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Abstract
We discuss the numerical solution of large-scale sparse projected
discrete-time periodic Lyapunov equations in lifted form which arise in
model reduction of periodic descriptor systems. We extend the alternating direction implicit method and the Smith method to such equations.
Low-rank versions of these methods are also presented, which can be
used to compute low-rank approximations to the solutions of projected
periodic Lyapunov equations in lifted form with low-rank right-hand
side. Moreover, we consider an application of the Lyapunov solvers to
balanced truncation model reduction of periodic discrete-time descriptor systems. Numerical results are given to illustrate the efficiency and
accuracy of the proposed methods.
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1 Introduction
We consider linear periodic discrete-time descriptor systems with time-varying
dimensions in the form
Ek xk+1 = Ak xk + Bk uk ,

yk = Ck xk ,

k ∈ Z,

(1)

µk+1 ×nk
, Bk P
∈ Rµk+1 ×mk , CkP∈ Rpk ×nk are
where Ek ∈ Rµk+1 ×nk+1 , Ak ∈ RP
K−1
K−1
K−1
periodic with a period K ≥ 1,
k=0 µk =
k=0 nk = n,
k=0 mk = m
PK−1
and
k=0 pk = p. If all Ek are nonsingular, then (1) can be transformed
into a periodic standard system. Such systems have received a lot of attention in the last 30 years, e.g., in satellite attitude control, helicopter design,
harmonic balance methods in nonlinear circuit design, and many more, see, e.g.,
[6, 10, 17, 18, 30, 33]. Some control-theoretic concepts including controllability
and observability, Gramians, Hankel singular values and balanced realization have
been extended to periodic discrete-time descriptor systems with singular Ek , see
[8, 9, 24]. Also efficient numerical methods for computing poles and zeros, L∞ norm, minimal and balanced realizations have been developed for such systems
[9, 33, 34, 35]. Since all these methods are based on the reduction of the periodic
pairs {(Ek , Ak )}K
k=0 to a periodic Kronecker-like form using the algorithm of [32],
they are restricted to problems of small or medium size.

In this paper, we present iterative methods for solving large-scale sparse projected discrete-time periodic Lyapunov equations which arise in balanced truncation model reduction of periodic descriptor systems [3]. Recently, increasing
attention has been devoted to the numerical solution of large-scale sparse Lyapunov equations using the alternating directions implicit (ADI) method [14, 20],
the Smith method [11, 20, 23], and Krylov subspace methods [12, 22]. For an
overview and further references, see [4]. All these methods have also been generalized to projected Lyapunov equations [27, 28]. On the other hand, an extension
of the Smith method and the Krylov subspace method based on a block Arnoldi
algorithm to standard periodic Lyapunov equations has been presented in [13].
Unfortunately, these methods cannot be directly applied to the projected periodic Lyapunov equations. Here, we consider the projected periodic Lyapunov
equations in lifted form and propose a generalization of the ADI iteration and
the Smith method for solving such equations.
The paper outline is as follows. In Section 2, we briefly review discrete-time periodic descriptor systems and their cyclic lifted representations. We also study
the periodic reachability and observability Gramians from [9] using the lifted
representation. In Sections 3 and 4, we discuss the numerical solution of the
causal and noncausal lifted Lyapunov equations using the ADI method and the
Smith method, respectively. Low-rank version of these methods are also presented that can be used to compute low-rank approximations to the solutions of
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projected periodic Lyapunov equations in lifted form with low-rank right-hand
side. A balanced truncation model reduction method for periodic descriptor systems is considered in Section 5. Section 6 contains a numerical example that
illustrates the properties of the described iterative methods for lifted projected
Lyapunov equations and its application to model reduction. Some conclusions
are given in Section 7.

2 Periodic descriptor systems
Lifted representations of periodic discrete-time systems play an important role
in extending many theoretical results and numerical algorithms for linear timeinvariant systems to the periodic setting [6, 10, 33]. We consider here the cyclic
lifted representation which was introduced first for standard periodic systems in
[18].

2.1 Cyclic lifted representation of periodic systems
The cyclic lifted representation of the periodic descriptor system (1) is given by
EXk+1 = AXk + B Uk ,

Yk = CXk ,

(2)

where
E = diag(E0 , E1 , . . . , EK−1 ), B = diag(B0 , B1 , . . . , BK−1 ),




0
···
0
C0
0
···
0
A0
C1
A1
0
0




A=
..  .
..  , C = 
.
.
.
.


.
.
. 
. 
0
AK−1 0
0
CK−1 0

(3)

The descriptor vector, system input and output of (2) are related to those of (1)
via
Xk = [xT1 , . . . , xTK−1 , xT0 ]T ,

Uk = [uT0 , uT1 , . . . , uTK−1 ]T ,

T
]T ,
Yk = [y0T , y1T , . . . , yK−1

respectively. The set of periodic matrix pairs {(Ek , Ak )}K−1
k=0 is said to be regular if
det(M (α, β)) 6≡ 0, where


α 0 E0
0
...
0
−β0 A0
−β1 A1 α1 E1

0




.
.
.
.


.
.
M (α, β) := 







0
0
−βK−1 AK−1 αK−1 EK−1

2

with α = (α0 , α1 , . . . , αK−1 ), β = (β0 , β1 , . . . , βK−1 ), and αk , βk are complex
variables for k = 0, 1, . . . , K − 1.
K−1
Definition 2.1. Let {(Ek , Ak )}k=0
be a regular set of periodic matrix pairs. If
there exist α = (α0 , α1 , . . . , αK−1 ) and β = (β0 , β1 , . . . , βK−1 ) with αk , βk ∈ C,
k = 0, 1, . . . , K − 1,
such that det(M (α, β)) = 0, then the pair (πα , πβ ) =
QK−1
QK−1 
K−1
k=0 αk ,
k=0 βk 6= (0, 0), is called an eigenvalue pair of {(Ek , Ak )}k=0 .
Note that if πβ 6= 0, then λ = πα /πβ is a finite eigenvalue, otherwise, (πα , 0)
represents an infinite eigenvalue of {(Ek , Ak )}K−1
k=0 . The set of periodic matrix
pairs {(Ek , Ak )}K−1
is
said
to
be
periodic
stable
if it is regular and all its finite
k=0
eigenvalues lie inside the unit circle. System (1) is asymptotically stable if the
corresponding set of periodic matrix pairs {(Ek , Ak )}K−1
k=0 is periodic stable.

