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Kernels
Densities and bandwidth selection

@ The kernel density estimator of
the density f is

1 n
= k — X; n 5
n ; h(x=Xi), E:} K((t-x,)/h) Normal

kn(-) = %k (h)

@ Typical examples for kernels k
are k(x) =~ max{1l—x?; 0}, the
Gaussian kernel, or the logistic

kernel k(x) ~ m Figure: Normal Kernels

@ The Cauchy kernel k(x) ~
B does not have moments.

where

K\{{lt-x,.)fh)

- 1+x2

TECHNI

A. Pichler MMD 2



Density estimator
Traditional kernels

Examples (Density
estimation)

Parzen—Rosenblatt estimator
associates with the
empirical measure

1 n
= —Zéx,.
Nz

the function

density value

() = = > k(i x)
i=1

Figure: density

in the space Hy.
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Motivation
Conditional expectation and stochastic optimization
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Problem (Stochastic optimization)

Solve
min fo(x) =Ef(x,Y).
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Motivation (cont.)

Conditional expectation and stochastic optimization

Problem (Optimal control: Hamilton—-Jacobi—Bellman)

Xt=X>;

Predict the next X;11, given the history X;,..., X;_y.

c(x, Xey1,u)
4y vey1(Xet1)

ve(x) = SLlepIE) (

Problem (Time series, learning)
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Reproducing Kernel Hilbert Spaces (RKHS)

The characterizing property

Consider the space H of functions on X' (usually X C RY),

frX—=R
z+ f(2).

In RKHS (H, (| -)%), there is ky € H such that

f(x) = (flka)yy = (F()| kx(-))y, forall  feH, xecX.
We define the kernel

k: XxX—>R
(Xa)’)’_> <kx|k}/>H'
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Examples

A. Berlinet and C. Thomas-Agnan (2004). Reproducing Kernel
Hilbert Spaces in Probability and Statistics. Springer US. DOT:

10.1007/978-1-4419-9096-9
A sequence space

f=(fX,eRY, X¥=N,
O (fiiq — )2

jr= > Ll
i=1

emax(i,j)

k(i) =——5—

Dirichlet kernel — trigonometric
polynomials

I12:= [ FxPae
sin (N+ %) (x—y)

. X—y
2sin =%

k(x,y)
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Examples (cont.)

Nice inner product on [0,1] (Payley—Wiener space)
f,g € L?([-1,1]) and Fourier transform supported in [0,1]

Periodic functions

1718 = [ FG0+ ) 2ax
k(x,y) = Bom(|x —yl)

where By, is the Bernoulli polynomial of degree 2m.
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Examples (cont.)

Nice inner product on [0,1] (Payley—Wiener space)

f,g € L?([-1,1]) and Fourier transform supported in [0,1]

(Flahw= [ Fx)a)dx

K(x.y) = sinft_—ss)

Periodic functions

1718 = [ FG0+ ) 2ax
k(x,y) = Bam(|x —yl)

where By, is the Bernoulli polynomial of degree 2m.
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Examples (cont.)

Laplace kernel

f,g € L2(R),
kxy) = Te o]
1
Il = [ 02+ —5F()%dx
R T

Connections to ReLU
functions

f,g € L*((0,00))
(Flay = [ 708 ()ax

k(x,y) = min(x,y)

A. Pichler MMD
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Examples (cont.)

Laplace kernel
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Moore—Aronszajn
k is positive definite

With ky, = k(-,y), (kx| ky)s, = (k| k(- )3 = k(x,y), and

<Zaikx; Zﬁjkxj> ZZO‘IBJ XI7XJ
i—1 j=1

Hll_jl

thus (k(x,-,xj))zj: is a positive definite matrix.

1

Theorem (Moore—Aronszajn)

If k is positive definite, then there is a space H, with kernel k.

The Gaussian kernel
k(X’y) = e_HX_y”z/Ez

is a kernel function (for £ > 0 some fixed length parameter).

b TR

A. Pichler

MMD



Moore—Aronszajn
k is positive definite

With k, == k(-,y), (ke| ky)q, = (kx| k(,¥))3 = k(x,y), and

<Zaikx; Zﬁjkxj> ZZO‘IBJ XI7XJ
i—1 j=1

Hll_jl

thus (k(x,-,xj))zj: is a positive definite matrix.

1

Theorem (Moore—Aronszajn)

If k is positive definite, then there is a space H, with kernel k.

The Gaussian kernel
k(X’y) = e_HX_y”z/Ez

is a kernel function (for £ > 0 some fixed length parameter).

b TR

A. Pichler

MMD
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Hll_jl

thus (k(x,-,xj))zj: is a positive definite matrix.

1

Theorem (Moore—Aronszajn)

If k is positive definite, then there is a space Hy with kernel k.

The Gaussian kernel

is a kernel function (for £ > 0 some fixed length parameter).
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Stochastic Optimization Problems Involve
Uncertainties ) e
Embedding probabilities in RKHS \

KX, i)

Consider probabilities on (X, X, P) with X C R¢. <

Py
0%
ki XxX >R _ K%‘

is a kernel, if every K with Kj; = k(x;,x;) is positive eFnite for
every Xj,...,Xp € X.

