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Abstract. In this paper, the authors propose a new framework under which a theory
of generalized Besov-type and Triebel-Lizorkin-type function spaces is developed. Many
function spaces appearing in harmonic analysis fall under the scope of this new frame-
work. Among others, the boundedness of the Hardy-Littlewood maximal operator or
the related vector-valued maximal function on any of these function spaces is not re-
quired to construct these generalized scales of smoothness spaces. Instead of this, a key
idea used in this framework is an application of the Peetre maximal function. This idea
originates from recent findings in the abstract coorbit space theory obtained by Holger
Rauhut and Tino Ullrich. Under this new setting, the authors establish the boundedness
of pseudo-differential operators based on atomic and molecular characterizations and
also the boundedness of the Fourier multipliers. The characterizations of these function
spaces by means of differences and oscillations are also established. As further applica-
tions of this new framework, the authors reexamine and polish some existing results for
many different scales of function spaces.
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1 Introduction

Different types of smoothness spaces play an important role in harmonic analysis, partial
differential equations as well as in approximation theory. For example, Sobolev spaces
are widely used for the theory of elliptic partial differential equations. However, there
are several partial differential equations on which the scale of Sobolev spaces is no longer
sufficient. A proper generalization is given by the classical Besov and Triebel-Lizorkin
function spaces. In recent years, it turned out to be necessary to generalize even further
and replace the fundamental space LP(R"™) by something more general, like a Lebesgue
space with variable exponents ([11, 12]) or, more generally, an Orlicz space. Another
direction is pursued via replacing the space LP(R") by the Morrey space M (R™); see
[48, 52, 53], or generalizations thereof [43, 80, 82, 89, 95, 96, 97, 98, 100, 105]. Therefore,
the theory of function spaces has become more and more complicated due to their def-
initions. Moreover, results on atomic or molecular decompositions were often developed
from scratch again and again for different scales.

A nice approach to unify the theory was performed by Hedberg and Netrusov in [24].
They developed an axiomatic approach to function spaces of Besov-type and Triebel-
Lizorkin-type, in which the underlying function space is a quasi-normed space E of se-
quences of Lebesgue measurable functions on R", satisfying some additional assumptions.
The key property assumed in this approach is that the space E satisfies a vector-valued
maximal inequality of Fefferman-Stein type, namely, for some r € (0,00) and A € [0, 00),
there exists a positive constant C' such that, for all {f;}5°, C E,

KM xfi}iZolle < Cl{fi}Zolle
(see [24, Definition 1.1.1(b)]), where

1/r

1

M, \f(x) := sup {n/ If(z+y)["(1+ |y)) =" dy} for all z € R™
r>0 | R ly|<R

Related to [24], Ho [25] also developed a theory of function spaces on R™ under the
additional assumption that the Hardy-Littlewood maximal operator M is bounded on the
corresponding fundamental function space.

Another direction towards a unified treatment of all generalizations has been developed
by Rauhut and Ullrich [68] based on the generalized abstract coorbit space theory. The
coorbit space theory was originally developed by Feichtinger and Grochenig [16, 21, 22]
with the aim of providing a unified approach for describing function spaces and their
atomic decompositions. The classical theory uses locally compact groups together with
integrable group representations as key ingredients. Based on the idea to measure smooth-
ness via decay properties of an abstract wavelet transform one can particularly recover
homogeneous Besov-Lizorkin-Triebel spaces as coorbits of Peetre spaces P, ,(R"). The
latter fact was observed recently by Ullrich in [93]. In the next step Fornasier and Rauhut
[17] observed that a locally compact group structure is not needed at all to develop a
coorbit space theory. While the theory in [17] essentially applies only to coorbit spaces
with respect to weighted Lebesgue spaces, Rauhut and Ullrich [68] extended this abstract
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theory in order to treat a wider variety of coorbit spaces. The main motivation was to
cover inhomogeneous Besov-Lizorkin-Triebel spaces and generalizations thereof. Indeed,
the Besov-Lizorkin-Triebel type spaces appear as coorbits of Peetre type spaces P;‘j 3 o(R™);
see [68].

All the aforementioned theories are either not complete or in some situations too re-
strictive. Indeed, the boundedness of maximal operators of Hardy-Littlewood type or the
related vector-valued maximal functions is always required and, moreover, the Plancherel-
Polya-Nikolskij inequality (see Lemma 1.1 below) and the Fefferman-Stein vector-valued
inequality had been a key tool in order to develop a theory of function spaces of Besov
and Triebel-Lizorkin type.

Despite the fact that the generalized coorbit space theory [68] so far only works for
Banach spaces we mainly borrow techniques from there and combine them with recent
ideas from the theory of Besov-type and Triebel-Lizorkin-type spaces (see [80, 82, 89, 97,
98, 99, 100, 105]) to build up our theory for quasi-normed spaces in the present paper. In
order to be applicable also in microlocal analysis, we even introduce these spaces directly
in the weighted versions. The key idea, used in this new framework, is some delicate
application of the sequence of the Peetre maximal functions

o 2T
* L (S (1 + ’y‘)a ’ 7
(5 f)a(2) := ysup loj* f(x+y)| ieN. (1.1)

yern  (1+2[y[)*

for all f € S'(R™), where ® and ¢ are, respectively, as in (1.3) and (1.4) below, and
@j(-) = 2"p(27.) for all j € N. Instead of the pure convolution ¢; * f involved in the
definitions of the classical Besov and Triebel-Lizorkin spaces, we make use of the Peetre
maximal function (go}‘ f)a already in the definitions of the spaces considered in the present
paper. The second main feature, what concerns generality, is the fundamental space L(R™)
involved in the definition (instead of LP(R™)). This space is given in Section 2 via a list of
fundamental assumptions (£1) through (£6). The key assumption is (£6), which originates
in [68] (see (2.2) below). The most important advantage of the Peetre maximal function in
this framework is the fact that (cp;“ f)a can be pointwise controlled by a linear combination
of some other Peetre maximal functions (¢} f)s, whereas in the classical setting, ¢; * f
can only be dominated by a linear combination of the Hardy-Littlewood maximal function
M(|tpg * f]) of Yy x f (see (1.5) below). This simple fact illustrates quite well that the
boundedness of M on L£(R"™) is not required in the present setting. It represents the key
advantage of our theory since, according to Example 1.2 and Section 11, we are now able
to deal with a greater variety of spaces. However, we do not define abstract coorbit spaces
here. Compared with the results in [68], the approach in the present paper admits the
following additional features:

e Extension of the decomposition results to quasi-normed spaces (Section 4);
e Sharpening the conditions on admissible atoms, molecules, and wavelets (Section 4);

e Intrinsic characterization for the respective spaces on domains (Section 5);
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e Boundedness of pseudo-differential operators acting between two spaces (Section 6);
e Direct Characterizations via differences and oscillations (Section 8).

Our general approach admits at least the treatment of the following list of function spaces
as replacement for LP(R™) in the definition of generalized Besov-Lizorkin-Triebel-type
spaces. For details we refer to Section 11.

Weighted Lebesgue spaces Let p be a weight and 0 < p < co. We let LP(p) denote
the set of all Lebesgue measurable functions f for which the norm

= { [ 1#@loteac}

is finite. Assume that (14 |-|)~No € LP(p) for some Ny € (0,00) and the estimate

IX@iillLe(e) = IXe-skra-ipyllirgy 2 277 A+ KD, j€Zy, ke (1.2)

holds true for some 7, d € [0, 00), where the implicit positive constant is independent of j
and k. The space LP(p) is referred to as the weighted Lebesque space. In harmonic analysis,
a widely used condition for weights p in LP(p) is known as the class of Muckenhoupt
weights, A,(R™) with p € [1,00] (see Example 1.2). However, some examples do not fall
under the scope of the class A,(R™) in many branches of mathematics. We propose here
a remedy of this shortcoming by considering (1.2). Observe that if p € A,(R") with
p € [1,00], then (1.2) automatically holds true for some v,d € (0, 00).

Morrey spaces Let L£(R") := M4 (R™), the Morrey space, defined by

[ fllpzmny == sup  re v [/ If(y)ludy] :
z€R™, re(0,00) B(z,r)

with 0 < u < p < 0.

Orlicz spaces A Young function is a function ® : [0,00) — [0, 00), which is convex and
satisfies ®(0) = 0. Given a Young function ®, the mean Luxemburg norm of f on a cube

Q € Q(R™) is defined by

s o1 |f(2)]
||f||<I>,Q~—1nf{)\>0- ’Q|/Q<I>( \ >dm§1}.

When &(t) := t? for all ¢t € (0,00) with p € [1,00),

1 1/}0
5o = MQ‘ /Q |f<x>\pda:} |

/]
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that is, the mean Luxemburg norm coincides with the (normalized) LP norm. The Orlicz-
Morrey space L% ?(R™) consists of all locally integrable functions f on R” for which the
norm

[fllze.o@ny == sup o(UQ))|flle,Q

QEQR™)
is finite.
Herz spaces Let p,q € (0,00] and o € R. We let Qg := [—1,1]" and
Gy 1= [~27,27]n\ [—2~1, 29|

for all j € N. The inhomogeneous Herz space K, (R") is defined to be the set of all
measurable functions f for which the norm

7l ) = Ix@n - Fllrmy + 4 S 29 7% o
7j=1

is finite, where we modify naturally the definition above when g = oo
Variable Lebesgue spaces Let p(-) : R® — (0,00) be a measurable function such
that 0 < infyepn p(2) < sup,egn p() < 0o. The space LPC)(R™), the Lebesgue space with

variable exponent p(-), is defined as the set of all measurable functions f for which the
quantity [p, lef(2)|P®) dz is finite for some ¢ € (0,00). We let

p(z)
TP ::inf{)\ soe [ [ g 1}

for such a function f.

Amalgam spaces Let p, ¢ € (0,00] and s € R. Recall that Q. := z+[0, 1]" for z € Z",
the translation of the unit cube. For a Lebesgue locally integrable function f we define

LFll e @y ea ey = 1RO+ 120)° - [IxQo. fll Lo @) Yoezn |-

Multiplier spaces There is another variant of Morrey spaces. For r € [0, 5), the space

X, (R") is defined as the space of all functions f € L2 (R™) that satisfy the following
inequality:

loc

£l gy = 50 {1 £l 2y < 20 = gl o gy < 1} < 00,

where HT (R”) stands for the completion of the space D(R™) with respect to the norm
|l HHT Ry - =|(- )2u||Lz rny for u € D(R™). Recall that the space D(R") denotes the set
of all C"X’( ™) functions on R"™ with compact support, endowed with the inductive limit
topology.
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Ba-spaces The next example also falls under the scope of our generali'zed Triebel-
Lizorkin type spaces. Let o € [0,00), p € [1,00] and A € [-2,0]. The space Bo(Ly)(R")
is defined as the space of all f € L{. (R™) for which the norm

1

Al
[

105, (2, 0@y = sup{ 1@ : € (0,00), Q€ D(@(O,r»}

9|

is finite.

Generalized Campanato spaces We define d,(.) to be
dpy :=min{d € Zy :p_(n+d+1) >n}.

The space Léomp(R™) is defined to be the set of all LI(R")-functions with compact support.
For a nonnegative integer d, let

Lot (R") = {f € Lipuy®): [ J)a s =0, Ja| < d}.

Let us now describe the organization of the present paper. In Section 2, we describe the
new setting we propose, which consists of a list of assumptions (£1) through (£6) on the
fundamental space £(R™). Also several important consequences and further inequalities
are provided.

In Section 3, based on L(R™), we introduce two sorts of generalized Besov-type and
Triebel-Lizorkin-type spaces, respectively (see Definition 3.1 below). We justify these
definitions by proving some properties, such as completeness (without assuming L£(R"™)
being complete!), the Schwartz space S(R") being contained, and the embedding into the
distributions S’(R™). An analogous statement holds true with the classical 2-microlocal

space BY’; ,(R") as test functions and its dual, the space B%&J(R"), as distributions,
which is an important observation for the characterization with wavelets in Section 4.
Therefore, the latter spaces which have been studied intensively by Kempka [34, 35],
appear naturally in our context.

In Section 4, we establish atomic and molecular decomposition characterizations (see
Theorem 4.5 below), which are further used in Section 6 to obtain the boundedness of
some pseudo-differential operators from the Hérmander class S L(R™), with p € [0,1) (see
Theorems 6.6 and 6.11 below). In addition, characterizations using biorthogonal wavelet
bases are given (see Theorem 4.12 below). Appropriate wavelets (analysis and synthesis)
must be sufficiently smooth, fast decaying and provide enough vanishing moments. The
precise conditions on these three issues are provided in Subsection 4.4 and allow for the
selection of particular biorthogonal wavelet bases according to the well-known construction
by Cohen, Daubechies and Feauveau [6]. Characterizations via orthogonal wavelets are
contained in this setting.

Section 5 considers pointwise multipliers and the restriction of our function spaces
to Lipschitz domains Q and provides characterizations from inside the domain (avoiding
extensions).
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Section 6 considers Fourier multipliers and pseudo-differential operators, which supports
that our new framework works.

In Section 7, we obtain a sufficient condition for which the function spaces consist of
continuous functions (see Theorem 7.1 below). This is a preparatory step for Section 8,
where we deal with differences and oscillations. Another issue of Section 7 is a further
interesting application of the atomic decomposition result from Theorem 4.5. Under cer-
tain conditions on the involved scalar parameters (by still using a general fundamental
space L(R™)), our spaces degenerate to the well-known classical 2-microlocal Besov spaces
BY . (R).

In Section 8, we obtain a direct characterization in terms of differences and oscillations
of these generalized Besov-type and Triebel-Lizorkin-type spaces (see Theorems 8.2 and 8.6
below). Also, under some mild condition, £(R™) is shown to fall under our new framework
(see Theorem 9.6 below).