2.2 Decomposition of periodic descriptor systems
If the descriptor matrices Ek in (1) are invertible for k = 0, 1, . . . , K − 1, then (1)
can be transformed to the standard periodic system by multiplication from the
left with Ek−1 . However, due to numerical instability, the explicit inversion of Ek
is not advisable. Moreover, if one or more matrices Ek are singular, the transformation to the standard system is not possible any more. In this case, we can
proceed by separating the causal and the noncausal parts of the periodic descriptor system. The canonical structures of the periodic matrix pairs {(Ek , Ak )}K−1
k=0
can be used to find such a decomposition [9, 32].
Lemma 1. [9] Suppose that the set of periodic matrix pairs {(Ek , Ak )}K−1
k=0 in
system (1) is regular. For k = 0, 1, . . . , K − 1, there exist nonsingular matrices
Sk and Tk such that
"

Sk Ek Tk+1

I f
= nk+1
0

#
0
,
Ekb

Afk
Sk Ak Tk =
0


0
In∞
k


,

(4)

where TK = T0 , Afk+K−1 Afk+K−2 · · · Afk = Jk is an nfk × nfk Jordan matrix corb
b
∞
responding to the finite eigenvalues, Ekb Ek+1
· · · Ek+K−1
= Nk is an n∞
k × nk
nilpotent matrix corresponding to the eigenvalues at infinity, nk = nfk + n∞
k , and
f
∞
µk+1 = nk+1 + nk .
Note that if νk is the nilpotency of the matrix Nk for k = 0, 1, . . . , K − 1, then
(ν0 , ν1 , . . . , νK−1 ) are called the indices of a regular set of periodic matrix pairs
{(Ek , Ak )}K−1
k=0 . The index ν of the periodic descriptor system (1) is then defined
as ν = max(ν0 , ν1 , . . . , νK−1 ).
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For every k ∈ Z, we let
 f
x
xk = Tk kb ,
xk


Bkf
Sk Bk =
,
Bkb


h
i
Ck Tk = Ckf Ckb .

Then using Lemma 1, we can decompose the periodic descriptor system (1) into
forward (causal) and backward (noncausal) periodic subsystems
xfk+1 = Afk xfk + Bkf uk ,
Ekb xbk+1 = xbk + Bkb uk ,

ykf = Ckf xfk ,
ykb = Ckb xbk ,

respectively, with yk = ykf + ykb . The Gramians and other systems concepts of
the periodic descriptor system are now defined for these causal and noncausal
subsystems independently.

2.3 Lifted representation of periodic Lyapunov equations
Consider a periodic discrete-time descriptor system (1), where the set of periodic
matrix pairs {(Ek , Ak )}K−1
k=0 is periodic stable. It has been shown in [26] that
the Gramians of discrete-time descriptor systems satisfy the projected generalized discrete-time Lyapunov equations with special right-hand sides. A similar
result holds also for periodic descriptor systems, where the projected Lyapunov
equations are also periodic.
Theorem 1. [8] Consider a periodic descriptor system (1) with a peroidic stable
set of matrix pairs {(Ek , Ak )K−1
k=0 } as in (4). Let the matrices
"
#


0
I
f
0 −1
Inf
k
T , Pl (k) = Sk−1 nk+1
Pr (k) = Tk
Sk ,
0
0 k
0
0
be the spectral projectors onto the k-th right and left deflating subspaces of
{(Ek , Ak )}K−1
k=0 corresponding to the finite eigenvalues, and let Qr (k) = I − Pr (k)
and Ql (k) = I − Pl (k) be the complementary projectors.
K−1
ncr K−1
1. The causal and noncausal reachability Gramians {Gcr
k }k=0 and {Gk }k=0
are the unique symmetric, positive semidefinite solutions of the projected
discrete-time periodic Lyapunov equations

and

T
cr
T
Ak Gcr
= −Pl (k)Bk BkT Pl (k)T ,
k Ak − Ek Gk+1 Ek
cr
T
Gk = Pr (k)Gcr
k Pr (k) ,

(5)

T
ncr
T
Ak Gncr
= Ql (k)Bk BkT Ql (k)T ,
k Ak − Ek Gk+1 Ek
ncr
T
Gk
= Qr (k)Gncr
k Qr (k) ,

(6)

cr
ncr
ncr
respectively, where k = 0, 1, . . . , K − 1, Gcr
K = G0 and GK = G0 .
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K−1
nco K−1
2. The causal and noncausal observability Gramians {Gco
k }k=0 and {Gk }k=0
are the unique symmetric, positive semidefinite solutions of the projected
discrete-time periodic Lyapunov equations
T T
co
T
ATk Gco
k+1 Ak − Ek−1 Gk Ek−1 = −Pr (k) Ck Ck Pr (k),
co
Gk = Pl (k − 1)T Gco
k Pl (k − 1),

and
T T
nco
T
ATk Gnco
k+1 Ak − Ek−1 Gk Ek−1 = Qr (k) Ck Ck Qr (k)
= Ql (k − 1)T Gnco
Gnco
k Ql (k − 1),
k
nco
co
= Gnco
respectively, where k = 0, 1, . . . , K − 1, Gco
0 ,
K = G0 , GK
E−1 = EK−1 and Pl (−1) = Pl (K − 1), Ql (−1) = Ql (K − 1).