Definition (Embedding)

Let i be a measure on X.
Define the function

pil) = [ KCoy)uay)

B or 2 probability measure P, then Py (-

oo o o o J




Stochastic Optimization Problems Involve
Uncertainties ) e
Embedding probabilities in RKHS \

KX, i)

Consider probabilities on (X, X, P) with X C R¢. <

7 s\_
ﬁé %“-3;
k: XxX—R . N L

is a kernel, if every K with Kj; = k(x;,x;) is positive Shntte for
every Xj,...,Xp € X.

Definition (Embedding)

Let u be a measure on X. Embedding:
Define the function

L M(X) = Hi(X)
i) = [ kCoy)uay)

= ok

B5or a probability measure P, then Py () = B k(-

oo o o o J




Outline

© Relating to Stochastic
Optimization

@ Main features
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Embedding

Density estimator

Bounded kernel
We shall typically assume that

k(x,x) = [k(x, Py, < C <00,  xeX.

The embedding function
() = [ KCoy)u(dy) € Ha( )

then is well defined (as Bochner integral, cf. Diestel and UhI!).

1), Diestel and J. J. Uhl Jr. (1977). Vector Measures. Mathematical Surveys
15. American Mathematical Society. URL:
gEpttp://books.google. com/books?id=EQF jDOOLXWAC.
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Reproducing property

Characterization

Key property of the space Hy is its inner product, satisfying

(k(x) k(¥ )) gy, = K(x:y)-

veRSiTh A. Pichler
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Reproducing property

Characterization

Key property of the space Hy is its inner product, satisfying
<k(aX)|k(7.y)>’Hk = k(va)
If pr(-) = [ k( dy), by linearity

(o) e = [ )3 ()

/kxy (dy)

_Mk
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Maximum Mean Discrepancy
A new distance for probability measures

Definition

The Maximum Mean Discrepancy of measures u,y € M(X) is

MMD(11,7) = di(1t,77) = || ok — Vil 24 -

veRsiTh A. Pichler

MMD



Maximum Mean Discrepancy
A new distance for probability measures

Definition

The Maximum Mean Discrepancy of measures u,y € M(X) is

MMD (i, 7y) = dic(pt,7y) = 1ok — Vi || 91 -

@ MMD is a distance
@ on M(X), not just P(X);

MMD(11,7)% = (s — Yie| 1k — V)

N // pu(dx)p(dy)
- 2//X>< K (x,y)u(dx)y(dy)
* //XXX k() (dx)y(dy).-

A. Pichler MMD




Of Interest In Stochastic optimization?
Optimal Transport and MMD

Let f € Hi(X). Then

Epf—Eqf = / x)de)/ x) Q(dx)
_/ (k(x, ) ()i P(dx) /Xk(x ) () e Q(dx)
(

P (D k= Qi) ()«
<P — Qullie- 11 (1)
= [[fllx-MMD(P, Q),

with Cauchy-Schwartz in (1).

A. Pichler MMD
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Of Interest In Stochastic optimization?
Optimal Transport and MMD

Let f € Hi(X). Then

Epf—EQf:/ fx)P(dx)—/ £(x) Q(dx)
= [ e A FONP() = [ (i, F() Q(ax)

= (P (D= Qi) ()
< 1Pk — Qullic- 11l (1)
= [[fllx-MMD(P, Q),

with Cauchy-Schwartz in (1).

Remark (Wasserstein)

Epf—Eqf < Lip(f)-w(P,Q).
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Of Interest In Stochastic optimization?
Optimal Transport and MMD

Let f € Hi(X). Then

]Epf—]EQf:/ fx)P(dx)—/ £(x) Q(dx)
_/ (k(x, ) ()i P(dx) /Xk(x ) () e Q(dx)
(

O IQN SR CAQILO
< 1Pk = Qullic- 11l (1)
= [[fllx-MMD(P, Q),
with Cauchy-Schwartz in (1).

Remark (Wasserstein)

Epf—Eqf <Lip(f) - w(P,Q).
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Associated distance
Pseudodistance

Remark
For x € X,

dx(A) =1 a(x)

is the Dirac measure. lIts
embedding is

Oxk(+) = k(x,-).

It holds that

Remark
For x,y € X,

MMD(5,,6,)

= [[k(x,) = k(y, M2,
=: di(x,y)

is a pseudodistance on X.

MMD(6x,6,) = /k(x,x) — 2k(x,y) + k(v.¥).

A. Pichler MMD
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Oxk(+) = k(x,-).

It holds that

Remark
For x,y € X,
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is a pseudodistance on X.
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Optimal transport and MMD

Relation

Remark
Recall

MMD (6,8, ) = 1/ k(x,x) — 2k(x,¥) + k(. ).

