp (—m) . (43)
i=1\Di i

Proof. With Markov’s inequality and s > 0, t > 0 we have that
P(S,—~ES,>1)=P (eS<Sn‘ESn> > e”)

< L RGBSy
~ eSt

n

— e—Sl nEeS(Xi—EXi)
i=1
n 20 )2

< e st l_l ¢ i

i=1

2 n
_ s+ a2
= exp st+8;(bl a;)’|.

rough draft: do not distribute



4.3

4.3 EXPONENTIAL BOUNDS AND LARGE DEVIATION THEORY 29

4t

Choose s = W

(the minimizer with respect to s) to get the assertion, i.e.,

212
PSu=ESu20) <exp|-gig— 53]
i=1\Yi !

O

Corollary 4.4. Let X; be independent and bounded by X; € [a, b] almost surely with u = It X;.

Then
P (Y > t) < 2
— = < eX _,/l " ——
n /’l p (b _ a)z
and
_ 212
P (|Xn T t) R R (4.4)
Proof. Replace t « t - nin (4.3); apply (4.3) to X; «— —X;. m|

Corollary 4.5. Let X; ~ bin(n, p) be independent. Then

|Y,,—,u| < ilog%) >1-7
\/Zn n

P(H,-np=>e¢en) < e~2ne’,

P

or, with H, = 3" X;,

Proof. Invert (4.4) (i.e.,n = 2e‘2"52) and choose t == ngin (4.3). ]

EXPONENTIAL BOUNDS AND LARGE DEVIATION THEORY
This exposition follows Shapiro et al. [16, Section 7.2.9].
Let X;, be iid, then it holds for ¢ > 0 by employing the Chebyshev inequality that

_ = 1 % r\"
P(X, >a)= P(e’x" > e’“) < —Ee'Xn =79 My (—) , 4.5)
n

el‘a

where Mx (s) := E e*X is the moment generating function of X.
Suppose that a > u := & X;. By taking logarithms in (4.5) we find that

— t t
log P(X, > a) < —ta+nlog My (—) =—-ta+nKx (—),
n n

where Kx (s) = logE X is the cumulant generating function of X. It follows that

1 _
;logP(Xn >a) < }I>1£ {—% -a+Kx (%)} =~ sup {ta - Kx(1)} = -Kx(a),
where
K*(z) =sup{tz - K(1)} (4.6)

t>0
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is the convex conjugate function. In large deviation theory, the function K is also called the
(large deviations) rate function. Note that it follows that

P(X,>a)<e"Kx@  (a>p). 4.7

The inequality (4.7) corresponds to the upper bound of Cramér’s large deviation theory.

EDGEWORTH SERIES

1.2

Let X be a random variable with mean y, variance o> and density f. Let ¢(x) = 2% be

1
. ST var
the density of the normal distribution. Note, that

-[Rxf(x)dx=u=—/_oox-étp(x;ﬂ)dx

(9]

(9] 1 _
/xzf(x)dx:(72+,u2=/ xz-—go(x ﬂ)dx,
R - o o

[0e]

and

1 (x-p\2 |
that is, f(x) ~ ¢=2(*7)" in the sense that they share the same first two moment. But note

that

\/27r0'

L v = —#) K4
f(X)NVZ 282 (1+3'0'3H3( o +4!0'4

)
o

o

T 5100 - 6106 - 4.8)

- 10&2 + 15k4K72 + K -
s () S (0.
and X share 6 moments (here, H, is the nth Hermite polynomial, with H3(x) = x3 = 3x,
Hy(x) = x* — 6x% + 3, etc.).
More generally, observe that the Fourier transform of X and some random variable with
density i is

fx(t) = Ee"* = exp(Kx(it)) = exp (Z K¢

=0

) and (1) = E 'Y = exp (Z Ve (lt)f) ,

so that

[ee) . [
fet) = exp (Zw - m%) J(0)
=0 :

and

f(x):/_ e "X (1) dr andl//(x):/ e 1Ny (1) dt.

—00

By integration by parts we have that

DG (1) = (in)f / ¢y (x) dx = (~1)" / ¢4y O (x) dx = (CD)Y (1),

—00 —00
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thus formally, a(it)¥ (1) = CR:D\ﬁp(t) for some function e.” It follows that

) = / e Py dr

00 & N\l
= [T (Zw—m%)&m a
- r=0 ’

a(it)

o S _D)¢
= [ (Zw-«m( 2 )wm a
- r=0 ’

b _Nn\¢
= exp (Zw —w)%) v,
r=0 ’

The formula 4.8 follows with ¢ (x) = ¢ (=£).

e

PROBLEMS

Exercise 4.1. Show that the first 5 cumulants are u = kg = EX and ko = o = varX,

K=EX-w ku=EX-EX)*-3c*andks = E(X -EX)’ - 100> E(X — u)>.

E Xet'X
]E et*X .

Exercise 4.2. Show that the optimal t* in (4.6) satisfies z =

Exercise 4.3. The moment generating function of a distribution X ~ bin(1,p) is Ee!X =

1—p+pe' (compare with (4.2)). Show that the optimal t* is t* = log ;1(_1‘3 g and the rate function

A

(1-p)z
p(1-2)

=z10g£+(1—z)log
p

K*(2) = zlog —

—log(l—p+—(1_p)z)

1-p’

Exercise 4.4. The moment generating function of a normal distribution X ~ N(u,0?) is
1 —

Mx(t) = eH*29°1 | Show that the rate function is K*(z) = ! (Z(—r'“)2 Show as well that this rate

is exact in (4.7).

Exercise 4.5. Show that the conjugate of K(t) = %t” is K*(z) = ézq, where % + é =1.

ZRecall that, formally, (e £)(x) = ZZ":O( (hﬁ)k f) () =27, %f(k)(x) = f(x + h) by the Taylor series

expansion, where D = % is the differential operator.
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5.1

5.2

Sampling techniques, synthetic data

Keinerlei Mystik; Mathematik geniigt mir.

Max Frisch, 1911-1991, in Homer Faber

GENERATION OF RANDOM VARIABLES

5.1.1 The Inverse Transform Method on the real line

Definition 5.1 (Uniform distribution). Suppose that vol(A) < oco. A random variable U is
uniformly distributed on A (denoted U ~ U(A), if P(U € B) = Vovléffg‘;‘) for every measurable
set B.

Remark 5.2. For a random variable U ~ U([0, 1]), it holds that P(U < u) = u (u € [0, 1]).

A random variable X with distribution function Fx often can be obtained by using the inverse
transform method. For a univariate, continuous random variable it holds that

X~ Fx'(U),
where U is in [0, 1] uniformly distributed. Indeed, we have that
Fpo () = P(Fx'(U) < x) = P(U < Fx(x)) = Fx(x), (5.1)

and
Frex)(u) = P (Fx(X) <u) = P(X < Fx' () = Fx(Fx'(w)) =u=Fy(u). (5.2)

It follows from (5.1) that F )}1 (U) has the same cdf as X, i.e., they cannot be distinguished by
their distribution function; as well, Fx(X) and U share the same cdf (cf. (5.2)).

RANDOM VARIABLES IN HIGHER DIMENSIONS
Recall that a probability distribution on R4 may be dissected as
Plarxxan= [ [ [ Pl v P@olxP@),
A Ja, Ag

where each measure P(dx;| x1, ..., x;_1) isameasure on the real line, so that inverse transformation
method applies.
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34 SAMPLING TECHNIQUES, SYNTHETIC DATA

Remark 5.3. Let U;([0,1]),i = 1,...,d, be independent uniforms on the interval [0, 1] and
a; < b;. Then

ar+ (b —a)l;

: (5.3)
aqg+ (ba—aa)Uqg
is uniformly distributed in the rectangle
R = [a,b1] X -+ X [aq, ba] c RY. (5.4)

Indeed, P(a+ (b—a)U < x) = P (U < 3=2) = 3=2 (cf. Remark 5.2), the assertion for d = 1.
For independent U;,i = 1,...,d,

P(ai+ (bl —ai)U,- < Xx; fori = 1,,d) P(ai+ (bl —ai)U,' Sxi)

—

1l
—_

1

QU

xi—a; _ vol([ar,x1] X --- X [ag,xa4])
i bi—a; vol([ay,bi] X+ X [aa,bal)’

the assertion for any rectangle in general dimension d.

Algorithm 1 provides realizations of a random variable U ~ U(A) for a general set A. Its

probability of acceptance is zg%g; .

Data: A set A with A C R, where R is a rectangle (cf. (5.4))

Result: Realization of a random variable U ~ U (A)

repeat
| generate a random variable Y ~ U(R), cf. (5.3)

until Y € A;

returnU =Y o . o )
Algorithm 1: Realization of a uniform U ~ U(A) (rejection sampling)

5.2.1 Rejection sampling, acceptance-rejection method — Verwerfungsmethode

Suppose that it is cheap to sample from the multivariate distribution with density g(-) (the proposal
distribution) and there is a number @ > 1 such that fx(x) < a - g(x) for all x € R¢. Algorithm 2
describes the method of rejection sampling.
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5.2 RANDOM VARIABLES IN HIGHER DIMENSIONS 35

Data: A density function g(-) and a > 1 so that fx(-) < a g(-)

Result: Realization of a random variable X with density fx(-)
repeat
generate a random variable Y with density g(-) and
an independent, uniform U € [0, 1]
until fx(Y) > Uag(Y) accept Y,

return X =Y L .
Algorithm 2: Rejection sampling

Verification of Algorithm 2. Note that

P (Y accepted and Y € dx) = P (U < af-X(gEf;) andY € dx) (5.5)
=P(Us x(@) sz)-P(Yedx) (5.6)
a-g(Y)
- fx) g (x) dx = © fy(x) dx. (5.7)
a-g(x) a

By integrating all dx we find the efficiency

1 1
P (Y accepted) = / —fx(x)dx = —
Rd @

. .

It follows that P(X € dx) = P (Y € dx | Y accepted) = P(Y?(xya;ljcgp?gg?pted) = fx(x)dx, the

assertion. O

5.2.2 Ratio-of-uniforms method

The ratio-of-uniforms method is a variant of rejection sampling to obtain samples from a
distribution with given density. The key advantage of the ratio-of-uniforms method is that only
uniform random variables (and no others) have to be accessible. Basis of the ratio-of-uniforms
method is the following:

Theorem 5.4 (cf. Kinderman and Monahan, 1977). Let h(-) be a function with fRd h(y)dy < o
and r > 0. Then the volume of

A= {(v,u) eRIXR:0<u< *‘“{/h(v/ur)} (5.8)

is finite. If (V,U) is uniformly distributed in A, then X =V |U" = (V1,...,Vq) JU" € R%isa
random vector with probability density function fx(x) = h(x)/ ./Rd h(y) dy (cf. Algorithm 3).

Verification of Theorem 5.4 and Algorithm 3. We shall apply the change of variables formula,

Vi vi/u”

/ﬂ f(y)dy = fg(ﬂ) f(g7 ' (x)|(g~ 1 (x)| dx. The transformationg| * | := : . with inverse
Vd valu
u u
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36
x1 xp-y" x1 yo ey ! x|
¢ 'l [=] * |hasJacobian(g~!)| * |=]0 0 : ,thusdet(g=!)’ | * | =
Xa| |xa-y" Xd N Xd
Y Y Y 0 ... 0 1 Y
y™ and g(A) = {(x,y) eRIxR:0<y< "“\'/h(x)}. The volume of A is finite, as
vol(ﬂ):/ ldudvy...dvg
A
=/ ydydx; ... dxg
g(A)
o0 00 yrd+1 r h(x)
Al
oo oo rd 1]
= dx;...dx . 5.9
/_m /_Oo Tl d <o (5.9)

The random variable V/U" are the first d marginals of g(V, U). The marginal density is

fV/U’(x)=/0 fg(V,U)(x,y)dy=/0 fvu (g‘1 ()yc))'yrddy=/0 o (xir)‘y’ddy-

By design of Algorithm 3, the random vector (V, U) is uniformly distributed in A, so the joint
density is
m if (V, M) S ﬂ,

0 else,

fV,U(V’ I/l) = {

r 1 fO < < rd+1/h ,
that is, fy.u (xy ) = {(‘;01(5‘") ;lse_ y= x) With (5.9), the marginal density is

rd+vm yrd 1 yrd+1 rd+bh(x) h(x)
(x) = dy = T h(ndy
fvur(x) ) vol(A) Y vol(A) rd + 1|, fRd h(y)dy

for every x € RY.

Algorithm 3 employs rejection sampling (Algorithm 1) to find uniform points in (5.8) C R
for a suitable region R € RY x R.