The Peetre maximal construction in the present paper makes it necessary to deal with
a further parameter a € (0,00) in the definition of the function spaces. However, this
new parameter a does not seem to play a significant role in generic setting, although we
do have an example showing that the space may depend upon a (see Example 3.4). We
present several sufficient conditions in Section 9 which allow to remove the parameter a
from the function spaces (see Assumption 8.1 below).

Homogeneous counterparts of the above are available and we describe them in Section
10. Finally, in Section 11 we present some well-known function spaces as examples of our
abstract results and compare them with earlier contributions. We reexamine and polish
some existing theories for these known function spaces.

Notation Next we clarify some conventions on the notation and review some basic
definitions. In what follows, as usual, we use S(R") to denote the classical topological vector
space of all Schwartz functions on R™ and S'(R"™) its topological dual space endowed with
weak-* topology. For any ¢ € S(R"™), we use ¢ to denote its Fourier transform, namely,
for all £ € R", $(€) := [pn e p(x) dz. We denote dyadic dilations of a given function
© € S(R™) by pj(x) :=2""p(27x) for all j € Z and = € R™. Throughout the whole paper
we permanently use a system (@, ¢) of Schwartz functions satisfying

supp ® C {€ € R™: |¢] <2} and (&) > C > 0if |¢] < 5/3 (1.3)
and
supp P C {€ €R": 1/2 < [€] < 2} and |B(€)] > C > 0if 3/5 < |¢| < 5/3. (1.4)

The space L (R™) denotes the set of all locally integrable functions on R”, the space

loc

L'l . (R™) for any 1 € (0,00) the set of all measurable functions on R" such that |f|" €
L} (R™), and the space L° (R™) the set of all locally essentially bounded functions on

loc loc

R™. We also let M denote the Hardy-Littlewood mazimal operator defined by setting, for
all f € LY (R"),

loc

Mf(x)=M(f)(z):= supi |f(2)|dz forall xeR"™ (1.5)

r>0 " |z—z|<r
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One of the main tools in the classical theory of function spaces is the boundedness of
the Hardy-Littlewood maximal operator M on a space of functions, say LP(R™) or its
vector-valued extension LP(¢7), in connection with the Plancherel-Polya-Nikolskij inequal-
ity connecting the Peetre maximal function and the Hardy-Littlewood maximal operator.

LEMMA 1.1 ([90, p.16]). Letn € (0,1], R € (0,00) and f € S'(R™) be such that supp fc
Q(0,R) :={z € R": |z| < R}. Then there exists a positive constant ¢, such that, for all
x € R",

[f(z —y)|

sup o < e M@ P

The following examples show situations when the boundedness of M can be achieved and
when we can not expect it.

EXAMPLE 1.2. i) Let p € (1,00). It is known that the Hardy-Littlewood operator M is
not bounded on the weighted Lebesgue space LP(w) unless w € A,(R™), where A,(R")
is the class of Muckenhoupt weights (see, for example, [19, 88] for their definitions and
properties) such that

Aplw) =2 [rcz\/ ] [IQ! / ()7 dx] <o

Also observe that there exists a positive constant C, ; such that

a/p 1/p a/p 1/p

/ S ML@) | wi)de gcp,q/ S U@ w@) de
) o | 2

j=1

holds true for any ¢ € (1,00] if and only if w € A,(R™). There do exist doubling weights
which do not belong to the Muckenhoupt class Ax(R™) (see [14]).
ii) There exists a function space such that even the operator M, , is difficult to control.

For example, if L(R") := e (R™), which is the set of all measurable functions f on
R"™ such that

2
171, oneg ::inf{A>o PR da:+/Rn\Rn|f(;U)|dx§1}<oo7
+ +

where R} := {x = (21, -+ ,z,) € R": x,, € (0, oo)} then it is somehow well known that

the maximal operator M,. 5 is not bounded on L rxmy +(R™) (see Lemma 11.11 below).

Throughout the whole paper, we denote by C' a positive constant which is independent of
the main parameters, but it may vary from line to line, while C(«, 3, - - - ) denotes a positive
constant depending on the parameters «, 3, ---. The symbols A < B and A o6, B
mean, respectively, that A < CB and A < C(o,3,---)B. If A § B and B < A, then
we write A ~ B. If E is a subset of R", we denote by g its characteristic function. In
what follows, for all a, b € R, let a V b := max{a, b} and a A b := min{a, b}. Also, we
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let Zy :={0,1,2---}. The notation |z], for any z € R, means the maximal integer not
larger than z. The following is our convention for dyadic cubes: For j € Z and k € Z",
denote by Qjx the dyadic cube 277([0,1)" 4+ k). Let Q(R™) := {Qjx : j € Z, k € Z"},

Q;(R™) :=={Q € QR") : £(Q) =277}

For any @ € Q(R"), we let jg be —log, £(Q), ¢(Q) its side length, x its lower left-corner
277k and cq its center. When the dyadic cube () appears as an index, such as ZQG O(R™)
and {-}geco(rn), it is understood that @ runs over all dyadic cubes in R". For any cube
Q@ and k € (0,00), we denote by kQ the cube with the same center as Q but K times the
sidelength of Q). Also, we write

n
@]l =)o (1.6)
j=1

for a multiindex & := (a',a%,---,a") € Z%. For o := (01,---,0,) € LY}, 0° =
0 0 n
(8761)01...(87”)0 .

2 Fundamental settings and inequalities

2.1 Basic assumptions

First of all, we assume that £(R") is a quasi-normed space of functions on R". Following
[3, p.3], we denote by My(R"™) the topological vector space of all measurable complex-
valued almost everywhere finite functions modulo null functions (namely, any two functions
coinciding almost everywhere is identified), topologized by

pu(f) :—/Emin{1,yf(m)|}dx,

where F is any subset of R™ with finite Lebesgue measure. It is easy to show that this
topology of My(R™) is equivalent to the topology of convergence in measure on sets of
finite measure, which makes My(R"™) to become a metrizable topological vector space (see
[3, p.30]).

First, we consider a mapping || - ||z@rn) : Mo(R") — [0,00] satisfying the following
fundamental conditions:

(£1) An element f € Mo(R") satisfies || f||z®n) = 0 if and only if f = 0. (Positivity)
(£2) Let f € Mo(R") and a € C. Then |[af| z@n) = ||| fllzrn). (Homogeneity)

(£3) The norm || - || z(rny satisfies the f-triangle inequality. That is, there exists a positive
constant § = 0(L(R™)) € (0,1] such that

1f + gl 2@ny < 1F1Z@ny + 9l @n

for all f,g € My(R™). (The 6-triangle inequality)
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(L£4) If a pair (f,g) € Mo(R") x Mo(R"™) satisfies |g| < [f], then ||g[lzmn)y < [|fllzrn)-
(The lattice property)

(£5) Suppose that {f;}32; is a sequence of functions satisfying

Su§\|f]~H£(Rn)<oo, 0§f1§f2§§f]§

JE€

Then the limit f := lim; ;o f; belongs to L(R") and || f||z®r) < supjey || fill 2@
holds true. (The Fatou property)

Given the mapping || - || (g satisfying (£1) through (L£5), the space L(R") is defined by
LR") :={f € Mo(R") : [|fllzmn) < o0}

Let p be a weight. Note that LP(p) with p € (0, 00) satisfies (£6) as long as p satisfies
(1.2).

REMARK 2.1. We point out that the assumptions (£1), (£2) and (£3) can be replaced by
the following assumption:

L(R") is a quasi-normed linear space of functions. Indeed, if (L(R"),] - |z®ny) is a
quasi-normed linear space of function, by the Aoki-Rolewicz theorem (see [2, 69]), there
exists an equivalent quasi-norm || - || and 6 € (0, 1] such that, for all f,g € L(R™),

I ey ~ I 1, (2.1)

i g g
I+ gl < WA1” + llgll”

Thus, (L(R™), | - ||) satisfies (£1), (£2) and (£3). Since all results are invariant on equiv-
alent quasi-norms, by (2.1), we know that all results are still true for the quasi-norm

I Nl cwny-

Motivated by [68, 93], we also assume that £(R™) enjoys the following property.
(£6) The (1+|-])~™ belongs to L(R™) for some Ny € (0,00) and the estimate

1xQ,u ll 2Ry = IX2-skr2-ip0 1)l ceny 2 2777 (1 + k)%, jeZi keZ" (22)

holds true for some 7, d € [0, 00), where the implicit positive constant is independent
of j and k. (The non-degenerate condition)

We point out that (L£6) is a key assumption, which makes our definitions of quasi-
normed spaces a little different from that in [3]. This condition has been used by Rauhut
and Ullrich [68, Definition 4.4] in order to define coorbits of Peetre type spaces in a
reasonable way. Indeed, in [3], it is necessary to assume that xp € L(R") if F is a
measurable set of finite measure.

Moreover, from (£4) and (£5), we deduce the following Fatou property of L(R™).
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ProPOSITION 2.2. If L(R™) satisfies (£4) and (L5), then, for all sequences { fm}men of
non-negative functions of L(R™),

lim inf me < liminf || fn || £y

m—0o0 g(Rn) m—0o0

Proof. Without loss of generality, we may assume that liminfy;, o0 || fim || cmny < 00. Recall
that liminf,, o fr, = sup,,eyinfe>m{fr}. For all m € N, let gy, := infy>,, {fx}. Then
{gm }men is a sequence of nonnegative functions satisfying that g1 < go <+ < g, < -+ .
Moreover, by (£4), we conclude that

n < 1 1 n .
ilé%HgmHL(R ) < lgrigéf”meE(R ) < o0

Then, from this and (£5), we further deduce that liminf,, o fi = sup,,en{gm} € L(R"™)
and

m—o0

lim inf H < su ny < liminf ny,
Im i S me%Hgch(R ) < liminf | fou[| £ (gm)
which completes the proof of Proposition 2.2. O

We also remark that the completeness of £(R™) is not necessary. It is of interest to
have completeness automatically, as Proposition 3.16 below shows.

Let us additionally recall the following class Wg? , of weights which was used recently
in [68]. This class of weights has been introduced for the definition of 2-microlocal Besov-

Triebel-Lizorkin spaces; see [34, 35]. As in Example 1.2(ii), let
R = {(2,2n41) 1 © € R, 2541 € (0,00)}.
We also let R%i‘l = {(z,t) eRTM: —logyt € Zy}.

DEFINITION 2.3. Let ag, g, a3 € [0,00). The class Wg3 .,

of weights is defined as the set
of all measurable functions w : ]R%il — (0, 00) satisfying the following conditions:

(W1) There exists a positive constant C' such that, for all x € R™ and j, v € Z with
Jj2v,

C 127Uy (2,27Y) < w(x, 277) < €2~ a2z, 27Y). (2.3)
(W2) There exists a positive constant C' such that, for all z, y € R” and j € Z,
w(z,277) < Cw(y,279) (1 + 27|z —y|)™. (2.4)

Given a weight w and j € Z,, we often write
(@) == w(@,27) (xR, j € Ls), (2.5)

which is a convention used until the end of Section 9. With the convention (2.5), (2.3)
and (2.4) can be read as

Clo UMy, (z) < wj(z) < €272y, (z)

and ‘
wj(z) < Cw;(y)(1+ 27|z — y[)*?,

respectively. In what follows, for all a € R, ay := max(a,0).
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EXAMPLE 2.4. (i) The most familiar case, the classical Besov spaces B,  (R") and Triebel-
Lizorkin spaces I}, ,(R"), are realized by letting w; = 27° with j € Z; and s € R.

(ii) In general when w;(x) with j € Zy and € R" is independent of z, then we see
that ag = 0. For example, when w;(z) = 27% for some s € R and all z € R". Then
wj € Wr(r)lax(o,—s),max(O,s)'

(iii) Let w € W33 and s € R. Then the weight given by

1,02
Wi(r) == 2%w;(r) (z€R™, jeZy)

(%]

belongs to the class W(a1_8)+7(a2+8)+.

In the present paper, we consider six underlying function spaces, two of which are
special cases of other four spaces. At first glance the definitions of ¢7(L¥(R"™,Z,)) and
1IN LY(R™ Z4)) might be identical. However, in [82], we showed that they are different
in general cases. In the present paper, we generalize this fact in Theorem 9.12.

DEFINITION 2.5. Let ¢ € (0,00] and 7 € [0,00). Suppose w € Wg? . with a1,az,a3 €
[0,00). Let w; for j € Z be as in (2.5).

(i) The space LY (£9(R",Zy)) is defined to be the set of all sequences G := {g;} ez, of
measurable functions on R such that

o 1/q
1G | cowoeaqn 2.y = || | D Twigsl® < 0. (2.6)
= £
In analogy, the space L*(¢4(R", E)) is defined for a subset F C Z.

(ii) The space ¢4(L"(R™,Z4)) is defined to be the set of all sequences G := {g;};ez, of
measurable functions on R™ such that

1/q

|G llea(cw®mn,zy)) = Z ijngq/;(Rn) < oo. (2.7)
=0

In analogy, the space ¢1(LY(R™, E)) is defined for a subset E C Z.
(iii) The space L¥(¢1(R",Z4)) is defined to be the set of all sequences G := {g;};ez.
of measurable functions on R” such that

1 o
Gl coaqnzyyy = sup 5 l{ixPw;gi} 5% pvollcw @ @n 2ol 00y < 00- (2:8)
peo(rn) | P

(iv) The space ELY(L4(R",Z)) is defined to be the set of all sequences G := {g;}ez.
of measurable functions on R" such that

1 o
|Gllecwamn,z,y) = sup BT —{xpPw;g;};2oll cwearn 2z, y) < o0 (2.9)
PecQ(R"™) ‘ ’
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(v) The space (4(L¥(R™,Zy)) is defined to be the set of all sequences G := {g;};ez, of
measurable functions on R" such that

1 oo
|Gllea(cw@nz,y) == sup TPl {xPw;g;}52 i pvollea(ce ®r 2 nljp,0)) < 00 (2.10)
peo(®n) | P

(vi) The space (4N LY (R",Z,)) is defined to be the set of all sequences G := {g;}jez,
of measurable functions on R” such that

1/q

o0
HXPWQ;’HL:(Rn))q
G w (N = Sup ( < 0. 211
1Glea(nvzw ®n 2.4 )) ;PGQ(R") G (2.11)

When ¢ = oo, a natural modification is made in (2.6) through (2.11).

