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A-posteriori Error Control for Stationary Coupled Bulk-Surface
Equations
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We consider a system of two coupled elliptic equations, one defined on a bulk domain Ω ⊂
Rd, d ∈ {2, 3} with piecewise smooth boundary and the second one on the boundary surface
Γ := ∂Ω that is decomposed into a finite set of patches {Γi}Ni=1. Such coupled reaction diffusion
processes in the bulk and on the surface have recently attracted interest from an analytical point of
view [2] and in different application areas such as biology and chemistry, see e.g. [3]. We seek the
solution u : Ω→ R and v : Γ→ R of the stationary coupled diffusion-reaction problem

−∆u+ u = f in Ω, (1a)
(αu− βv) + ∂nu = 0 on Γ, (1b)
−∆Γv + v + ∂nu = g on Γ, (1c)

∇Γiv · ni +∇Γjv · nj = 0 on ∂Γi ∩ ∂Γj . (1d)

A-priori analysis for domains with smooth boundary has been established in [2] and a-posteriori
analysis for a pure surface problem can be found in [1]. Here, a-posteriori error control is proved. We
derive a fully computable residual estimator that takes into account the approximation errors due to
discretization with lowest order continuous finite elements in space as well as errors due to polyhedral
approximation of the surface. An adaptive refinement algorithm is described which controls the overall
error. Numerical experiments illustrate the performance of the a-posteriori error estimator and the
proposed adaptive algorithm.
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