For Ek = I, k = 0, 1, . . . , K − 1, the Gramians of the periodic standard system
can also be determined by solving the periodic standard Lyapunov equations in
the lifted form. The solutions of these lifted equations are block diagonal matrices with the required Gramians on the diagonal [13, 29]. This result can also be
extended to periodic descriptor systems.
Theorem 2. [3] Consider a periodic discrete-time descriptor system (1) and its
lifted representation (2), where the set of periodic matrix pairs {(Ek , Ak )}K−1
k=0
is periodic stable. The causal and noncausal reachability Gramians G cr and G ncr
satisfy the projected lifted discrete-time algebraic Lyapunov equations (PLDALEs)
AG cr AT − EG cr E T = −Pl BB T PlT ,
AG ncr AT − EG ncr E T = Ql BB T QTl ,

G cr = Pr G cr PrT ,
G ncr = Qr G ncr QTr ,

(7)
(8)

respectively, where E, A and B are as in (3), and
cr
cr
G cr = diag(Gcr
1 , . . . , GK−1 , G0 ),

ncr
ncr
G ncr = diag(Gncr
1 , . . . , GK−1 , G0 ),

Pl = diag(Pl (0), Pl (1), . . . , Pl (K − 1)),

Ql = I − Pl ,

Pr = diag(Pr (1), . . . , Pr (K − 1), Pr (0)),

Qr = I − Pr .

A similar result can also be stated for the causal and noncausal observability
Gramians [3]. In the following section, we develop iterative methods for the
PLDALEs (7) and (8) with large and sparse matrix coefficients.

3 ADI method for causal lifted Lyapunov equations
The basic version of the ADI method has been proposed for linear systems in
[19] and then used in [14, 15, 20, 27] to solve (projected) continuous-time Lyapunov equations. The ADI method has also be applied for solving discrete-time
Lyapunov equations [2, 7].
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Consider the PLDALE (7), where all the finite eigenvalues of the pencil λE − A
lie inside the unit circle. If E is nonsingular, then the PLDALE (7) can be transformed to the standard discrete-time Lyapunov equation by the multiplication
from the left and right with E −1 and (E −1 )T . This equation can be solved by the
ADI method [2, 7] or the Smith method [11, 20, 23]. However, for the descriptor
system (1), the matrix E = diag(E0 , . . . , EK−1 ) is singular. If the pencil λE − A
has no zero eigenvalues, then A is nonsingular and (7) can be transformed to
the standard discrete-time Lyapunov equation by the multiplication from the left
and right with A−1 and (A−1 )T . In this case, however, both the ADI and Smith
iterations fail to converge for the resulting Lyapunov equation. This problem can
be circumvented by considering a generalized Cayley transformation given by
C(E, A) = λ(A − E) − (A + E)

(9)

see, e.g., [16]. This transformation transfers the PLDALE (7) to an equivalent
projected continuous-time algebraic Lyapunov equation (PCALE)
EG cr AT + AG cr ET = −2Pl BB T PlT ,

G cr = Pr G cr PrT ,

(10)

where λE − A = λ(A − E) − (A + E) is the Cayley-transformed pencil. The
finite eigenvalues of λE − A lying inside the unit circle are mapped to the finite
eigenvalues of λE − A in the open left half-plane, and the eigenvalue of λE − A
at infinity is mapped to λ = 1. Moreover, Pl and Pr are the spectral projectors
onto the left and right deflating subspaces of λE − A corresponding to the finite
eigenvalues with negative real part.
If λE − A is periodic stable, the matrices E and A are both nonsingular. Using
the relation Pl E = E Pr , we can transform the PCALE (10) to the projected
standard Lyapunov equation
(E−1 A)G cr + G cr (E−1 A)T = −2Pr E−1 B(E−1 B)T PrT ,

G cr = Pr G cr PrT .

(11)

In this case, an approximate solution of (10) can be computed by the ADI method
applied to (11). The ADI iteration for (11) is given by
cr
Gicr = (E−1 A + τi I)−1 (E−1 A − τ̄i I)Gi−1
(E−1 A − τi I)T (E−1 A + τ̄i I)−T
−4Re(τi )(E−1 A + τi I)−1 Pr E−1 B(E−1 B)T PrT (E−1 A + τ̄i I)−T ,

(12)

with an initial matrix G0cr = 0 and the shift parameters τ1 , τ2 , . . . , τi ∈ C− . It
follows from
Pr (E−1 A − τ̄i I) = (E−1 A − τ̄i I)Pr ,
Pr (E−1 A + τi I)−1 = (E−1 A + τi I)−1 Pr ,
that Gicr = Pr Gicr PrT , i.e., the second equation in (10) is satisfied. Iteration (12)
can be written as
cr
Gicr = (A + τi E)−1 (A − τ̄i E)Gi−1
(A − τi E)T (A + τ̄i E)−T
−4Re(τi )(A + τi E)−1 Pl BB T PlT (A + τ̄i E)−T .

(13)

Similarly to [27], we can establish the convergence of the ADI iteration (13).
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Proposition 1. Consider a periodic descriptor system (1), where the set of peri−
odic matrix pairs {(Ek , Ak )}K−1
k=0 is periodic stable. If τ1 , τ2 , . . . , τi ∈ C , then the
ADI iteration (13) converges to the solution G cr of the projected PCALE (10).
Proof. Let G cr be the solution of the projected PCALE (10). After the i-th
iteration, the error Gicr − G cr can be computed from (13) recursively as
Gicr − G cr = Ri G cr R∗i ,

(14)

Ri = Pr (A + τi E)−1 (A − τ̄i E) · · · (A + τ1 E)−1 (A − τ̄1 E).

(15)

with
Since the periodic descriptor system (1) is asymptotically stable, the Cayley
transformed pencil λE − A has only the eigenvalues with negative real part and
also the eigenvalue λ = 1. Then it can be transformed into the Weierstrass
canonical form




I
0
J
0
E=W
Z, A = W
Z,
(16)
0
I
0
J1
where the matrices W and Z are nonsingular, J has eigenvalues with negative
real part and J1 has the eigenvalue λ = 1 only. In this case, the projectors Pl
and Pr can be represented as




I
0
0
−1
−1 I
Pl = W
W , Pr = Z
Z.
(17)
0
0
0
0
Substituting (16) and (17) in (15), we obtain that


0
−1 Ji
Ri = Z
Z,
0
0

(18)

with
Ji = (J + τi I)−1 (J − τ̄i I) · . . . · (J + τ1 I)−1 (J − τ̄1 I).
Since all eigenvalues of J have negative real part, then all eigenvalues of
(J + τl I)−1 (J − τ̄l I), l = 1, . . . , i, lie inside the unit circle. Therefore,
lim Ri = 0,

i→∞

and, hence, the right-hand side of equation (14) tends to zero. In other words,
Gicr converges toward the solution G cr .
Proposition 2. Consider the PCALE (10). Assume that the pencil λE − A is
in Weierstrass canonical form (16), where J is diagonal. Then the i-th iterate
Gicr of the ADI method (13) satisfies the estimate
kGicr − G cr k2 ≤ ρ2 (Ri )kZk22 kZ−1 k22 kG cr k2 ,

(19)

where ρ(Ri ) is the spectral radius of the matrix Ri in (15).
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Proof. We have from (14) and (18) that
kGicr − G cr k2 = kRi G cr R∗i k2 ≤ ρ2 (Ri ) kZk22 kZ−1 k22 kG cr k2 .
Thus, estimate (19) is established.
Note that the solutions of the PLDALE (7) and the PCALE (10) are identical
and have the block diagonal structure. Hence, an approximation to the solution
of (10) is also an approximate solution of the PLDALE (7).