We also introduce the homogeneous counterparts of these spaces in Section 10. One of
the reasons why we are led to introduce Wg? , is the necessity of describing the smoothness
by using our new weighted function spaces more precisely than by using the classical Besov-
Triebel-Lizorkin spaces. For example, in [103], Yoneda considered the following norm. In

what follows, P(R"™) denotes the set of all polynomials on R™.

EXAMPLE 2.6 ([103]). The space B;o%)’g[(]R”) denotes the set of all f € S'(R")/P(R") for
which the norm

170 sty = 59027 VT iy = Sl < o0,
J

If 7=0,a€ (0,00) and w;(z) :=2774/]j| + 1 for all x € R" and j € Z, then it can be
shown that the space BJOEB/(R”) and the space Bfoz wo.a(R™), introduced in Definition 10.3
below, coincide with equivalent norms. This can be ’prz)ved by an argument similar to that
used in the proof of [93, Theorem 2.9] and we omit the details. An inhomogeneous variant
of this result is also true. Moreover, we refer to Subsection 11.9 for another example of
non-trivial weights w. This is a special case of generalized smoothness. The weight w also
plays a role of variable smoothness.

In the present paper, the spaces (4(L¥(R™,Zy)), LI(NLY(R™, Z)), LY(L1(R™, Z))
and ELY(V1(R™,Z4)) play the central role, while ¢4(LY(R",Z4)) and L*(¢4(R",Z)) are
auxiliary spaces.

By the monotonicity of £¢, we immediately obtain the following useful conclusions. We
omit the details.

LEMMA 2.7. Let 0 < 1 < q2 < o0 and a1, a9, a3,7 € [0,00) and w € W3 Then

aq,02°

(L0 (RN, Zy)) o L2 (L0 (R, Zy)),
(R, Zy)) < LU0 (R, ),
(L0 (R, Zy)) o L2 (L0 (R, Zy)),
(NNLE (R, Zy)) o (2 (NLY (R, Zy)),

D
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LU (R, Z)) — L2(62 (R, Z,)
and
ELY (U7 (R, Z1)) = EL2((%(R", 7))

in the sense of continuous embeddings.

2.2 Inequalities

Let us suppose that we are given a quasi-normed space L£(R™) satisfying (£1) through
(£6). The following lemma is immediately deduced from (£4) and (£5). We omit the
details.

LEMMA 2.8. Let ¢ € (0,00] and w be as in Definition 2.5. If L(R™) is a quasi-normed
space, then

(i) the quasi-norms ||-[|pa(cw ®nz,))s | llesvew ®n z,)) and ||lleaco®n z,)) are mutually
equivalent;

(ii) the quasi-norms |||l cwpa®r z,))s I lecw wa@n z,)) and ||| cweawn z,)) are mutually
equivalent.

Based on Lemma 2.8, in what follows, we identify the spaces appearing, respectively,
in (i) and (ii) of Lemma 2.8.

The following fundamental estimates (2.13)-(2.16) follow from the Hélder inequality
and the condition (W1) and (W2). However, we need to keep in mind that the condition
(2.12) below is used throughout the present paper.

LEMMA 2.9. Let D1, Dy, a1, a2, a3, 7 € [0,00) and g € (0, 00] be fixed parameters satisfying
that
D € (aq,00), D3 € (n1T+ ag,0). (2.12)

Suppose that {g,}vez, is a given family of measurable functions on R™ and w € Wg3 ..
For all j € Z4 and x € R", let

J 00
Gj(x) = Z 2_(j_V)D2gl/($) + Z 2_(V_j)D1.gl/(x)'

v=0 v=3+1

If L(R™) satisfies (L1) through (L£4), then the following estimates, with implicit positive
constants independent of {g,}vez. , hold true:

I{Gj}iezeacw@nzryy S Hovtvezy oo @n z.))s (2.13)
{G}iezy leawvee @ z.)) S {9 tvezy leanvew w2, ))s (2.14)
I{Gj}iezy |l cwa@n,zy)) S IHgvtvezy lowa@n 2.y (2.15)

and

{Gi}iezy lecwwamrn zyy) S Hovtvezy llecw wamn 2, )- (2.16)
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Proof. Let us prove (2.15). The proofs of (2.13), (2.14) and (2.16) are similar and we omit
the details. Let us write

. q 1/q
1 | D
1) = e | 3 (S,
j=jpVO0 lv=0 (e
g1 1/q

o0

1 s )
| 2|3 w0 ,
j=jpVO0 |v=j+1
L(R™)

where P is a dyadic cube chosen arbitrarily. If j,v € Z, and v > j, then by (2.3), we
know that, for all x € R",

wj(z) < 270y, (z). (2.17)
If j,v € Z; and j > v, then by (2.3), we see that, for all x € R™,
wi(z) S 2020y, (). (2.18)
If we combine (2.17) and (2.18), then we conclude that, for all z € R™ and j,v € Z,
9—ai(j—v) » > j-
wi(z) < (@), v 2 (2.19)
2020y, (), v <]

We need to show that
I(P) < Hov}vez, e amn .z
with the implicit positive constant independent of P and {g, },¢z, in view of the definitions

of {Gj}jez, and |{G;}jez, llcw@amnzy))-
Let us suppose ¢ € (0, 1] for the moment. Then we deduce, from (2.19) and (£4), that

. 1/q
1 o~ N o (—)(Da—an)g g
j=jpV0v=0
L(R™)
e | 2 2 2O (2:20)
j=jpVOv=j+1
L(R™)

by the inequality that, for all » € (0,1] and {a;}; C C,

.
dolagl] <> layl" (2.21)
j j

In (2.20), we change the order of the summations in its right-hand side to obtain

1/q

1 00 00 L -
UP) S 1pp ||x? Sy 2 Um@emen)ay, g )4
v=0 j=vVjipV0
£(Rn)
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1/q

1 o 12 B » B
Fipr (e | X D 2P g,

v=jpV0j=jpVO0

L(R™)

Now we decompose the summations with respect to v according to v > jpVO0or v < jpVO.
Since Dy € (g +nT,00), we can choose € € (0,00) such that Dy € (ag +n7 +¢€,00). From
this, Dy € (a1, 00), the Holder inequality, (£2) and (£4), it follows that

I(P) S I{gvtvez |l cwwarn zy))

jpV0 oo T
e b o R
v=0 j=jpV0 L@
S ||{9u}uez+||£;v(eq(Rn,z+))
9—(ipV0)(D2—az—e) pV0 o
T xp > 2P0 | (2.22)
v=0 L(R™)

We write 277V0~% P for the 2/PV0~" times expansion of P as our conventions at the end of
Section 1. If we use the assumption (£3), we see that

I(P) 5 ||{gV}V€Z+||£$(gq(Rn 7Z+))

9-(ipVO)(D2—az—e) (IPVD 0
+ ’ 21/ (D2—ag—e€) L0y
|P|T Z XpPWvg LR

1/0

< ||{9V}V€Z+||£$(ZQ(R",Z+))
1/6

+9-(pVO)(D2—az—¢)

JpVo ov(D2—az—nT—€)+n7(jpVO0) 0
20PV0)—v p|7 a0 P gl gy

v=0

S Hovtvez llceea@n 2. ))-

Since the dyadic cube P is arbitrary, by taking the supremum of all P, the proof of the
case that ¢ € (0, 1] is now complete.

When ¢ € (1,00], choose k € (0,00) such that k + ay < Dy and k + n7 + as < Ds.
Then, by virtue of the Holder inequality, we are led to

1/q

1 R
I(P) < Pl XP Z ZQ_U_V)(DZ_H_QQ)II |wugu|q

j=ipV0v=0
L(R™)

1/q

o0 o0
e | 20 3 2 g, |t ,

j=jpVOv=j+1
L(R?)
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where the only difference from (2.20) lies in the point that Dy and Ds are, respectively,
replaced by D1 — k and Dy — k. With Dy and Ds, respectively, replaced by D — x and
Dy — K, the same argument as above works. This finishes the proof of Lemma 2.9. O

The following lemma is frequently used in the present paper, which previously appeared
in [18, Lemmas B.1 and B.2], [20, p.466], [24, Lemmas 1.2.8 and 1.2.9], [71, Lemma 1]
or [93, Lemma A.3]. In the last reference the result is stated in terms of the continuous
wavelet transform. Denote by w, the volume of the unit ball in R™ and by C*(R") the
space of all functions having continuous derivatives up to order L.

LEMMA 2.10. Let j,v € Zy, M,N € (0,00), and L € NU {0} satisfy v > j and N >
M + L + n. Suppose that ¢; € CE(R™) satisfies that, for all ||d|, = L,

e " 93 (n+L)
Y (z)| < Az .
‘bﬂ(m)‘ = A8 g — M

where Ag is a positive constant independent of j, x and xj. Furthermore, suppose that
another function ¢, is a measurable function satisfying that, for all ||5]1 < L —1,

- 2Z/’I'L
Fdy = R™ <B
W)yt dy =0 and, forallx €R”, |¢y ()] < I+ 2z —a )V

where the former condition is supposed to be vacuous in the case when L = 0. Then

Azl N-M-L e (v)L - Y
| X F ) R e e )
all1=

[ i@

3 Besov-type and Triebel-Lizorkin-type spaces

3.1 Definitions

Through the spaces in Definition 2.5, we introduce the following Besov-type and Triebel-
Lizorkin-type spaces on R".

DEFINITION 3.1. Let a € (0,00), a1,az,a3,7 € [0,00), ¢ € (0, 00] and w € Wg3 . .
Assume that @, ¢ € S(R™) satisfy, respectively, (1.3) and (1.4) and that £(R") is a quasi-
normed space satisfying (£1) through (£4). For any f € S'(R"), let {(¢}f)a}jez, be as
in (1.1).

(i) The inhomogeneous generalized Besov-type space BZ’;CL(R") is defined to be the set
of all f € §'(R™) such that

< oQ.

1A lBer @y = H{(‘P;f)“}jeh (a(L2 (R, Z4))

(ii) The inhomogeneous generalized Besov-Morrey space ./\WZ’;(Z(R") is defined to be the
set of all f € 8'(R™) such that

1l @y = H{(‘ij)“}jeh aWerEn )
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(iii) The inhomogeneous generalized Triebel-Lizorkin-type space FZ)qT o(R™) is defined to
be the set of all f € S'(R™) such that

< 00.
Lw (R Zy))

1 lepr @y = [[{(£50a} ez,

(iv) The inhomogeneous generalized Triebel-Lizorkin-Morrey space 52”5 o(R™) is defined
to be the set of all f € S’(R™) such that

< 00.
ELY((9(R",Z1))

I llepr @y = {5 5)a} je,

The space Ay, ,(R") stands for either one of B (R"), N/ (R"), F. " (R") or

Eraa(R™). When L(R") = LP(R") and wj(z) := 27° for x € R" and j € Z;., write

AT (RM) 1= AT (R™), (3.1)

Pq,a L,q,a

In what follows, if 7 = 0, we omit 7 in the notation of the spaces introduced by Definition
3.1.

REMARK 3.2. Let us review what parameters function spaces carry with.
i) The function space L(R"™) is equipped with 6, Ny, ~y, 0 satisfying

6 € (0,1], Npe€ (0,00), ~€][0,00), ¢€]l0,00). (3.2)

ii) The class W33, of weights is equipped with aq, ae, as satisfying

Q1,02
a1, ag, a3 € [0,00). (3.3)
iii) In general function spaces A’ . 7 J(R™), the indices 7, ¢ and a satisfy
€ [0,00), ¢ € (0,00], a € (No + a3, 00), (3.4)

where in (3.27) below we need to assume a € (Ny + a3,00) in order to guarantee that
S(R™) is contained in the function spaces.

In the following, we content ourselves with considering the case when L(R™) = LP(R"™)
as an example, which still enables us to see why we introduce these function spaces in this
way. Further examples are given in Section 11.