Remark 5.5. Observe thatu < sup, “N/h(x); further, with x; := vi/u, the constraintu < “N/h(v/u)
is equivalent to v; < x; - “§/h(x). For implementations it is thus sufficient (cf. Exercise 5.3) and
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Data: A nonnegative function /(-) and a region R O A with finite volume containing
A c RY xR, cf. (5.8) (cf. Remark 5.5); a parameter r > 0

Result: Realization of a random variable X with density fx(-) = h(-)/ /]Rd h(y)dy

repeat

generate a random point (V, U) uniformly distribted in R D A,

setY =V/U", ratio of uniforms
until U4 < h(Y) rejectY, if (V,U) ¢ A,
set X =Y; accept Y
return X

Algorithm 3: Ratio-of-uniforms method

often convenient to choose the rectangle

R =---x |inf x; - “Nh(x), supx; - “Wh(x)|[x... x [0, sup “Wh(x)| > A. (5.10)
xeS x€S x€S
— N e’
=X¢,i =Xp i sU
3V

Remark 5.6. Exercise 5.2 is a remarkable example of how to employ Algorithm 3 to generate
variates of a Cauchy distribution.

5.2.3 Composition method

Proposition 5.7. Suppose that P; are probability measures and n ; are mixing coeflicients with
n; > 0and Z;‘zl n;=1

Let Xj ~ Pjandlet j* € {1,...,n} be a random variable with P(j* = j) = mj, then X;+ has
measure

n
Xj*NZﬂ'j'sz:P-
Jj=1

Proof. From Bayes’ theorem we have that
n

P(Xj € A)= > P(Xp € A|j = j)-P(j" =)

J=1

= D Pi(X; € A)-P(j =)
j=1

n
=Z7Tj'Pj(Xj€A)
Jj=1

and thus the assertion. m]

Version: January 20, 2025



5.3

38 SAMPLING TECHNIQUES, SYNTHETIC DATA

Corollary 5.8. Suppose that f;(-) are density functions and m; are mixing coefficients with
mp>0and 3 m; = 1.

Let X have density f;(-) and let j* be a random variable with P(j* = j) = n;, then X has
density

Fe ()~ Y i £,
j=1

METROPOLIS—HASTINGS

The Metropolis' —Hastings” algorithm is a Markov chain Monte Carlo (MCMC) algorithm for
obtaining a sequence of random samples from a probability distribution from which direct
sampling is difficult.

Consider a Markov chain where transitions from y to dx happen with probability ¢ (dx| y).
Note, that f q(dx|y) = 1 for every y. Given a measure with density p,,, the subsequent density

is pmet (x) = [ q(x]y) pm(y) dy.
Definition 5.9. A Markov chain is stationary with distribution p(x), if p(x) = f q(x|y) p(y)dy.

Remark 5.10 (Random walk). A simple example of a Markov chain is the random walk, where
q(-ly) ~ N (y, o) for some (fixed) covariance X.

Definition 5.11 (Detailed balance). A Markov chain is said to be reversible or detailed balance,
if there is a probability measure with density p so that p(x) g(y|x) = p(y) g(x| y).

Proposition 5.12. Suppose that a Markov chain is reversible, then it has a stationary distribution.

Proof. By definition there is a density p so that p(x) g(y|x) = p(y) - g(x| y). It holds that

/q<x|y>p(y)dy=/q(y|x>p<x)dy=p(x>-/q<y|x)dy=p<x>,
thus p is stationary. |

Remark 5.13. Uniqueness of a stationary distribution can be ensured by assuming ergodicity of
the Markov chain.

The Metropolis—Hastings algorithm (Algorithm 4) generates a sequence of samples from
a measure P with associated density p(x)dx = P(dx), which are (in general) correlated and
particularly not independent.

Remark 5.14. The Metropolis—Hastings algorithm (Algorithm 4) employs the unnormalized
density function p instead of the density p. Due to (5.11), the constant c[;l = f P (x) dx does not
have to be known.

Proposition 5.15. The sequence generated by the Metropolis—Hastings algorithm (Algorithm 4)
is detailed balance with stationary distribution p(-).

Nicolas Metropolis, 1919-1999, Greek-American physicist
2Wilfried Keith Hastings, 1930-2016, statistician

rough draft: do not distribute



5.4

5.4 IMPORTANCE SAMPLING 39

Data: A (unnormalized) density function j(-) and a transition kernel g(-| -)
Result: A (possibly correlated) sequence of random variables X; with density

p()=cp-p()
set k := 0 and pick an initial value X
repeat
generate a candidate Y ~ ¢g(- | Xz),
compute the Metropolis acceptance ratio
A(Y. Xy) = min (1, 2 4XlY) | (5.11)
P(Xi) - q(¥Y| X)
generate an independent uniform U € [0, 1]
if U < A(Y, X) then
| set Xpy1 =Y accept the candidate
else
| set Xiv1 = Xk reject and copy the old state forward
end
setk=k+1

until tired of all this;
Algorithm 4: Metropolis—Hastings algorithm

Proof. It is apparent that the algorithm defines a Markov process with transition probabilities
q(y|x) A(y,x). With (5.11) we have that

p(x)q(y|x) - A(y,x) = min (p(x) q(y|x), p(y)q(x|y))
=min (p(y) q(x]y), p(x) q(y|x))
=p(y) q(x|y) - Ax,y).

It follows that p(-) is reversible (detailed balance) and stationary by Proposition 5.12. O

IMPORTANCE SAMPLING

We have seen in the preceding section that % L h(X) — Eh = / h dP for independent
n—oo

samples X; chosen from P. l.e., for a density with f(x)dx = P(dx) we have convergence of the
sample means towards its P-expectation, % i h(X) — f hdP = f h(x) - f(x)dx.
n—oo

Suppose that it is difficult to sample from P, but samples from a different measure Q > P
(the proposal distribution) are cheaply/ easily available. Let Q have density function g(-) and let
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&éi ~ O ~ g be independent samples. Then
1< f (&) / f ( )
= ) h(&) h(x ) (x) dx
n ; (érl n—eo
- [ @

= / hdP,

i.e., the expectation of & with respect to P can be realized by employing samples from Q and the
likelihood ratio R(x) = chg;

Note that in contrast to rejection sampling (Algorithm 2 above), importance sampling does
not discard samples. Instead, the method adjusts the weights (giving thus rise to the name

importance).

Remark 5.16. For the method to be efficient in practice it is desirable that R(-) ~ 1, or even
better if % = h()% ~ const. For nonnegative f, the probability density g(-) := a(:) - f(-) is
particularly useful.

PROBLEMS

Exercise 5.1. Show that the expectation EU = %(b — a) and variance varU = %(b —a)? of the
distribution U ~ U([a, b]).

Exercise 52 Let (U,V) € R = {(u v):u?+v? < 1} be uniformly distributed. Choose
h(x) = 2 and show that U |V ~ Cauchy by employing Algorithm 3.

Exercise 5.3 (Ratio-of-uniforms). Verify that (5.8) C (5.10) = R, i.e, {(u, V:0<u< \/h(v/u)} c
[0, sup, \/h(x)] X [— sup, Vx h(x), sup, yx h(x)] .

Exercise 5.4. Generate variates of a Gamma distribution using the ratio-of-uniforms, Algorithm 3.

Exercise 8.5. Discuss andverify the https://www.tu-chemnitz.de/mathematik/fima/public/mathematischeStatistik.pdf#Nc

expectation in (5.5)
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Gaussian Distributions

See the Section on Gaussian distributions (normal distribution) in the lecture mathematische
Statistik.
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Gaussian processes

RANDOM FUNCTIONS

Consider a family of functions, often called the feature maps, ¢r: X — R, and a sequence

oreR, k=1,2,...

Remark 7.1. Note that the realization of the random variable f: Q — R¥ is the function

f(w): X — R. We will always have that X = R<.

Theorem 7.2 (Random fields). Let & be uncorrelated random variables with I8 &, = 0, var & = 1

and define the random function (stochastic process)

(F@)@) = ) &@ogex),  xeX,
k=1

usually written as random function

f(x)=Z§kUk90k(x), xeX.
=l

Then IE f(x) = 0 and the covariance is

k(x,x") =cov (f(x), f(x)) = o-,f 0 (x) er (x), x,x €X.
k=1

For &, ~ N(0, 1) it holds that
f(x1) 0 k(x1,x1) ... k(x1,x,)
S ~NY ) : : =N(0, K),
f(xn) 0 k(xp,x1) ... k(xu,x,)

(7.1)

(7.2)

where K with K;; = k(x;,x;) is the Gram matrix. The vector f with components f; = f(x;)

follows the multivariate normal distribution
f~N(0, K).

Remark 7.3. Suppose that &, ~ N(0, 1) are standard Gaussians, then

, x € X.

Fx)~N (o, Dok prx)?
k=1
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Proof. By linearity, the expectation is
Ef(x) = Ekz;fkffksok(x) = ; oker(x) E& =0
The covariance thus is
cov (f(x), f(»)) =E Z EkTkpr (x) - Z Eeoepe(y)
= Z Tk (x) - Z oepe(y) - Eérée
—Z%%Mw@

the assertion. O

7.2 GAUSSIAN PROCESSES

Consider a kernel function k: X X X — R and a Gaussian process f, i.e., a random variable
f:Q — RX (with X =R?, e.g.). Recall, that a realization of the random variable f(w): X — R

is a function. For any collection of points x, . .., x, € X it holds that that
f(x1) 0 k(xi,x1) ... k(x1,x,)
SRV ENE : - : = N(0, K),
f(xn) 0 k(xp,x1) ... k(xn,xp)

where K;; = k(x;,x;) is the Gram matrix. The vector f with components f; := f(x;) follows the
multivariate normal distribution
f~N(0, K).

Example 7.4. Consider the exponentially weighted monomials ¢ (x) = (%)k e~ 3107 with
2 _ 1
o = ;- Then

k(x,x')==£§;Z%-(%)k(é;)ke—i(X/GZe‘é(x7€f

’ 2
=afﬂz—%ww%—ﬂvwﬂ:em%_l(x_x)).

2 ¢

Example 7.5 (Brownian motion). Consider the feature maps ¢ (x) = V2 sin ((k - %)ﬂx), and

oy = , then (cf. Figure 7.2a)

(k- ‘)

k(x,y) = > o} er(x) g (y) = min(x, y).
k=1
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realization 1 ==

realization2 —— _

realization 3
realization 4
realization 5

0.2 0.4 0.6 0.8

(a) Exponential kernel, cf. Example 7.4

Figure 7.1: Random functions

realization 1

realization 2 ——
realization 3
realization 4
realization 5

Version:

(a) Brownian motion
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(b) Sigmoid kernel k(x, y) =
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(b) Brownian bridge

Figure 7.2: Brownian motion and Brownian bridge
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realization 1 + realization 1
15 - realization 2 - realization 2

__réalization 3 L5 - realizatiol
1- " realization 4 - 1- ~| M realizati
0.5 - T realization 5 _ B ‘ N ‘ Mx il “ \ l ,,?Wm
7ind ' I M TR T “!
, e tﬁ# W T lJ vt ;l,”‘u
. 0.5 ST '1 A H*

0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

(a) Hurst index H = 0.8; increments are positively correlated(b) Hurstindex H = 0.2; increments are negatively correlated

Figure 7.3: Fractional Brownian motion

Example 7.6 (Brownian bridge). Choose ¢ (x) = V2 sin (knx), 0% = 7=, then (cf. Figure 7.2b)

k(x,y) = min(x,y) = xy = > of @x(x) ¢x(y)
k=1

In what follows, we shall assume that there is a symmetric function & (-, :), but the feature
functions are not available explicitly. Nonetheless, we can describe the functions.

Example 7.7 (Fractional Brownian motion). The kernel function for the fractional Brownian
motion is 2k (x, y) = x27 + y2H — |x — y|> where His the Hurst index; the Wiener process has

Hurst index H = 1/2.

Theorem 7.8 (Bochner'). Suppose that k(x,y) = k(y — x). Then k is positive definite, iff
k(z) = fX e~ 21 (dt) for some non-negative measure 1.

Proof. Suppose that k(x, y) = / e~ t0=X);(dr) for some non-negative measure u. Define the

vector z(1) = (e ‘”XJ) _» then then k(x;,x,) = fX eitXie=ixe y(dr) = fX 2 (t)z¢(t)pu(dr). For
an arbitrary vector a € C”

aHKa:L;aij(t)Zf(t)at’/J(dt)
:/aHz(t)z(t)Ha,u(df)
X
=/aHz(t) (aHZ(l‘))H p(dr)
X
_ / a2 u(dr) = 0,
X

as the measure y is non-negative.

Salomon Bochner, 1899-1982, US mathematician born in Austria-Hungary (Poland)
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For the converse, consider for any vector a and support points x = (xy, . .., x,) the measure
n(dx) = X%, a;6y,(dx). For k positive definite,

0< ;a_,‘k(xi,x‘,-)a‘, = //Xxx k(x, y)n(dy)n(dx).

Assume that n has a density, n(dx) = £(x)dx and k(x, y) = k(y — x), so that the latter inequality
is equivalent to

0< /X /X EOk(y — 1)EC0)dxdy

for every function ¢&. Now recall (from Proposition 3.12) that the convolution (k * &)(y) =
/X k(y — x)&(x)dx satisfies k &€ = k - £, and Parseval’s equality (cf. Theorem 3.11) is / fx) -

g(x)dx = [ f(w) - §(w)dw. It follows that
o< [ [ k- ey
= (& k= &)
= (£ k- &)
- [ &w) ko) - éw)do
_ / k(w) - ()] do

for every function &. Hence, k > 0, so that k(z) = / ¢k (w)dw is the Fourier transform of a
positive density function. O

Popular choice for the kernel function include the Matérn /2 kernel?

k(x,x") = O'J% exp (—M) (7.3)
o¢
and the Matérn 3/2 kernel’
3lx—x’ 3
k(x,x") = 0']% (1 + M) exp (—£ [|lx —x'll) . (7.4)
g¢ o¢

Here, the parameter o ¢ is called the signal variance and o7 is the length scale.