For the Gaussian kernel k(x,y) = e~ lx=yl?/e

V2
2

d(x,y) = \/2—2e—||X—y||2/€2 < lx = yl|-

For the Laplacian kernel k(x,y) = e x=xl/e

d(x,y) =1/2—2e"Ixll/f < \/g lIx — y||">.

A. Pichler
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Optimal transport and MMD

Relation

Proposition
Let P and Q be probability measures. Suppose that

k(x,x) —2k(x,y)+ k(y,y) < 2. d(x,y)zo‘7 x,y € X,

for some ¢ > 0 and o > 1/2. Then it holds that®

MMD(P, Q) = ||Px — Qkll2, < c-wa(P, Q).

?R. Lakshmanan and A. P. (2024). “Unbalanced Optimal Transport and
Maximum Mean Discrepancies: Interconnections and Rapid Evaluation”. In:

Journal of Scientific Computing 100.72. DOI: 10.1007/s10915-024-02586-2.
v
Kernel Holder a  constant ¢
2 /92
Gauss e~ Ix=ylI*/¢ 1 2/¢?
Laplace e~ lx=yli/e 1/2 2/¢
- Inverse multiquadratic  1/y/[x—y[?+c2 1 2/c*
g A. Pichler MMD



https://doi.org/10.1007/s10915-024-02586-2

Outline

© Quantization
@ Optimal weights
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Problem statement

Problem (General measures)

minimize MMD (g, p1") = || sk — pi [l
in = (p1,...,Mn)

and x = (Xx1,...,%n),

where p" =317 1 i+

1

Here,

p= (g1, p1n) ER"
are the weights, and
x=(x1,...,xp) € X"

are the locations.

A. Pichler MMD
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Recall: Wasserstein
Suffering from the curse of dimensionality

(a) Optimal weights and locations (b) Voronoi tessellation

Figure: Quantization in Wasserstein distance
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Locations given, optimal weights

Proposition

Let xi,...,x, be fixed. Then the optimal weights pu = (p1,...,/n)

satisfy
Kp=m,
k(xi,x1) ... k(x1,%n)
where K = : : and
k(Xnyx1) ... k(XnyXn)

m; = Ek(x,) = /X k(,€) P(d€).

Further, MMDj(p, 1" = [f-y2 k(€,€)p(d€)u(d€") —m" K~1m.

4

In general,
u(X) # p"(X).
TE(MMEE k1
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Optimal weights

Problem (Probability measures)

minimize ||Px — PZ||«

n
where P":Zp,-éxi and pr+---+p,=1.
i=1

Proposition

Let xy,...,xp be fixed. Then the optimal weights (p1,...,pn) satisfy

K11.1TK™1 K11
ikt ik "

MMDL(P,P")2 = [ K(&.¢)n(du(a)

1TKtm-1)
1TK-11

p=Km- d

—m'Ktm+

v

A. Pichler MMD
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Outline

© Quantization

@ Optimal locations
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Quantization
Optimal locations

Problem (General measures)

1TKtm-1)
1TK-1

minimize //X2 k(€,6)u(de)u(de) —m K 1m+

where m; = Ek(x;,-) = /X K(x:,€) P(dE).

Define

(1- 17K (x)"1k(¢,x))?
1TK(x)-11

c(x,£,€) =k(&&)—k(&,x)TK(x) k(¢ x)+

Then
min B eypep c(x,6,8).

X:(Xl,.“,x,,)

TECHIS 0
©

A. Pichler MMD 29



Quantization
Optimal locations

Problem (General measures)

1TKtm-1)
1TK-1
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Stochastic optimization
Stochastic gradient

To solve

min I clx,q, ' >
X=(X15---,Xn) (6’5,) ~P®P ( § 5 )

repeat

generate independent £,¢' ~ P® P,
update x < x —n; - Ve(x, &, 5') and

m s (6m S (KER) KER) )

with 3722, m; = 00 and 232,72 < .

b TR

A. Pichler MMD



Non-negativity constraints

Problem (Probability measures)

minimize ||Px — Pg |«

n
where P”:Zp,-éx,, pi+-+pn=1,
i=1

and p; >0,...,p, > 0.

Instead of solving minimize f(mx(x))+||x — mx(x)|,

with projection (myomy = my)

=x ifxeX,
T (x) e ifxéEX

minimize f(x)

subject to x € X

ol w) — Arsmin Il s wl
NN — @ty c X || 2l AL Pichler MMD

for example (Norkin and P. (2024))
|
|




A special case
Normal distribution on R

Example
1 1 2
Suppose that P ~ N (u,02), and k(x,y) = ——e 2* Y then
PP (1, 0%) (x,¥) o
1
MMDy(P,P")? = ———e.
\/ 27 (202 + £2)
1 N (=) Hg—p)?
e — e 2(o?+2) K(x)gl.

