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In this talk we consider the approximation in mixed form of elliptic problems in poly-
hedra. It is known that when the polyhedral domain is concave along edges or vertices,
singularities may appear in the solution which degrade the numerical approximations.
For the finite element method (FEM), strategies have been proposed in order to recover
the optimal order of convergence, one of them being the use of meshes which are a pri-
ori adapted to the singularities. These meshes contain, in general, arbitrarily narrow ele-
ments, and as a consequence, the FEM tools to prove convergence have to manage this
kind of elements. When mixed finite elements are considered, it is common the use of
the H(div )-conforming Raviart-Thomas spaces on tetrahedral meshes to approximate
the vectorial variable, and then, interpolation error estimates for the Raviart-Thomas
interpolation operator are one of the main tools to analyse the approximation error. In
order to prove optimal convergence of the mixed method, anisotropic interpolation error
estimates like

‖u− Π0u‖L2(T ) ≤ C(c̄)

(
3∑

i=1

hi‖∂xi
u‖L2(T ) + hT‖divu‖L2(T )

)
, (1)

are needed. Here, Π0 is the Raviart-Thomas interpolation operator of lowest order [Ned-
elec, Raviart-Thomas], hT is the diameter of T and hi is the diameter of T in the xi-
direction. This estimate was proved in [Acosta et al.] for a tetrahedron T with the con-
stant C depending on the regular vertex property of T . When meshes contain arbitrarily
anisotropic tetrahedra (this happens when the solution exhibits edge singularities) the
constant C becomes arbitrarily large for some elements (known as slivers), as can be
deduced from the results in [Acosta et al.]. As a consequence, optimal error estimates
can not be obtained for this kind of approximation.

For the simplest elliptic problem for the Laplace operator in polyhedra, with the aim
to avoid the presence of slivers in anisotropic meshes, we propose a generalization of
the standard mixed method mentioned before, which, in particular, allows for the use
of hybrid meshes made up of triangularly right prisms, tetrahedra and pyramids. The
meshes can contain arbitrarily anisotropic right prisms in order to deal with edge singu-
larities, and isotropic tetrahedra to be able to consider general polyhedral domains. And
(isotropic) pyramids are needed in order to glue right prisms and tetrahedra.

For such a kind of meshes we introduce and analyse a mixed Finite/Virtual Element
Method [Brezzi et al.]. The local discrete spaces coincide with the lowest order Raviart-
Thomas spaces (and its extensions [Nedelec]) on tetrahedral and triangularly right pris-
matic elements, and extend it to pyramidal elements. The local vectorial space on one
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element E of any shape is defined as

Vh(E) =
{
v ∈ H(div , E) ∩H(curl , E) :

v · n ∈ P0(f) ∀f face of E,

divv ∈ P0(E), curlv = 0
}

where n denotes the exterior normal to E , and P0(S) the space of constant functions
on S. As in the virtual element technology, the stiffness matrix can be computed from
the known degrees of freedom of the shape functions. The discrete scheme is well
posed and optimal error estimates are proved on meshes which allow for anisotropic
elements. In particular, local interpolation error estimates for the virtual space are op-
timal and anisotropic on anisotropic right prisms, which can be used to obtain optimal
approximation error estimates when the solution has edge or vertex singularities when
suitably adapted meshes are used.
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