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Optimal grid generation and adaptation can be considered in the framework of mani-
fold parameterization.

Consider the problem of untangling and optimization of 2D unstructured grids via
node movement. The basic idea is to have unified treatment for any spatial dimensions
and for different types of elements. The concept of cell shape/size optimization is quite
clear. For each grid cell the mapping of canonical target cell onto real cell is considered.
Certain distortion measure of this mapping is minimized using variational methods.

One can construct polyhedral manifold by gluing all target elements together (gener-
ally it cannot be embedded as a surface in 3D space). Grid optimization in 2D is just a
flattening of this manifold: one-to-one mapping of this manifold onto plane with minimal
distortion. For general non-simplicial grids the result of gluing is not polyhedral manifold,
but it is still Alexandrov manifold (manifold of bounded curvature) [4]. The “optimal”
parameterization is the one which provides minimal distortion of the flattening.

The problem of adaptation of hybrid/unstructured grids is equivalent to the problem
of finding bilipschitz mapping of above polyhedral manifold onto another manifold where
(intrinsic) adaptation metric is defined.

Problem of existence of bilipschitz mappings between Alexandrov manifolds is consid-
ered in [4], [7]. The distortion of parameterization is estimated via positive and negative
instrinsic curvatures of manifold [4], [7]. The case of arbitrary genus is considered in
recent paper by Yu.D. Burago [6].

In [3] it was conjectured that instead of positive curvature parameterization distortion
should be estimated via certain constant from isoparametric inequalities - called “depth
of pockets” in [3]. Numerical experiments and grid refinement studies results are in good
agreement with suggested estimates.

In 3D the numerical treatment is similar to 2D, but theoretical understanding is still
lacking. The polyhedral manifolds are defined similarly by gluing simplices, but theoretical
results about existence of global bilipschitz parameterizations are not available. The
concept of discrete curvatures in multidimensional case is still not very well defined. In
practice manifolds are constructed by gluing together target hexahedra (as a rule chosen
as cubes), prisms, pyramids and simplices.

Within above concept there is no difference between structured (block structured)
mapped grids and unstructured/hybrid grids. As a result of this unified treatment the
same functional [2], [3] satisfying polyconvexity conditions [1] is used for any dimensions
and any types of elements [5]. The minimization problem for this functional is well posed.
Recently the rigorous convergence results for the iterative minimization method were
obtained [8].
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