3.1 Computing shift parameters
The convergence rate of the ADI iteration (13) is determined by the spectral
radius of the matrix Ri and depends strongly on the choice of ADI parameters.
The minimization of this spectral radius with respect to the shift parameters
τ1 , τ2 , . . . , τi ∈ C− leads to the generalized minimax problem
{τ1 , τ2 , . . . , τi } = arg min
τ1 ,τ2 ,...,τi ∈C−

max
t∈Sps (E,A)

i
Y
|(t − τ̄j )|
j=1

|(t + τj )|

,

(20)

where Sps (E, A) denotes the set of stable eigenvalues of the pencil λE − A,
i.e., the finite eigenvalues with negative real part. The optimal shift parameters
are, in general, difficult to compute, especially, for large-scale problems, since
the spectrum of the pencil λE − A is unknown. An alternative approach for
computing the suboptimal parameters has been proposed in [20] for standard
problem with E = I. It is based on replacing the eigenspectrum by a set of
largest and smallest in modulus Ritz values that approximate the eigenvalues
of A. The Ritz values can be computed by an Arnoldi process applied to the
matrices A and A−1 . This approach can also be extended to the generalized
problem (20).
Since the pencil λE − A has finite eigenvalues with negative real part (stable
eigenvalues) and also an eigenvalue λ = 1, an equivalent expression for (20) can
be written as
{τ1 , τ2 , . . . , τi } = arg min
τ1 ,τ2 ,...,τi ∈C−

max

t∈Sp(E−1 A)\{1}

i
Y
|(t − τ̄j )|

|(t + τj )|
j=1

,

(21)

where Sp(E−1 A) denotes the spectrum of the matrix E−1 A. Thus, the suboptimal ADI shift parameters τ1 , τ2 , . . . , τi can be computed by the heuristic procedure [20] from the set of largest approximate stable eigenvalues of E−1 A and
A−1 E.

8

3.2 Low-rank ADI method
Recently, an efficient modification of the ADI method has been proposed to compute an low-rank approximation to the solution of standard Lyapunov equations
with large-scale matrix coefficients [14, 20]. It is known as the low-rank alternating direction implicit (LR-ADI) method. This method was extended to projected
Lyapunov equations in [27].
As in the standard case [1, 21], it can be observed that the eigenvalues of the
symmetric solutions of projected Lyapunov equations with low-rank right-hand
sides often decay very rapidly. Such solutions can be well approximated by lowrank matrices. That means that we can find a matrix Z with a small number of
columns such that ZZ T is an approximation to the solution G cr of PCALE (10).
This matrix Z is referred to as a low-rank Cholesky factor of the solution of (10).
Since the matrices Gicr in the ADI iteration (13) are Hermitian and positive
semidefinite, the Cholesky factor Zi of Gicr = Zi Zi∗ can be represented as

 p
(22)
Zi = 2 −Re(τi )(A + τi E)−1 Pl B, (A + τi E)−1 (A − τ̄i E)Zi−1 ,
and Z0 = 0. Introducing the matrices Φj = (A − τ̄j E) and Ψj = (A + τj E)−1 ,
we can express the i-th iteration as
p
p
p
Zi = 2[ −Re(τi )Ψi Pl B, −Re(τi−1 )Ψi (Φi Ψi−1 )Pl B, . . . , −Re(τ1 )Ψi Φi · · ·
Ψ2 (Φ2 Ψ1 )Pl B].
Since Ψj and Φj commute, we can reorder these matrices and rewrite Zi in the
form
Zi = [ G, Fi−1 G, Fi−2 Fi−1 G, . . . , F1 F2 · · · Fi−1 G ],
where
p
G = 2 −Re(τi )(A + τi E)−1 Pl B
and
s
Fj =

Re(τj )
Ψj Φj+1 =
Re(τj+1 )

s


Re(τj ) 
I − (τj + τ j+1 )(A + τj E)−1 E .
Re(τj+1 )

Reenumerating the shift parameters in reverse order, we obtain Algorithm 1 for
computing the low-rank Cholesky factor of the solution of (10), which is also the
solution of the PLDALE (7).
Note that if the complex shift parameters appear in complex conjugate pairs
{τi , τi+1 = τ i }, then performing a double step as described in [27] we can keep
the low-rank Cholesky factor Zi to be real.
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Algorithm 1: Low-rank ADI iteration for the causal PLDALE.
INPUT : A, E, B, Pl and shift parameters τ1 , τ2 , . . . , τi .

