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Aims of this contribution

• We define a behavioral premium principle which generalizes
the zero-utility principle under continuous cumulative prospect
theory.

• We study some properties of the premium principle.

• We also introduce hedonic framing in the evaluation of the
results.

• We discuss several applications and results.

• The focus is then on the transformation of objective probability,
which is commonly referred as probability weighting function.



Cumulative Prospect Theory

• Individuals do not always take their decisions in order to
maximize expected utility; they are risk averse with respect to
gains and risk-seeking for losses; people are much more sensitive
to losses than they are to gains of comparable magnitude (loss
aversion).

• Outcomes are evaluated through a value function, based on
potential gains and losses relative to a reference point, rather
than in terms of final wealth.

• The degree of risk aversion or risk seeking seems to depend not
only on the value of the outcomes, but also on the probability
and ranking of outcome.



Cumulative Prospect theory

• Kahneman and Tversky (1979) recognize the need to change the
objective probabilities and introduce decision weights π = w(p).

• Let ∆xi, for −m ≤ i < 0 denote (strictly) negative outcomes and
∆xi, for 0 < i ≤ n (strictly) positive outcomes, with ∆xi ≤ ∆j
for i < j.

• Subjective value of the prospect is displayed as follows:

V =

n∑
i=−m

πi · v(∆xi) . (1)

• Under CPT (Tversky and Kahnemann, 1992) decision weights πi

are defined as differences in transformed cumulative
probabilities of gains or losses.



The shape of the probability weighting function

• A probability weighting function is not simply a subjective
probability but rather a distortion of objective probabilities;

• it is a strictly increasing function w(p) : [0, 1]→ [0, 1], with
w(0) = 0 and w(1) = 1; such a function;

• empirical evidence suggests a typical inverse-S shaped function:

• small probabilities of extreme events are overweighted, w(p) > p,
• medium and high probabilities are underweighted, w(p) < p.



Constant relative sensitivity weighting functions
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Zero utility principle

• Let u denote the utility function, and W be the initial wealth; the
utility indifference price P is the premium from the insurer’s
viewpoint which satisfies (if it exists) the condition:

u(W) = E[u(W + P− X)], (2)

where X is the claim amount; a non-negative random variable.

• The premium P makes indifferent the insurance company about
accepting the risky position and not selling the insurance policy.

• The equivalent utility principle has been introduced by Gerber
(1979) for concave utility functions;

• when the initial wealth is W = 0 or the utility function is defined
with respect to the a reference point which is set equal to the
status quo û(x) = u(W + x) we refer to the zero utility principle.



Previous literature

A few previous contributions study premium principles under RDU
and CPT:

• under RDU: Heilpern (2003) and Goovaerts et al. (2010);

• van der Hoek and Sherris (2001) consider different probability
weighting functions for gains and losses, with linear utility;

• Kaluszka and Krzeszowiec (2012) extend the equivalent
premium principle under CPT for linear and exponential utility
functions; Kaluszka and Krzeszowiec (2013) study iterativity
conditions of the premium principle.



Equivalent utility principle under cumulative prospect theory

• In prospect theory individuals are risk averse when considering
gains and risk-seeking with respect to losses; moreover, they are
more sensitive to losses than to gains of comparable magnitude
(loss aversion).

• The final result W + P− X in (2) could be positive or negative,
and will be considered through a value function v. Objective
probabilities are replaced by decision weights.

• The equivalent utility principle (2) under CPT becomes

v+(W) = V[v(W + P− X)] = Ew+w− [v(W + P− X)] . (3)



Continuous cumulative prospect theory

We consider the cumulative prospect value for a continuous random
variable (Davis and Satchell, 2007):

V(v(X)) =
∫ 0

−∞
v−(x)ψ−[F(x)] f (x) dx +

∫ +∞

0
v+(x)ψ+[1 − F(x)] f (x) dx, (4)

where:

• ψ = dw(p)
dp is the derivative of the weighting function w with

respect to the probability variable,
• F is the cdf and f is the pdf of the outcomes x,
• v− and v+ denote the value function for losses and gains,

respectively.