\/2m(202 + £2) i,JZ::1

A. Pichler MMD
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Outline

O Illustration
@ Proof of concept
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Proof of concept
Normal distribution

0.2

p values

0.1

TECHNISCHE UNIVERSITAT
CHEMNITZ

matern_kernel with normal distribution

embedding kernel
= .5

2=

.1, v=
k-norm: 1.307896

@ (x_value, p_value) —— initial RKHS embedding
- 1.03, 0.19) 020 —— optimized RKHS embedding
- .5,0.21)
——(0.01,0.22)
——(0.51,0.2)
——(0.99,0.19)
—PDF
015
® 2
o) 5
I | ] 3
® | | ] [} 2 o1
| | | | | °
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | | 0.05
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | | 0.00
L L L L L L L L L L
-2 -1 0 1 2 -2 -1 0 1 2
X values X values

Figure: Normal distribution

with Laplace kernel
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Quantization
Normal distribution

S embecing
8 RRHS embedcing|

TECHNISCHE UNIVERSITAT
CHEMNITZ

Figure: Normal distribution

with smooth kernels
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Numerical approximations
Uniform and exponential distribution

matem kernel vt u

-- 021 .
—ha
=i
\
/ ‘
[ Il
00 _o® / ‘ Teo??
TTer! / \ T
P AN
P \\ P
- P 0 o R o

Figure: Uniform with varying kernels

mater kemel with exponential isrbution

||
I
T ’\ i
IV
with varying kernels
s A. Pichler MMD
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Outline

© Quality of RKHS
approximations

@ Relation to predictors
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Quality of the predictor

15+
X (Xivyi)
X
1.0+ X
X
X X X
1 XX x
0.5 X X>><<
> Xx x
X
AVl : 1 AVd : :
0.25 0.50 075 X 1.00
X X
X x X
_0.5__
X
X
_1.0" X
x

X

random iid samples from (x1,y1),...,(Xn,¥n) ~ (X, Y) € & x R with

@XeRd.
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Quality of RKHS approximations

Probability measure on X

0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8

TECHNISCHE UNIVERSITAT
CHEMNITZ

f0
- XX les f
. samplesf
- X X f .
X
range
» ) _
— x —
- X ))g? % .
- X .
| | P | | |
-3 -2 -1 0 1 2 3 4
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Support Vector Machines

-1.0+ X

X

The first component, xi,...,x, ~ X represent a measure on X.

Cunsc Rsrk .
TECHNISCHE UUIVERSITR A. Pichler MMD
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Approximating elementary functions
by combining translates

>
-0.51
_1.0__
The first component, xi,...,x, ~ X represent a measure on X.

A. Pichler

MMD
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Approximate an elementary function

by combining translates

Best approximation

The solution of

er}j.lpwn k(-,x)— ; w; k(- x;)
is
Kw=f,

where Kjj = k(xj,x;) and
fi = k(XaXi)'

k

X X
@® x
—_—
1.0 ~ wiky
/ \ Swik
/
05
/ N\
n/ Iy R
_ L o o —
3 0.25 050 0.75 =T

Highly oscillating weights :-(

A. Pichler
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Smoothing splines

Theorem (Representer theorem Schélkopf, Herbrich, and
Smola 2001)

The solution of the problem
J,= min Ze fi, (X)) A IAC)IE
() € Hk i=1
takes the form

1.
j=1

For {(x,y) = (x — y)?, the weights are W = (A + %K)_1

f.

Proposition (@n is downwards biased)
It holds that (irrespective of {(-))

ricumsééﬁ 5 EJ. < I . < 9%,

A. Pichler
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Smoothing splines

Theorem (Representer theorem Schélkopf, Herbrich, and
Smola 2001)

The solution of the problem
J,= min Ze fi, (X)) A IAC)IE
() e Hk i=1
takes the form

1.
j=1

For {(x,y) = (x — y)?, the weights are W = (A + %K)_1

f.

Proposition (@n is downwards biased)
It holds that (irrespective of {(-))

‘fo>

a < B, 1 < 9%

A. Pichler

MMD
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Noisy observations

1.54

1.0

0.5

X (xivyi)

—_—,

2wy,

—0.51

-1.0—+

Overfitting

ﬂf the data an had error. ..
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Covariance operator

Discrete problem (random)
Analyzing the problem

1 2 . p—

2

k

is difficult, due to the dependence of the support points xi, ...

Discrete problem (random)

Continuous counterpart is

with

(N DS 12\
\£)r\uz) A. Pichler

MMD
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Covariance operator

Discrete problem (random)
Analyzing the problem

1 2 . p—

2

k

is difficult, due to the dependence of the support points xi, ...

Discrete problem (random)

Continuous counterpart is

with

(N DI\
\£)r\uz) A. Pichler

MMD

45



Covariance operator

Definition (Covariance operator)
The covariance operator is
Li: Hy — Hy
L= [ KCx) @ k(,x) P(ax),
X

where (ky ® ky)(F) == (f | ky) k.