> The Laplace kernel or exponential kernel is
k(x,x") = exp (_—||x —Z ”) ;
o¢

it is a special case (v = 1/2) of the following Matérn kernel. By Example 3.5, the kernel is
positive.

2Bertil Matérn, 1917-2007, Swedish statistician
3Note, that (1 +x)e™ ~ 1 -2 +0(x%)
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> The general Matérn kernel is (cf. Wiener-Khinchin theorem)

2277 [(V2v ik = x| V2v ,
7€||X—X|| s

4

k(x,x") =

K,

7IT() o

where K, is the modified Bessel function of the second kind. A Gaussian process with
Matérn covariance is [v] + 1 times differentiable. For v = k + % (k € N), the Matérn kernel
simplifies to a polynomial X exponential function, as in (7.4). The kernel is positive by
Bochner’s theorem (Theorem 7.8), as

1 “ —iXxw 1 21_B
— e 5 ﬁdw =
V27T —00 (1 +w ) F(ﬁ)

_1
P2 Ky (1x]).
> The squared exponential kernel

’ l ’
k(x,x") = 0')% exp (—r‘_g lx —x ||2)

is the Matérn kernel with v — oco. The kernel is positive by (3.3) in Proposition (3.6). The
kernel parameters (o ¢, o¢, €.g.) and the parameter o, can be estimated by maximizing the
log-likelihood function, that is, by maximizing

1 2 1+ 2\ 7!
—Elogdet(Kﬂ+0'81)—§y (Kﬂ+0'81) y

with respect to the parameters of the model ((o, of, 07), say).

~——
9

> The inverse multiquadratic kernel (with parameter o) is

2
o
k(x,x") = ! :
YUt =l
Proposition 7.9. Suppose that
-1
wi 0\ [k(x1,x1) ... k(x1,x0)
SN : :
Whn 0 k(xp,x1) ... k(xu,x,)
Then the function
n
F@) =) wi - k(x,xi) (7.5)
i=1

has the distribution (7.2) as well.
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(a) Laplace (Ornstein—Uhlenbeck) (b) Matérn

(c) Gaussian kernel, cf. Figure 7.1a (d) Sigmoid kernel, cf. Figure 7.1b

Figure 7.4: Realization of two dimensional random function for different, radial kernels

Proof. Indeed, E f(x) = X7, k(x,x;) Ew; =0, and

n

Z k(x,x;) Ewiw; k(x;,x¢)

cov(f (x), f(xe))

i,j=1
n n
= > k(ex) DK k(xgxe)
i=1 j=1
ie
=k(x,x¢),
k(xi,xi) ... k(xi,xn)
the assertion for x = xy; for convenience, we have set K = : : . |
k(xu,x1) ... k(xn,xn)

The formula (7.5) gives access to the random function f as well.
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fo
0.6 - R x y samples f  x
0.4 y X x f .
range
0.2 1 < i
0l _
XX
-0.2 _
X
-04 >2<>><§§< X —
-0.6 x |
-0.8 l l X l ! !
-3 -2 -1 0 1 2 3 4

Figure 7.5: Prediction with random functions (7.7)

GAUSSIAN PROCESS REGRESSION

Suppose the function values at X = (xp,...,x,) € X" are know (“training”), and we were
interested in the function values at the new points X = (£1,...,%n) € X"™. They follow the
“signal plus noise” paradigm

fi=fo(Xi) +e&,

where £ ~ N'(0, A) independent. The joint distribution is

fo(X) s kX, X) kX, X)
£(X) 0" \k(X,X) k(X,X)+A)|’

where f(X) = (fi,. .., fu) are the function values observed at X, fo(X) = (fo(%0), - - - » fo(%m)),

k(R X) = (k(£,x)))""), ete.

It follows from conditional Gaussians (cf. math. statistics, section Normal Distribution or
Liptser and Shiryaev [10, Theorem 13.1]) that

S 1 F(X) ~ N (g, K),

where
a=kX,X)k(X,X)+AN) ! F(X)

is the posterior estimator and
R =k(X,X)-k(X,X) (k(X,X)+A) " k(X,X).
Now consider the special case X = (x). Then the prediction is

fo(x) = k(x,X) (k(X,X) +A)~" £(X),
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the local variance

var (fo(x)| £(X1) = five .o f(Xn) = fu)
=k(x,x) —k(x, X) (k(X,X) +A) " k(X,x). (7.6)

does not depend on the samples f;. Note that the variance decreases with additional information,
var (fo(x)| £(X) = f) < k(x, ).
It is convenient to introduce the auxiliary quantity w = (k(X, X) + A7 f(X), ie.,

n
/1Wi+Zk(xivxj)Wj:fi’ i:l,...,n.
Jj=1

Then the predicted value is

folx) = ) k(x,xi) wi. 1.7)
i=1

Figure 7.5 provides an example for predicted function values together with the variance (7.6).

RECONSTRUCTION OF THE FEATURE FUNCTIONS

Consider the linear operator K f(x) = f ¢ k(x,y) f(y)dy with eigenvectors and eigenvalues

K@i = Arpr. Define the inner product (g | f) = f S (%) g(x) dx. Without loss of generality
we may assume that (¢ | ¢r) = 1. For a symmetric and integrable kernel k (x, y) = k(y, x) the
operator K is self-adjoint and we have that there are only countably many eigenvalues, which
are mutually orthogonal (i.e., for different eigenvalues). Indeed, A¢ (@i | ¢) = {¢x | Kpr) =

(Kor | ¢e) = A i | pe),ie., (@i | @e) =0if A # Ap.
Proposition 7.10 (Mercer). We have that

k(x,x) = )" Ak (x) pr(x') = cov (£(x), f(x),

k=1
where fis asin (7.1).

Proof. Note that
/ Zﬂkwk(xwk(y) “pe(y)dy = Z Ak (x) / Pr(¥) e (y)dy = Ac e (x)
X =1 =1 X

for all €. The system (¢ )xen is complete and we thus have that f(-) = >.,—; fr ¢¢(-). By linearity
thus

[ awonon - 100 dy = Y i e o). 7.8)
X =1 =1
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As well we have that
[k soay= [ ke Y feemay=Y e, @9
X X =1 =1

The integrals in (7.8) and (7.9) are equal for all f(-), we thus conclude that the kernels coincide,
ie., k(x,y) = Xl Ak o(x) o (¥)- m

Corollary 7.11. The kernel k(-, -) is positively definite iff k(x,x") = ¢(x) T@(x") for some function
¢: X — RY. The range of ¢(-) is the feature space contained in RY.

Proof. If k(x,x") = ¢(x)T¢(x"), then k is symmetric (k(x,x") = k(x’,x)) and
Kf)= k(x, dy dx
GIED= [ 1@ k) £
~ [ e e roaray
XxX

= (/ f(x) p(x) dx) (/ F) o) d)’)
X X

- H/ Fe® e d|| 0.

2
143
As for the converse we have from Mercer’s theorem that

o VI o1 (0)\ " (VAL o1 (x')
k(rx) = Y Lpe@er) = [ Ve @) | (VL o) [= o) Te@),  xa'eX,
k=1 : :

as Ax > 0 for positively definite operators induced by the kernel k. O
7.5 PARAMETERS

7.6 LEARNING

The problem is miny ;) (1 —uix"v;), + 4 lIx1% .
The problem is miny E ;) (0, vxTu), + A llx|I?.
See Steinwart and Christmann [17]
https://www.cs.princeton.edu/~ehazan/
https://jeremykun.com/2017/06/05/formulating-the-support-vector-machine-optimization-problem/

Definition 7.12 (Loss functions). Loss functions include
> Regression, y € R, £(y, h) = |y — h|%,

> Classification, y € {0, 1}
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7.6 LEARNING

— 0-1-loss, £(y, h) == 3 (1 —sign(y 1)) = L(—w 0y (y ),
— Hinge loss, £(y, h) = max(0, 1 — y h),
- Logloss, £(y, h) =log (1 +exp(-yh)).
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8.1

Probabilistic curve fitting

Nomenclature

t target values

x input values, x = (x,...,xy)"

w parameters, often weights

p(w) prior probability distribution

p(D | w) conditional probability distribution

p(w | D) posterior probability distribution

MAXIMUM LIKELIHOOD ESTIMATION

Definition 8.1. The density of the multivariate normal distribution N (y, ) with mean u € RV
and positive definite covariance matrix ¥ € RV*V is

p() = ——exp (—%(I—M)TZ‘I (i—w). 8.1)

VQ2r)N detX

Recall, that 8 := X! is the precision matrix and P(Y € dy) = f(y)dy, where f(-) is the
density function.

In a frequentist’s maximum likelihood approach, we are interested in the parameter which
maximizes the probability of the particular observations x and ¢, i.e.,

wwmL € argmax p(x | w). 8.2)
w

Example 8.2. Consider independent normals

N N N
p(x1s. XN | ) = g@exp (—§<xn —u)z) = @ exp (—/53;@" —u)z)

as in (8.1). The maximum of the corresponding sum-of-squares error function

N
pvL € argmax p(x | 1) = argmin ) (x, - p1)°
M M n=1

is attained at umy, = % ZnNzl Xp.
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Example 8.3. Consider independent normals

N N N
p(x1, XN | ) = g@exp (—§<xn —u)z) = @ exp (—§;<xn —u)z)

as in (8.1). The maximizers of the problem (umr, BmL) € argmax ,, gy p(x | u, ) minimize

N
B
—logp(x1,....xN |,U,,3)=§ g ,u)z——logﬁ
n=1
th = LyN
ey are ML = 7 2, Xn and
1 1
2 2
o =0 :_§ Xn — . (8.3)
B ML anl( n = MML)

MAXIMUM LIKELIHOOD CURVE FITTING

Suppose we want to predict y(x) depending on x. Suppose further a sample of observations
(xn,tn) is available, where ¢ := (ty,...,tn) are the rarget values and x = (x1,...,xyn). By
picking the parameter w we want to select the function y(x, w), which fits best to the sample
observed.

Example 8.4. We assume the distribution

N
p(ti, ... tn | X1, ..., xN, W, B) = I_IN(tn | y(xn, w), B).

n=1

Maximizing the likelihood max,, N (z | y(x,w)) corresponds to minimizing the log-likelihood

B X » N
WML € argvimn > ; (th — y(xn,w))" = 7 log 3. (8.4)
As above we have that ﬁlL = N Z 1 (tn = y(xns wmL))®.

Example 8.5. Suppose that y(x, w) = wTg(x) = wy g1(x)+- - -+wys gar(x), then the problem (8.4)
reads

2
wML € argmin —Z(rn Zwm gm(xn)) ——logﬁ (8.5)

(W15 wnr) m=1

which we address further below.
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8.3 SIMPLE BAYES

Definition 8.6. The conditional probability is P(A | C) satisfies the product rule
P(ANC)=P(A|C)-P(C). (8.6)

Proposition 8.7 (Law of total probability'). Suppose that (Ck)f:1 is a partition of the sample
space (i.e., UkK:1 Ck = Qand C; N Cy = 0 whenever j # k), then the sum rule

P(A) = Z P(ANCy)
k

and

K
P(A) = > P(A|Ch) - P(C) 8.7)
k=1

hold true.

Theorem 8.8 (Bayes’ Theorem). It holds that

P(A|C)-P(C)
P A) = .
(ClA) P(A) (8.8)
Corollary. For a partition Cy, k = 1,..., K, it holds that
(i) P(Cr | A) = P<A|<;k(>f;;3<ck> _ {ﬁﬁéﬁ-flgf@b and particularly
J
P(A|C)P(C
P(C|A)= (4]C) P(C) (8.9)

P(A|C)P(C)+P(A|C® P(CO)’

(ii) P(C|A) =2 P(C|ANCK) - P(Ck | A),
(iii) P(B| A) =Y, P(B| ANCy) - P(Cy) if B is independent with every Cy,

(iv) P(AyN---NA,) =P(A) - P(A2 | A1) - P(A3 | A1 N Ay) - ... P(An | A1 - N Ap).

Epistemological interpretation of (8.9): For proposition C and evidence or background A:
(i) P(C) is the prior probability, is the initial degree of belief in C;
(ii) P(C®) =1- P(Q) is the corresponding probability of the initial degree of belief against C;

(iii) P(A | C) is the conditional probability or likelihood, is the degree of belief in A, given that
the proposition C is true;

(iv) P(A | C°) is the conditional probability or likelihood, is the degree of belief in A, given
that the proposition C is false;

IGesetz der totalen Wahrscheinlichkeit
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(v) P(C | A) is the posterior probability, is the probability for C after taking into account A
for and against C.

