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An Optimal Order DG Time Discretization Scheme for Parabolic
Problems with Non-homogeneous Constraints

Igor Voulis1 Arnold Reusken2

We consider parabolic problems with non-homogeneous constraints. Standard prob-
lems of this kind include the heat equation with a non-homogeneous Dirchlet boundary
condition and the following Stokes problem with an non-homogeneous divergence con-
dition and a non-homogeneous boundary condition (in Ω× [0, T ], Ω ⊂ Rd):

u′ −∆u +∇p = f

divu = g

u|∂Ω = h

u(0) = u0.

This problem can be seen as a parabolic problem in (an affine coset of) the space of
divergence free functions with a Lagrange multiplier p and two non-homogeneous con-
ditions: divu = g and u|∂Ω = h.
If one applies standard DG in time sub-optimal results are obtained (cf. Table below).
We present an analysis which explains the cause of this sub-optimal behavior. Based on
this analysis we introduce a modification which leads to an optimal convergence order,
non only for the energy norm of u, but also for the L2 norm of the Lagrange multiplier p.
Furthermore, an optimal nodal superconvergence result for u is obtained.
Our theoretical results are confirmed by numerical results. In the table below one can
see that the temporal convergence order for the Lagrange multiplier is 1 for the stan-
dard method (SM) and 2 for our modified method (MM). In this experiment we used a
P2−P1 Taylor-Hood pair in space and linear functions in time. For the modified method
we see that the spatial error dominates after a few temporal refinements (NT ).

NT 4 8 16 32 64 128
SM 1.36231 0.73455 0.37695 0.19011 0.09513 0.04755

EOCT 0.89112 0.96248 0.98752 0.99894 1.00042
MM 0.30828 0.07813 0.01984 0.00589 0.00286 0.00261

EOCT 1.98035 1.97707 1.75344 1.04000 0.13472
Error in L2-norm between exact p and the solution of the discrete problem.
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