EXAMPLE 3.3. Let ¢ € (0,00], s € R and 7 € [0,00). In [97, 98], the Besov-type space
Bpg(R™) with p € (0,00] and the Triebel-Lizorkin-type space Fpq (R™) with p € (0, 00)
were, respectively, defined to be the set of all f € S'(R™) such that

5]

1 .
B3 T (Rn = Sllp
g (R™) PeQ(R™) |P|‘r

[/ 2% @) dz]” Y < oo

Jj=3pVO0
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and
v 1
o0 q

1 s
1 llpr oy = sup /Q SO 2Pk f@)1] dr b < oo

peo(rn) [PI” Py

with the usual modifications made when p = co or ¢ = co. Here g is understood as ®.
Then, we have shown in [45] that Bylg.q(R") coincides with Byq(R") as long as a € (3, 00).
Likewise Fjq.(R") coincides with F,; (R™) as long as a € (o) ©°)- Notice that
B9 (R™) and Fj o (R™) are isomorphic to B; (R") and Fj (R™) respectively by virtue
of the Plancherel-Polya-Nikolskij inequality (Lemma 1.1) and the Fefferman-Stein vector-
valued inequality (see [15, 19, 20, 88]). This fact is generalized to our current setting. The

atomic decomposition of these spaces can be found in [82, 104]. Needless to say, in this

setting, L(R™) = LP(R™) satisfies (£1) through (L6).
Observe that the function spaces Bj . TR, FY qT LR,

depend upon a € (0,00), as the following example shows.

rna®™) and E7 (R™)

EXAMPLE 3.4. Let m € N, b € (0,00), fi(t) := [Z2E2"01m for all # € R, and L(R) =
LP(R) with p € (0, 00]. If 7, a, ¢ and w are as in Definition 3.1 with w(x,1) independent

of z € R, then f,, € B, (R)YUF." (R) UNZ;@(R) U SZU;G(R) if and only if

Eqa L.q,a

pmin(a,m) > 1,

and, in this case, we have f,, € By (R)NFp7 (R)NN T (R)NELT (R). To see this,
notice that, for all t € R,

o—mb

> 2sin (270t
X[,Q—mbg—mb] (t) = / COS(.’Et) dr = (t)’
—9—mb

which implies that

m times
o\

Jm = X[—2-mb,g—mb] * ¥ X[_9g—mb g—mb]

and that supp fm C [-m27™ m27~™P]. Choose b € (0, 00) large enough such that
[—m2™™P m2=™ ¢ [-1/2,1/2].
Let @, € S(R) satisfy (1.3) and (1.4), and assume additionally that

~ R 1
xB(0,1) < P < xB(0,2) and supp ¢ C {5 eR: 3 <[l < 2} :

Then, by the size of the frequency support, we see that ® * f,,, = f,,, and that ¢; x f,,, =0
for all j € N. Therefore, for all z € R,

sin(27"0(z 4 2))|™
(@*fm)a(:z):supp (2 ( + ) |

m (1 + [z)™x(=0=m) and (0% f)a(z) = 0,
sup 2202 UL () (& F)ae)

“

which implies the claim. Here,
depending on m.

~p,” denotes the implicit positive equivalent constants
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For the time being, we are oriented to justifying Definition 3.1. That is, we show that
the spaces Ay q(R™) are independent of the choices of ® and ¢ by proving the following
Theorem 3.5, which covers the local means as well. Notice that a special case Ay o(R")
of these results was dealt with in [99, 105].

THEOREM 3.5. Let a, a1, a9, a3,7,q, w and L(R™) be as in Definition 3.1. Let L € Zy be
such that
L+1>a1V(a+nt+ az). (3.5)

Assume that ¥, p € S(R™) satisfies that, for all a with |||y < L and some € € (0, 00),
~ ) o ~ €
() £0if |t <26, 0°0(0) =0, and PO 0 if ©<le| <2 (36)

Let 1)(+) := 2™)(29.) for all j € N and {5 flatjez, be asin (1.1) with ® and ¢ replaced,
respectively, by U and 1. Then

17157 oy ~ ({590} sz |,y (3.7)
7z~ [ €05 e ez oy (338)
Il 7wy ~ H{ vid) J€Z+ Lw(0a(R" Zy)) (3:9)
and
17lezy.@m ~ {3 D s, e pougunny (3.10)

with equivalent positive constants independent of f.

Proof. To show Theorem 3.5, we only need to prove that, for all f € S'(R") and = € R",

(U fla(z) < +22 VA= or £ () (3.11)
and that

(W5 fa(w) S 2770+ (@7 ), +Z2 WA=Vl (5 f)o (). (3.12)

v=1

Once we prove (3.11) and (3.12), then we are in the position of applying Lemma 2.9 to
conclude (3.7) through (3.10).

We now establish (3.12). The proof of (3.11) is easier and we omit the details. For
a non-negative integer L as in (3.5), by [72, Theorem 1.6], we know that there exist
Ut ¢t € S(R") such that, for all 8 with |3| < L,

Yi(z)z’ dz =0 (3.13)
R’VL
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and that -
U@+ gl o, =do (3.14)
v=1

in §’'(R™), where wi() = 2v"pT(2v) for v € N and & is the dirac distribution at origin.
We decompose v; along (3.14) into

[e.e]

v=1
From (3.6) and (3.13), together with Lemma 2.10, we infer that, for all j € Z, and y € R,

9—Jj(L+1) on(iAv)—li—v|(L+1)

[+ ¥ ()] S e 2d v IO A DA

By (3.15), we further see that, for all j € Z; and = € R,

|5 * fx + 2)|
sup ———————
zern (14 27]2))

2n(j/\u)(1+2u|y|)a
< j(L+1-a) li—v|(L+1)
2-iliH-0)(gr p), +Vzlz @) | S

(3.15)

<27 J(L+1-a) (D" f)a +22 li—v[(L+1)+al(i— vv01(<p falz )/ zn(]:/\y) dy
2 pn (L + 270yt

~ 9 j(L+1—a) ((I) f _|_Z2 l7—v[(L+1)+a[(j— VVO]((,O f) ( )
v=1

which completes the proof of (3.12) and hence Theorem 3.5. O

Notice that the moment condition on ¥ in Theorem 3.5 is not necessary due to (3.6).

Moreover, in view of the calculation presented in the proof of Theorem 3.5, we also have
the following assertion.

COROLLARY 3.6. Under the notation of Theorem 3.5, for some N € N and all x € R", let
sip\wj «f(@)l, JeEN;

m )=
T@ 2= o s@), =0,
v

where the supremum is taken over all ¢ and ¥ in S(R™) satisfying

Y sup (L [z)N|ow(@) + D sup (14 |2))V][0*¥(x)] < 1

< TER" o< “ER"

as well as (3.6). Then, if N is large enough, for all f € §'(R™),

1 lsr oy ~ {727} e,

ta(Lw (R Zy))
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1l ey ~ {270} e,

Il oy ~ {0,270} |

LIV L2 (R Z4))

Lo (ta(R )

and

”f”(gzﬂ”;a(R") ~ H{gﬁf(,27])}]62+ ELW(La(R™,Z.4))

with implicit positive constants independent of f.

Another cc;rollary is the characterization of these spaces via local means. Recall that
A=300 %? denotes the Laplacian.

COROLLARY 3.7. Let a, a1, a9, a3,7,q, w and L(R™) be as in Definition 3.1. Assume that
U € CZ(R™) satisfies xpo,1) < ¥ < XB(o2)- Assume, in addition, that 1 = ALY for
some fy € N such that

200+ 1> a1V (a+nt+ ag).

Let 1j(+) := 2™)(27-) for all j € N and {5 fatjez, be asin (1.1) with ® and ¢ replaced,
respectively, by ¥ and 1. Then, for all f € S'(R™),

1z e~ (@50} e,
1l gy ~ [{@5 9} e,
Hf”FZ’quRM ~ "{(¢;f)“}j€Z+

0a(Lw (R Zy))

(9N LY (R Z4))

L (ed(R™,Z+))

and

70z, oy ~ {5 Dt e, |

ELw(0a(R Z4))

with equivalent positive constants independent of f.

3.2 Fundamental properties

With the fundamental theorem on our function spaces stated and proven as above, we
now take up some inclusion relations. The following lemma is immediately deduced from
Lemma 2.7 and Definition 3.1.

LEMMA 3.8. Let aq, 9,3, 7 € [0,00), ¢,q1,q2 € (0, 00], ¢1 < g2 and w € Wg? . Let
L(R™) be a quasi-normed space satisfying (L1) through (L£4). Then

BT (R") < BET (R"),

E;Ql g
Lana®Y) = Neg, o R,

Frpo®R") = Foo (R,
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52””;@@&") — &7 (R™)

‘quQ s
and
By oR"), N r (RY), Fpor (R, €7 ((RT) = Nl (R™) (3.16)

in the sense of continuous embedding.

REMARK 3.9. (i) It is well known that F; (R") < B} ax(p.a) (R™) = Bj o (R") (see, for
example, [90]). However, as an example in [73] shows, with ¢ € (0, 00] fixed, (3.16) is
optimal in the sense that the continuous embedding FZ’;G (R™) — /\/’ZJ ’;a(R”) holds true
for all admissible a,w, T and £(R") if and only if r = co.

(ii) From the definitions of the spaces AZJ:; .(R™), we deduce that

ALaR") = BL L L (RT).

Indeed, for example, the proof of £.77 (R"™) < B (R") is as follows:

Ne)

1 . * oo
1 llewr @ny = Pesél(%n) WH{X[jp,oo)(])Xpwj((Pjf)a}j:0‘|£“’(€q(R",Z+))

1

> sup sup ’PVHXij(SO;f)a”E(]Rn) = Al @y

© PeQ(RM) j>jp

Now we are going to discuss the lifting property of the function spaces, which also
Justifies our new framework of function spaces. Recall that, for all f € S'(R™) and € € R™,
we let ((1— A)2£)7(€) = (1+[¢[2)/2f(€) for all § € R™,

THEOREM 3.10. Let a, ay, ag, as, 7, q, w and L(R™) be as in Definition 3.1 and s € R.
Forallx e R™ and j € Z+, let

w®) (2,277 := 2775w, (x).

Then the lift operator (1 — A)*/? is bounded from Apt (R?) to A%f:{(R”).

For the proof of Theorem 3.10, the following lemma is important. Once we prove this
lemma, Theorem 3.10 is obtained by virtue of Lemma 3.11 and (W1).

LEMMA 3.11. Let a € (0,00), s € R and ®, ¢ € S(R™) be such that

supp ® C {£ € R™ : [¢| <2}, supp § C {£ € R™ : 1/2§\§|§2}and</13+2@51,
j=1

where @;(-) := 27"p(27-) for each j € N. Then, there exists a positive constant C' such
that, for all f € 8'(R™) and z € R",

(@*((1 = A)2f))a(x) < CUP* alx) + (£5 Nal)], (3.17)
(@1((1 = A2 f))a(z) < C*Fla(@) + (1 alz) + (95f)al2)], (3.18)

and
(@5 (1= A2 F))a(z) < C2°(5 fal2) (3.19)

for all j > 2.
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Proof. The proofs of (3.17) and (3.18) being simpler, let us prove (3.19). In view of the
size of supports, we see that, for all 7 > 2 and = € R",
(95 ((1 = 2)2f))a(x)
|0 * [(1 = A)*2f)(z + 2)|

= sup

2eRn (14 27]2()?
— sup (1= A) g1+ 95+ @j41) * 05 * [ + 2)]
2€Rn (14 27]2)
1

=sup ——
zern (14 27]2()°

| 0= )i+ s+ o) « fla+ 2~ )y

Now let us show that, for all j > 2 and y € R",

97 (s+n)
1+ 27|y|)atntl’

(1= AP (pj-1+ 95 + i) W) S ( (3.20)
Once we prove (3.20), by inserting (3.20) to the above equality we conclude the proof of
(3.19).

To this end, we observe that, for all j > 2 and y € R",

1 \%
(1- )7 (Z 90j+z> () = (1 + P77 + 32778) + B2 76)) - ().

l=-1

Since, for all multiindices @, 7 > 2 and £ € R™, a pointwise estimate
|07 (1 + 16P)*/2 [B@77+1e) + B(277€) + P27 7)) | 5 267191 (1 4 27Ty

holds true, (3.20) follows from the definition of the Fourier transform, which completes
the proof of Lemma 3.11. 0

The next Theorem 3.14 is mainly a consequence of the assumptions (£1) through (£4)
and (£6). To show it, we need to introduce a new class of weights, which are used later
again.

DEFINITION 3.12. Let a1, az,a3 € [0,00). The class x — Wg3 ,, of weights is defined as
the set of all measurable functions w : Ry, — (0, 00) satisfying (W1*) and (W2), where
(W2) is defined as in Definition 2.3 and

(W1*) there exists a positive constant C' such that, for all z € R™ and j,v € Z; with
j> v, C72U Moy (g, 27) < w(x,277) < 02~ W=y (g, 27Y).

It is easy to see that x — W23 C )3

1,02 Z a1,02°

EXAMPLE 3.13. If s € [0,00) and w;(z) := 27% for all x € R™ and j € Z, then it is easy
to see w € x — Wgs.

With the terminology for the proof is fixed, we state and prove the following theorem.
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THEOREM 3.14. Let a, 1, a2, a3,7 and q be as in Definition 3.1. If w € x —=Wg? . and

L(R™) satisfies (L1) through (L£4) and (L6), then AZU,’;a(R”) — S'(R™) in the sense of
continuous embedding.

Proof. Let ®,¢p € S(R™) be as in Lemma 3.11. Then

[e.e]
o+ F=1. (3.21)

j=1

We first assume that (W1*) holds true with
ap—N+n—v+nr>0and N >0+n (3.22)

for some N € (0, 00).
For any f € A7 (R™), by the definition, we see that, for all @ € Q(R™) with jg € N,

L,q,a
1 —JQ)(* <
|Q’T XQ ’ w(72 )(SO‘]Qf)CL C(Rn) ~ ||f||Az}:;a(R”)‘
Consequently, from (W1*), we deduce that
e w0l fal| gy £ 27N Sl ey (3.23)

Now let ¢ € S(R™) be an arbitrary test function and define

p(¢) == sup (1 + [a])**FN((x).
zeR?