In data science, we typically use the Bayes rule for densities. We can rewrite (8.6) as

p(w, D)
D)=——.
p(w|D) (D)
By Bayes’ theorem (cf. (8.8)) we have that
D
pw| D) = ’% p(w). (8.10)

where, by (8.7),
p(D) = / p(D|w)pw)dw.

The denominator p(D) in (8.10) does not depend on w. It follows that

argmax p(w | D) = argmax p(D | w) - p(w).

For this reason, Bayes’ theorem (8.10) is often stated as

p(w[D)xp(D|w)xp(w). (8.11)
R N e’ e —
posterior likelihood prior

BAYESIAN CURVE FITTING

The Bayesian framework assumes a distribution for the prior w, for example

p(w)=N (w | 0, a/_l]l) = (%)Mexp (—%WTW) ; (8.12)

here, w € RM and « € R is a hyperparameter. By Bayes’ theorem (8.11) we infer that

p(w [t,x) e« p(t,x | w) X p(w)

Bl (B AN AN
=45, P (—5 Z (tn — y(xy,w)) ) X\ 5. P (—EWTW) . (8.13)

Maximizing with respect to w
N

. @
w € argmax p(w | £,x) = argmmZ (tn — y(xn, w))2 +—=w'w.
w

w B

n=1

This is a regularization with parameter A := %
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We can also include the precision § as a parameter, then the problem is

pw | 1,x,B) e p(t.x, B | w) X p(w) = (8.13),

which corresponds to maximizing

N
N
(w,B) € argmax p(w | t,x) = argmin B Z (tn — y(xn, w))2 - —logB+ TwTw.  (8.14)
(w.8) w.B) 24 2 2
We conclude from (8.3) that /ﬁ = ﬁ Zf\il (tn — y(xp, wML))Z, where wypr is optimal in (8.14).
Assume that y(x,w) = w'y(x) = Z%zl Wi Ym(x) so that the problem is to minimize
N M 2 M
ﬁz (tn - Z mem(xn)) +a Z W%n
n=1 m=1 m=1

with respect to w. Differentiating with respect to wy gives the first order condition,

N M
_ZIBZ (tn - Z Wm ym(xn)) Vi (xn) + 2@ wi = 0.
n=1 m=1
This is the k™ row in the the normal equations —8Y 7t + Y'Y w = —a 1w, where ¥ =
(ym(xn)),, p € RVM 1= (£,)N  and w := (wp,,)M_| . It follows that

w=B(al+pYTY)"

YT't=8S8Y"t,
where S™! :== @ 1 + BYTY. Note that the posterior mean is
m(x) =y(x)"w=pByx) SYt

and variance
s =B +y(@)TS y(x),

resulting in the predictive distribution

p(t1xw.f) = N (1 | m(x).s(x)?).
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9.1

9.2

Methods for Classification

Suppose that X; have mean u; and variance ;. Then the linear feature w' X has expectation
w ' u; and variance w'X;w. Note that u; and X; can be estimated by i; = ﬁ 2jec, Xj and

A

2= I(%‘_,I Yiec, (=) (x;—f) " The matrix 3 is often estimated 3 = ﬁ Z;.‘:l(xj—ﬂ)(xj—ﬁ)T,
where [ = %Z;.‘:lxj.

(LINEAR) DISCRIMINANT ANALYSIS

Consider the probability densities p (x | y =0) or p (x | y = 1). The decision can be based on

the likelihood ratio by Z gii 2(1); s 1. For normal distributed random variables N (o, Zo) and

N (,u L2 1) the criterion reduces to

(x - ,uo)TZal(x — o) +logdetZy — (x — ,ul)TZl_l(x —u1) —logdetZ; > T, 9.1)

where T is some threshold. Note, that (9.1) describes an ellipsoid. Assuming that X = Xg = %
the criterion further reduces to

wix >c

withw =271 (y; — po) and ¢ = 1 (T - g o + [ ).
FISHER’S LINEAR DISCRIMINANT

Fisher! defined the separation S between these two to be the ratio of the variance between the
classes to the variance within the classes,

2 2
S = Thetween _ (WT,UI - WT#O)2 _ (WT(/ll — Mo)) _ w'Spw 9.2)
O-V%/ithin wIZiw+wlZow  wl'(Zo+2Z))w wiw’ '

where S, = (i1 — o) (11 — o) ". This measure is, in some sense, a measure of the signal-to-noise
ratio for the class labelling.

The maximum separation occurs when S is large. Note, that S is invariant with respect to
re-scaling of w. The first order conditions for the Lagrangian

L(w,Q) = (wTAy)2 —A(w'Zw-1)

IRonald Fisher, 1890-1962, British statistician
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9.4

9.5

62 METHODS FOR CLASSIFICATION

includes

0= aiL =2(w'Au) Au" =2 (EW)T +w'E)
w

= (WTA,u) A’ —2aw™E

from which follows that

wooc (Zo+21) 7 (ur — po)- 9.3)

This is Fisher’s linear discriminant, the same solution as for linear discriminant analysis (LDA,
Section 9.1 above), but does not require the assumptions made there.

Remark 9.1. Differentiating S directly gives g—f/ o A" —wTX, which again characterizes Fisher’s
linear discriminant (9.3).

wiSpw _
wiZw —

Remark 9.2. Note that the optimal vector w in (9.2) maximizes the Rayleight quotient § =

STyolng ol . . ) ) _ T -
%, where w := 2w so that W is an eigenvector and satisfies £~ "2S, X~ = §w,

or equivalently, >-1S, w = Sw. Hence, w is an eigenvector of >-1§, for the Eigenvalue S.
Remark 9.3 (Shrinkage). Occasionally, one considers the matrix (1 — )X+ A1 for some shrinkage
intensity or regularisation parameter A.

PERCEPTION ALGORITHM

Consider Rosenblatt’s” Perceptron, i.e., the nonlinear classifier y(x) = sign (w" ¢(x)). Define
the target values t = 1 (r = —1, resp.) if x € C; (x € Cy, resp.). Note, that #; - w' ¢(x;) > 0
for correctly classified data. The perception criterion is Ep(w) = — Y;c pr i - W' ¢(x;), where
M collects misclassified patterns. The perception algorithm is w**! = w™ + nt, ¢(x,,), where
n € M is misclassified.

MULTIPLE CLASSES

Classifiers for multiple classes Cy, ..., Ck can be obtained by yg(x) = wzx + wio and the
classification
x € Cx & k € argmax wz,x + Wpo.
k'=1,...K
These classes are necessarily convex.
PROBABILISTIC METHODS
Recall from Bayes’ theorem that
px|Cr) p(C)  explak)

c _ = >
p(Cx | x) Zkkzlp(x | Cr) - p(Ck) Zf:l exp(aj)

ZFrank Rosenblatt, 1928—1971, American psychologist notable in the field of artificial intelligence
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9.7

9.6 SUPPORT VECTORS 63

where
a(x) =log(p(x | Ci) - p(Ck)).

In particular we have that

p(x|C1) - p(C1)

p(x[C1)-p(C)+px|C)-p(C)
1

1+ p(x|C)-p(&)

p(Cilx) =

p(x[C1)-p(Cr)
1
= = S ,
1 +exp(—a) (a)

where a(x) = log 2P — () — g5(x) and S(x) =

P (X[Co)-p(Co) is the logistic sigmoid
function.

1
1+exp(—x)
Remark 9.4. Suppose that p (- | Cx) is the density of a normal distribution N (u, ). Then
a(x) =wTx +wq, where w = 271 (up — 1) and wg = —%leZ‘lul + %uZTZ‘l,uz +log Zgg;; It
follows that p(Cy | x) = S(w x + wy).

For general classes, ay(x) = wa + Wio, where wy = 271y and wyo = —%,uZZ‘lpk +
log p(Ci).

SUPPORT VECTORS

Lemma 9.5. The linear equation w' x = b defines a hyperplane. The point on the hyperplane

closest (in Euclidean norm) to the origin is W vf B The distance to the hyperplane is Tl f: T

Proof. Apparently, p = wﬁ is on the hyperplane, as w'p = b.
Note that p o« w, the normal vector. For any other vector x on the plane it holds that

x—p L p (indeed, pT(x — p) = W(wa—pr) = W (b—wTw b ) = 0) and thus

lwll?

wT (p + (x = p)) = b for which the norm is ||x||*> = ||p||> + |lx = plI> = lIplI*. O
Corollary 9.6. The distance of the hyperplanes w™x — b = %1 is

2 ©.4)
i

Proof. The hyperplanes are parallel, so the points closest to the origin are closest to each other.

Their distance is 2L — b=1 — _2 O
wil 1wl Iwll

LINEARLY SEPARABLE DATA — HARD MARGIN

Let D = {(x;,y;):i=1,...,m} be a set of data with y; € {-1,1}. We are looking for a
linear rule consisting of w and b separating the data in the distinct sets I, = {i: y; > 0} and
I_ = {i: y; <0}. A correct linear classifier satisfies sign (w"x; + b) = y; or, equivalently,

yi(w'x; +b) > 0foralli < m.
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Definition 9.7. The geometric margin of a hyperplane w with respect to a dataset D is the shortest
distance from a training points x; to the hyperplane defined by w. The best hyperplane has the
largest possible margin.

Problem 9.8 (Support vectors). By rescaling the plane parameters w and b, the classifications
defined by the hyperplane are w'x; —b > 1 fori € I, and w'x; —b < —1 fori € I_. The
hyperplane midway between the classification points (x;, y;) with largest distance (margin,
cf. (9.4)) is given by

minimize 1” 2
inw,b 2 v
subject to y; (wai - b) >1foralli=1,...,m. 9.5)

The classifier is given by x > sign (w"x — b), where b and w are the support vectors solving the
preceding optimization problem. Note that the problem (9.5) is convex.

NOT LINEARLY SEPARABLE DATA — SOFT MARGIN

Definition 9.9 (Hinge® loss). For an intended output r = +1 and a classifier score y, the hinge
loss (or ramp function) is

E(y;t) =max(0, 1 —y-t)=(1-y-1),.

Note, that £(w"x; — b;t) = 0, if ¢ = y; and the constraints (9.5) are satisfied. We thus wish to
solve
minimize

1 & 2
inw, b ;Zmax (0, 1= y; (w'x; = b)) + Ellwllz, (9.6)
’ i1

where the parameter 1* determines the trade-off between increasing the margin size and ensuring
that the x; lie on the correct side of the margin. Thus, for sufficiently small values of A, the second
term in the loss function will become negligible, hence, it will behave similar to the hard-margin
SVM, if the input data are linearly classifiable, but will still learn if a classification rule is viable
or not.

Remark 9.10. Note, that £(+) is a convex function. Further, the objective (9.6) is convex and the
problem does not involve constraints.

9.8.1 Dualization

We may rewrite the problem (9.6) as

minimize 1 A

: = si+ Sl ©.7)

inw, b, s n — 2

subject to y; (w ' x; — b) > 1-s; and (a; 2 0) (9.8)
si=0foralli=1,...,n, (Bi =0) 9.9)

3Drehgelenk, Scharnier in German

4% is also known as the soft margin parameter.
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where the slack variable s; quantifies the amount to which the constraint (9.8) is violated.
The Lagrangian is

IR A A
L(w,b,s;a;,Bi) == i+ SllwlP+= i'(l—i— (w'xi—b )—— i-si, (9.10
(w. b 53 1. B7) n;s Slwl n;a s =i (wxi = b) n;ﬁ si. (9.10)
which we minimize with respect to the primal variables w, b and s for fixed Lagrange multipliers
a; > 0 and B; > 0 corresponding to the inequality constraints in (9.7). The first order conditions

are

AL PR

—=Aw; - - a;yixij=0, j=1...,m, 9.11)

ow; J n; J

oL 1

gzz(l—ﬂaj—/lﬁj):O, j=1,...,mand (9.12)
J

AL A~

% = ;Zai yi = 0. (913)

From (9.11) it follows that the support vector is

1 n
W:Z.leaiy"x‘" (9.14)
i=
It follows from (9.12) that
1
ﬁi = /_l — ;. (915)

The Lagrange multipliers @; and §; correspond to inequality constraints in (9.7), so they are
nonnegative, i.e., 0 < @; < % The Lagrangian (9.10) thus simplifies to

1 A
LOw.b.siai.fi) = — ) si+ 5 |wlf
i=1

2 A RN A X
+;Za/i—;Za/[s,-—AWT;Zaiyixi+;Za,-yib
i i i=1 i=1

—_——— —o—
wby (9.14)  =0by (9.13)

A (1
2 (o)

——
=B by (9.15)

A, n A
=3Il +;Zai
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by convex duality. The convex dual to the preceding problem (9.7)—(9.9) is

maximize 1 1 , 1 & I K& T
in n — @i~ EHW” T ;ai o2 ; ;aia’j YiyjXi Xj (9.16)

1 n
subject to — Z y; @; = 0 and (cf. (9.13))
nia

1
0<a; <-.
A

Remark 9.11. Note, that (x;, y;) is correctly classified, if s; = 0. By complementary slackness we

have that a; < % — B;i >0 = s5;,=0.