1
2
3
4
5
6

OUTPUT: a low-rank Cholesky factor Zi such that G cr ≈ Zi Zi∗ .
p
V1 = 2 −Re(τ1 )(A + τ1 E)−1 Pl B
Z1 = V 1
for i = 2,q3, . . . do
Vi =

Re(τi )
(I
Re(τi−1 )

− (τi + τ̄i−1 )(A + τi E)−1 E)Vi−1

Zi = [Zi−1 , Vi ]
end

The ADI iteration can be stopped as soon as the normalized residual norm given
by
kAZi ZiT ET + EZi ZiT AT + 2Pl BB T PlT kF
η(Zi ) =
(23)
k2Pl BB T PlT kF
satisfies the condition η(Zi ) < tol with a user-defined tolerance tol or a stagnation
of normalized residual norms is observed. If the number of shift parameters is
smaller than the number of iterations required to attain a prescribed tolerance,
then we reuse these parameters in a cyclic manner.
If Gicr = Zi ZiT converges to the solution of (10), then
cr
lim Zi ZiT = lim (Gicr − Gi−1
) = 0.

i→∞

i→∞

Therefore, the stopping criterion in Algorithm 1 can also be defined by the condition kVi kF ≤ tol or kVi kF /kZi kF ≤ tol with some tolerance tol.
Note that we do not need to compute the matrices E and A explicitly in Algorithm 1. Instead, we can rewrite the iteration for the original matrices E and A.
Using E = A − E and A = A + E, we have
−1
(A + τi E)−1 E = (1 + τi )A + (1 − τi )E
(A − E).
Then Steps 1 and 4 in Algorithm 1 can be reformulated as
p
−1
V1 = 2 −Re(τ1 ) (1 + τ1 )A + (1 − τ1 )E Pl B,
s

−1
Re(τi ) 
Vi =
Vi−1 − (τi + τ̄i−1 ) (1 + τi )A + (1 − τi )E
(A − E)Vi−1 .
Re(τi−1 )
The minimax problem (21) for the ADI parameters can be reformulated accordingly.
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Remark 1. In exact arithmetic, the matrices Zi satisfy Zi = Pr Zi and, hence,
the second equation in (10) is fulfilled for the low-rank approximation Zi ZiT .
However, in finite precision arithmetic, a drift-off effect may occur. In this case,
we need to project Vi onto the image of Pr by pre-multiplication with Pr . In
order to limit the additional computation cost, we can do this, for example, at
every second or third iteration step.
We observe that the ADI iteration does not preserve the block diagonal structure
at every iteration step in Algorithm 1. This is due to the specific structure of the
matrices E and A. But we can show that after the successful i-th iteration step,
the approximate Gramian Gicr = Zi ZiT has almost block diagonal structure analocr
cr
gous to the solution of the PLDALE (7) given by Gicr = diag(Gcr
1 , . . . , GK−1 , G0 ),
where Gcr
k are the periodic solutions of the PPDALE (5) for k = 0, 1, . . . , K − 1.
cr
Since Gi is almost block diagonal after the i-th iteration and Gicr = Zi ZiT , we let
T
, R0T ]T
Zi = [R1T , . . . , RK−1

with Rk ∈ Rnk ×rc . Then Rk RkT is an approximation to the causal reachability
Gramian Gcr
k , k = 0, 1, . . . , K − 1.

3.3 Column compression for the LR-ADI method
For a fast convergence of the ADI iteration, it is very important to choose a set
of good shift parameters. Since we are working with suboptimal parameters, the
desired convergence in the LR-ADI iteration may not be achieved in fewer iteration steps and, as a result, the number of columns of the approximate Cholesky
factor may grow. In order to keep the low-rank structure in Zi , we truncate those
columns that do not carry any additional information in the subsequent iteration
steps. This truncation approach saves memory space and lowers the computational cost, because residual computations required in the stopping criteria will
also incorporate these redundant columns.
Assume that Zi ∈ Rn×rc has the numerical rank rank(Zi , τ ) = rn < rc with
a prescribed tolerance τ . Then we compute the rank-revealing QR decomposition
(RRQR)


Ri,11 Ri,12
T
T
Zi = Qi Ri Πi ,
Ri =
,
0
Ri,22
where Qi is orthogonal, Πi is a permutation matrix, Ri,11 ∈ Rrn ×rn is upper
triangular and kRi,22 kF ≤ τ . Setting Ri,22 ≈ 0 and ZiT = [Ri,11 Ri,12 ]ΠTi , we find
that Zi ZiT ≈ G cr . Note that we do not need to compute Qi , since this matrix
cancels out in the product Zi ZiT due to its orthogonal property. In practice, the
rank determination has to be performed on the basis of
√ the truncation tolerance
τ in the RRQR. In [5], it is shown that a tolerance τ = , where  is the machine

11

precision, is sufficient to achieve an error of the machine precision magnitude for
the solution G cr of the PLDALE (7). We summarize the resulting ADI iteration
in Algorithm 2.
Algorithm 2: Low-rank ADI iteration for the causal PLDALE.
INPUT : A, E, B, Pl and shift parameters τ1 , τ2 , . . . , τi .

1
2
3

4
5
6
7

OUTPUT: A low-rank Cholesky factor Zi such that G cr ≈ Zi ZiT .
p
−1
V1 = 2 −Re(τ1 )) (1 + τ1 )A + (1 − τ1 )E Pl B, Z1 = V1
for i = 2, 3, . . . do
Vi =
s

−1
Re(τi ) 
Vi−1 − (τi + τ̄i−1 ) (1 + τi )A + (1 − τi )E
(A − E)Vi−1
Re(τi−1 )
Zi = [ Zi−1 , Vi ]
√
[Ri , Πi , rn ] = RRQR(ZiT , )
Update Zi = Πi RTi [ Irn , 0 ]T
end

4 Smith method for noncausal lifted Lyapunov
equations
Consider now the PLDALE (8). For nonsingular A, this equation is equivalent
to the PLDALE
G ncr − (A−1 E)G ncr (A−1 E)T = Qr A−1 BB T A−T QTr ,

G ncr = Qr G ncr QTr .

(24)

Such an equation can be solved by the Smith method [23] given by
G1ncr = Qr A−1 BB T A−T QTr ,
ncr
Gincr = Qr A−1 BB T A−T QTr + (A−1 E)Gi−1
(A−1 E)T .

Note that Qr is the spectral projector onto the invariant subspace of the matrix
A−1 E corresponding to the zero eigenvalues. Then Qr A−1 E = A−1 EQr is nilpotent with the nilpotency index ν, where ν is the index of the periodic descriptor
system (1). In this case, after ν iteration we obtain
Gνncr

=

ν−1
X
k=0

12

(A−1 E)k Qr A−1 BB T A−T QTr ((A−1 E)T )k = G ncr .

Therefore, the Cholesky factor X of the solution G ncr = XX T of (24) and also
of the PLDALE (8) takes the form
X = [ Qr A−1 B, A−1 EQr A−1 B, . . . , (A−1 E)ν−1 Qr A−1 B ].