Remark (Trace class)

It holds that
trace(ky ® ky) = k(x,x)

and trace(Ly) :/ k(x,x) P(dx) < sup,cy k(x,x).
X

TECHIS 0
©

A. Pichler
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Covariance operator

Definition (Covariance operator)
The covariance operator is
Li: Hy — Hy
L= [ KCx) @ k(,x) P(Ax),
X

where (ky ® ky)(F) == (f | ky) k.

Remark (Trace class)

It holds that
trace(ky ® ky) = k(x,x)

and trace(Lg) :/ k(x,x) P(dx) < sup,cy k(x,x).
X

TECHIS 0
©

A. Pichler
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Maximal marginal degrees of freedom
Approximation quality 1

Definition

The maximal marginal degrees of freedom is the worst case value?

Noo(N) == A"Lsup min A w||% +[|k(-, x) — Lew][7 .
xex wel?

4A. Rudi, R. Camoriano, and L. Rosasco (2015). “Less is more: Nystrém
computational regularization”. In: Proceedings of the 28th International
Conference on Neural Information Processing Systems - Volume 1. NIPS'15.
Montreal, Canada: MIT Press, pp. 1657-1665.

The quantity is related to the effective dimension,
2
deff()\) = H(/_k + )\)_1/2 .

TECHNISCHE UNIVERSITAI .
CHEMNITZ A. Pichler MMD
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Maximal marginal degrees of freedom
Approximation quality s

Definition
WO := A" sup, min Allwl(Z: + [[&(-,x) = Liwl[}.
xeX wel?

4A. Rudi, R. Camoriano, and L. Rosasco (2015). “Less is more: Nystrém
computational regularization”. In: Proceedings of the 28th International
Conference on Neural Information Processing Systems - Volume 1. NIPS'15.
Montreal, Canada: MIT Press, pp. 1657-1665.

The quantity is related to the effective dimension,
2
der(A) = B|[(L+ 27"

TECHISCHE UNVERSITRY A. Pichler MMD
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Concentration inequality

Linking the discrete and the continuous problem
Noo(A) = A~ sup min Al|wl[2 +[|k(-,x) — Lewl[3.
xexwel?

Concentration inequality between discrete and continuous
problem (“On the Approximation of Kernel functions”)

Let 7 > 0. If A > 0 is chosen such that

<

N -

3n n

47 Noo (2) In N (ﬁ)+\/2rNoo(ﬁ)lnNoo(ﬁ)

is satisfied, it holds, with probability at least 1 —2e™7, that

min Al|wl3+ |k (2)

ZW, k(- X,)

veRsiTh A. Pichler

MMD
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Concentration inequality

Linking the discrete and the continuous problem
Noo(A) = A~ sup min Alfw|[32 + [[&(-.x) — Lewl .
xeXwWEL?

Concentration inequality between discrete and continuous
problem (“On the Approximation of Kernel functions”)

Let 7 > 0. If A > 0 is chosen such that

<

N -

3n n

47 Noo (2) InNio (2) +\/27/voo(g) In N (2)
is satisfied, it holds, with probability at least 1 —2e™7, that

Zw,k( X,) (i)

m|n )\||W||2+

veRsiTh A. Pichler

MMD
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© Quality of RKHS
approximations

@ Research questions
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Research questions

Question
@ What are powerful bounds

on Ny (A)?

° )A‘)\n—H‘bin L2, if n— c0?

° )Q}\n—w‘bin L if n— o0? 5o}
Setting b
@ The sample space is o7
X =[0,1]? | | |
@ The kernel is

k(X7y) — e_a”X—)’H%

with fixed precision
parameter a > 0.

kel A. Pichler MMD



Behavior of N ()

Proposition (A priori bound for Maximal marginal degrees of
freedom)

The obvious bound is (cf. Rudi, Camoriano, and Rosasco (2015))

Noo(A) < X% sup k(x,x),
XEX

which does not reflect the actual behavior.

300 !

—Noo(N) /
250 [ | === sup . o k(x,x) A ! /
200 | /
150 /

/
100 F /
/
50 /
7~
a— -_— -
10* 10° 10°

L A. Pichler MMD
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Behavior of N ()

Proposition (A priori bound for Maximal marginal degrees of
freedom)

The obvious bound is (cf. Rudi, Camoriano, and Rosasco (2015))

Noo(A) < X% sup k(x,x),
XEX

which does not reflect the actual behavior.

o0r I Problem
—_— )
250 |— s ke A7 // This bound implies that
200 /
. / An>cg>0 forall neN
/

0 // which gives convergence
so 7 rates of Hf)‘" —fy e

7 = ms O((Inn)~*) for some

= ’ a>0.

)
AT Pichler MMD




For the Gaussian kernel only

Proposition

The minimizer of

. 2 2
min Alwla I~ Lewl} |- \/\/
w

= (A Li) Yk

Figure: x =0.5

Lemma
A good proxy is R
eason:
m—1
x [ee)
wi(2)~ Y Qi(x)Qi(2) Z
i=0

i=0

ESyith Q; (scaled) Legendre polynomials.

. A. Pichler MMD 52



For the Gaussian kernel only

Proposition
For the Gaussian kernel, there is a constant C > 0 such that?