(9.15) (9.9)

The offset b can be recovered by finding an x; on the margin’s boundary (i.e., a; < /ll) and
solving

yiwxi-b)=le=b=w'x; -y

(as y? = 1). The classification then is x > sign (Zl’.’zl @;yix; x - b).

9.8.2 The kernel trick I

The dual problem can be generalized by involving a kernel function k(x, y) and solving

n n n

maximize 1 1
- Z -5 Z a;a;y;yjk(xi,x;) 9.17)
1

ina
i3 i=1 j=
1 n
subject to — Z y; a; =0 and
n
i=1

1
0< a; < —
A
instead. The hyperplane % 2y @; yi k(x;,x) = const then specifies the classification rule.

9.8.3 The kernel trick I1

Consider the (unconstrained) optimization problem

minimize 1 + A0

. =) U f(x)s fi) + = . 9.18

in £ 72 (U G05A) + SR ©9.18)
The Lagrangian of the equivalent reformulation

minimize 1

N A
in f(yu e rr 7 24 (0 5+ SR

subject to u; = <k(-,x,~),f(-)> fori=1,...,n
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with dual parameters (shadow costs) @ = (a;)!, is

n n

L(fowsa) = Clus ) + SI71E + 5 s = (ko). £0)
i=1 i=1
2

1 1 .
:;;(f(”i;fi)+“i'/la'i)+§“f(')—;;aik(-,xi) )

1 n
—2 Z a'ik(x,-,xj)a/j
2n i,j=1

with dual function
d(a) = }nfL(f, u;@).
U

This objective is minimal for f(-) = % ey @i k(-,x;) and thus

v, 1 -
d(a) = - Zf (-Aa;; fi) — oy Z aik(xi, xj)a;,
i=1 i,j=1
where = inf,cp €(u;y) —u - @ = —sup,ep e - @ — £(u;y) = —€*(a;y) is the convex conjugate
function, cf. (4.6). The optimization problem (9.18) thus is
/l n

1,
_Z;‘/ (—Aay; fi) — 2 aik(x;,xj)a;. 9.19)

maximize
ina €R”?

i,j=1

9.8.4 The kernel trick II1

A particular situation arises for k(x,y) = ¢(x)T¢(y), where ¢: R — R% maps the data into
the feature space with d, > dy. The solution of (9.17) is w = %Z;’:l a; yi ¢(x;)" and the
classification reads

1 n 1 n
wlp(x) = - Zl @; yi p(x;) Tp(x) = - Zl @; y; k(x;,x),
= 1=

which is known as the kernel trick, or kernel substitution.
The classification problem can be stated as

minimize

inw J(w) =

| =

n
2 A
Z (whe(x;) —yi)" + EwTw. (9.20)
i=1
Differentiating with respect to w gives the first order conditions

V= Z (wTe(xi) — yi) o(x;) +Aw =0,

i=1

or

w = Z ~ (yi=wTe)) p(x) = ¢"a,

=.a;
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where ¢ = (¢(x1),...,¢(x,))" is the design matrix.
Substituting w = ¢ " a in (9.20) gives the problem

minimize - 1 = T 2 A+ 4
na @ -—Ezl(a pe() =) +3aTepTa 9.21)
1=
_laT T T, _ T T +l T +il T T
SHd4 P pp a-a e ytoy ytoa ppd
1 1 A
= EaTKKa -a'Ky+ EyTy+ EaTKa, (9.22)

where K = ¢¢T is the Gram® matrix with entries K;; = ¢(x;)T¢(x;) = k(x;,x;). The solution
of the problem (9.22) is a = (K + A - 1)~! y. The final prediction is

Y =we(x) = () w=px) ¢ a=k(x)T (K+a1)"y,

where k;(x) = ¢(x) "o (x;) = k(x;,x).

9.9 PROBLEMS

P iffel-10]

Exercise 9.1. Show that the conjugate of the hinge loss is £*(z;t) = {
+o0o else

5J¢rgen Pedersen Gram, 1850-1916, Danish actuary and mathematician
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Neural Networks

10.1 FORWARD PROPAGATION

Definition 10.1 (Prediction functions for Classification). Prediction functions for classification
include

> Support vector machines, i(x, (w, b)) =w'x +b,

> Deep neural networks, h(x, (Wi,... Wy, bi,....,by) = (Sy0---08)) (x), where S;(x) =
h(W;x + b;) for some nonlinear activation function 4 and S; = s is the sigmoid function,

S(X) = H—e%'
a; = W;x + b; at the layer j is called an activation. the activation a; = }; wj.;)x,- + w%),
where the parameters w%) are called biases. For an activation function A(-) set z; == h(a;). A
typical activation function is i(x) = max(0, x). for Forward propagation is the evaluation of the

neural network, i.e.,

D x> (TLh (ZTL_1 » .Tgh(Tlx))),

J
where

T,: Rt — R'™

x— Apx+ by

and h(xy,...,x,) = (h(x1),..., h(x,)).
Mathematical foundations of neural networks include

> the universal approximation theorem and

> the Kolmogorov—Arnold representation theorem.
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I1.1

Stochastic Approximation

In what follows we assume that f: R” — R is sufficiently smooth. We follow Pflug [13].
See also Nemirovski et al. [12].

GRADIENT METHOD

Proposition 11.1. Suppose that the gradient of f: R¢ — R is Lipschitz, i.e.,

IVF) =Vl < Lily - xll, (1L.1)

then L
FO) S F@+VFOT(=x)+ 2 lly =l (11.2)

Proof. Consider the mapping t — f(x +t h) for some fixed direction 7 € R¢. With Cauchy—
Schwarz it holds that

1
fx+h)—f(x) :/ f(x+th) hdet
0
1
— S @ [y = ) b
0
1
< f’(X)Th+/ 1f" (e +1h) = £/l |1l de
0
and with Lipschitz continuity (11.1) thus further
1
fx+h) = fx) < f’(x)Th+/O Lz hl| ||n] dt

1
=f'(x)Th+L||h||2/ tdt
0
’ T L 2
= f'(x) h+5 | R]l~ . (11.3)
The assertion follows with 2z =y — x. O

Remark 11.2. The condition in the preceding proposition is true, if f € C? with uniformly
bounded Hessian, sz(x)H <L < o0,

Lemma 11.3 (Steepest descent). The gradient f’(x) = V f(x) is the direction of steepest ascent.
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Proof. By Taylor’s series expansion it holds that f(x +7h) = f(x) +7- f'(x)"h+ o(t). Among
all h € R" with || h]| = || ' (x)|| the descent 2 (f(x +1h) — f(x)) + o(1) = f'(x)Th is largest for
the direction & = — ' (x). O

Definition 11.4. The steepest descent algorithm is

Xeat = xp — ak - Vf(xk), (11.4)
where a; > 0 is an appropriate step size (learning rate).
Example 11.5. Let f(x) = %xz, then xz41 = xx — @ - cxi = xx(1 — cay). For the sequence
to converge (to the minimum, which is 0) we need |1 — cay| < 1, i.e., ax € (O, %) Note, that

ar = a does not lead to convergence, if @ > % (usually, we don’t know ¢). Hence we need
ar — 0, as k — oco. Note, that

k-1

Xk =XO~1_[(1—Ca’g).
=0

It holds that H'g;(} (1 —cae) < oo, iff ¢ Y pugap < oo. For @y — 0 we necessarily need that
k=0 Xk = 0.

Lemma 11.6 (Steepest descent). Suppose that f is bounded from below and x — f’(x) is
Lipschitz with constant L. Suppose further that ax > 0, ax — 0as k — coand 33 | ax = © in
the sequence (11.4). Then the sequence f(xi) converges and || f'(xx)|| k—> 0.

Proof. With (11.2) and the step h = —ay - f'(xx) in (11.3) we have
’ 2 aliL ’ 2 CliL ’ 2
Fora) = f0) < —ax I GOl + 217 ol = = [ = == |Gl (119)

As ap — a/i% > 0 for k > N large enough it follows that f(xy) is strictly decreasing for k > N.
Recall that f(x¢1) is bounded from below, thus

t
—o0 < €= f(x) < flaes) = flen) < = ) (ak - aig) 1 el

k=N
and the sequence f(xi) converges. Further, the series

4

> [ox =t 5) ol <o

k=N

converges. Since Y\_y (ax — arl) PR it follows that lim infg e || f/ (x)||*> = O.
—00

Suppose that lim sup,_, ., || f/(xx)|| > 2& > 0. Let m; < n; < m;4 be chosen so that

Il f"(xx)|| > & for k € [m;,n;) and (11.6)
Ilf" (xi)|l < & for k € [ni, mis1).
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Let ko be large enough so that >\ ax || f (xp)|I* < €*/L. Then, for k large enough so that
m; > ko and j, £ € [m;, n;), it holds that

2

IF" Cees) = £ )| = Zf (¥ket) = f (0| < L Zak IF ol < = Zak I1F ll” < ‘Z =&

by Lipschitz continuity of f’ and (11.4) and because 1 < W+)“ by (11.6). It follows that
1P Gl < (|77 Gen) || + (|7 (ens) = £/ ()| < & + & for k € [my, ). But || f'(x)ll < & for
j € [ni,m;+1) and thus lim sup” f(x j)” < 2¢. This contradicts the assumption and thus
1)l ——> 0. 2

11.2 STOCHASTIC APPROXIMATION

Stochastic gradient descent, also known as sequential gradient descent or stochastic approximation
dates back to Robbins and Monro [14]. The presentation here follows Bottou, Curtis, and Nocedal
[4]. We consider the stochastic and particular optimization problem (EM-algorithm)

£ = min B f(x.6) =iy [ 7(x.6) P00,

input :xp and a sequence ay >0,k =0,1,2,... with (11.11)
output a random sequence xj

for k=0,1,2,... do
generate a new sample &;
compute the stochastic (gradient) vector g (x, £x) and
set Xg41 = Xk — @k - g (Xks €k)
end
Algorithm 5: Stochastic gradient descent

Example 11.7 (Cf. Kalman filters). Consider the problem min, E¢ f(x,£) with f(x, &)
%(x — &)2. Note, that g(x, &) = V. f(x,&) = x — £. Choose x arbitrary and @y, := ﬁ, set

Xkel =Xk — @k - 8(Xk, Ex) = Xk — g - (xx — &x) .

Then x; = % Zf‘:_ol &= Ek — IE £ by the law of large numbers.

Proof. The statement is apparently correct for k = 0 and £ = 1. Indeed, note that x
xo— 1+ (xg— &) =& andx, =x; — 3(x1 — &) =& — 3 (&0 — &) = 5(& +&1). By induction,

k-1 k-1
1 1
o= 28 kzg, al-1(1-1 )ng,+ _—t
from which the assertion is immediate. m]
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74 STOCHASTIC APPROXIMATION

Remark 11.8. For Kalman filters see Williams [20] or Brockwell and Davis [5], Liptser and
Shiryaev [11].

The gradient d := g(xg,&x) depends on & and thus xgy1 = xg+1(&x) is random. We shall
indicate randomness with respect to &, given x explicitly by writing £ ¢, , etc.

Corollary 11.9 (Corollary to Lemma 11.6). Suppose that (11.1) holds true in Algorithm 5, then

2

L
Eg f(xke1,€x) < foxr, éx) — iV (xr) T B 8(x, &) + % Eg g, &I (11.7)

Proof. The assertion follows from (11.5) by taking expectations for the stochastic gradient
d = g(xk, &x). O
Corollary 11.10. Suppose that g(x,&) is an unbiased estimator for V f(x, &) (for example,
g(x,-) = VyF(x,")), then

2

La/k 2
Eg f(xrs1) < fxx) = [ax — — IVl

Remark 11.11. Recall thatvarg=Egg™ — (Eg)(Eg)T € R¥*4 and

d
2
trace var g (xx, &x) = Z var g; (xi, &) = Eg lg (i, €011 = |Eg, g (v, 0|

i=1

Theorem 11.12. Suppose that
(i) Vf(x)" Eg gex, &) 2 IV f )1 for some p > 0,
(ii) |Eg 8(xs &0)|| < ma 1V (i)l for some pg > p and

(iii) V (g(xk, €x)) = Eg llg(xi EII° = | B, 8(Xk,§k)||2 < M+ My ||V f(xp)ll*

Then it holds that
2

2, Lo 2

By f(rian) = £(0) < —pon [V F QI + =55 B, llg o €0 (11.8)
Lo M

< [n- 5" )il + =2 ano

where Mg = My +y2G > 12 > 0.

Proof. From (11.7) we conclude with (i) that
T Lo} 2
—axVf(xx) Eg glx, k) + — Ea llg (xxs €x)|
2

La/k 2
—arp |V f (x|l + — Eg llgCor, £, (11.10)

IA

Eg f(xXke1) = f(xp)

IA
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which is (11.8).
From (iii) and (ii) we deduce

B g 07 < M+ My V£ @ol? + B gGor €0
< M+ My |Vl + 12 IV £ ) |1
= M+ Mg |Vf(xo)?

