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Motivation

increasing interest in optimization problems with inherently
nonconvex structures
examples:

MPCC mathematical programs with complementarity constraints
MPVC mathematical programs with vanishing constraints
MPSC mathematical programs with switching constraints

MPrCC mathematical programs with relaxed cardinality constraints
MPrPC mathematical programs with relaxed probabilistic constraints

unified framework - disjunctive programs
introducing a new class of ortho-disjunctive programs
many applications in natural and social sciences, in economics
and finance, also in engineering



Introduction

general mathematical program (GMP)

min
x∈Rn

f (x) s.t. x ∈ F−1(Γ) =: X , (1)

where f : Rn → R and F : Rn → Rd are continuously
differentiable and Γ ⊂ Rd is closed.
in disjunctive program, Γ is the finite union of convex polyhedra
goal: to study constraint qualifications (CQs) which play a crucial
role in study of stationarity and optimality conditions, sensitivity
and exact penalization



Introduction

GMP is equivalent to the unconstrained (but extended real-valued)
problem

min f (x) + δΓ(F (x)). (2)

A natural approximation for (2) (and hence (1)) is given by
minimization of the following penalty function

Pα := f + αd` ◦ F (α > 0), (3)

which provides a standard way to solve GMP (1). The crucial issue is
the exactness of this penalty function: holds true under metric
subregularity CQ (Hoheisel, Kanzow, Outrata 2010 based on Burke
1991).



Contribution

metric subregularity constraint qualification (MSCQ) (also
referred to as error bound property or calmness CQ) is the
weakest CQ to ensure calculus of (limiting) normal cones
MSCQ is verifiable via stronger properties such as metric
regularity or Aubin property, generalized Mangasarian-Fromowitz
CQ (GMFCQ) or No-Nonzer-Abnormal-Multiplier CQ
(NNAMCQ); in many situations far too strict
verifiable conditions strictly in between metric regularity and
metric subregularity: pseudo- and quasinormality introduced to
constraint optimization (Bertsekas, Ozdaglar 2002), extended to
MPCCs and GMPs by research teams around Kanzow and Ye;
and first/second order sufficient conditions for metric
subregularity (FOSCMS/SOSCMS) by Gfrerer involving
directional versions of generalized derivatives
contribution: to synthesize the directional approach due to
Gfrerer with the notion of pseudo- and quasi-normality into
point-based conditions of directional pseudo/quasi-normality that
imply MSCQ which are milder than both pseudo-,
quasi-normality and FOSCMS
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Preliminaries - variational analysis
Given a closed set C ⊂ Rn and z ∈ C, the (Bouligand) tangent cone
to C at z is defined by

TC(z) :=
{

d ∈ Rn | ∃{dk} → d , {tk} ↓ 0 : z + tk dk ∈ C (k ∈ N)
}
.

The regular normal cone to C at z can be defined as the polar cone
of the tangent cone by

N̂C(z) := (TC(z))◦ = {z∗ ∈ Rn | 〈z∗, d〉 ≤ 0 (d ∈ TC(z))}.

The (Mordukhovich) limiting normal cone to C at z is given by

NC(z) :=
{

z∗ ∈ Rn
∣∣∣ ∃{z∗k } → z∗, {zk} → z : zk ∈ C, z∗k ∈ N̂C(zk ) (k ∈ N)

}
.

Observe that N̂C(z) ⊂ NC(z) holds. In case C is convex, regular and
limiting normal cone coincide with the classical normal cone of
convex analysis. Finally, given a direction d ∈ Rn, the limiting normal
cone to C at z in direction d is defined by

NC(z; d) :=
{

z∗ ∈ Rn
∣∣∣ ∃{tk} ↓ 0, {dk} → d , {z∗k } → z∗ : z∗k ∈ N̂C(z + tk dk ) (k ∈ N)

}
.



Preliminaries - metric subregularity CQ

Definition: MSCQ

Let x̄ be feasible for (1). We say that the metric subregularity
constraint qualification (MSCQ) holds at x̄ if there exists a
neighborhood U of x̄ and κ > 0 such that

dX (x) ≤ κdΓ(F (x)) (x ∈ U).