(25)

The computation of this factor is presented in Algorithm 3.
Algorithm 3: Generalized Smith method for the noncausal PLDALE.
INPUT : A, E, B, spectral projector Qr .
OUTPUT: A low-rank Cholesky factor Xν such that G ncr = Xν XνT .
1
2
3
4
5
6

W1 = Qr A−1 B
X1 = W1
for i = 2, 3, . . . , ν do
Wi = A−1 EWi−1
Xi = [Xi−1 , Wi ]
end

We note that if the index ν is unknown, then Algorithm 3 can be stopped as
soon as kWi kF ≤ tol or kWi kF /kXi kF ≤ tol a user-defined tolerance tol. In
practice, most of the systems we handle are index-1 or index-2 problem. For
an index-1 problem, the algorithm only needs to compute the first block column
of X in (25), and for an index-2 problem, it computes only the first two block
columns of X. In that sense, the solution can be obtained with few computations.
Remark 2. In order to guarantee that the second equation in (24) and also in
(8) is satisfied in finite precision arithmetic, we have to project Wi onto the image
of Qr by pre-multiplication with Qr .
Note that the generalized Smith iteration does not preserve the block diagonal
structure at every iteration step in Algorithm 3, but after ν iteration we obtain
Gνncr = G ncr and G ncr = Xν XνT has block diagonal structure analogous to the
ncr
ncr
solution of the PLDALE (8) given by G ncr = diag(Gncr
1 , . . . , GK−1 , G0 ), where
Gncr
are the periodic solutions of the PPDALE (6) for k = 0, 1, . . . , K − 1. Since
k
ncr
G = Xν XνT has block diagonal structure, we can partition the Cholesky factor
Xν as
T
Xν = [ X̃1T , . . . , X̃K−1
, X̃0T ]T
with X̃k ∈ Rnk ,νm . Then the noncausal reachability Gramians of system (1) can
be computed in factored form Gncr
= X̃k X̃kT .
k
In the case of singular A, we can again use the generalized Cayley transformation (9) and compute the Cholesky factor of the PLDALE (8) via the ADI
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iteration as in the causal case.
Remark 3. The causal and noncausal observabiliy Gramians of the periodic
descriptor system (1) can also be determined from the corresponding PLDALEs
that are dual to the PLDALE (7) and (8), see [3] for details. Applying Algorithm 2
and Algorithm 3 to such equations, we find, respectively, the low-rank Cholesky
T
factors Lk of the causal observability Gramians Gco
k ≈ Lk Lk and the Cholesky
factor Ỹk of the noncausal observability Gramians Gnco
= Ỹk ỸkT .
k

5 Application to model order reduction
Model order reduction (MOR) is an approach, where the dynamical system is
approximated by a reduced-order model that is in some measure close to the
original system. For the periodic descriptor system (1), a reduced-order model
of dimension r has the form
Ẽk x̃k+1 = Ãk x̃k + B̃k uk ,

ỹk = C̃k x̃k ,

k ∈ Z,

(26)

k+1 , Ã
where Ẽk ∈ Rγk+1 ×r
Rγk+1 ×rk , B̃k ∈ Rγk+1 ×mk , C̃k ∈ Rpk ×rk are Kk ∈ P
PK−1
K−1
periodic matrices,
k=0 rk = r, and r  n. Apart from having
k=0 γk =
a much smaller state-space dimension, it is also important that the reduced-order
model preserves physical properties of the original system such as regularity and
stability, and that the approximation error is small.

In this section, we present a generalization of a balanced truncation model reduction method to periodic descriptor systems. Balanced truncation for periodic
standard discrete-time system has been considered in [10, 31]. An extension of
such important concepts as balanced realization and Hankel singular values to
periodic descriptor systems has been presented in [9].
Definition 5.1. A realization (Ek , Ak , Bk , Ck ) of a periodic descriptor system
(1) is called balanced if




Σk 0
0
0
cr
co
ncr
nco
Gk = Gk =
, Gk = Gk+1 =
,
0
0
0 Θk
where Σk = diag(σk,1 , . . . , σk,nf ) and Θk = diag(θk,1 , . . . , θk,n∞
), k = 0, 1, . . . , K −
k
k
1.
Assume that the set of periodic matrix pairs {(Ek , Ak )}K−1
k=0 is periodic stable.
Consider the Cholesky factorizations of the causal and noncausal Gramians
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T
Gcr
k = Rk Rk ,

T
Gco
k = Lk Lk ,

Gncr
= X̃k X̃kT ,
k

Gnco
= Ỹk ỸkT .
k

Then the causal and noncausal Hankel singular values of the periodic descriptor
system (1) are defined as
q
T
co
T
σk,j =
λj (Gcr
k Ek−1 Gk Ek−1 ) = ζj (Lk Ek−1 Rk ),
q
T nco
θk,j =
λj (Gncr
k Ak Gk+1 Ak ) = ζj (Ỹk+1 Ak X̃k ),
respectively, where λj (.) and ζj (.) denote the eigenvalues and singular values of
the corresponding product matrices.
For a balanced system, truncation of states related to the small causal Hankel
singular values does not change system properties essentially. Unfortunately, we
can not do the same for the noncausal Hankel singular values. If we truncate the
states that correspond to the small non-zero noncausal Hankel singular values,
then the pencil for the reduced-order system may get finite eigenvalues outside
the unit circle that will lead to additional errors in the approximate system.
Let
LTk Ek−1 Rk
T
Ỹk+1
Ak X̃k


= [Uk,1 , Uk,2 ]
=



Σk,1
Σk,2

[Vk,1 , Vk,2 ]T ,

(27)

T
Uk,3 Θk Vk,3
,

be singular value decompositions, where [Uk,1 , Uk,2 ], [Vk,1 , Vk,2 ], Uk,3 and Vk,3 are
orthogonal,
Σk,1 = diag(σk,1 , . . . , σk,rf ),
k