Noo(A) < C-In (A—l)zd.

?Dommel and P., 2025.

1000 1000

(a) m=4, x=(0.5,0.5) (b) m=10, x=(0.5,0.5)

A. Pichler MMD
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Discussion

—No(A) /
250 [ [ e— supxglo_llk(x X) - At

— (A 7")? /

50 /

10° 10! 10° 10°

Notes

© The new bound on N () is significantly tighter than the
initial bound;

© The approach works for kernels with polynomial expansions;
© The bound might still be improved.

A. Pichler MMD
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approximations

@ Conclusions and
Consequences
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Consequences on Eigenfunctions

Proposition (Mercer)

The covariance operator Ly is compact and thus

(L) = [ K 2)l@2) =3 el Frsou)
=1

Why?
A bound on

el Loo

is essential for
deriving uniform
convergence for
fo & He-

A. Pichler

MMD
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Eigenfunctions

For Gaussian kernels

Relation Proposition
The eigenfunctions @y and the There is a constant C > 0 such
eigenvalues py are related by that
co = SU X
sup 4(x)| < 4/ Noc e el e b
xeX ’
2
<4C-(InpH)7. <CY
v
for all £ € N.

2p. Dommel and A. P. (2025). “On the Approximation of Kernel functions”.
In: Journal of Machine Learning Research 26.41, pp. 1-30. URL:
gEpttp://jmlr.org/papers/v26/24-0270.html.

TECHNISCHE UNIVERSITAT
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Eigenfunctions

For Gaussian kernels

Relation

The eigenfunctions @y and the
eigenvalues p, are related by

sup [pe(x)] < 44/ Noo(p10)
xXEX

<4C-(Inp; b,

Details? (2025)

Proposition

There is a constant C > 0 such
that

llpelleee = sup |e(x)|
x€[0,1]4

< C/r?

for all ¢ € N.

2p. Dommel and A. P. (2025). “On the Approximation of Kernel functions”.
In: Journal of Machine Learning Research 26.41, pp. 1-30. URL:

gEpttp://jmlr.org/papers/v26/24-0270.html.
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Conseq uences on convergence

Relation of norms

Relation of norms

More precisely,

1Flli2 < LRl NIflle and  [FG] < \/kGex) - I F

1Fllz < NIflleoe < Cic- ([ ll3,.-
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Conseq uences on convergence

Relation of norms

Relation of norms

More precisely,

1Flli2 < LRl NIflle and  [FG] < \/kGex) - I F

[Fllz < NIflleoe < Cic- (I ll34,-
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For smooth functions
Interpolation inequality

Theorem

For every function f(-) =
for some o > 3, it holds that

AR < < 7 >

22

17112 < [IEIE < - 1714,

2
1 Cepe(-) such that Y32 7 < oo

2\ Ye 5
c 1-3
_éa) Nfll2 ©

(=1 ¢

Remark

@ The condition 22, ;=%
feHy.

2
Q If feH fors> 72 then 02, ;54 < oo.

—4— < 00 can be verified for functions

A. Pichler MMD 59



Conclusions & Consequences

Theorem (Approximation of smooth functions)
It holds — with high probability — that

=0 (n 2s+d+5)

hr, — fo”; =0 (n 52:+_d +5>

(6 >0) where fy € H*.

~ f2
A To|[

and

Remark

Note the convergence for s = oo, that is, f € C*°.

A. Pichler

MMD
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It holds — with high probability — that

=0 (n 2s+d+5)

hr, — fo”; =0 (n 52:+_d +5>

(6 >0) where fy € H*.
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A To|[
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Remark
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Conclusions & Consequences, cont.
Approximations in lower dimensions: “Less is more: Nystrom computational
regularization”

The Nystrom method
K Kn,m

|

Figure: Approximation of the kernel matrix by lower rank matrices

A. Pichler MMD
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Outline
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RKHS. Useful in Stochastic Optimization?

Pros and potential future research ”

@ Less functions (smooth)

@ Faster empirical convergence

@ Simpler to compute than Wasserstei
@ Less curse of dimensionality

@ Performance on real-world data

@ Distributionally robust optimization: with MMD instead of
Wasserstein

@ What is the right kernel?
@ Bandwidth selection a la Norkin
@ Extend the results to multistage (nested) MMD

A. Pichler MMD
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Thank you.
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Gaussian random fields
Method |I: Feature map

Let pk: X — R be functions, o, € R. Set

f(x)=>%0 okek(x),

xeX,weq,
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Gaussian random fields
Method |I: Feature map

Let pk: X — R be functions, o, € R. Set
f(x) =R obkokok(x), xeX ,weq,

with & NN(O,].) iid. Note, that &, =0 and E&i& = . It
follows that IEf(x) =0 and

cov (f(x), f(y))=Tilooz k(X)) ek(y), X,y €X.
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with & NN(O,].) iid. Note, that E&, =0 and E&x& = g, It
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Gaussian random fields
Method |I: Feature map

Let pk: X — R be functions, o, € R. Set
f(x) =R obkokok(x), xeX ,weq,

with & NN(O,].) iid. Note, that &, =0 and E&i& = . It
follows that Ef(x) =0 and

cov (f(x), f(y))=Tilooz k(X ek(y),  x,y € X.
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Gaussian random fields
Method |I: Feature map

Let px: X — R be functions, o4 € R. Set
f(x) :=2iZoékokpk(x), xeX weq,
with & NN(O,].) iid. Note, that &, =0 and E&i& = . It

follows that IEf(x) =0 and

k(x,y) = cov (f(x), f(y))=iloorok(x)ekly), xye€X.