Then from (3.23) and the partition {Q,}rezn of R™, we infer that

[ K@y < flallde £ p(0) 3 (1 IR [ oy f(o)] da

kezn Qjk

If we use the condition (W2) twice and the fact that j € [0, 00), then we have

[ @y < flal o
<p(Q) S+ 279K) 7N inf w(y, 1) / oy * f(2)] de

keZnr YeQjn Qjik
Sp(0) 30 PN+ R)TNIQu inf {wly, () alv)}
kezn i

Now we use (3.23) and the assumption (£6) to conclude

/ C(@)p; % £(2)] da
Rn
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<p(Q) 37 PNV )V g w0, 15 Fall ey

kezn
Sp(¢) Y 2rileamNn=atnm) (g |k’)_N+6||fHAZ’;a(R")

kezn o
m,2*JQUAJV+n*7+nTMKC)HfHAzgﬂ(Rny (3.24)

By replacing g with @ in the above argument, we see that

[ €@ f@)]de S pOl gy, ooy (3.25)

Combining (3.21), (3.24) and (3.25), we then conclude that, for all ¢ € S(R"),

UF.QOI< 1@ % £.Q1+ Y los * .01 S PO Flazr o, (3.26)

j=1

which implies that f € S'(R") and hence A}/  (R™) < S'(R") in the sense of continuous
embedding.
We still need to remove the restriction (3.22). Indeed, for any a; € [0,00) and f €

AILU’;Q(R”), choose s € (—o0,0) small enough such that ay —s > v+ 6 — n7. By Theorem

3.10, we have (1 — A)%/2f ¢ Azuf;?éT(R”). Then, defining a seminorm p by p(¢) := p((1 —
A)*/2¢) for all ¢ € S(R™), by (3.26), we have

(£, 01 = (1= A)2f, (1= A)=*/2¢)|
_ —s/2 _ s/2 wr
S 0= A POIN = )21 o SO Lagy oy
which completes the proof of Theorem 3.14. O

REMARK 3.15. In the course of the proof of Theorem 3.14, the inequality
[ oy f(@) da S wM2AOE DL 1) gy ey
KQjk e

is proved. Here k > 1, M and the implicit positive constant are independent of j, k and k.

It follows from Theorem 3.14 that we have the following conclusions, whose proof is
similar to that of [90, pp. 48-49, Theorem 2.3.3]. For the sake of convenience, we give some
details here.

PROPOSITION 3.16. Let a, a1, a2,a3,7 and q be as in Definition 3.1. If w € x — Wg3
and L(R") satisfies (L1) through (L6), then the spaces By ,(R™), Nyow (R™), Fp'w (R™)

L,q,a
and EZ’QT’G(R”) are complete.
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Proof. By similarity, we only give the proof for the space F.. (R"). Let {fi}ien be a

Cauchy sequence in F.7 (R"). Then from Theorem 3.14, we infer that {fi}ien is also a

Cauchy sequence in 8'(R™). By the completeness of S'(R™), there exists an f € S'(R™)
such that, for all Schwartz functions ¢, ¢ * f; — ¢ * f pointwise as | — oo and hence

ex(fi—f)= lim o*(fi — fn)
m—ro0
pointwise. Therefore, for all j € Z, and = € R",

sup s+ (1 = f)(x +2) < liminf sup o * Ui = fm)(a? * z)\,
zern (L+27[z)e Mmoo LeRn (1+27[z))

which, together with (£4), the Fatou property of £(R") in Proposition 2.2, and the Fatou
property of ¢4, implies that

i - w, T n < i i i - w,T n = U.
timsup | /i — fllrg, gy < limsup (lmminf 1 fr = Follggy, en)) = 0

Thus, f = limy, oo frm In FZ’qT’a(]R"), which shows that FE;G(R") is complete. This

finishes the proof of Proposition 3.16. 0

Assuming (£6), we can prove that S(R") is embedded into A7 (R™).

THEOREM 3.17. Let a, a1, ag, a3, 7,q and w be as in Definition 3.1. Then if L(R™) satisfies
(L1) through (L£6) and
a € (NQ + a3, OO), (327)

then S(R™) — AZ’;G(R") in the sense of continuous embedding.

Proof. Let f € S(R™). Then, for all x € R" and j € N, we have

|pj * fz +2)] 1 o
sup ; N sup (1 + [y f@)l-
2ER™ (1—}—23‘2”)‘1 (1+‘x’>a yER”( | D ‘ ( )‘

In view of (W2), (£6) and (3.27), we have (1 + |- |)~%w(-,1) € L(R™). Consequently

|

Let € be a positive constant. Set w?(z) := 27727 <)y, (z) for all z € R™ and j € Z;.

The estimate (3.28) and its counterpart for j = 0 show that S(R") — Azj*qz (R™) and hence

Theorem 3.10 shows that S(R") — AZ”; o(R™), which completes the proof of Theorem

3.17. =

w, sup 1212 SC +2)

D (1 272 S 2% sup (L+[y)* " £ (y). (3.28)
z n

L(R™) yeR®

Motivated by Theorem 3.17, we postulate (3.27) on the parameter a here and below.
In analogy with Theorem 3.10, we have the following result of boundedness of pseudo-
differential operators of Hérmander-Mikhlin type.



30 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan

PROPOSITION 3.18. Let a, a1, a9, a3, 7,q,w and L(R™) be as in Definition 3.1. Assume
that m € C°(R™) satisfies that, for all multiindices &,

Mg := sup (1+[¢)!¥0%m(¢)| < oo,
£eRn

Define I, f := (mf)V. Then the operator I, is bounded on AT (R™) and there exists K €

7q7a
N such that the operator norm is bounded by a positive constant multiple of ZII&\hSK Ms.
Proof. Going through an argument similar to the proof of Lemma 3.11, we are led to
(3.20) with s = 0 and (1 — A)*/2 replaced by I,,,. Except this change, the same argument
as therein works. We omit the details. This finishes the proof of Proposition 3.18. O

In Chapter 5 below, we will give some further results of pseudo-differential operators.
To conclude this section, we investigate an embedding of Sobolev type.

PROPOSITION 3.19. Let a,aq, g, a3, 7, q,w and L(R™) be as in Definition 3.1. Define

wi(z) =201 + |2]) w; () (3.29)

forallx € R™ and j € Z,. Then AZ’;(Z(R”) is embedded into BY . ,(R™).

00,00,a

. @ * o3+9
Observe that if w € Wg? ., then w* € W(a1+’y—7)+,(a2+7'—’y)+ and hence

#\—1 a3 +0
(")~ € W(Oé2+T—“/)+7(041+7—T)+'

Proof of Proposition 3.19. Let P € Q;(R"™) be fixed for j € Z,. Then we see that, for all
x,z € P,
lpjx fle+y)l _ lejxf(z+ [y +z—2))|
(T+27ye ~ (I+Yy+az—2z)*
where, when j = 0, g is replaced by ®. Consequently, by (W2), we conclude that, for all
x € P,

lpj * flu+y)
wilxT (p*f ) = sup sup w;(u) —————"—
()55 ale) = sup sup () =i
< inf sup sup w;(u) ) * f(z,+ (y +u—2))
ZGPuePyeRn (1+2]’y+u—z‘)a
lips * (= + w)|

< inf sup sup w;(u -
2R3 o ) e

. —j ‘So*f(z y)| . —J
< inf o—\IE3 A" 7 I < nf 277 (% .
NzlgP;;ng(z’ ) (1+ 2i[y))a Nzlgpw(za )(gojf)a(z)

Thus,

. P
IxPw;©; * fllo@ny <

sup w; () (¢} f)a(z) ~ Ixpllee

S 1f 1Az (@
zeP IxpPllc@m) my  Aeiaa ()

which implies the desired result and hence completes the proof of Proposition 3.19. ]
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It is also of essential importance to provide a duality result of the following type, when
we consider the wavelet decomposition in Section 4.
In what follows, for p,q € (0,00], w € WS3 . with a1, g, a3 € [0,00), wj for j € Z4 as

a1,002

n (2.5), the space By (R™) is defined to be the set of all f € S'(R") such that
1l e, ®n) = {wje; * ez llearr@n z.)) < o0,
where @, ¢ € S(R"), satisfy (1.3) and (1.4), po := ® and ¢;(-) := 2/"p(27-) for all j € N.

PROPOSITION 3.20. Let aj,ag,a3 € [0,00) and w € W3 Assume, in addition, that

aq,02 "

there exist ®,p € S(R™), satisfying (1.3) and (1.4), such that

oo
CI>*<I>+Zg0j xp; =0 in S R").
j=1

Any g € BY, oo (R") defines a continuous functional, Ly, on Bﬁ;l(R") such that
oo
1
Ly: f€B (R) = (249,25 f)+) (pjxg.05%f) €C.

Jj=1

Proof. The proof is straightforward. Indeed, for all g € BY, , (R") and f € B}‘j{l(R"), we
have

[o¢]
(@ xg,®x f)] + Z; I8p5 905 % I S Ml9llBe, o I 1 gyt oy
]:
which completes the proof of Proposition 3.20. O

We remark that the spaces B, (R™) were intensively studied by Kempka [34] and it
was proved in [34, p. 134] that they are independent of the choices of ® and .

4 Atomic decompositions and wavelets

Now we place ourselves once again in the setting of a quasi-normed space £(R") satisfying
only (£1) through (£6); recall that we do not need to use the Hardy-Littlewood maximal
operator.

In what follows, for a function F' on Rgil =R" x {277 : j € Z,}, we define

[F(y,277)|
Fllpwr goiry = |4 sUp = ’
I HLLq’a(RL_) {yd@ A+ 2] —yhe [
JE€L+ |l ga(Lw (R 7))

|F(y,277)]
F| o pnt1y i= SUp o e
I HNa,q,a(RZf) {yeugz (L+27]- —y))* | .
I€L+ |l ga(N Lw (R, Z1))
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|F(y,277)]
F w,T n = 1 L9 . —_.N\a
1Fpger ey {;;%l (L+27] —y)e [
JEL+ || Low (g (Rn, 24 )
and
|F'(y,277)]

| F ||gw’f (REHL) - {S (Lt 21] —y[)e %—}
q,a n 1 2] : @
£,q,a\ "2y yeR ( | ul) JEL+ g Lw (pa(Rn 24 )

4.1 Atoms and molecules

Now we are going to consider the atomic decompositions, where we use (1.6) to denote
the length of multi-indices.

DEFINITION 4.1. Let K € Zy and L € Z; U {—1}.
(i) Let @ € Q(R™). A (K, L)-atom (for AZ", (R™)) supported near Q is a C¥(R")-
function 2 satisfying

(support condition)  supp () C 3Q,
(size condition)  [|0%U||pe < |Q| N6/,

(moment condition if £(Q) < 1) / xEQl(:L‘) dx =0

for all multiindices @ and 3 satisfying ||@|; < K and |31 < L. Here the moment

condition with I = —1 is understood as vacant condition.
(i) A set {2j}jez, rezn of CK(R")-functions is called a collection of (K, L)-atoms
(for A7, ,(R™)) if each Ay, is a (K, L)-atom supported near Q.

DEFINITION 4.2. Let K € Z;, L € Z; U{—1} and N € R satisfy
N>L+n.

(i) Let @ € Q(R"). A (K, L)-molecule (for A77, (R™)) associated with a cube Q is a
CK(R™)-function M satisfying

|z = cql
6Q)
(the moment condition if £(Q) < 1) / yPM(y) dy =0

-N
(the decay condition) |99 (z)| < (1 + ) for all z € R",

for all multiindices @ and J satisfying ||@||; < K and |||, < L. Here cg and /(@) denote,
respectively, the center and the side length of ), and the moment condition with L = —1
is understood as vacant condition.

(ii) A set {M;x} ez, kezn of CF(R™)-functions is called a collection of (K, L)-molecules

(for A7, ,(R™)) if each My, is a (K, L)-molecule associated with Q.
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DEFINITION 4.3. Let aq, a9, a3,7 € [0,00), a € (Nog + as3,00) and ¢ € (0, oo], where Ny
is from (£6). Suppose that w € W3 Let A := {\jr}jez, kezr be a doubly indexed

: ap,az”
complex sequence. For (z,277) € R7, , let

Az, 277) = Z AjEXQ;n (T)-

kezm

(i) The inhomogeneous sequence space b;”;a(Rn) is defined to be the set of all A such
that [[Allpwr (@) = ||A||Lg;;a(u§gf) < 0.

(ii) The inhomogeneous sequence space nzv’;a(R”) is defined to be the set of all A such

that H)\|’n7£:;a(Rn) = HAHNZLZG(R%II) < 0.
(iii) The inhomogeneous sequence space fZ’; .(R™) is defined to be the set of all A such
that H)\quﬁu,’qT,a(Rn) = ”AHFZJ,,(;:(L(R;II) < 00.

(iv) The inhomogeneous sequence space qu; .(R™) is defined to be the set of all A such

When 7 = 0, then 7 is omitted from the above notation.

In the present paper we take up many types of atomic decompositions. To formulate
them, it may be of use to present the following definition.

DEFINITION 4.4. Let X be a function space embedded into §'(R™) and X a quasi-normed
space of sequences. The pair (X,X) is called to admit the atomic decomposition, if it
satisfies the following two conditions:

(i) (Analysis condition) For any f € X, there exist a collection of atoms, {21} ez, rezn,
and a complex sequence {\ji};jez. kezr such that

f= Z Z Ak

§=0 kezn

in S'(R") and that [[{\jr}jez, keze|lx S || fllx with the implicit positive constant inde-
pendent of f.

(ii) (Synthesis condition) Given a collection of atoms, {241} ez,  kezn, and a complex se-
quence {)\jk}jGZJ”keZn satisfying |’{>‘jk}j€Z+,k€Z" ||X < 00, then f := Z]Oio Zk‘GZ” )\jkmjk
converges in S&'(R™) and satisfies that || f||x < [[{Ajk}jez,, kezn|lx with the implicit posi-
tive constant independent of {\jx}jez.  kezn-

In analogy, a pair (X, X)) is said to admit the molecular decomposition or the wavelet
decomposition, where the definition of wavelets appears in Subsection 4.4 below.

In this section, we aim to prove the following conclusion.

THEOREM 4.5. Let K € Zy, L € Z4, aq,ag,a3,7 € [0,00) and q € (0, oo]. Suppose that
w e W53, and that (3.27) holds true, namely, a € (No + ag,00). Let § be as in (L6).

1,02
Assume, in addition, that

L>az+6+n—14+v—nr+ay, (4.1)
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N>L+a3+d+2n (4.2)

and that
K+1l1>ay+n7m, L+1>a;. (4.3)

Then the pair (A%’;G(R”), az’;a(R")) admits the atomic / molecular decompositions.