Remark

If we use the notation Ew(v(X)) (when w+ = w− = w) and
Ew+w−(v(X)), in much analogy with the notation in Heilpern (2003)
and Kaluszka and Krzeszowiec (2012), we can also define the
continuous cumulative prospect value as V(v(X)) = Ew+w−(v(X)).

A special case of (4) is when the value function is linear and, in
particular, v(x) = x:

V(X) = Ew+w−(X) =
∫ 0

−∞
xψ−[F(x)] f (x) dx+

∫ +∞

0
xψ+[1−F(x)] f (x) dx ; (5)

and when w+ = w− = w, we have

V(X) = Ew(X) =

∫ +∞

−∞
xψ[1− F(x)] f (x) dx. (6)



Remark

For an arbitrary random variable, the cumulative prospect value can
also be defined using the generalized Choquet integral:

Ew+w−(v(X)) =
∫ +∞

0
w+ (P(v+(X) > t)

)
dt−
∫ 0

−∞

[
1 − w−

(
P(v−(X) > t)

)]
dt ;

with special cases

Ew+w−(X) =

∫ +∞

0
w+ (P(X > t)) dt−

∫ 0

−∞

[
1− w− (P(X > t))

]
dt

and

Ew(X) =

∫ +∞

−∞
[w (P(X > t))] dt .



Zero utility principle under continuous CPT

• Let the loss severity X be modeled by a non-negative continuous
random variable, with distribution function FX and probability
density function fX , then condition (3) becomes

v+(W) =

∫ W+P

0
v+(W + P− x)ψ+[FX(x)] fX(x) dx +

+

∫ +∞

W+P
v−(W + P− x)ψ−[1− FX(x)] fX(x) dx.

(7)



Zero utility principle under continuous CPT

• When zero is assumed as reference point (the status quo), then
the premium P for insuring X is implicitly determined by the
following equation:

0 =

∫ P

0
v+(P− x)ψ+[FX(x)] fX(x) dx +

+

∫ +∞

P
v−(P− x)ψ−[1− FX(x)] fX(x) dx.

(8)

• Condition (8) defines the zero prospect value premium principle
based on cumulative prospect theory for continuous random
variables.



Properties of the behavioral premium principle

• When u(x) = x or v(x) = x, and probabilities are not distorted,
w(p) = p, then the behavioral premium is equal to

P = E(X).

• When probabilities are not distorted, and we consider a utility
function u, we have

V(u(W + P− X)) = E[u(W + P− X)],

and the equivalent utility premium principle follows.



Properties of the behavioral premium principle

• Let u(x) = x and w = w+ = w− (dual utility model, Yaari
1987); then

Ew(W + P − X) =
∫ +∞

0
(W + P − x)ψ[FX(x)] fX(x) dx

= (W + P)[w(1)− w(0)]−
∫ +∞

0
xψ[FX(x)] fX(x) dx

= (W + P)− Ew(X),

where w is the dual probability weighting function
w(p) = 1− w(1− p); w′(p) = w′(1− p). Ew(−X) = −Ew(X).

• If we impose condition u(W) = Ew[u(W + P− X)] (we can also
consider W = 0), the solution is the following premium principle

P = Ew(X). (9)



Properties of the behavioral premium principle

No unjustified safety (or risk) loading: P(a) = a, for all constants a.

This is a consequence of the definition of the premium principle, strict
monotonicity of v, and property Ew+w−(c) = c, so that

v(W) = Ew+w−(v(W + P(a)− a)) = v(W + P(a)− a),

thus P = a.



Properties of the behavioral premium principle

Non-excessive loading: when v is a continuous and increasing
function, with v(0) = 0, and w+ and w− are probability weighting
functions, P(X) ≤ sup(X).

Being Ew+w−c = c, for all c, and Ew+w−(X) ≤ Ew+w−(Y), if X ≤ Y ,
then

v(W) = Ew+w−(v(W +P−X)) ≥ Ew+w−(v(W +P− sup X)) = v(W +P− sup X),

hence P ≤ sup(X).



Properties of the behavioral premium principle

Translation invariance: P(X + b) = P(X) + b, for all b.

Indeed we have

v(W) = Ew+w− [v(W +P(X +b)− (X +b))] = Ew+w− [v(W +P(X)+b− (X +b))],

so that P(X + b) = P(X) + b.