In case of the constraint systems, given x̄ feasible for (1), metric
regularity of M(x) := F (x)− Γ around (x̄ ,0) holds if and only if there
are neighborhoods U of x̄ and V of 0 and κ > 0 such that

dM−1(y)(x) ≤ κdM(x)(y) = κdΓ(F (x)− y) ((x , y) ∈ U × V ).

Since X = M−1(0), one can easily see that metric subregularity
corresponds to metric regularity with y = 0.
We say that GMFCQ holds at x̄ feasible for (1), if there is no nonzero
multiplier λ̄ ∈ NΓ(F (x̄)) such that

∇F (x̄)T λ̄ = 0. (4)



Preliminaries - pseudo- and quasi-normality CQs

Definition: pseudo- and quasi-normality

Let x̄ ∈ X be feasible for (1). Then we say that
(i) pseudo-normality holds at x̄ if there exists no nonzero

λ̄ ∈ NΓ(F (x̄)) such that (4) holds and that satisfies the following
condition: There exists a sequence
{(xk , yk , λk ) ∈ Rn × Γ× Rd} → (x̄ ,F (x̄), λ̄) with

λk ∈ N̂Γ(yk ) and
〈
λ̄,F (xk )− yk〉 > 0 (k ∈ N);

(ii) quasi-normality holds at x̄ if there exists no nonzero
λ̄ ∈ NΓ(F (x̄)) such that (4) holds and that satisfies the following
condition: There exists a sequence
{(xk , yk , λk ) ∈ Rn × Γ× Rd} → (x̄ ,F (x̄), λ̄) with

λk ∈ N̂Γ(yk ) and λ̄i (Fi (xk )− yk
i ) > 0 if λ̄i 6= 0 (k ∈ N);

Not point-based conditions; difficult to verify and apply.



Preliminaries - FOSCMS and SOSCMS CQs

Definition: FOSCMS and SOSCMS

Let x̄ ∈ X be feasible for (1). Then we say that
(i) first-order sufficient condition for metric subregularity (FOSCMS)

holds at x̄ if for every 0 6= u ∈ Rn with ∇F (x̄)u ∈ TΓ(F (x̄)) one
has

∇F (x̄)Tλ = 0, λ ∈ NΓ(F (x̄);∇F (x̄)u) =⇒ λ = 0;

(ii) second-order sufficient condition for metric subregularity
(SOSCMS) holds at x̄ if F is twice Fréchet differentiable at x̄ , Γ is
the union of finitely many convex polyhedra, and for every
0 6= u ∈ Rn with ∇F (x̄)u ∈ TΓ(F (x̄)) one has

∇F (x̄)Tλ = 0, λ ∈ NΓ(F (x̄);∇F (x̄)u), uT∇2(λT F )(x̄)u ≥ 0 =⇒ λ = 0.

Point-based criteria, easily verifiable.



Preliminaries - sufficient conditions for MSCQ

Proposition: Sufficient conditions for MSCQ

Let x̄ be feasible for (1). Then under either of the following conditions
MSCQ holds at x̄ .

(i) (Guo, Ye, Zhang 2013) quasi-normality (or even
pseudo-normality) holds at x̄ ;

(ii) (Gfrerer, Klatte 2016) FOSCMS holds at x̄ ;
(iii) (Gfrerer, Klatte 2016) SOSCMS holds at x̄ ;
(iv) (Robinson 1981) F is affine and Γ is the union of finitely many

convex polyhedra.

First two applicable to GMPs, the other two restricted to disjunctive
programs. All are in general mutually independent, incomparable and
obtained via different approaches.



Multi-index

For z ∈ Rd we denote by zi for i ∈ I := {1, . . . ,d} its scalar
components. More generaly, suppose that Rd is expressed via
factors as Rd1 × . . .× Rdl and introduce the so-called
multi-indices δ := (d1, . . . ,dl ) ∈ Nl with |δ| := d1 + . . .+ dl = d .
The components of some z ∈ Rd we denote as zν for ν ∈ Iδ,
where Iδ is some (abstract) index set of l elements.
Given ν ∈ Iδ we introduce the index set
Iν := {i ∈ (1, . . . ,d) | zν = (zi )i∈Iν}.
Given two multi-indices δ, δ′ with |δ| = |δ′| = d , we say that δ′ is a
refinement of δ and write δ′ ⊂ δ, provided for every ν ∈ Iδ there
exists an index set Iνδ′ such that

zν = (zν′)ν′∈Iν
δ′

and Iδ′ = ∪ν∈Iδ Iνδ′ .