Eq. (11.9) follows now with (11.10). m]

In what follows we will use the total expectation IE f(xx) = Eg ... Eg f(xr).

Theorem 11.13. Suppose that ay > 0 so that

Zak:ooand Zai<oo, (11.11)
k k
Then
lilgninfEHVf(xk)llz =0. (11.12)
Proof. Taking total expectation in (11.9) we get, for k large enough (note, that % — 0),
ay L M, La?
E f(xiet) = B f (i) < = (,U - %) ac BIIVf ()P +—
Lo M
g
< -ER BV + ——
2 2
Without loss of generality we assume that the latter inequality holds for all k € {1, 2,..., K}.

Summing both inequalities gives

fint =B f(x1) < -E f(xg41) —E f(x1) < =

(SIS

K K
LM
2 2
I R eI

or
K ) K
S ENTFOIP < 2 (B () ~ fur) + o Y .
k=1 K Ko

It follows that

K
DBV ()l < o. (11.13)
k=1
As well it follows that ©
1 2
yy ; B[V f(x0)F —— 0, (11.14)

where Ak = Zle ag.
Now suppose that (11.12) would not hold true, but this were a contradiction to (11.13). Hence
the result. O

Version: January 20, 2025



76 STOCHASTIC APPROXIMATION

Corollary 11.14. Choose the index k(K) € {0, 1,..., K} with probability X—I"(. It holds that
IV f Geecre)l| ——= 0 (11.15)
in probability.
Proof. From Markov’s inequality we have that
PIVixll = &) < éE IV f(xll? .

by (11.14). |
Corollary 11.15. If f € C? and x — ||V f(xx)|| has Lipschitz derivatives, then

Jim E||V£(x)|* = 0.

By employing Doob’s martingale convergence theorems it is possible to establish almost sure
convergence in (11.15).
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12.1

Entropy and information

A comprehensive source for information theory is the book Cover and Thomas [6]. Some parts
here follow Kersting and Wakolbinger [9, Chapter VI] or Riischendorf [15].

ENTROPY

Let P (P(dx) = p(x)dx or P = }; pi 6x;, resp.) and Q (Q(dx) = g(x) dx, Q = ', g 6x;, resp.)
be probability measures.

Definition 12.1 (Cross entropy, differential entropy). The entropy is
HP) ==Y prlogp (H(P) =~ [ p@)logpe s resp). (12D
i
the cross entropy is
HP.Q) ==Y prlogai  (H(P.0) =~ [ p(x)logq(v) dv. resp).
i

Note, that H(P) = H(P, P).
The quantity /(i) := —log g; (I(x) := —log q(x)) is also called self-information or information
content."

Remark 12.2. The entropy H (cf. (12.1)) does not involve the locations x;. Further, as p; > 0, the
entropy (and the cross entropy) is nonnegative for discrete measures.

Example 12.3. Consider the distribution P ({x;}) = p and P ({x2}) = 1 — p, then H =
—plogp — (1 - p)log(1l - p).
Corollary 12.4 (Log sum inequality). Let a;, b; > 0 and a = }; a; (b = }.; b;, resp.). It holds
that a u
1
Zailog; > alog ;. (12.2)

i 4

Equality holds l]fz—i = const for all i.

Proof. The function ¢(x) := x - logx is convex in Rs¢ (indeed, ¢"'(x) = % > ( for x > 0). With

ai

Jensen’s inequality® (P(X = ) = 5)

ZailogZ—Z:b.Zggp(Z—i) Zb-gp(Z%Z—i):b(p(%)ZCllOg%

i i

lInformationsgehalt, dt.
2Jensens inequality states that ¢(IE X) < IE ¢(X), provided that ¢ is convex.

7
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and hence the assertion. O

Remark 12.5. The entropy of the uniform distribution U ({x1,...,x,}) with P({x;}) = % is
H(P)=-%; %log% = logn.

Proposition 12.6. For a discrete random variable with n possible realizations it holds that
0 < H(P) <logn.

Proof. Note first that plogp < Ofor p € (0,1) and thus H = - }; p; log p; > 0.
With a; = p; and b; =1 (i.e., a = 1 and b = n) the log sum inequality (12.2) states that
; 1
Zp,-logpi = Zi:pilog% > 1 -logﬁ =—-logn

and thus H(P) = — Y, p; log p; < logn. O

Remark 12.7. The entropy may be negative for continuous distributions. Indeed, for the uniform
distribution U[a, b] with density p(x) = 51=1{451(x) it holds that H = — |, ? log T A =
log(b — a).

Theorem 12.8. The uniform distribution has largest entropy among all distributions with fixed
support.

Proof. For discrete distributions the statement follows from Proposition 12.6 and Remark 12.5.
As for continuous distributions (with support [a, b]) we have with Jensen’s inequality

b b
1
[ rwmepeac= -0 [ elp)a
a —aJg
1 b
> 0-ae (5 [ pwe]
1
= (b - .
(b-a)e ( = a)
(b-a) —— log —
=(b-a 0
b-a gb—a
= —log(b - a),
from which the assertion is immediate with Remark 12.7. O

Theorem 12.9 (Cf. Theorem 12.43 below). The probability measure with maximum entropy
given moment constraints Er;(X) = a;, j =1,...,n, has density p(x) = e_/llrl(xe);(;l_/lnrn(x) for

Ao, A1, - . ., An appropriate.

Proof. The Lagrangian function is

MM%MJMHJM=—/p@M¥MﬂM-

+ Ao (1 - / p(x)dx) + Zn:/lj (aj - / p(x)rj(x)dx)

J=1
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Differentiating with respect to p(x) (without going into detail; recall, that we are interested in the
optimal p) reveals the first order conditions

oL C
O0=——=-logp(x)—-1-20— ) A;ri(x)
ap T ’ JZ; o

and hence the result. O

Corollary 12.10 (Normal distribution). The normal distribution N (u, o) attains maximal
entropy given the variance o*; the maximal entropy is % log (27r0'2) + % ~ 1.42 +logo.

Proof. Choose r{(x) = x and r2(x) = x>. From the preceding theorem we have that

p(x) = e_l_’l()‘/llx—/lzx2 — e—/lz(x+/11/2/12)2+/1%/4,1%+1_/10
is optimal, the optimal density p thus is the density of a normal distribution. To meet the moment

constraints, the parameters dg, 4; and A, have to be adjusted accordingly. The only normal
1

distribution meeting all constraints is p(x) = exp (—#(x - ,u)z). The maximal entropy

V2rxo?
is
1 1 log(27a?) 1
- 1 - (x=p)? dx= =" 7 4 _
[ (1oe 2 = 5= 02 o SLa P
log p(x)
and thus the assertion. O

Corollary 12.11. The Laplace distribution with density p(x) = ﬁ exp (— Ix;” I) maximizes the

entropy given the constraint It |x — u| = b.

Remark 12.12 (Relation between continuous and discrete entropy). For continuous densities
p(x) and g(x) setx; ==i-A, p; = fx”l p(x)dx and g; = fx)_c”l g(x) dx for all i € Z. For the

Xi i

approximating measures Py = }};c7 pl,- Oy, and Qa = D;e7 qi Oy, it holds that
H(P,Qn) == ) pilogq;
i
~ = A p(xi) log (A~ q(x;)
i
== > A-p(xi)logq(xi) = D A« p(x;) log A
i i
- / p(x)logg(x)dx —log A
=H(P,Q) —logA
for A > 0 small.
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Proposition 12.13. Let m have marginals P and Q, then

max(H(P), H(Q)) < H(r) < H(P® Q) = H(P) + H(Q),

where P ® Q is the product measure.’

Proof. Seta;; =n;j, b;j = p; - q; and observe that a = Z,-j mij=1land b = Zij piq; = 1. The

log sum inequality (12.2) (with double index) gives };; 7;; log p’:’gj > 1log % = 0. That is,

Zﬂ'ij logm;j > Zﬂ'ij log p; +Z7Tij logg; = Zpilogpi +qu logg;,
i i i 7 i

or H(r) < H(P) + H(Q), the second inequality. Equality holds for a;; = b;;, i.e., the product
measure.

Further recall that p; = )} ; mij and that
H(nm) = - Zpi log p; — Zﬂ'ij logm;; + Zﬂ'ij log p;
i i ij

ﬂ.-
=—Z:Pi10gpi—Z:ﬂijlogi
i i pi

——
<0
2= Z pilogp;
i
= H(P),
from which the remaining assertion follows. O

Every bivariate measure 7 can be disintegrated as 7 (A X
B) = Yiea P(B | ) P(i) (or (A X B) = [, P(B | x) P(dx)),
where P is the marginal measure.

Proposition 12.14. Let n have marginal P and o have
marginal Q. It holds that

H(r,o) = H(P,0) + Z P - H(r (i), o (-]i)).

A X B) =P(A)-Q(B).

Figure 12.1: Ludwig Boltz-
mann, 1844-1906
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Proof: Indeed,
H@@HZﬁ~Hﬂw»ﬂvm
—ZPlong ZP Z’;Jl Z’
:—ZPlong ZZm]logm]+ZZﬂulOng
—memlzhw%%+ZPmmz
:—Znijlogaij
i,j

=H(n,0),
12.2 RELATIVE ENTROPY

Definition 12.15 (Kullback*~Leibler® divergence, relative en-
tropy). For probability measures P and Q we define

D(P||Q) = H(P,Q) -~ H(P);
for P « Q we set D(P||Q) =
Divergence D (P || Q) is often called Kullback-Leibler divergence and also denoted as
D(P || Q) =Dkr(P |l Q) = KL(P || Q).
In the context of machine learning, D (P||Q) is often called the information gain achieved

if Q is used instead of P. By analogy with information theory, it is also called the relative entropy
of P with respect to of Q.

Example 12.16. Let Q denote the counting measure, Q({x;}) = % foralli =1,...,n. Then
D(P|IQ) = X pilog{l = X pilogpi + X;pilogn = ¥, pilogp; +logn and D(Q|IP) =
% Hlog 2 = ~logn - 1 3 log p;.

Remark 12.17. The Kullback-Leibler divergence is asymmetric in general: D (P||Q) # D(Q||P).

Theorem 12.18. Let P and Q be probability measures on the same space with dP = Z dQ. The
divergence between P and Q is

D(P | Q) =Eg (ZlogZ):/ZlogZdQ:/logZszEplogZ. (12.3)

4Solomon Kullback, 1907-1994, American mathematician
SRichard Leibler, 1914-2003, American mathematician
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Proof. Fordiscrete measureslet P = }; p; 0y, and Q = }}; q; d,. Note, that Z(x;) = g—g(xi) = %
and thus »;
D(P|Q)= ) pilogpi— ) pilogqi= p-log—‘=]E log Z.
( ) Z i i Z i 2 Z i qi P

For continuous measures Q (dx) = g(x) dx and P(dx) = p(x) dx =
we find the likelihood ratio Z(x) = p ( so that

D(PllQ)z/p(x)long ;dx /(22?1 pEx;)q(x)dx:EQZlogZ (12.4)

and thus the assertion. O

2 4 (x) dx = ZH 0 (dx)

Definition 12.19. More generally, for f convex with f(1) = 0, the f-divergence between P and Q
is

D¢ (PlQ) =g f(Z).
Remark 12.20. The Kullback—Leibler divergence is the f-divergence for f(x) := x - logx.
Proposition 12.21 (Gibbs’ inequality). Iz holds that D ¢ (P||Q) > 0, with equality iff P = Q.

Proof. Note first that Z is a density with respect to Q. Indeed, Z > 0 and Ep Z = f gp do =

f dP = 1. The function f is convex (in particular, f: x +— x - logx is convex). From Jensen’s
inequality it follows that

D(P||Q) =Eq f(2) > f(EgZ) = f(1) =0,
the assertion. O
Corollary 12.22. It holds that H(P, Q) > H(P) and thus D (P||Q) > 0.
Theorem 12.23 (Donsker—Varadhan variational formula). It holds that

D(Q|P) = sup Eop®-logEpe®, (12.5)
O: X—>R
where the supremum is along all random variables ®, for which the expectations exist.

®dp
dG = G dP defines a measure with mass G(X) = fdG = f G dP = P(X) =1 and density
dQ = ZdP = £ dG with respect to Q. It holds that

D(Q||P)—/q>dQ+1og/e“’dP:/Qlogz—@dQHog/e“’dP
Z- [e®dP
:/log—dQ

e®

= / log é do
= D(Q]|G)
> 0.

Proof. For ®: X — R given, define the random variable G = /—q) and observe that
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Now chose ®* = log Z. Then

Eo ® —logEp e® =Eglog Z - logEp ¢
=D(Q||P) —logEp Z

:D(Q||P)—log/ZdP
(©IP) - 10g [ a0

D
D(Q|IP) —log1
D(Q||P).

Hence the result (12.5). m]

Theorem 12.24 (Product measures). Let Py, Py, Q1 and Q) be measures, then it holds that
D(P1®Py||Q1®Q2)=D(Pi || Q1) +D(P2 || Q2).