Properties of the behavioral premium principle

Positive scale invariance: P(aX) = aP(X), for a > 0.

This property holds under rank dependent utility if and only if the
value function is linear (for the proof, see Heilpern 2003). Under
cumulative prospect theory, Kaluszka and Krzeszowiec (2012) prove
that scale invariance holds when: (i) W = 0, if and only if
v− = c1(−x)d and v+ = c2(x)d, for d > 0, c1 < 0 < c2; (ii) W > 0,
for a random variable X such that P(X = 0) = 1− q and
P(X = s) = q (s > 0, q ∈ [0, 1]), if and only if v(x) = cx, c > 0 and
w+ = w−.



Remark

Additivity for independent risks, additivity for comonotonic risks,
sub-additivity, stop-loss order preservering are studied and proved
under rank dependent utility and cumulative prospect theory (Gerber
1985; Heilpern 2003; Goovaerts et al. 2004, 2010; Kaluszka and
Krzeszowiec 2012) for a class of functions including linear and
exponential utility, with some restrictions on the value function and
on the shape of the probability weighting function. The assumptions
we make about v and w are more general; in particular, for the shape
of the probability weighting function, an inverse-S is more realistic.



Behavioral premium principle and framing

• We also assume that decision makers are not indifferent among
frames of cash flows: the framing of alternatives exerts a crucial
effect on actual choices.

• People may keep different mental accounts for different types
of outcomes, and when combining these accounts to obtain
overall result, typically they do not simply sum up all monetary
amounts, but intentionally use hedonic framing (Thaler, 1985)
such that the combination of the outcomes appears more
favorable and increases their utility.



Behavioral premium principle and framing

• Outcomes are aggregated or segregated depending on what leads
to the highest possible prospect value: multiple gains are
preferred to be segregated (narrow framing), losses are
preferred to be integrated with other losses (or large gains) in
order to ease the pain of the loss.

• Mixed outcomes would be integrated in order to cancel out
losses when there is a net gain or a small loss; for large losses
and a small gain, they usually are segregated in order to preserve
the silver lining.

• This is due to the shape of the value function in Prospect Theory,
characterized by risk-seeking or risk aversion, diminishing
sensitivity and loss aversion.



Behavioral premium principle in a segregated model

If we segregate the cashed premium from the possible loss and
evaluate the results in two separate mental accounts, condition (8)
becomes

0 = v+(P) +

∫ +∞

0
v−(−x)ψ−[1− FX(x)] fX(x) dx, (10)

and the premium can be determined as

P = ϕ−1 (−Ew−(v−(−X))
)
, (11)

where ϕ = v+, and
Ew−(v−(−X)) =

∫ +∞
0 v−(−x)ψ−[1− FX(x)] fX(x) dx.



Remark

• When the value function is linear and there is no probability
distortion, w+(p) = w−(p) = p, the resulting premium is
P = E(X).

• Properties discussed for the premium principle obtained in the
aggregated model are in general no longer valid.



Example 1. Linear utility under CPT

Let v(x) = c x, with c > 0. Consider also W ≥ 0. Condition (3) is
satisfied when

W =

∫ W+P

0
(W + P− x)ψ+[FX(x)] fX(x) dx +

+

∫ +∞

W+P
(W + P− x)ψ−[1− FX(x)] fX(x) dx .

The resulting premium is solution of

P = G−1(W + Ew−(X))−W

where Ew−(X) =
∫ +∞

0 xψ−(1− FX(x)) fX(x) dx.



Example 2. Exponential premium principle under RDU
Assume u(x) = (1− e−bx)/a (a > 0, b > 0), with W ≥ 0. When
w+ = w− = w, the right-hand side of condition (3) is equal to

V(u(W + P− X)) =

∫ +∞

0
u(W + P− x)ψ(FX(x)) fX(x) dx

=

∫ +∞

0

1
a

(
1− e−b(W+P−x)

)
ψ(FX(x)) fX(x) dx

=
1
a

(
1− e−b(W+P)

∫ +∞

0
ebx ψ(FX(x)) fX(x) dx

)
=

1
a

(
1− e−b(W+P) Ew

(
ebX)) .