4.2 Proof of Theorem 4.5

The proof of Theorem 4.5 is made up of several lemmas. Our primary concern for the
proof of Theorem 4.5 is the following question:

Do the summations > 72 >y czn Ajk2k and 3220 3 7y czn AjDjx converge in
S'(R™)?

Recall again that we are assuming only (£1) through (£6).

LEMMA 4.6. Let ag,ag,a3 € [0,00) and w € WS Assume, in addition, that the

1,02 "

parameters K € Z,, L € Zy and N € (0,00) in Definition 4.2 satisfy (4.1), (4.2) and
(4.3). Assume that X := {Njx}jez, kezn € byl J(R™) and {Mjy}jez, kezn is a family of
(K, L)-molecules. Then the series

F=22 20 A (4.4)
=0 kezn
converges in S'(R™).

Proof. Let ¢ € S(R™). Recall again that v and § are constants appearing in the assumption
(£6). By (4.1) and (4.2), we can choose M € (a3 + 0 + n,00) such that

L+1—~v—a;—M+nr>0 and N >L+ M +n. (4.5)

It follows, from the definition of molecules and Lemma 2.10, that

< 277D 27T k)M,

M (2)p(x) d
R”

By the assumption (£6), we conclude that

< 271N () 4 27T k)M (1 + |k’)5HXijH£(Rn). (4.6)

[ Mioela) do

From the condition (W1), we deduce that, for all j € Zy and z € R™, 2771 w(x, 1) < w;(x)
and, from (W2), that, for all z € R", w(0,1) S w(z,1)(1 + |z])*3. Combining them, we
conclude that, for all j € Z, and x € R",

w(0,1) < (1+ |2])*327%w;(2). (4.7)

Consequently, we have '
1S (LA [R))* 2% w;(x) (4.8)
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for all x € Qj with j € Z and k € Z". By (4.6) and (4.8), we further see that, for all
j€Z, and k € Z",

Mg [ () () da| S 279EHTImam MR (1 4 | R )= MO8 Nl oy, (4.9)
R™ ,00,a
So by (4.5), this inequality is summable over j € Z; and k € Z", which completes the
proof of Lemma 4.6. O
In view of Lemma 3.8, Lemma 4.6 is sufficient to ensure that, for any f € Az’; JR™),
the convergence in (4.4) takes place in §’'(R™). Indeed, in view of Remark 3.9, without
loss of generality, we may assume that f € Bg; .(R™). Then, by Lemma 4.6, we see that
the convergence in (4.4) takes place in §'(R"™).
Next, we consider the synthesis part of Theorem 4.5.

LEMMA 4.7. Let s € (0,00), a1, 0, 3,7 € [0,00), a € (No + az,00) and g € (0, co].
Suppose that w € Wg? .. Assume, in addition, that K € Zy and L € Z, satisfy (4.1),

(42) and (43) Let \ := {)\jk}jezJ“keZn € az”;a(R”) and M = {gﬁjk}jGZ+,k€Z” be a
collection of (K, L)-molecules. Then the series

F=Y0 A
=0 keZn

converges in 8'(R™) and defines an element in AZ’;G(R“). Furthermore,

1l oy DX o
with the implicit positive constant independent of f.

REMARK 4.8. One of the differences from the classical theory of molecules is that there
is no need to distinguish Besov-type spaces and Triebel-Lizorkin-type spaces. Set o), :=
max{0,n/p —n}. For example, recall that in [92, Theorem 13.8] we need to assume

L > max(—1,|op — s]) or L > max(—1, |max(cy,04) — s|)

according as we consider Besov spaces or Triebel-Lizorkin spaces. However, our approach
does not require such a distinction. This seems due to the fact that we are using the
Peetre maximal operator.

Proof of Lemma 4.7. The convergence of f in &'(R™) is a consequence of Lemma 4.6.
Let us prove HfHAZUaT ®) S ||)‘||a72” (rn)- To this end, we fix 2 € R" and j,l € Z. Let
»q,a 1q,a
us abbreviate ), n Aip9x to fi. Then we have

gln—(j—1)(L+1) Nk
Supz e I "—lejzl;
loj * fi(z + 2)| 2€R™ | S (1+2"z))*(1 + 2"z + z — 27'k])
sup ———— "7 < € ‘ )
zern (14 27]z)e ™ 27— (=D EAD | ,

, J<l

= 1+ 221 + 2|z + 2 — 2 1k[)M

kezr
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by Lemma 2.10, where M is as in (4.5). Consequently, by virtue of the inequalities
1+ 27)z| <14 220Dz for all z € R™ and j,1 € Z, we have

|pj * fr(z + 2)]
sup A
zerr (1427]z])e

2lnf(j*l)(L+1)(1+2l|w|)—a’)\l xou,, (2 + )
m m . > l.
z,i}lgﬂ){”{ Z Z (1 +21‘q;—|—2; — —lk‘)M P 2

< mezZ" keZn
- 29m+(-IX K+1)(1+21|w!) At | XQu (T + W) ,
sup E E - lm rm , j<l
zweRn | L 14 27|z 4 2z — 27 1k|)M

By

2ln 9Jjn < 1 p
+ 4 ol e
D ) L DN (R PR L wr

and M € (a3 + 9 + n,00), we conclude that

90— (=D (L+1) [Sup At X Qi (7 + w)} sl
. lpj * filz + 2)] - mezn LweR™ (1 + 2Hwl)e (1.10)
ze]é21 (L+27[z)> ™ 9= (K+1) [sup [Aom | XQun (7 + w)] Jj<l. ‘
PR i iminal §

If we use (4.3) and Lemma 2.9, then we obtain the desired result, which completes the
proof of Lemma 4.7. O

With these preparations in mind, let us prove Theorem 4.5. We investigate the case of

F.T (R™), other cases being similar.

L.q,a
Proof of Theorem 4.5 (Analysis part). Let L € Z, satisfying (4.1) be fixed. Let us choose
U, 1 € C°(R™) such that

supp ¥, supp ¢ C {x = (z1, 22, - ,zy) : max(|z1], |x2], - ,|zn]) < 1} (4.11)

and that
W(x)z’ de =0 (4.12)
RTL

for all multiindices 3 with |||y < L and that ¥ ¥ + > o1 ¥ xtj = dp in S'(R™), where
;== 29M1)(27.) for all j € N. Then, for all f € FZZG(R"),

F=UsWuf4 ) ey« f (4.13)

j=1

in §’'(R™). With this in mind, let us set, for all j € N and k € Z",

Mok = /Q U )|y, g = 2 / iy % £()] dy (4.14)

Qjik
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and, for all x € R",

L Wy )y, Ae) = [ (e — )i+ fy) dy. (4.15)

Aox(z) :
)‘jk Qjk

_/\70]“ Qok

Here in the definition (4.15) of 2, for j € Z4 and k € Z", if A\j;, = 0, then accordingly
we redefine 25, := 0.

Observe that f:=>272 37 70 Akl in §'(R™) by virtue of (4.13) and (4.15). Let us
prove that 2, given by (4.15), is an atom supported near Q;; modulo a multiplicative
constant and that A := {\jx} jen, kezn, given by (4.14), satisfies that

w,T < w,T
1M ger ey S e @m)- (4.16)
Observe that, when x + 2 € Qji, then by the Peetre inequality we have

2Im
(14 27]z])e

2im

/ijh/}j*f(y)dy:(lew)a

/ % fz + 2 — y)| dy
z+2—Qjk

jmn
< 2

~ /Hz_cgjk (14 2[z[)*(1 + 27y])

27
< : |ty = flx+2z—y)ldy
/$+Z—ij (1 + 2‘7“2 - y‘)a !

< qup Mo f@—w)|
wekn (L + 2[w])?

—[j * flx+ 2 —y)ldy

Consequently, we see that

gin | vy * £z = 2)
wi%ik{<1+2f|x—wr>a fy e (y)'dy}gféﬁ@ (iroppe - @

In view of the fact that {Q;i}rezn is a disjoint family for each fixed j € Z4, (4.17) reads
as

1 [ * flz — 2)|
sup —————— AikX0, (x4 2)| S sup ———— . 4.18
zern (14 27]z])@ ,gz:n X ) zern (14 27]z]) (415)
In particular, when j = 0, we see that
1 U« f(x — 2)]
Sup ———— Aok X r+2)| S sup ———————. 4.19
sern (14 |2])0 ng:n Qo ( ) cern (L+ |2])° (4.19)

Consequently, from (4.18) and (4.19), we deduce the estimate (4.16).
Meanwhile, via (4.11), a direct calculation about the size of supports yields

Supp(mjk) C ij + supp(wj) C 3ij (4.20)
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and that there exists a positive constant C'5 such that

9i(la]1+n)

U ()| =
() = Ty

0%p(27 (z — )by * f(y) dy| < Cz27191 (4.21)
Qjk

for all multiindices @ as long as \j; # 0.

Keeping (4.20) and (4.21) in mind, let us show that each 2 is an atom modulo a
positive multiplicative constant Z” al, <k Ca- The support condition follows from (4.20).
The size condition follows from (4.21). Finally, the moment condition follows from (4.12),
which completes the proof of Theorem 4.5. 0

4.3 The regular case

Motivated by Remark 4.8, we are now going to consider the regular case of Theorem 4.5.
That is, we are going to discuss the possibility of the case when L = —1 of Theorem 4.5.
This is achieved by polishing a crude estimate (2.17). Our result is the following.

THEOREM 4.9. Let K € NU{0}, L = —1, a1,a9,a3,7 € [0,00) and g € (0, oo]. Suppose
that w € x — W23 . Assume, in addition, that (3.27) and (4.2) hold true, and that

1,02 "
O0>a3+d+n+y—nrT—a (4.22)

and
ay >nt, K+1>ag+nr. (4.23)
Then the pair (Ap; (R™),ap, (R™)) admits the atomic / molecular decompositions.

To prove Theorem 4.9 we need to modify Lemma 2.9.
LEMMA 4.10. Let D1, D3, oy, as,a3,7 € [0,00) and q € (0,00] be parameters satisfying
Di4+a1 >0 and Dy — as >nr.

Let {gv}vez, be a family of measurable functions on R™ and w € » —Wg? ... For all
JjE€Zy and x € R™, let
Gj(x) = Z 2_(V_])Dlgu(x) + 22_(]_V)D29u(x)'
v=j+1 v=0
Then (2.13) through (2.16) hold true.

Proof. The proof is based upon the modification of (2.19).
If, in Definition 3.12, we let ¢ := 2% and s := 27/ for j,v € Z, with v > j, then we
have
wi(z) S 2010y, (). (4.24)

If, in Definition 3.12, we let t = 277 and s = 27" for j,v € N with j > v, then we have

wj(z) < 2020w, (z). (4.25)
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If we combine (4.24) and (4.25), then we see that

a1 (j—v) > q-
wilw) < 42T wl@), v 2 j; (4.26)
I 202Uy (2), v <

for all j,v € Z,. Let us write

(P) = x| &

Jj=jpV0

q 1/q

J
3 w2-iiDg,

v=0

L(R™)
o qq1/q

1 > .
= o(j—v)D
o R I
Jj=jpVO [v=j+1
L(R™)
where P is a dyadic cube chosen arbitrarily.
Let us suppose ¢ € (0, 1], since when ¢ € (1,00], an argument similar to Lemma 2.9

works. Then we deduce, from (4.26) and (£4), that

) 1/q
1 - ” —(§—v)(D2—a2)q q
I(P) SW XpP Z 22 |wV.gl/|

7=3pVOr=0
L(R™)

1/q

1 o0 o0 )
Fopr e | 22 3 2P g,

j=iPVOv=j+1
L(R™)

by virtue of (W1) and (2.21). We change the order of summations in the right-hand side
of the above inequality to obtain

1/q

(P) S e [0 30 20

v=0 j=vVjpV0

L(R™)
o y 1/q
1 —(v—3 «
Fpp e | 2 X 2P

v=jpV0j=jpVO0

L(R")

Now we decompose the summand with respect to v according to j > jp V0 or j < jp V0.
Since Dy € (a2 +nT,00), we can choose € € (0,00) such that Dy € (ag +n7 +€,00). From
this, Dy € (—ai,00), the Holder inequality, (£2) and (£4), it follows that

I(P) S Hov}vez Nl cwaen z,))

ipV0 oo
e b o SR
v=0 j=35pV0

L(R")
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92— (ipV0)(D2—az—¢) ipV0 o
S Hovtvezy e @a@n zyy) + - xp Y 2/P2m02m) g, | ;
‘P‘ v=0 L(R™)

which is just (2.22). Therefore, we can go through the argument same as the proof of
Lemma 2.9, which completes the proof of Lemma 4.10. 0

Proof of Theorem 4.9. The proof of this theorem is based upon reexamining that of The-
orem 4.5. Recall that the proof of Theorem 4.5 is made up of three parts: Lemma 4.6,
Lemma 4.7 and the analysis condition. Let us start with modifying Lemma 4.6. By (4.22),
we choose M € (a3 + d + n,00) so that

—v+a1—M+nt>0 and N >L+2n+a3+0. (4.27)

Assuming that w € x—=Wg? , , we see that a; in the proof of Theorem 4.5 and the related
statements can be all replaced with —a;. More precisely, (4.7) undergoes the following
change:

w(0,1) < (14 |z])*3279% () for all z € R™ and j € Zy.
Assuming L = —1, we can replace (4.9) with the following estimate: for all j € Z, and

k ez,

5 2_j(—7+a1—M+”T)(1 + |k’)_M+a3+5||)\Hb?T (R™)

Njk /n Mjr(v)p(x) d

Since we are assuming (4.27), we have a counterpart for Lemma 4.6, that is, the series
f=22320 2 kezn ik converges in S'(R™).

