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We consider a general mathematical program (GMP)

min
x∈Rn

f(x) subject to x ∈ F−1(Γ) =: X ,

where f : Rn → R and F : Rn → Rd are continuously differentiable and
Γ ⊂ Rd is closed. In recent years, a lot of attention was put to develop
sharp and yet verifiable conditions which imply the so-called metric sub-
regularity (MSCQ) of the constrained system of (GMP). Such a condition
plays important role in the calculus involved in derivation of the so-called
M-stationarity conditions and ensuring exactness of the corresponding pen-
alty function. There has been two main approaches in verifying MSCQ, first
one using (non-directional) pseudo-normality and (weaker) quasi-normality;
the other involving directional versions of the normal cones. We establish
new constraint qualifications as directional counterparts of both pseudo- and
quasi-normality and introduce a unifying approach to both original conditi-
ons, coined PQ-normality. These new constraint qualifications imply MSCQ
and, in particular, directional quasi-normality turns out to be strictly weaker
than all previously considered sufficient conditions for MSCQ. Further, we
provide a simplified version of these new CQs for programs with disjunctive
structure. Introducing a new class of ortho-disjunctive programs, which in-
cludes mathematical programs with complementarity constraints (MPCCs),
mathematical programs with vanishing constraints (MPVCs) and several fur-
ther recently introduced subclasses mathematical programs with disjunctive
constraints, we effectively recover some already previously established results
(namely for MPCCs), improve existing results (for MPVCs) and provide pre-
viously unpublished results for other examples of ortho-disjunctive programs.
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