Σk,2 = diag(σk,rf , . . . , σnf ),
k

k+1

with σk,1 ≥ · · · ≥ σk,rf > σk,rf ≥ . . . ≥ σk,nf > 0, and Θk = diag(θk,1 , . . . , θk,rk∞ )
k
k+1
k
is nonsingular for k = 0, 1, . . . , K − 1. Note that similar to continuous-time
descriptor systems [25], the number of non-zero noncausal Hankel singular values
of (1) can be estimated as
T
rk∞ = rank(Ỹk+1
Ak X̃k ) ≤ min(νk mk , νk pk , n∞
k ),

where νk are the indices of the regular set of periodic matrix pairs {(Ek , Ak )}K−1
k=0 .
This estimate shows that if the index νk times the number mk of inputs or the
number pk of the outputs in much smaller than the dimension n∞
k of its k-th
periodic deflated subspace corresponding to the infinite eigenvalues, then the
order of system (1) can be reduced significantly.
We compute the reduced-order system (26) as
T
Ẽk = Sk,r
Ek Tk+1,r ,

T
Ãk = Sk,r
Ak Tk,r ,

T
B̃k = Sk,r
Bk ,

C̃k = Ck Tk,r ,

(28)

where the projection matrices have the form
−1/2

−1/2

Sk,r = [ Lk+1 Uk+1,1 Σk+1,1 , Ỹk+1 Uk,3 Θk
−1/2

Tk,r = [ Rk Vk,1 Σk,1 ,

−1/2

X̃k Vk,3 Θk

] ∈ Rµk+1 ,rk+1 ,

] ∈ Rnk ,rk ,
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(a)

(b)

Figure 1: (a) Sparsity pattern of A; (b) sparsity pattern of E.
with rk = rkf + rk∞ . Let H(z) = C(zE − A)−1 B and H̃(z) be the transfer functions
of the lifted system (2) and the reduced-order lifted system formed from the
reduced-order subsystems in (28). Then we have the following H∞ -norm error
bound
kH − H̃kH∞ = sup kH(eiω )− H̃(eiω )k2 ≤ 2 trace (diag(Σ0,2 , . . . , ΣK−1,2 )), (29)
ω∈[0,2π]

where k.k2 denotes the spectral matrix norm and Σk,2 , k = 0, 1, . . . , K − 1, contains the truncated causal Hankel singular values. This error bound can be
obtained similarly to the standard state space case [31].

6 Numerical results
We consider an artificial periodic discrete-time descriptor system with µk =
nk = 404, mk = 2, pk = 3, and period K = 10. The periodic matrix pairs
f
∞
{(Ek , Ak )}K−1
= 4 for every
k=0 are periodic stable with nk = 400 and nk
k = 0, 1, . . . , 9. The original lifted system has order n = 4040. The sparsity
patterns of E and A of the corresponding lifted system are plotted in Figure 1.
The eigenspectrum of the lifted system and the corresponding Cayley-transformed
system are shown in Figure 2. We solve the causal projected lifted Lyapunov
equations using low-rank ADI iteration as in Algorithm 2. The shift parameters
are computed using the heuristic process discussed in Section 3.1. Figures 3(a)
and 3(b) show the decay of the normalized residual norms at each ADI iteration
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(a)

(b)

Figure 2: (a) Finite eigenvalues of the pencil λE − A; (b) finite eigenvalues of the
Cayley-transformed pencil λE − A.
step for the reachability and observability type of causal lifted Lyapunov equations. The ADI iteration is stopped as soon as the normalized Lyapunov residual
exceeds tol = 10−8 .
The original lifted system (2) has 4000 causal Hankel singular values that are the
combination of all the causal Hankel singular values σk,j of the periodic descriptor
system (1) given by its different subsystems for k = 0, 1, . . . , 9. In Figure 6, we
present the largest 300 causal Hankel singular values computed by solving the
PLDALE (7) and its dual observability type PLDALE using the direct method
from [3]. One can see the Hankel singular values decay fast, and, hence system
(1) can be well approximated by a reduced-order model. In Figure 6, we also
present 157 approximate largest causal Hankel singular values computed from
the singular value decompositions of the matrices LTk Ek−1 Rk with the low-rank
Cholesky factors Rk and Lk of the causal reachability and observability Gramians
determined by Algorithm 2.
We approximate system (1) to the tolerance 10−2 by truncating the states corresponding to the smallest 75 causal Hankel singular values. For different subsystems, the numbers of the computed non-zero noncausal Hankel singular values are
identical and given by rk∞ = 2 for k = 0, 1, . . . , 9. The computed reduced-order
model has subsystems of orders (9, 10, 10, 11, 10, 9, 10, 11, 11, 11). Note that stability is preserved in the reduced-order system. Figure 5 shows the norms of the
frequency responses H(eiω ) and H̃(eiω ) of the original and reduced-order lifted
systems for a frequency range [0, 2π]. We observe a good match of the system
norms. Finally, in Figure 6, we display the absolute error kH(eiω ) − H̃(eiω )k2 and
the error bound given in (29). One can see that the error bound is tight in this
example.
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(a)

(b)

Figure 3: (a) Normalized residual norms for the causal reachability projected
lifted Lyapunov equation; (b) normalized residual norms for the causal
observability projected lifted Lyapunov equation.

Figure 4: Causal Hankel singular values for original, computed (with column compression, CC) and reduced-order lifted systems.
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Figure 5: The frequency responses of the original and the reduced-order lifted
systems.

Figure 6: Absolute error and error bound.
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7 Conclusions
In this paper, we have considered the numerical computation of periodic reachability and observability Gramians as well as Hankel singular values for periodic
discrete-time descriptor systems. We have suggested iterative low-rank algorithms based on the ADI and Smith iterations for computing the low-rank factors
of the Gramians. These factors are then used in a balanced truncation model
reduction approach to find a reduced-order model for the periodic discrete-time
descriptor system. The proposed model reduction method delivers a reducedorder model that preserves the regularity and stability properties of the original
system. A computable global error bound for the approximate system is also
available.