Next, we reconsider Lemma 4.7. Lemma 4.7 remains unchanged except that we substi-
tute L = —1. Thus, the concluding estimate (4.10) undergoes the following change:

Jj=>1

[ il )

sup loj * flz + 2)| _ ) ez Lwek (1 + 2'w])e

z€R" (1"‘23’2‘)(1 ~ 2(j—l)(K+1) |:Sup ‘)\lm|Xle($+U)):| . < l
iz lwern (14 2Mwl)e

Assuming (4.23), we can use Lemma 4.10 with D; =0 and Dy = K + 1.

Finally, the analysis part of the proof of Theorem 4.5 remains unchanged in the proof
of Theorem 4.9. Indeed, we did not use the condition for weights or the moment condition
here.

Therefore, with these modifications, the proof of Theorem 4.9 is complete. O

4.4 Biorthogonal wavelet decompositions
We use biorthogonal wavelet bases on R, namely, a system satisfying

<¢)0( - k)’,JO( - m)>L2(R) = 6k,m (k7m € Z),
(221 (20 —k), 22N (27 - —m)) 2wy = Oy vmy (s Ky Vi € Z)
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of scaling functions (wo,zzo) and associated wavelets (zpl,{pvl). Notice that the latter in-
cludes that, for all f € L?(R"),

F= 2" N2 k) ey (20 k)

kel

= Z 2 (f, N0 —k)) oyt (27 - —k)
kel

=D L=’ =R+ D AU k) ey (2 k)
kEZ (4,k)EZ4 XL

=D (£ =M@y’ =R+ D 2NN k) @y (2 k)
keZ (4,k)EZL XL

holds true in L?(R). We construct a basis in L?(R™) by using the well-known tensor
product procedure. Set E := {0,1}" \ {(0,...,0)}. We need to consider the tensor
products B

U= @7 ¢% and U= QT 9%

forc:= (c1,-++,¢) € {0,1}™. The following result is well known for orthonormal wavelets;
see, for example, [6] and [94, Section 5.1]. However, it is straightforward to prove it for
biorthogonal wavelets. Moreover, it can be arranged so that the functions ¥°, !, %, !
have compact supports.

LEMMA 4.11. Suppose that a biorthogonal system {\Ifc,\ffc}ceE is given as above. Then
for every f € L*(R"),

F= >0 Y (fTC— k)@ — k)

ce{0,1}n kezZn

EST ST (PR k) gy 222 k)

cEE j=0 keZn
with convergence in L?(R™).

Notice that the above lemma covers the theory of wavelets (see, for example, [10, 26,
41, 94] for the elementary facts) in that this reduces to a theory of wavelets when 0 = 0
and ! = 9. In what follows we state conditions on the smoothness, the decay, and the
number of vanishing moments for the wavelets !, 4" and the respective scaling functions
0,140 in order to make them suitable for our function spaces.

Recall first that a1, a9, as, d, vy, 7 are given in Definition 3.1. Suppose that the integers
K, L, N satisfy

L>a3+d6+n—14+~v—n17+ o, (4.28)

N>L+a3+6+2n (4.29)

and
K+1>ay+n7m, L+1>a;. (4.30)
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Assume that the CK (R)-functions 4°, 9! satisfy that, for all a € Z with a < K,

()] + [0 () S (L+ )N, teR, (4.31)
and that
/ tPl(t)dt =0 (4.32)
for all 8 € Z with 8 < L. Similarly, the integers K , Z, N are supposed to satisfy
L>a3+254+n—1+~+max(n/2, (s —7)4), (4.33)
N>L+az+25+2n (4.34)
and B N
K+1>a1+4+7v, L+1>max(n/2,(as —7)4). (4.35)

Let now the C[?(R)—functions {/;0 and zbvl satisfy that, for all & € Z4 with o < K,

0°00)] + 1% O S L+ [th) N, teR (4.36)
and that, for all 8 € Z, with 8 < L,

/t%l(t) dt = 0. (4.37)
R
Assume, in addition, that

K+1>L>2a+nr, N>a+n. (4.38)

Observe that (4.31) and (4.32) correspond to the decay condition and the moment
condition of ¥° and %' in Definition 4.2, respectively. Let us now define the weight
sequence

T ()] "L A 2972 ¢ st
W](SU) = [wj (aj)] N2 / Wm?a,x(n/? (@2+7=7)4), (1 +y—T)+

(4.39)
where z € R" and wj is defined as in (3.29).
If a € (n 4+ a3,00), using Proposition 9.5 below, which can be proved independently,

together with the translation invariance of L>°(R") and L'(R™), we have

HfHBgo,oo,a(Rn) ~ Sup 10 () * f)”Loo(Rn [ralr (Rm) ™ Z 1pj (@5 * )l (R™) (4.40)

]€Z+ 1,1,a

for all f € S/(R™) and p € W53 See also [45, Theorem 3.6] for a similar conclusion,

ag,a"
where the case when p is independent of j is treated. Thus, if we assume that

a>mn+oaz+9, (4.41)

we then see that

1712 ey ~ S0 W57 (25 % Pl 17,y ~ ZHW 5% D)l gen)-

J€+ 1,1,a
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Observe that (4.33), (4.34) and (4.35) guarantee that B1 1.a(R™) has the atomic/molecular
characterizations; see Theorem 4.5 and the assumptions (4 28), (4.29) and (4.30). Indeed,

in A7 (R™), we need to choose

A=B,LR") =L'R"), ¢=1,w=W,7 =0,
and hence, we have to replace (a1, ag, ag) with
(max(n/Q, (a2 - 7)+)a oy +7,a3 + 5)

and Ny should be bigger than n. Therefore, (4.28), (4.29) and (4.30) become (4.33), (4.34)
and (4.35), respectively.
In view of Propositions 3.19 and 3.20, we define, for every ¢ € {0,1}", a sequence

{Aj,k}jeZJr,keZn by
;;,k = )\jc,k(f) = <fa 2jn/2{ijc(2j : 7k;)>7 j € Z+a ke va (4'42)

for a fixed f € BOVL/:J (R"). In particular, when ¢ = 0, we let A7, = 0 whenever j € N.
It should be noticed that K and K can differ as was the case with [68].
As can be seen from the textbook [6], the existences of 1?4, 9% 1! are guaranteed.

Indeed, we just construct 10, ¢! which are sufficiently smooth. Accordingly, we obtain
wo ¢1 which are almost as smooth as 1°,%!. Finally, we obtain {®¢, <I>C}C€E

THEOREM 4.12. Let oy, a9, a3,7 € [0,00) and ¢ € (0, oo]. Suppose that L(R™) satisfies
(L£1) through (L£6), w € W53 . and a € (Ny + as3,00), where Ny is as in (L£6). Choose

al,a9
scaling functions (4°,1°) € CK(R) x CK(R) and associated wavelets (1/11 Pl € CE(R) x
CE(R) satisfying (4.31), (4.32) (4.36), (4.37), where L,L,N,N,K,K € Z, are chosen
according to (4.28), (4.29), (4.30), (4.33), (4.34), (4.35), (4.38) and (4.41). For every
f e BOVK;;(R”) and every ¢ € {0,1}", the sequences {AS, }jez, kezn in (4.42) are well
defined.

(i) The sequences {AS; }jez, kezn belong to a%:;a(R”) for all ¢ € {0,1}" if and only if
feAST (R™). Indeed, for all f € ng;ﬁ (R™), the following holds true:

> G500 TC — k)Y ez ez llapr @n
cef{0,1}n

+ ) 2P k) Yiezy ke lapr @my ~ Ifllaws @y s
cekl

Eqa

where “co0” is admitted in both sides.

(ii) IffEAEqa( ™), then
= ) D AT R+ ZZ D NS0 - —k) (4.43)
ce{0,1}n kez" ceE j=0 kezZn

in S'(R™). The equality (4.43) holds true in AZ’;&(R”) if and only if the finite sequences
are dense in ay’, ,(R™).
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Proof. First, we show that if f € A7 (R"), then (4.43) holds true in §'(R™). By (4.40)
and (4.39), together with Proposition 3.19, the space Aﬁqa(R”) can be embedded into

BY | 1(]R”) which coincides with BY | (R™), when a satisfies (4.41). Fixing ¢ € {0,1}"

00,00,a

and letting {/\J,k}]eZJF,keZ" be as in (4.42), we define

=) A§LTO( — k) +Z DN 222 k). (4.44)

kez™ j=1 keZm

Noticing that W¢(27 - —k) is a molecule module a multiplicative constant, by Lemma 4.7,
we know that f¢ € A (R") and

1 azr ey S IH85.0A6 1 sezs heznllapr @my + I{AT kYiezy keznllawr @)
~ {850(%, T(- _k)>}j€Z+,k€Z"Ha“’T (®R")
H{(fe, 2200 (20 k) Yiezy hezn lapr ey

Then we further see that f€ € BOVOV; (R™).
We now show that f =3 crg13n [€. Indeed, for any

F e B (R") (< BI2(R") — L*(R")), (4.45)

if letting A§ , (F) = (F, Ue(- — k) for all k € Z", and XS, (F) = 2"/(F,¥°(2 - —k)) for
all j € Z4 and k € Z", then by Theorem 4.5, we conclude that

> XS, )Yz, kezn oy, wny S IFll gy, (rn)- (4.46)

ceFE

From Lemma 4.11 and (4.45), we deduce that the identity

ST TARENCC— k) + Y DTN TN ()220 k) (4.47)

ce{0,1}™ kezn ceFE j=1 kezn

holds true in L?(R™); moreover, by virtue of (4.46), we also see that (4.47) holds true in
the space Bﬂ/l (R™).

Let g := ZCG{O,I}" f€. Then we see that g € BOV‘C{; (R™). By Propositions 3.20, together
with (4.44) and (4.47), we see that g(F') = f(F) for all F' € B}’VJ(R”), which gives g = f
immediately. Thus, (4.43) holds true in S'(R™).

Thus, by Lemma 4.7 again, we obtain the “2” relation in (i). Once we prove the “<”
relation in (i), then we immediately obtain the second conclusion in (ii), that is, (4.43)
holds true in A7 (R") if and only if the finite sequences are dense in a,; ,(R™).

So it remains to prove the “<” relation in (i) which concludes the proof. Returning to
the definition of the coupling (f, 2024 (27 . —k)) (see Proposition 3.20), we have

(f, 272002 - —k)) = 22D x @5 U0 —k)) + Y 2oy % f 00 % UO(2T - —k)).
/=1
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In view of Lemma 2.10, we see that, for all j, £ € Z,, k € Z" and x € R",
|2jn¢£ % {IV,C(ij o k‘)| 5 2min(j,£)n—|€—j\f(1 + 2min(j’£)|l‘ o 2—jk|)—ﬁ
and hence, if N > a+ n (see (4.38)), by the fact that 2! < 2mnGD+i~ we derive

27" (g = f, 00 WE(2T - —k))|
< 2min(j,€)n—|€—j|Z/ |()DZ * f(l')‘ _
~ R (14 2minG) |z — 2-7 )N
< quinGOn-1e—31L g e x f(y)] / (1+ 2z —279k|)" _
- yern (1+ 2y —279k[)® Jgn (1 4 2minG.0)|z — 2-ik|)N

< g l-ilE-a) g, 1P FW)]
- yern (1+ 2y —277k[)e

with the implicit positive constant independent of j, ¢, k and f. A similar estimate holds
true for 207/2(® x f, & (27 - —k)). Consequently, by (1+ |y|)(1+ |z]) < (14 |y + 2|) for
all y, z € R", we see that, for all x € R,

S S 2 ek £ x T2 —k)) @, ()

kezn =1

e ~
< 2*‘€*j|(L*a) |g04 * f(y)‘ |
- keZZ"e—Zl ;55 (1+2é|y—2—JkDaXij(x)

N o 1—il(F—2a oo f(y
< Y0 S o lE) gy loe * f(y)] Yo, (@)

Py = yetn (1+ 2y — a])°

< i o-le=il(T-20) g1 loe* fy)]
Bt yern (14 2y — 2[)*’

which, together with Lemma 2.9, implies the “<”-inequality in (i). This finishes the proof
of Theorem 4.12. O

REMARK 4.13. (i) As is the case with [68], bi-orthogonal systems in Theorem 4.12 can be
replaced by frames.

(ii) The wavelet characterizations for some special cases of the function spaces in The-
orem 4.12 are known; see, for example, [27, 29, 31, 94].

5 Pointwise multipliers and function spaces on domains

5.1 Pointwise multipliers

Let us recall that B™(R") := Njq,<m {f € C™(R™) : 0°f € L=(R")} for all m € Z,.
As an application of the atomic decomposition in the regular case, we can establish the
following result.
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THEOREM b5.1. Let a1, ag,a3,7 € [0,00) and q € (0, oo]. Suppose that w € x — W53

1,02 "

Assume, in addition, that (3.27) holds true. Then there exists mo € N such that, for all
m € B™(R"), the mapping f € S(R") — mf € B (R") extends naturally to A7 (R")
so that it satisfies that

Imfllper @ny Sm 1 fllper @ny  (f € Brg (RY),

HmeFZ;;a(Rn) S 1l g wny  (f € Fpol (R™),

Imfllaer @y Smllfllaer @y (F € Npga(RY)

and
Imflewr gy Sm Fllexe @y (F € E27, (")),

Proof. Due to similarity, we only deal with the case for B} w oo (R™).
Let aq, ag and ag fulfill (4.22) and (4.23). We show the desired conclusion by induction.
Let mo(w) be the smallest number such that w* € W3, | where w(x) := 270V, (1)

a1
for all v € Z; and z € R™. If mg(w) can be taken 0, then we use Theorem 4.12 to find
that it suffices to define

(mfC) = D D AGHmOT =R+ )Y A m ()2 P2 - k),
ce{0,1}n kezn cCE j—0 kezn

which, together with Theorem 4.9 and the fact that m(-)2/%/2W¢(2/ . —k) is a molecule
modulo a multiplicative constant, implies the desired conclusion in this case. Assume now
that our theorem is true for the class of weights mo(w) € {0,1,--- , N}, where N € Z,.
For mo(w) = N + 1, let us write f = (1 — A)~1f — > i1 9;2(1 — A)~1f. Then we have

mf=m(l—A)"1f— Zma (1—A)"Lf

=m(l—A)"1f— Zaj (ma;(1 = A)71 )+ (95m)d; (1= A)7Hf).

j=1 j=1

Notice that (1 — A)™1f and 9;((1 — A)~1f) belong to the space BZ”:E&T(R”), where we
write w}*(x) := 2Yw,(x) for all v € Z; and = € R™. Notice that mo(w**) = mo(w) — 1.
Consequently, by the induction assumption, we have

—1 -1
(L= 8)~ fllsgz ey < (L= B)7 ) e
Son L= ) gy S 1 7 oy
Analogously, by Proposition 3.18 and Theorem 3.10, we have

10; (mdy(1 = A1) iz ooy S Im5(L = A gy
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-1
Smoll0;(1 — A) f”BZU”:;[(Rn) Sm HfHBZ”;;a(Rn)
and

1@5m); (1= 8)7 1) gz ey < 1@y (1= 8)7F) e

Sm 105 (A= 2) 71 ) ger @y Sm I B2 ),

which completes the proof of Theorem 5.1. O

5.2 Function spaces on domains

In what follows, let Q2 be an open set of R™, D(2) denote the space of all infinitely differen-
tiable functions with compact support in Q endowed with the inductive topology, and D’(2)

its topological dual with the weak-* topology which is called the space of distributions on
Q.

