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Optimal control subject to singularly perturbed
convection-diffusion-equations
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We consider the optimal control problem

min
y,u

J(y, u) := min
y,u

(
1

2
‖y − y0‖20 +

λ

2
‖u‖20

)
subject to a convection dominated differential state equation

Ly := −εy′′ + ay′ + by = f + u in (0, 1),

y(0) = y(1) = 0.

The solutions of such singularly perturbed differential equations typically exhibit bound-
ary layers. The optimality condition leads to the enhanced system of the state equation
and its adjoint form. The change of sign of the convection term in the adjoint equation
induces a boundary layer of the adjoint state at the opposite side of the domain compared
to the primal state. By the coupling of the two differential equations via the optimal-
ity system those layers lead to additional boundary layers of a weaker form in the other
part of the solution. Our analysis shows the layer structure of the solution of such an
optimality system.

Using linear finite elements on adapted grids of Shishkin type we treat the effects
of the arising layers at the boundaries of the domain. Furthermore we proof uniform
error estimates with respect to the perturbation parameter ε. We show that the weak
boundary layers also have an impact on the quality of numerical algorithms for solving
the optimality system. Numerical results supporting our analysis are presented.

Moreover, we discuss extensions to the case of box constraints for the control u.
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