Hence,

f(x1) 0 k(xi,x1) ... k(x1,xn)
N :

f(xn) 0 k(xp,x1) ... k(xn,Xn)

ﬂgn particular, f(x) ~ N(0, 3522 02 ox(x)?).

A. Pichler MMD
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Example

Gaussian like (polynomial, radial) feature map

Example (RBF)

Feature map: ¢ (x) = (x/e)"- 2 @ ¢

~
\

2 - AN

1
K1

realization 1 ===
realizaton2 —— _
realization 3
realization 4
realization 5

TECHNISCHE UNIVERSITAT
CHEMNITZ
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Example

Gaussian like (polynomial, radial) feature map

Example (RBF)

2 2
Feature map: @x(x) == (x/e)<- e /2%, 0% = %
realization 1 ==
2 - \\ realization 2 —— _
realization 3
15 - realization 4 _
: \ realization 5

-1.5 L 1 1 1 1 J

0 0.2 0.4 0.6 0.8 1

z =ex —ix— z
k(XvY):kZ:%UkSOk(X)SOk(Y)— p( TAL y))

A. Pichler MMD
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Example

Example

. — : 1 _ 1
Feature map: ¢y (x) == V2 sin ((k— E)wx), Ok = G

k(x,y) = orer(x) pr(y)=min(x,y)
k=1

A. Pichler MMD
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Example

Example

1
Feature map: ¢y (x) == V2sin ((k— E)ﬂ‘X), Ok = —1—

k(x,y) = ot i(x) pr(y)= min(x,y)
k=1

A. Pichler

MMD
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Example
Wiener process

Example

Feature map: ¢k (x) =

k(X7y) =

V2 sin ((k— —)7rx) oK =

(k— )

>~ 0% ou(x) pk(y)= min(x, y)
k=1

realization 1 ==
realization 2 ——
realization3 ——

realization 4
realization 5 -

0.4 0.6 0.8A. Pichler MMD |
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Example
Brownian bridge

Example

Choose @k(x) = /2 sin (kmx), o

k(x,y) = min(x,y)

1
k= kr

—xy =Y 0ot ou(x) ok
k=1

(v)

realization 1 =—

realization 2 _
realization 3
realization 4

reajm

A. Pichler MMD

69



Outline

TECHNISCHE UNIVERSITAT
CHEMNITZ

e Appendix

@ Traditional realization

A. Pichler

MMD

70



Gaussian random fields
Method Il: Gramian

If & ~N(0,1) are iid and
k(xi,x1) ... k(x1,xn)
K= : : =o'
k(Xpyx1) . k(XnyXn)

(for example ® = K*/2), then

&1
X=p+®| [ ~N(uK).
&n

A. Pichler MMD



Gaussian random fields
Method Il: Gramian

If & ~N(0,1) are iid and

k(xi,x1) ... k(x1,xn)
K= : : =o'
k(Xpyx1) . k(XnyXn)

(for example ® = K*/2), then

S
X=p+®| [ ~N(uK).
&n
We find the realization
f(x1)
; =X~ N(0,K).
f(xn)

A. Pichler MMD



Example

Fractional Brownian motion
Choose 2k(x,y) = x*" 4 y?H — |x — y|?H

Example

Hurst index H =0.8:7 increments are positively correlated

1.5 - -
1- R -
realization 4
0.5 — realization 5

.15 I I I I
0 0.2 0.4 0.6 0.8 1

“The Wiener process has Hurst index H =1/2.

TECHNISCHE UNIVERSITAT
CHEMNITZ
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Example

Fractional Brownian motion

Choose 2k(x,y) = x? 4 y2H —|x — y|?H
Example

Hurst index H = 0.2: increments are negatively correlated

2 - realization 1
realization 2 ——
1.5 -

W%ealizati n
I

A. Pichler MMD
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@ Representation as RKHS
function
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Gaussian random fields
Method I1l: RKHS representation

k(xi,x1) ... k(x1,%n)
With Gramian K := : : , choose the
k(xpyx1) .. k(Xn,Xn)
weights>
w~N(0,K™1)
and set

f() = Z wi - k(‘,X,‘)
i=1

B 3In data science, the matrix K1 is the precision matrix.