We obtain the following exponential premium principle

P =
1
b

lnEw
(
ebX) . (12)



Example 2. Exponential premium principle under RDU

Using analogous arguments, one can derive an exponential premium
principle adopting the utility function u(x) = (ebx − 1)/a (a > 0,
b > 0).

Condition (3) yields

P = −1
b

ln
(
Ew
(
e−bX)) , (13)

an alternative exponential premium principle under rank dependent
utility theory.



Example 3. Exponential premium principle under CPT

Assume a utility function u(x) = (1− e−bx)/a (a > 0, b > 0). With
W = 0, and w+ 6= w−. Condition (3) is equivalent to

Ew−
(
ebX) = ebP +

∫ exp(bP)

0
[w−(P(ebX > s))− w+(P(ebX > s))] ds .

Let us denote t = ebP, then the right-hand side is a function G(t) with
G′ > 0, and the premium is solution of

P =
1
b

ln
(
G−1 (Ew−(ebX)

))
,

which generalizes the exponential premium principle under RDU.



Example 3. Exponential premium principle under CPT

As an alternative, if we consider the utility function
u(x) = (ebx − 1)/a, we can derive a premium which is solution of

P = −1
b

ln
(
G−1 (Ew+(e−bX)

))
,

where G(t) is a function of t = e−bP for which G−1 exists.



Remark

The value function under CPT should display a combination of risk
aversion for gains and risk seeking for losses, and loss aversion. A
function with this features is

v(x) =


v+(x) =

1− e−ax

a
x ≥ 0

λv−(x) = λ
ebx − 1

b
x < 0,

(14)

where λ ≥ 1 is the loss aversion parameter; parameters a and b
govern curvature. When a > 0 and b > 0, the function v is convex for
negative results, concave for positive outcomes, steeper for losses
depending on the value of the parameter λ (λ > 1 implies loss
aversion).



Remark

A usual choice for the value function, widely applied in the literature,
is defined by

v(x) =

{
v+(x) = xa x ≥ 0
v−(x) = −λ(−x)b x < 0,

(15)

with 0 < a ≤ 1 and 0 < b ≤ 1, λ ≥ 1.

In the following examples, we adopt such value function.



Example 4.

Let v be defined by (15), equation (8) becomes

0 =

∫ P

0
(P−x)a ψ+[FX(x)] fX(x) dx−λ

∫ +∞

P
(x−P)b ψ−[1−FX(x)] fX(x) dx,

which requires numerical solution for P.

In the segregated model, equating at zero and solving for P, gives the
explicit formula

P =

(
λ

∫ +∞

0
xb ψ−[1− FX(x)]fX(x) dx

)1/a

,

which requires numerical approximation. The premium is increasing
with loss aversion λ, which is not obvious in the aggregated case.



Example 5. Bounded random variables

If the set of possible outcomes for the claim X is [0, x], for some value
x > 0, then the premium in the aggregated model is defined by

0 =

∫ P

0
v+(P−x)ψ+[FX(x)] fX(x) dx+

∫ x

P
v−(P−x)ψ−[1−FX(x)] fX(x) dx,

and considering the value function (15) yields

0 =

∫ P

0
(P− x)a ψ+[FX(x)] fX(x) dx−

∫ x

P
λ(x− P)b ψ−[1− FX(x)] fX(x) dx.



Example 5. Bounded random variables

In the segregated model (10) the premium is the solution of

0 = v+(P) +

∫ x

0
v−(−x)ψ−[1− FX(x)] fX(x) dx;

substituting (15), we have

P =

(
λ

∫ x

0
xb ψ−[1− FX(x)]fX(x) dx

)1/a

.

Also in this case, the higher the loss aversion the higher the premium.



Example 6. Fixed-percentage deductible
If we consider a fixed-percentage deductible, (1− θ)X is transferred
to the insurer (0 ≤ θ ≤ 1). The premium can be determined from the
following equation

0 =

∫ P/(1−θ)

0
v+ (P− (1− θ)x) ψ+[FX(x)] fX(x) dx+

+

∫ +∞

P/(1−θ)
v− (P− (1− θ)x) ψ−[1− FX(x)] fX(x) dx,

solving numerically for P.