Proof. The Radon—-Nikodym derivative is

(P1 ® P2)(dx,dy) = Py (dx) - P2(dy)
=Z1(x)Q1(dx) - Zo(y)Q1(dx)
=7 (X)Zz(y) (Q] ® QZ)(dx’ d)’)

It follows with Fubini that
D(P1® P1]|Q1 ® Q1) = //Zl (¥)Z2(y) log (Z1(x)Z2(y)) Q1(dx) Q2 (dy)
- // Z1(0)Za(y) log (Z1(x)) Q1 (d) 02 (dy)
¥ // Z1(x)Za(y) log (Z2(y)) Q1 (dx) Qa2 (dy)
=/Z1(y)log (Zl(x))Ql(dx)‘/ZZ()’)QZ(dJ’)
+ [2mei@): [ 2209108 (220)02(a)

= D(P1]|Q1) + D(P2]|Q2),
the assertion. O
Theorem 12.25 (Convexity). For A € [0, 1] it holds that
D((1=2)Py+ APy || (1 =2)Q0+4Q1) < (1-2) D(Po || Qo) + A D(P1 || Q1).
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d(l—/l)P()+/1P1 _ (1—/1)p0+/1p1
d(1-2)Qo+101 ~ (1-Dqo+1q

Proof. The Radon—Nikodym derivative is
(Corollary 12.4) we find that

. By the log sum inequality

(1 =2)po+A4p: -
(1-Aqo+aq1 ~

1-4 A
—( )P + Apo log ﬂ.
(I-Dq1 Aq0

Integration gives the desired inequality. O

((1=2)po+4p1)log

< (1 =2A)p1log

Theorem 12.26. Let 7t be a bivariate measure with marginals P and Q. It holds that
D(rn||P® Q) = H(P) + H(Q) — H(n). (12.6)

Proof. Indeed,

D(r||P® Q) = Zm] 10g

) = Z 7Tij 10g77i,j — Zﬂ'ij Ingi - Z 7Tij 1qu]'.
L i,J i,J
As the marginals of 7 coincide with P and Q it follows that

7T||P®Q Zm,logn,, Zpllogp, ZQJIOgQJ
= H(P) +H(Q) - H(n),
the assertion. O

Theorem 12.27 (Data processing theorem). Let T be measurable. Then it holds that

D(PT 11 Q") < D(P I Q).
Kullback (cf. Footnote 4) comments on the preceding theorem,’

“statistical processing will not increase the information (discrimination information)
contained in the data”.

Remark 12.28. The pushforward measure P := P o T~! is often denoted PT = T, P = T#P.

Proof. Denote by p and g (p”, ¢7, resp.) the densities of P and Q (the push-forward PT, Q7
resp.). From the definition and by changing the variables we have that

T T(T
D(PT)|QT) = Epr log gr /1 og Téy; PT(dy)zflog%P(dx),

6¢f. also garbage in, garbage out.
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and thus
_ TyAT\ _ p(x) PT( (x))
D(P||Q) - D(P"||Q )—/log e —log ) P(dx)
p) -q" (T(x))
/p(x)l —pT(T(x)) dx.
p(x)q" (T(x))
Now set s(x) = T (7o) () so that
_ T T\ _ Q(x) 'pT(T(x))
D(P||Q) - D(P"|IQ )_/—qT(T(x)) s(x) log s(x) dx
=/s(x)logs(x),u(dx), (12.7)
_ q(x)-p"(T(0)
where u(dx) = —qT(T(x))
With convexity of f(x) = x - logx (indeed, f”(x) = 1/x = 0) we
s(x)logs(x) = f(s(x)) = f(1) + (1) (s(x) = 1). (12.8)
—_— ——
=0 =1

Now note that

_ [P " (TW) q() - p"(T(X) ~
/ s(x) dy (x)‘/ a0 PT(Tw) 4 (TW) dx‘/ pix)dr=1

and thus the assertion with (12.7) and (12.8). |

VARIATIONAL DISTANCE

Definition 12.29. The total variation distance between P and Q is
6(P,Q) =||P—-0QJ =sup{|P(A) — Q(A)| : A measurable}. (12.9)
Remark 12.30. If P and Q have densities, it holds that ||P — Q|| = sup, | [, p(x) — q(x)dx|.

Proposition 12.31. It holds that
§(P,Q) == sup {|Ep h—Egh|: [n()] < 1}. (12.10)

Proof. Suppose that §(P,Q) < P(A) — Q(A) + . Define h = 2-14 — 1 and note that
[ hdP — [ hdQ =2P(A) =1 - (2Q(A) — 1) = 2P(A) — 2Q(A), thus

5(P,Q)—e < P(A)-Q(A) < % sup |[Eph—TEghl|. (12.11)
lh(-)]<1
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By the Hahn’ decomposition theorem, there exists a set H such that (P — Q)(H N E) > 0 and
(P-Q)(H°NE) <0 forevery E. It holds that

/hd(P—Q)=/th(P—Q)+/HChd(P—Q)

< [ d(P- —Dd(P -
</H (P Q)+/HC( Dd(P-0Q)
= P(H) - Q(H) - P(H®) + Q(H®)

= P(H) - Q(H) — (1 - P(H)) + (1 — Q(H))
= 2P(H) - 2Q(H)
< 25(P.Q).

The assertion follows together with (12.11). O

Theorem 12.32 (Scheffé’s theorem). It holds that
1
57.0)= 5 [ 1p( - gl (12.12)
=1- / min(p(x), g(x))dx = / max(p(x), g(x))dx — 1. (12.13)

Proof. As above, define H = {x: p(x) > g(x)}, then

ot L=t

max ([ 900 = ata. [ g0 - peoas)
max (P(H) - Q(H), Q(H) ~ P(H®))

= P(H) - Q(H).

|P(A) - Q(A)]

IA

But
P(H) = 0() = [ p() - g(x)dr and
H
P(tH) - Q(H) = Q(H%) - P(HO) = [ q(x) = pla)a,
HC
by adding these equations thus 26(P,Q) = 2P(H) — 2Q(H) = f |p(x) — g(x)|dx, the first
assertion.

Finally, note that

lp —¢ql =p+q-2min(p,q) = max(p,q) — (p +q), (12.14)

thus the second equality. O

THans Hahn, 1879-1934, Austrian mathematician
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Corollary 12.33. 6(P, Q) is a distance for probability measures, with 0 < 6(P,Q) < 1 in
addition.

Theorem 12.34 (Pinsker’s® inequality). It holds that

5(P,0) < V1 —e-D(PIQ) < JD(P1 Q)

and
1
6(P,Q) < (P 1 Q).
Proof. Cf. Tsybakov [19]. Recall with

1 1
logZ——log( /\1) log( Vl)

and from (12.3) that

D(P||Q)=Eplogz=—/1o(8 )()dx / ( l)p(x)dx

_ ax) _ M
< log/( o )/\ l)p(x)dx log/( ) Vl)p(x)dx (12.15)

:—log/min(p(x),q(x))dx—log/max(p(x),q(x))dx

where we have used Jensen’s inequality in (12.15). The inequality follows with (12.13), as

/min(p(x),q(x)) -/max(p(x),q(x))dx =(1-6(P,Q))(1+6(P,Q)) =1-5(P,0)*.

HELLINGER DISTANCE

Definition 12.35. For two measures P and Q with density p(-) and ¢(-), the Hellinger® distance
(sometimes also Jeffreys distance) is

H(P,Q)* = / (VP () - Va (o)) " dx ) (12.16)

1r
More generally, define &, (P, Q) = [Ip"" = ¢"ll, = (f Ip()" = q(0)"|"dx)"

Remark 12.36. It is immediate that
H(P,Q)zzl—/X\/p(x)q(x)dx (12.17)

and 0 < H(P,Q) < 1.

8Mark Semenovich Pinsker, 1925-2003, Russian mathematician
9Ernst David Hellinger, 1883-1950, German mathematician
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Lemma 12.37. H(P, Q) is a distance.
Lemma 12.38. Ir holds that H(P, Q)? < 6(P,Q) < V2H(P, Q).

Proof. With Holder’s inequality and the inequality of arithmetic and geometric means (AM-GM
inequality) we have that

IP-0ll =5 [ Ip-alaa
=5 [ WE+val- VF - valaa

/2

<3/ Wwazdﬂ)l/z-(%/ 7 - A
S(l/p+2p;q+qd/l)l/2-(%/|\/ﬁ—\/§|2dﬂ)l/2

2
= V2H(P, Q).

Note as well that [y/p — yg|*> < |p — | for p, ¢ € R (indeed, use (12.14)), thus

Heor = 5 [(F-v@ras; [p-aa = P-ol.

(12.16) 2 12.12)

the assertion. O

Lemma 12.39. It holds that H(P,Q) = 1 iff |P - Q|| = 1 iff p(x)q(x) = 0 iff P and Q are
singular (P L Q).

Proof. Indeed, by 12.17, H(P, Q) = 1iff p(x)q(x) = 0 almost everywhere and §(P, Q) = 0 iff
min(p(x), g(x)) = 0 by 12.13, that is, p(x)g(x) = 0. 0

Proposition 12.40. It holds that 1 — H (®% P;, (§§>l.:1Q,~)2 =115, (1 - H(P;, 0:)?).
Proof. Indeed, with (12.17)
2
1 —H(®5(:1Pi, ®l{(:1Qi) = / ]_[ Wd@)x

~[1 [ vraa:
= n(l - H(P:,0:)%),
the assertion. O

Corollary 12.41. It hols that H(P®), Q%)) ——> 1iff P # Q, that is, P®) 1 0K in the limit.

rough draft: do not distribute



12.5

12.5 BREGMAN DIVERGENCE 89

BREGMAN DIVERGENCE

Definition 12.42. For a R-valued, convex function ®: M, — R, the Bregman'® divergence is

D(v || p) = @) = Fu(v) = ®(u),
where |
Fu(v) = }llin}) E(d)(hv +(1=h)u) - D(p)
is the directional derivative of the convex function @ at y in direction v — u (cf. Figure 12.2).

In statistics, F, is also called von Mises derivative or the
influence function of ® at u. Note, that the Bregman divergence
exists (possibly with values +c0), and it is non-negative (that
is, D(v || 1) = 0 even for unbalanced measures y and v (that
is, u(X) # v(X)), as the function ® is convex by assumption
and ®(v) > O(u) + Fu(v).

Denote by Z, the Radon—Nikodym derivative of v with
respectto u, i.e., v(d¢) = Z, (&) u(d€). For a convex function ¢,
define i v

O(v) = /X o (Z,(&))u(dé). (12.18)

For ¢ convex, it holds that gence

}D(Vllﬂ)

Figure 12.2: Bregman diver-

dvq

@ (hvi + (1= h)vo) = /Xso (ha(f) +(1- h)%(f))ﬂ(df)

dV1 dV()
s/th(a@))ﬂl—h)w(a(f))u(df)
=h®(vy) + (1 = h)D(vy),

that is, @ is convex as well.

Suppose that ¢ is smooth with Taylor series expansion ¢(1 +z) = (1) + ¢’(1)z + O(z?),
then, with (12.18),

. dy
R =tim( [ (- Gr@+1-n)uae) - [ pucs)
=¢'(1>-/X(j—;(f>—1)u<d§>

=" (Hv(X) = ¢’ (Hu(X),

so that the Bregman divergence associated with @ is

DO || ) = /X w(g—;(f))u(df) + ¢/ (D ((X) = V(X)) = o(Du(X).

107 ey M. Bregman, 1941-2023, Soviet and Israeli mathematician
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For ¢(z) = zlog z, the Bregman divergence is

DO || ) = /X j—;@) log (j—;@))uwf) + ¢ (D (R(X) = (X)) = p(Du(X)
- [ 1oe [ G210) vtae) + ) - v0)
p "

generalizing the Kullback-Leibler divergence to general (unbalanced) measures v, provided that u
is positive.

GIBBS MEASURES

Theorem 12.43 (Cf. Theorem 12.9). The minimum of the entropy It Z log Z subject to the moment

. R . Ay R
constraint EYZ = e and £ Z = 1 is attained at Z* = I?EY:AY , where A is chosen so that . Z = z.

Proof. The Lagrangian is
LAy, 2)=FEZlogZ+A(EYZ-z2)+y(EZ-1).

The derivatives with respect to the parameters are

9 L(Z;4,y)=EYZ-7=0

6,{ 2 77 - = >

0

—L(Z;A,y)=EZ-1=0and

dy

0
ﬁL(Z;/l,y)(H) =E(logZ+1+AY +y1)H =0

for all directions H, and thus Z = exp(—1 — y — AY). It follows from [£ Z = 1 that Z = Ee;%,
where A is chosen so that ]?EY;, =z o

Corollary 12.44 (Maximum entropy, discrete version). The maximum among all probabilities
o

pi =2 0sothat 3; p; y; = e with respect to H(P) = — Y, p; log p; is attained at p; = S /iyfyj for
je

some appropriately chosen number A € R.

Definition 12.45 (Gibbs measure,'' Boltzmann distribution). The Gibbs measure has the density
e—/lY

ZdP = &5 dP, where Z(4) = E e~ is the partition function. For the Boltzmann distribution

the parameter is the inverse temperature, A = ﬁ

Here, Y can be interpreted as energy with average energy E; states with low energy are more
likely, as states with high energy cool down to lower energy.