References
[1] A.C. Antoulas, D.C. Sorensen, and Y. Zhou. On the decay rate of the Hankel
singular values and related issues. Systems Control Lett., 46(5):323–342,
2002.
[2] P. Benner and H. Faßbender. On the numerical solution of large-scale sparse
discrete-time Riccati equations. Adv. Comput. Math., to appear.
[3] P. Benner, M.-S. Hossain, and T. Stykel. Model reduction of periodic descriptor systems using balanced truncation. In P. Benner, M. Hinze, and
J. ter Maten, editors, Model Reduction in Circuit Simulation, volume 74 of
Lecture Notes in Electrical Engineering, pages 187–200, Berlin, Heidelberg,
2011. Springer-Verlag.
[4] P. Benner, J.-R. Li, and T. Penzl. Numerical solution of large Lyapunov
equations, Riccati equations, and linear-quadratic control problems. Numer.
Linear Algebra Appl., 15(9):755–777, 2008.
[5] P. Benner and E.S. Quintana-Ortı́. Model reduction based on spectral projection methods. In P. Benner, V. Mehrmann, and D. Sorensen, editors,
Dimension Reduction of Large-Scale Systems, volume 45 of Lecture Notes
in Computational Science and Engineering, pages 5–45, Berlin, Heidelberg,
2005. Springer-Verlag.
[6] S. Bittanti and P. Colaneri. Invariant representations of discrete-time periodic systems. Automatica, 36:1777–1793, 2000.
[7] D. Calvetti, N. Levenberg, and L. Reichel. Iterative methods for X −AXB =
C. J. Comput. Appl. Math., 86:73–101, 1997.

20

[8] E.K.-W. Chu, H.-Y. Fan, and W.-W. Lin. Reachability and observability of
periodic descriptor systems. Preprint NCTS, National Tsing Hua University,
Hsinchu, Taiwan, 2005.
[9] E.K.-W. Chu, H.-Y. Fan, and W.-W. Lin. Projected generalized discretetime periodic Lyapunov equations and balanced realization of periodic descriptor systems. SIAM J. Matrix Anal. Appl., 29(3):982–1006, 2007.
[10] M. Farhood, C. Beck, and G.E. Dullerud. Model reduction of periodic systems: a lifting approach. Automatica,, 41:1085–1090, 2005.
[11] S. Gugercin, D.C. Sorensen, and A.C. Antoulas. A modified low-rank Smith
method for large-scale Lyapunov equations. Numer. Algorithms, 32(1):27–
55, 2003.
[12] K. Jbilou and A.J. Riquet. Projection methods for large Lyapunov matrix
equations. Linear Algebra Appl., 415(2-3):344 – 358, 2006.
[13] D. Kressner. Large periodic Lyapunov equations: algorithms and applications. In Proc. of ECC03, Cambridge, UK, 2003.
[14] J.-R. Li and J. White. Low rank solution of Lyapunov equations. SIAM J.
Matrix Anal. Appl., 24(1):260–280, 2002.
[15] A. Lu and E. Wachspress. Solution of Lyapunov equations by alternating
direction implicit iteration. Comput. Math. Appl., 21:43–58, 1991.
[16] V. Mehrmann. A step toward a unified treatment of continuous and discretetime control problems. Linear Algebra Appl., 241-243:749–779, 1996.
[17] P. Misra. Time-invariant representation of discrete periodic systems. Automatica, 32(2):267–272, 1996.
[18] B. Park and E.I. Verriest. Canonical forms of discrete linear periodically
time-varying systems and a control application. In Proc. of the 28th Conference on Decision and Control, Tampa, FL, pages 1220–1225, Dec 1989.
[19] D.W. Peaceman and H.H. Rachford. The numerical solution of elliptic and
parabolic differential equations. J. Soc. Indust. Appl. Math., 3(xix,40):28–41,
1955.
[20] T. Penzl. A cyclic low rank Smith method for large sparse Lyapunov equations. SIAM J. Sci. Comput., 21:1401–1418, 2000.
[21] T. Penzl. Eigenvalue decay bounds for solutions of Lyapunov equations: the
symmetric case. Systems Control Lett., 40(2):139–144, 2000.
[22] V. Simoncini. A new iterative method for solving large-scale Lyapunov matrix equations. SIAM J. Sci. Comput., 29(3):1268–1288, 2007.

21

[23] R.A. Smith. Matrix equation XA + BX = C. SIAM J. Appl. Math., 16:198–
201, 1968.
[24] J. Sreedhar and P. Van Dooren. Periodic descriptor systems: solvability and
conditionability. IEEE Trans. Automat. Control, 44(2):310–313, 1999.
[25] T. Stykel. Gramian-based model reduction for descriptor systems. Math.
Control Signals Systems, 16:297–319, 2004.
[26] T. Stykel. On some norms for descriptor systems. IEEE Trans. Automat.
Control, 51(5):842–847, 2006.
[27] T. Stykel. Low-rank iterative methods for projected generalized Lyapunov
equations. Electron. Trans. Numer. Anal., 30:187–202, 2008.
[28] T. Stykel and V. Simoncini. Krylov subspace methods for projected Lyapunov equations. Preprint 735, DFG Research Center Matheon, Technische
Universität Berlin, 2010. Submitted for publication.
[29] A. Varga. Periodic Lyapunov equations: some applications and new algorithms. Internat. J. Control, 67(1):69–87, 1997.
[30] A. Varga. Balancing related methods for minimal realization of periodic
systems. Systems Control Lett., 36:339–349, 1999.
[31] A. Varga. Balancing truncation model reduction of periodic systems. In
Proc. CDC’2000, Sydney, Australia, 2000.
[32] A. Varga. Computation of Kronecker-like forms of periodic matrix pairs.
In Proc. of Mathematical Theory of Networks and Systems (MTNS 2004,
Leuven, Belgium, July 5-9, 2004), 2004.
[33] A. Varga. A PERIODIC SYSTEMS Toolbox for MATLAB. In Proc. of
IFAC’05 World Congress, Prague, Czech Republik, July 3-8, 2005.
[34] A. Varga. An overview of recent developments in computational methods for
periodic systems. In (Proceedings of the Third IFAC Workshop on Periodic
Control Systems (St. Petersburg, Russia, August 29-31, 2007), 2007.
[35] A. Varga and P. Van Dooren. Computing the zeros of periodic descriptor
systems. Systems Control Lett., 50:371–381, 2003.

22

Chemnitz Scientific Computing Preprints – ISSN 1864-0087