Taking v as in (15) as a special case, we have

0 =

∫ P/(1−θ)

0
(P− (1− θ)x)a ψ+[FX(x)] fX(x) dx−

− λ
∫ +∞

P/(1−θ)
((1− θ)x− P)b ψ−[1− FX(x)] fX(x) dx.



Example 6. Fixed-percentage deductible

In the segregated model (10), the premium is defined by

0 = v+(P) +

∫ +∞

0
v−(−(1− θ)x)ψ−[1− FX(x)] fX(x) dx;

in particular, we have the following result

P =

(
λ (1− θ)b

∫ +∞

0
xb ψ−[1− FX(x)]fX(x) dx

)1/a

.



Example 7. Deductible of fixed amount

If a deductible of fixed amount d ≥ 0 is considered, losses higher than
d are transferred to the insurer for the amount exceeding the
deductible, max(X − d, 0). The premium can be determined from the
following equation

0 = v+(P)w+ (FX(d)) +

∫ d+P

d
v+ (P− (x− d)) ψ+ (FX(x)) fX(x) dx+

+

∫ +∞

d+P
v− (P− (x− d)) ψ− (1− FX(x)) fX(x) dx,

solving numerically for P.



Example 7. Deductible of fixed amount

In the segregated model (10) the premium is defined by

0 = v+(P) +

∫ +∞

d
v−(d − x)ψ−[1− FX(x)] fX(x) dx;

and, in particular, we have the following result

P =

(
λ

∫ +∞

d
(x− d)b ψ−[1− FX(x)]fX(x) dx

)1/a

.



Remarks

• All the results presented above depend on the choice of the
weighting function.

• Different functional forms yield different models;
• in particular, when the weighting function has an inverse-S

shape, very low probability of extreme events are overweighted,
with possible implications for the resulting premium.



Behavioral premium principle with Weibull distribution and Prelec’s

probability weighting function

Recall the premium principle in the segregated model

0 = v+(P) +

∫ +∞

0
v−(−x)ψ−[1− FX(x)] fX(x) dx .

Assume as value function

v(x) =

{
v+(x) = 1−e−ax

a x ≥ 0
λv−(x) = λ ebx−1

b x < 0.

Then we obtain the following explicit solution for the premium

P = −1
a

ln
(

1− λa
b

∫ +∞

0
(e−bx − 1)ψ−[1− FX(x)] fX(x) dx

)
. (16)



Behavioral premium principle with Weibull distribution and Prelec’s

probability weighting function

Consider the one parameter probability weighting function proposed
by Prelec (1998):

w(p) = e−(− ln p)γ ,

with
ψ(p) = w′(p) =

1
p
γ(− ln p)γ−1e−(− ln p)γ .



Behavioral premium principle with Weibull distribution and Prelec’s

probability weighting function

Assume that the random variable X has a Weibull distribution with
parameters α > 0 and β > 0, with density

fX(x) = αβ−αxα−1e−xαβ−α =
α

β

(
x
β

)α−1

e−
(

x
β

)α

and cumulative distribution function

FX(x) = 1− e−
(

x
β

)α
.



Behavioral premium principle with Weibull distribution and Prelec’s

probability weighting function

Substitution into (16), combining the Weibull distribution with the
Prelec probability weighting function and an exponential value
function, a change of variable z = (x/β)αγ , and some simplifications
give

P = −1
a

ln
(

1− λa
b

∫ +∞

0
e−z
(

e−bβ z1/(αγ) − 1
)

dz
)
, (17)

which requires numerical computation.

An analogous result for the premium P can be obtained also adopting
the more flexible two parameter Prelec’s weighting function
w(p) = e−δ(− ln p)γ .



Concluding remarks

• Prospect theory has begun to attract attention in the insurance
literature and, in its cumulative version, seems a promising
alternative to other models, for its potential to explain observed
behaviors.

• We have introduced a premium principle under continuous
cumulative prospect theory which extends the zero utility
principle, and assuming that framing of the alternatives matters.

• We studied some properties and several applications of the
premium principle.

• We also presented some features of the probability weighting
function, providing some insights on its shape.



Future research

• Stop-loss insurance.

• Reinsurance and optimal retention.

• The position of the insured.