Hjosiah Willard Gibbs, 1839-1903, American scientist
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Definition 12.46 (Gibbs softmax, aka. LogSumExp). The Gibbs softmax is
1 n
maxg(xy,. .., xy) = ElogZeﬁxi (12.19)
i=1

and the softmin is

1 n
ming(xq,...,x,) = _B 1OgZ o B
i=1

12.7 PROBLEMS

Exercise 12.1. Verify that the Kullback—Leibler divergence is not symmetric, cf. Remark 12.17.

Exercise 12.2. Compare the Gibbs softmax (softmin, resp.) with

_ Xy xi e
max/;(xl, cosXp) = W
and
. _ i Xie P
ming(xi,...,x,) = W
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Cluster analysis

Definition 13.1 (Wasserstein distance). Let P and Q be probability measures on X. The
Wasserstein distance of order » > 0 is

r
d,(P,Q) = inf (// d(x,y)" n(dx,dy)| , (13.1)
XxX

where the infimum is among all bivariate probability measures 7 with marginals P and Q, i.e.
(with X = YY),

7(AxY)=P(A) and
n(X x B) = Q(B).

The discrete version of the Wasserstein distance reads
minimize Z Jrijdirj
i,J
subject to Z Tij = Pi,
J
Z Tij =4j,
Tij = 0.
Example 13.2. It holds that d, (P, 6,)" = [, d(x0,&)" P(dé).
Example 13.3. It holds that d, (0, dy,) = d(x0, yo), and

it (X.d) = (P(X).d,)

X 0y
is an embedding.

p
Example 13.4. For measures P and Q on R, it holds that d, (P, Q)" = /01 |FI;1 (x) - Fél (x)| dx,
and di(P,Q) = [, |Fp(x) — Fo(x)|dx.

Theorem 13.5. For P ~ N (u1,21) and Q ~ N (uz, %3) it holds that

1/2
dy(P,Q)? = |lu1 — pall3 + trace (zl +3,-2 (z;/zzlzg/z) ) .
Lemma 13.6. It holds that
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(i) dr,(P,Q) < d,(P,Q), ifr1 < ro;
(ii) dr (P, (1= )Py+APy) < (1= 2)d(P,Po) +Ad(P, P);
(iii) d, is a distance, it satisfies the triangle inequality.

Proof. Observe that é + —— = 1. With Holder’s inequality,

r rm-ry

rl mn-ri r

/d”dns (/ drl:f)rz (/ 1r2r—2r1) B :(/ drl:f)rz
X X X X
and thus (1).

Let g (71, resp.) have marginals P and Py (P, resp.). Define 7y := (1 — 1) Pg + AP;. Then
d(P,(1 = )Py +AP)) < [d"dmy = (1-2) [d"dmg + A [ d"dmy, from which the assertion
follows. o

Lemma 13.7. Let up =Egs.p&and g =Eg g &, then ||up — poll < d, (P, Q).

Proof. 1t holds that
lup — ol = H /X £ P(dE) - nQ(dn)H
:H / f—nn(df,de
X
< / & — nll x(dé. dn).
X

from which the assertion derives. O

Theorem 13.8. It holds that

d,(P,Q)" =sup {/ AdP +/ udQ: A(x) +u(y) <d(x,y)" for allx,y} . (13.2)
A, u X X
Proof. Apply the following dual linear programs:
linear program (primal) dual program
minimize (inx) c¢'x maximize (in 1) ATb
subject to Ax=b subject to ATA<cT
x>0

Remark 13.9. The dual of the discrete Wasserstein distance is
maximize Z pid; + Z qjHj
i J
subject to 4; + u; < dj;.
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Remark 13.10. For optimal 7 and (4, u), it follows from the vanishing duality gap that
// 4" dr < //ldP+//JdQ=// A+ pudr < // &’ dr,
X2 X X X2 X2

A(x) +u(y) =d(x,y)" m almost everywhere

and hence

(but notably not P ® Q almost everywhere).

Corollary 13.11 (Kantorovich—Rubinstein theorem). It holds that

di(P,Q) = sup {Ep/l —Epa: Lip(1) < 1},
Au

where Lip(A) = sup %/;()y) is A’s Lipschitz constant.

Proof. By convexity of x > x” it follows that d(x, )" > d(y,z)" +rd(y,2)" "' (d(x,z) —d(y,2))
and thus

d(y,2)" = pu(z) = (d(x,2)" - u(z)) <rd(x,2)" "' (d(y,2) - d(x,2))
< rd(-x’ Z)r_l : d(x’ )’)

by the triangle inequality. We may assume that A(y) = inf, d(y, z)" — u(z) by (13.2) and thus
A(y) = A(x) <d(y,2)" = u(2) - (d(x,2)" = u(2)) <rd(x,2)" " d(x,y)
z is arbitrary. It follows that A is Lipschitz-1 for r = 1.
For 14(y) = inf,d(x,y)" — A(x) it holds that 24(y) + A(x) < d(x,y). The function

y + d(x,y) — A(x) are Lipschitz-1 for every x, and so is 19(-). It follows that

“24(x) < il;fd(x, y) —2%(y) < -29(x)

and thus 199 (x) = —19(x). O

Remark 13.12 (Quadratic cost). Suppose the costs are quadratic, c(x,y) = %Hx — y|I>. Then
Ax)+u(y) < %Hx — y||? can be restated as

1 1
xTy < EIIXII2 —Ax) + Ellyll2 —pu(y).

A(x) u(y)
It follows that 1*(y) = sup, xTy — A(x) < fi(y).

Theorem 13.13. It holds that d(P,Q) =supEp A"+ Ep A .
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FAST COMPUTATION

Definition 13.14 (Sinkhorn distance). The Sinkhorn distance d, (P, Q) is (13.1) above, except
that 7 satisfies the additional constraint KL (7 | P ® Q) < «a.

Remark 13.15. Recall from (12.6) that

T
DKL(7T|P®Q)=Z7Tij10g _”.
£ pid;

= Z?T,'j (logm;; —log p; —logq;)

sJ

= Y mjlogmij— > pilogpi— Y q;loga;
7 i 7

= H(P) + H(Q) - H(x).

Definition 13.16 (Regularized Sinkhorn distance). The regularized Sinkhorn distance is given by

minimize Z 7TU it Z mijlogm;; (13.3)
subject to Z T = pi
J

Zﬂij =4,
i
Tij >0,

where A > 0 is a regularization parameter.

Proposition 13.17. There are vectors B and 7y so that the optimal n in the Sinkhorn distance
((13.14) or Definition 13.14) satisfies

n =diag(B) - K - diag(y),  Kij = e 4%,

They can be found by Sinkhorn’s fixed point iteration by re-scaling the rows and columns
successively. To this end set (rpy1, Cnv1) = (rn./Kcn, cn.[/rnK), or rpwo =ry. [Key. 1K

Proof. Define the Lagrangian

L(m;A,8,v) —Z?T,] dl]+ H(P)+H(Q) — a+Z7rl] log m;;

i
+BT (- L1-p)+ (1T -1—q)

t gns = 7 (logmij + 1) + dij + Bi +y; = 0. ie.,

so tha
nij = e~ ABi=2 = Adij | =AYz (13.4)
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A is the Lagrange parameter associated with the constraint KL (7 | P ® Q) < a.
The Lagrangian for the regularized problem is

T

1
L(m;A,B8,y) = Zm_i dij + 1 (Zm_i logn,-j) +BT (m-1-p)+ (17 -n—q) vy
i,j i,

so that again % = /ll (logmi;j+ 1) +di; +Bi+v; =0.

It follows from (13.4) that 7 = diag(f) - K - diag(¥) for some vectors 5 and 7, where
Kij = e~4ij and B, y are Lagrange parameters. O

13.2 REFERENCES

include Sinkhorn-Knopp algorithm and Gabriel Peyré, https://www.youtube.com/watch?v=4FtamHah29M.
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Lorenz curve and Gini coefficient

Jedenfalls bin ich iiberzeugt, dal der nicht
wiirfelt.

Albert Einstein, Brief an Max Born, 1926

14.1 LORENTZ CURVE
For nonnegative random variables the following are often considered in economics.

Definition 14.1. The Lorenz! curve is

/Op F)El(u) du

L = s
(P) S PR () du

p € [0,1].

Remark 14.2. The Lorenz curve is convex and, provided that X > 0, 0 < L(p) < 1. Further,
L(p) = 0if X is not integrable (i.e., EX = co0) and p < 1.

Definition 14.3. The Gini? coeflicient is

1
G:=1—2-/ L(p)dp.
0

Remark 14.4. The Gini coefficient with G € [0, 1] is a summary statistics of the Lorenz curve and
a measure of inequality in a population. It is a measure of statistical dispersion (spread). G =0

(or small) identifies an ’all are equal’ (similar) distribution, while G = 1 (or large) identifies large
deviations within the population.

Remark 14.5. Einkommensverteilung in Deutschland

'Max Otto Lorenz, 1876-1959, American economist
2Corrado Gini, 1884-1965, Italian statistician

99


https://de.wikipedia.org/wiki/Einkommensverteilung_in_Deutschland
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T T T
100 9% | — Lorenz curve .

80% | .

60 % |- a

40 % | =

20 % | =

B
0% B

| | | | | |
0% 20% 40% 60% 80% 100 %
percentage of the population

Figure 14.1: Lorenz curve of a Pareto distribution (Gini coefficient G = 0.75) exhibiting Pareto’s

80/20 rule

Proposition 14.6. Alternatively expressions for the Gini coefficient include (cf. Figure 14.1)

G=-2 _oa-1_28
A+ B
1 (o]
_ —/ Fx(x)(1 = Fx(x)) dx
M Jo

1 1
=l_l./o u(l—u)dF)}l(u)

1 (o] (o)
-5 /O /0 G0 £ () bx — y] drdy

AR
= — Fy (u) - Fy ' (v)| dudv
2/1 0 0 |X X |

1

=—E|X-X'|,
o | |

where fx is the density, u = It X the mean and X' an independent copy of X.

(14.1)

(14.2)

(14.3)

(14.4)

(o) 00 , 2
Remark 14.7. Recall, thatvar X = 5 [ [™ f(x) f(y)(x—y)?dxdy = E (X - X’)" and compare

with (14.2) and (14.4).
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Proof. Indeed,

ﬂ-/olL(p)dp:/OlfopF—‘(u)dudpz/OlF—‘(u)-/ul1dpdu

1
- / (1= ) F~" () du (14.5)
0

:/w(l—F(x))f(x)-xdx:—wx +/°°de
0 x=0 0

_ [TUZF@)

- [T

It follows further that G = g — 2u ) L(p)dp = "1 - F(x)dx — [ (1 = F(x))* dx =
7 F(x)(1 = F(x)) dx, which is (14.1).
Note next that

1 F(x) 1
/ |F_1(u)—x| du:/ x—F_l(u)du+/ F~'(u) - xdu
0 0 F(x)
1

F(x)
:F(x)x—(l—F(x))x—‘/O F—‘(u)du+/F( )F—‘(u)du

F(x) F(x)
:2F(x)x—x—/ F_](u)du+,u—/ F~'(u) du
0 0

F(x)
=x—2(1—F(x))x+u—2/ F~'(u) du.
0

Now substitute x < F~!(v) so that

1 v
/;F—‘(u)—p—l(v)| du:F_l(v)—2(1—v)F_](v)+,u—2/ F~'(u)du
0 0

and thus further

//|F (u) — Fl(v)| dudv

1
=/ Fl'v)dv-2 (l—v)F "wydv+u - 2;[/ L(p)dp

0
1 1
p=2u [ Lo)dve=2 [ L) dp =206,
(14 5) 0
and thus the assertion (14.3) follows. The others are obvious. m]

Fact 14.8 (Statistics for Gini’s coefficient). It follows from (14.2) and (14.5) and the fact that
F o (i/n) = X (i) that a (biased) estimator for Gini’s coefficient is

1 -1
#erfj:l |X: - X n+1 22 =1 (l_lT)X(i)

(14.3) 2. 1ym (145) n Lyn .

i=1 n ~i=1
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PROBLEMS

LORENZ CURVE AND GINI COEFFICIENT

Distribution pdf Gini coefficient
Dirac delta distribution 6(-—x0) 0
Uniform distribution Liap 3(2’,9%“61)
Exponential distribution e x>0 %

L. . x%. — a>1
Pareto distribution R X > Xmin za-l

x 1 O<ax<l

Weibull K (x)f=T o= (et -2k

Table 14.1: Gini coeflicient of selected distributions

Exercise 14.1. Verify that the Lorenz curve is L(p) =1 — (1 — p)l_ﬁ for the Pareto distribution
and p + (1 — p)log(1 — p) for the exponential distribution.

Exercise 14.2. Verify the Gini coefficients in Table 14.1.
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Stochastic global optimization

Zhigljavsky and Zilinskas [21]
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Dynamic optimization

The Fleten et al. [8]
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