In order to simplify the notation, given x̄ feasible for (1), we
define

Λ0(x̄ ; u) := ker∇F (x̄)T ∩ NΓ(F (x̄);∇F (x̄)u) (u ∈ Rn) (5)

and set
Λ0(x̄) := Λ0(x̄ ; 0) = ker∇F (x̄)T ∩ NΓ(F (x̄)),

i.e., the directional normal cone is replaced by the standard one.



New directional CQs: PQ-normality

Definition: PQ-normality

Let x̄ ∈ X be feasible for (1), u ∈ Rn such that ‖u‖ = 1, and let δ ∈ Nl

be a multi-index such that |δ| = d . We say that
(i) PQ-normality w.r.t. δ holds at x̄ , if there exists no nonzero

λ̄ ∈ Λ0(x̄) such that there exists a sequence
{(xk , yk , λk ) ∈ Rn × Γ×Rd} → (x̄ ,F (x̄), λ̄) with λk ∈ N̂Γ(yk ) and〈

λ̄ν ,Fν(xk )− y k
ν

〉
> 0 for ν ∈ Iδ(λ̄) := {ν ∈ Iδ | λ̄ν 6= 0} (k ∈ N). (6)

(ii) PQ-normality w.r.t. δ in direction u holds at x̄ , if there exists
no nonzero λ̄ ∈ Λ0(x̄ ; u) such that there exists a sequence
{(xk , yk , λk ) ∈ Rn × Γ× Rd} → (x̄ ,F (x̄), λ̄) with λk ∈ N̂Γ(yk ), (6)
and

(xk − x̄)/
∥∥∥xk − x̄

∥∥∥→ u, (y k − F (x̄))/
∥∥∥xk − x̄

∥∥∥→ ∇F (x̄)u. (7)

We say that directional PQ-normality w.r.t. δ holds at x̄ , if
PQ-normality w.r.t. δ in direction u holds at x̄ for all u ∈ Sn.



Pseudo- and quasi-normality as special cases

Considering multi-indices δ ∈ Nl with |δ| = d , the following
special multi-indices δP := d ∈ N1 and δQ := (1, . . . ,1) ∈ Nd are
maximal and minimal in the sense that for any multi-index δ ∈ Nl

with |δ| = d one has δQ ⊂ δ ⊂ δP .
In particular, PQ-normality w.r.t. δP (in direction u) coincides with
pseudo-normality (in direction u), while PQ-normality w.r.t. δQ

coincides with quasi-normality. Further, pseudo-normality implies
PQ-normality w.r.t. any δ and this further implies quasi-normality.

Theorem

Let x̄ be feasible for (1) and let the directional PQ-normality w.r.t. any
δ ∈ Nl , in particular directional pseudo- or quasi-normality, hold at x̄ .
Then MSCQ is fulfilled at x̄ . In particular, if x̄ is also a local minimizer
of (1), the penalty function Pα from (3) is exact at x̄ .

directional quasi-normality is strictly weaker than both FOSCMS
as well as quasi-normality. Thus, to the best of our knowledge,
one of the weakest conditions to imply MSCQ for the general
optimization problem (1) that can be efficiently verified for
disjunctive programs.



Disjunctive programs
All prominent examples of disjunctive programs possess the following
structure

min
x∈Rn

f (x) subject to (Gi (x),Hi (x)) ∈ Γ̃, i ∈ V , (8)

where f ,Gi ,Hi : R→ R are continuously differentiable, V is a finite
index set and Γ̃ is given as
(a) (Complementarity constraints)

Γ̃ := ΓCC := {(a, b) | ab = 0, a, b ≥ 0} = (R+ × {0}) ∪ ({0} × R+);

(b) (Vanishing constraints)

Γ̃ := ΓVC := {(a, b) | ab ≤ 0, b ≥ 0} = (R− × R+) ∪ (R+ × {0});

(c) (relaxed Cardinality constraints)

Γ̃ := ΓrCC := {(a, b) | ab = 0, b ∈ [0, 1]} = (R× {0}) ∪ ({0} × [0, 1]);

(d) (relaxed Probabilistic constraints)

Γ̃ := ΓrPC := {(a, b) | ab ≤ 0, b ∈ [0, 1]} = (R− × [0, 1]) ∪ (R+ × {0});

(e) (Switching constraints)

Γ̃ := ΓSC := {(a, b) | ab = 0} = (R× {0}) ∪ ({0} × R).



