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Mixed finite elements for thin elastic structures
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In this talk, we are concerned with solving the equations of linear elasticity on an
anisotropic, tensor product domain Ω = Ωx × Ωz. There, Ωx ⊂ R2 is supposed to be
a connected, Lipschitzian domain, whereas Ωz = (0, dz) corresponds to the thickness
direction.

We derive a mixed variational formulation for the equations of linear elasticity

−div(σ) = f,

Aσ = ε(u).

Here u denotes the displacement field, and σ the symmetric stress tensor. The linearized
strain tensor ε(u) = 1

2
(∇u+∇uT ) is given by the symmetric part of the gradient.

We choose u ∈ H(curl), which implies tangential continuity of the displacement field.
Starting from shape-regular, simplicial meshes for Ωx,Ωz we discretize the displacement
field using Nédélec finite elements on the resulting, anisotropic tensor product mesh. For
the stresses σ, this implies the necessity to have symmetric, tensor valued finite elements,
where the normal normal component σnn = nTσn is continuous across interfaces. We
already developed conforming finite elements for simplicial meshes. As an extension, we
propose a family of such elements of arbitrary order on the tensor product mesh.

Our elements are suitable for the discretization of beams or shells, as they do not
suffer from shear locking. We see that the optimal order error estimates for the solution
still hold true in the case of thin structures. We can show that the error depends on the
anisotropic mesh sizes hx, hz, but not on their ratio. This is supported by our numerical
results.
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