A. Pichler MMD
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Gaussian random fields
Method I1l: RKHS representation

k(xi,x1) ... k(x1,%n)
With Gramian K := : : , choose the
k(xpyx1) .. k(Xn,Xn)
weights>
w~N(0,K1)
and set

f() = Z wi - k(‘,X,‘)
i=1

B 3In data science, the matrix K1 is the precision matrix.
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Gaussian random fields
Method I1l: RKHS representation

k(xi,x1) ... k(x1,%n)
With Gramian K := : : , choose the
k(xpyx1) .. k(Xn,Xn)
weights>
w~N(0,K1)
and set
f()= Z wi - k(- ;)
i=1
Proposition
Then
f(x1)
: ~N(0,K).
f(xn)

B 3In data science, the matrix K1 is the precision matrix.
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Gaussian random fields
Method I1l: RKHS representation

k(xi,x1) ... k(x1,%n)
With Gramian K := : : , choose the
k(xpyx1) .. k(Xn,Xn)
weights>
w~N(0,K1)
and set

ZW, -,Xi) € Hi: RKHS, with (k(:,x),k(-,y)), = k(x,y)

Proposition
Then
f(x1)
: ~N(0,K).
f(xn)

B 3In data science, the matrix K1 is the precision matrix.

avERSITAT
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2D process visualizations

Example

Choose the radial Gaussian kernel?

k(x,y) = o -exp(—|x—y|?/ )

N=ORNW

N=ROFRNW

?This is a Matérn-co covariance kernel: all derivatives available everywhere

a.s.

TECHNISCHE UNIVERSITAT
CHEMNITZ
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2D process visualizations

Figure: Sigmoid

Matérn

Gauss

A. Pichler

MMD
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0 Appendix

@ Conditional Gaussians,
applied to RKHS
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Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%;)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ A/(0,A) independent. The joint distribution is

(f(J()A()>N I <0> KXX) k(X.X)
f(X) 07 \k(X,X) k(X,X)+A] |

A. Pichler MMD



Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%;)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ A/(0,A) independent. The joint distribution is

(@(X))N N <o> kX, X) k(X X)
f(X) 0)7 \k(X,X) k(X,X)+A] |

A. Pichler MMD



Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ AN/(0,A) independent. The joint distribution is

(f(J()A()>N I <0> K(XX) k(X.X)
f(X) 07 \k(X,X) k(X,X)+A] |

A. Pichler MMD



Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ A/(0,A) independent. The joint distribution is

(f(J()A()>N I <0> KXX) k(X.X)
f(X) 07 \k(X,X) k(X,X)+A] |

It follows that
fo(X) | £(X) ~ N (i, K),

where
= k(X, X) (k(X,X)+A)"LF(X)

and

K = k(X,X) = k(X, X) (k(X,X)+N) " k(X, X).

A. Pichler MMD



Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ A/(0,A) independent. The joint distribution is

(f(J()A()>N I <0> KXX) k(X.X)
f(X) 07 \k(X,X) k(X,X)+A] |

It follows that
fo(X) | £(X) ~ N (i1, K),

where
= k(X, X) (k(X,X)+N) L F(X)

and

K = k(X,X) = k(X, X) (k(X,X)+N) " k(X, X).

A. Pichler MMD



Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ A/(0,A) independent. The joint distribution is

(f(J()A()>N I <0> KXX) k(X.X)
f(X) 07 \k(X,X) k(X,X)+A] |

It follows that
fo(X) | £(X) ~ N (i, K),

where
= k(X, X) (k(X,X)+A)"LF(X)

and

K = k(X,X) = k(X, X) (k(X,X)+A) "L k(X, X).

A. Pichler MMD



Quality of the predictor

Example
fo
er XX % samples f  x
04+ § x § : ]
0.2 range |
0 X |
02 .
-0.4 |- %ix: y |
-0.6 - . ]
-0.8 L ! X . | |
-3 -2 -1 0 1 2 3 4
The local variance
var (fo(x)| F(X1) = f1,..., F(Xn) = )
= k(x,x) — k(x, X) (k(X, X) +N) T k(X, x).
ggloes not depend on the samples f;!
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Stochastic filtering

Linear predictor

In other words, the prediction for a single new point x is
E(fo()| f(xa) = fi,...,f(xn) = ) Zw, k(- xi),

where W solves the linear system of equations

n

k(xi,x))+Nj)w;=1F, i=1,...,n.
Z( d i) Wi
j=1

e A. Pichler MMD
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Stochastic filtering

Linear predictor

In other words, the prediction for a single new point x is
E(fh(:)|f(xa)=f,....f(xa) =) = Z Wi - k(- xi),
i=1

where W solves the linear system of equations

n

k(xi,x))+Nj)w;=Ff, i=1,...,n.
Z( d i) Wi
j=1

The variance is
var (f(x)| f(X1) = fi, ..., F(Xn) = ;)
= k(x,x) — k(x, X) (k(X, X) +A) "L k(X, x).

If A=0, then var (f5(X;)| F(X:) = fi,...,f(Xs) = ) =0.
S

A. Pichler MMD
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