Disjunctive programs

Corollary

Let x̄ be feasible for (1) with Γ disjunctive . Then (directional)
pseudo-normality at x̄ is equivalent to its simplified form: (for any
u ∈ Rn \ {0}) there exists no nonzero λ̄ ∈ Λ0(x̄) (λ̄ ∈ Λ0(x̄ ; u)) such
that there exists a sequence xk → x̄ (with (xk − x̄)/

∥∥xk − x̄
∥∥→ u)

fulfilling 〈
λ̄,F (xk )− F (x̄)

〉
> 0 for (k ∈ N). (9)



Disjunctive programs

Theorem: second order sufficient conditions

Let x̄ be feasible for a disjunctive program with F twice Fréchet
differentiable at x̄ . Then (directional) pseudo-normality holds at x̄ ,
provided the corresponding conditions from the following two holds:

(i) second-order sufficient condition for pseudo-normality
(SOSCPN): For every 0 6= λ ∈ Λ0(x̄) and every u ∈ Sn one has

uT∇2 〈λ,F 〉 (x̄)u < 0; (10)

(ii) second-order sufficient condition for directional pseudo-normality
(SOSCdirPN): For every u ∈ Sn and every 0 6= λ ∈ Λ0(x̄ ; u) one
has (10).

In particular, either of the two conditions implies MSCQ at x̄ .



Ortho-disjunctive programs

Consider now Γ given by

Γ =
∏
ν∈Iδ

Γν , Γν =
Nν⋃
`=1

Γ`ν , (11)

where each set Γ`ν (` = 1, . . . ,Nν , ν ∈ Iδ) is a product of closed
convex subsets of R̄, i.e., closed intervals

Γ`ν =
∏
i∈Iν

[a`i ,b
`
i ], (12)

where a`i ,b
`
i ∈ R̄, −∞ ≤ a`i ≤ b`i ≤ ∞.

We call the sets Γν (ν ∈ Iδ) defined by (11)-(12) ortho-disjunctive.
Moreover, we refer to programs (1) with ortho-disjunctive Γ as
mathematical programs with ortho-disjunctive constraints or briefly
ortho-disjunctive programs.
For ΓCC, ΓVC, ΓSC, ΓrCC and ΓrPC we have |Iν | = 2 and Γν is the same
for every ν.



Verifiable conditions for MSCQ in ortho-disjunctive
programs

Proposition

If x̄ be feasible for (1) with Γ given by (11)-(12), the (directional)
quasi-normality at x̄ is equivalent to its simplified form: (for any
u ∈ Rn \ {0}) there exists no nonzero λ̄ ∈ Λ0(x̄) (λ̄ ∈ Λ0(x̄ ; u)) such
that there exists a sequence xk → x̄ (such that
(xk − x̄)/

∥∥xk − x̄
∥∥→ u) fulfilling

λ̄i
(
Fi (xk )− Fi (x̄)

)
> 0 if λ̄i 6= 0, (k ∈ N). (13)

The above result provides the definition of quasi-normality for all
ortho-disjunctive programs. Similarly, one can reformulate
SOSCQN and SOSCdirQN for ortho-disjunctive constraints
which then imply MSCQ and thus imply also exactness of the
corresponding penalty function Pα.



Consequences

For MPCCs, the previous proposition recovers the following
results:

quasi-normality implies M-stationarity (Kanzow, Schwartz 2010)
pseudo-normality implies MSCQ (Kanzow, Schwartz 2010)
pseudo-normality implies exactness of l1 and l∞ penalty functions
(Kanzow, Schwartz 2010)
quasi-normality implies MSCQ (Ye, Zhang 2014)

For MPVCs we recover and improve:
pseudo-normality implies exactness of the penalty function (Hu,
Zhang, Chen, Tang 2018)
quasi-normality implies M-stationarity (indirectly stated in Hu,
Zhang, Chen, Tang 2018)

To the best of our knowledge, pseudo and quasi-normality were
not previously introduced for MPSCs, MPrCCs and MPrPCs and
thus our results are completely new for these classes of
mathematical programming problems.
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