Now we are oriented to defining the spaces on 2. Recall that a natural mapping
feSR") — fIQeD Q)
is well defined.

DEFINITION 5.2. Let s € R, a € (0,00), a1,a2,a3,7 € [0,00) and ¢ € (0, co]. Let
w e W

a1,02"

(i) The space By, ,(©) is defined to be the set of all f € D'(Q) such that f = g|Q for

w,T

somegEBﬁqa

(R™). The norm is given by
1Bz (@) = mt{llgllper @ : g€ By R, f=glQ}

(ii) The space Fg;a(ﬂ) is defined to be the set of all f € D'(2) such that f = ¢|Q for
some g € F.7 (R"). The norm is given by

1A lEer @) = nf{llgllper ey 9 € Fr g (RY), f= g0}

(iii) The space N7 () is defined to be the set of all f € D'(Q) such that f = g|Q for

w,T
some g € 57’(17(1

(R™). The norm is given by
Flve oy = bl ey + 9 € NETLRY), £ = 9|02,

(iv) The space 520,’;@(9) is defined to be the set of all f € D'(Q) such that f = g|Q for

some g € £, (R™). The norm is given by

Iflewr o = inf{lgllezr @) = 9 € ELTLRY, | =gl0}.
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A routine argument shows that B (Q), Fp.,(Q), &7 ,(Q) and N7 (Q) are all
quasi-Banach spaces.
Here we are interested in bounded Lipschitz domains. Let x : R*~! — R be a Lipschitz
function. Then define
Qv i ={(2,zn) R : z, > k(2))}

and
Q- ={(2,z,) ER" : z, < k(2')}.

Let o € S, be a permutation. Then define
Qo = {(2,2,) €ER" : (2!, 1) € Qe+t

By a Lipschitz domain, we mean an open set of the form

J I
U Uj(ijri-) a 7i(Qg;,-),
j=1 i=1
where the functions fi, fo, -+, f7 and g1, g9, - ,gr are all Lipschitz functions and the
mappings o1,092,-- ,05 and 11, 7e,--- , Tk belong to S,. With Theorem 5.1, and a parti-

tion of unity, without loss of generality, we may assume that {2 := 2, 1 for some Lipschitz
function k : R™ — R. Furthermore, by symmetry, we only need to deal with the case when
Q:=Q 4.
To specify, we let L be the positive Lipschitz constant of k, namely, the smallest number
L such that for all 2/, y' € R* ! |k(2') — k(y/)| < L]z’ — 3/|. Also, we let K be the cone
given by
K :={(2',z,) e R" : L|2'| > —z,}.

We choose ¥ € D(R™) so that supp® C K and [, ¥(z)dx # 0. Let
O(z) = V(z) - V_i(z) = ¥(z) — 27"T(2712)

for all z € R™. Let L > 1 and choose 7, ¥ € CX(K) so that ¢ := n — n_1 satisfies
the moment condition of order L and that ¢ x ¥ + 372, ¢ x ® = § in S’'(R"). Define

MSE, f(x), for all j € Z,, f € D'(Q) and z € R™, by

2=J,a

( [T f(y)]

sup ; = 0;
MQ ) yeQ (1 + ’33 - yDa
0l (0) = 275 /()
sup . , J€N
yeo (1+ 2]z —y[)?
Uy — -
~ ) yea (L + ]z —yl)
= Pi(y — -
o M W=D o
\ y€N (1 + 2]’x - y’)a
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Observe that this definition makes sense. More precisely, the couplings (f, ¥(y — -)) and
(f,®(y —-)) are well defined, because ¥(y — -) and ®’(y — -) have compact support and,
moreover, are supported on {2 as the following calculation shows:

supp(¥(y — ), supp(®/(y —)) Cy — K C{y+ 2z : |za| > K[|2'|} C Q.

Here we used the fact that () takes the form of ) := ), | to obtain the last inclusion.

In what follows, the mapping (2/, x,,) — (2/,2k(2’) — 2,,) =: (v, yy) is called to induce
an isomorphism of L(R™) with equivalent norms, if f € L(R™) if and only if gf(v/, yn) ==
f(@,26(2") — 2n) € L(R") and, moreover, || f|zgn) ~ 97l c@n)-

Now we aim here to prove the following theorem.

THEOREM 5.3. Let 2 := . 4 be as above and assume that the reflection
v (2 x) = (2, 26(2) — )

induces an isomorphism of L(R™) with equivalent norms. Then

(i) f € By () if and only if f € D'(Q) and

H {XQMgfj,af}

< 005

I€L+Nlea(cw (R Z4))

and there exists a positive constant C, independent of f, such that

Ol o0 < [{xoMEsof}

. <Clfllper () (5.1)
€2+ Nl ga(Lw (Rr 24)) Elaal®

(ii) f € Fp,(Q) if and only if f € D'() and

< 00

H{XQMS;—]-,J}

JE€L+ |l cw (0a(Rn Z.4))

and there exists a positive constant C, independent of f, such that

Mgy < |{xar of)

< CHIfllper
JEL+ || w (pa (R 2 )) £ga ()’

(iii) f € Z),;;a(Q) if and only if f € D'(Q) and

< 0
aNLY (R Z4))

ME, .S}
H{XQ 2 Jyaf ez,
and there exists a positive constant C, independent of f, such that

O W lgg o0 < [ {xa8 o} < Cllf e oy

I€L+ 1l ea(N L (R Z4))
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(iv) f € &7 (Q) if and only if f € D'(R?) and

L,q,a
ML, }
H{XQ 2 J7af ]€Z+

and there exists a positive constant C, independent of f, such that

{XQM%@J}

< 0
EL¥ (0a(R" Z1))

C_IHngZU,’;,a(Q) < < CHfHEZ’;a(Q)-

I€L+llgLw(ea(Rn 2.1))

Proof. By similarity, we only give the proof of (i). In any case the second inequality of (5.1)
follows from Corollary 3.6. Let us prove the first inequality of (5.1). Let f € B,/ (Q).
Choose G € B, ,(R") so that

Go=[, fllser. @ <IGlper @y <20fllser @)
Define F' by
o0
F::w*\I/*G+Z<pj*<I>j*G.
j=1
It is easy to see that F|Q = f and F' € S'(R"), since ¢ * ¥ + 372, 0 %+ ® =6 in
S'(R™). Then Ifllper (@) S IFlper (gny- To show the first inequality of (5.1), it suffices
1q,a ,q,a
to show that

1Py, e 5 [{xaME of}

I€L+ |l ga(Lw (R Z4))

Since

)

Py, e 5 [{ M0}
- T

JELy

we only need to prove that

{Mg_j’“f}jez;+

To see this, notice that if (2/,x,) € Q and (v, y,) € Q, since k is a Lipschitz mapping, we
then conclude that

: ,E H{XQMg—j,af}

0a(Lw (R Z) J€L+ llpa(cw (R Z4))

|$l - y,‘g + yn + T — 2’45(%0‘2
~la =y P 4y — 5(Y) + 20 — K()
~a =y P+ g — 5(Y) = 20 + w2 + |K(Y) — k()]
22" =y P+ lyn — @nl® ~ o -y,

From this, together with the isomorphism property with equivalent norms of the transform
(@, 2y) € R"\ Q (2, 26(2") — z,,) € Q, we deduce that

‘ {an\QMg—jﬂf}

which further implies the first inequality of (5.1). This finishes the proof of Theorem
5.3. O

N
ta(Lw (B Z,))

)

'{XQMg—j,af}

JEL+ J€L+ |l pa(Lw (R Z.4))
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To conclude Section 5, we present two examples concerning Theorem 5.3.

EXAMPLE 5.4. Tt is absolutely necessary to assume that (', x,) — (2, 2k(2) —2;,) induces
an isomorphism of £(R™) with equivalent norms. Here is a counterexample which shows
this.

Let n =1, L(R) := L*((1 + tx(0,00)(t)) ™ dt) and w;(x) :== 1 for all z € R and j € Z.
Consider the space Bg’?)o 5((0,00)), whose notation is based on the convention (3.1). A
passage to the higher dimensional case is readily done. In this case the isomorphism is
t € R+— —t € R. Consider the corresponding maximal operators that for all f € D’(0, 00)
and t € R,

0, Y f(s
MO ft) = sup LI
se(0,00) (LH [t —s])

and, for j € N,

2 12 5€(0,00) (1+2J’t_8’)2
where ¢ and ¢ belong to C°((—2,—1)) satisfying ¢ = AL, and ¢,(t) = 27p(27t) for
all t € R. Let fo € C°((2,5)) be a function such that x34) < fo < X(2,5). Set fa(t) :=
fo(t —a) for all t € R and some a > 1. Then, for all ¢t € R, we have

2—2jL
1+t —a|)?

1

(0,00)
T " MR~

(Ooo)fa( )

Consequently, we see that

> 1
~ dt
> (L(RZ4)) /o 1+ )N (1 + [t —al)?

H{X(O"’O)Mgo‘,?vo;fa}je%

Let p: R — R be a smooth function such that x(g/5.) < p < X(3/2 ) I f € Bgooo 2(R”)
such that f[(0,00) = f,, then ||f||Boo LR = pr||Boo SE) S HfHB%OOOQ( )by Theorem

5.1. Consequently we have

1
Fall ooy~ Iollgho_gm ~ = (5.2)

Meanwhile,

Mg,
H{X(o,oo) 2 J,2f }jez+ £°(L(R,Z1))

N /°° dt
o (L+HNA+[t—al)?

/a/2 dt +/°° dt
o (+)NA+[t—a)? S L+)NA+ |t —al)?

/a/2 dt /00 dt 1
< + <
~Joo AHHNA+a)?  Jop T+ a)N (14|t —al)? ™ a?



52 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan

In view of the above calculation and (5.2), we see that the conclusion (5.1) of Theorem
5.3 fails unless we assume that (2/, z,11) — (2/,2k(2") — 2541) induces an isomorphism of
L(R™).

EXAMPLE 5.5. As examples satisfying the assumption of Theorem 5.3, we can list weak-LP
spaces, Orlicz spaces and Morrey spaces. For the detailed discussion of Orlicz spaces and
Morrey spaces, see Section 10. Here we content ourselves with giving the definition of the
norm and checking the assumption of Theorem 5.3 for Orlicz spaces and Morrey spaces.
i) By a Young function we mean a convex homeomorphism & : [0, c0) — [0, 00).
Given a Young function @, we define the Orlicz space L®(R") as the set of all measurable
functions f : R™ — C such that

1l = inf{A co): [ cp(f(f)’) ds < 1} .

Indeed, to check the assumption of Theorem 5.3 for weak-LP spaces and Orlicz spaces, we
just have to pay attention to the fact that the Jacobian of the involution ¢ is 1 and hence
we can use the formula on the change of variables.

ii) The Morrey norm || - || ;2 (gny is given by

zeR™, re(0,00)

1
e = s riE [/ \f(y)\“dy],
B(z,r)

where B(x,r) denotes a ball centered at x of radius r € (0,00) and f is a measurable
function. Unlike Orlicz spaces, for Morrey spaces, we need more observation. Since
t ot = idgn, we have only to prove that ¢ induces a bounded mapping on Morrey spaces.
This can be showed as follows: Let B(z,r) be a ball. Observe that |x — y| < r implies
|t(x) — t(y)| < Dr, since t(x) = (2/,2r(2’) — x,,) is a Lipschitz mapping with Lipschitz
constant, say, D. Therefore, «(B(x,r)) C B(«(x), Dr). Hence we have

. i 1
i [/ \fu(y))!“dy] JH/ ! (y)‘udy]
B(z,r) L {B(@r))
_ 1
<t [ If(y)l“dy]
B(u(x),Dr)

< D | fll e ey

which implies that ¢ induces a bounded mapping on the Morrey space M?%,(R™) with norm

less than or equal to D v, Asa result, we see that Morrey spaces satisfy the assumption
of Theorem 5.3.

6 Boundedness of operators

Here, as we announced in Section 1, we discuss the boundedness of pseudo-differential
operators.
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6.1 Boundedness of Fourier multipliers

We now refine Proposition 3.18. Throughout Section 6.1, we use a system (®,¢p) of
Schwartz functions satisfying (1.3) and (1.4).
For £ € N and a € R, m € C*(R"\{0}) is assumed to satisfy that, for all |o| < ¢,

sup < Ayp <00 (6.1)

Re(1,00)

R-n+20+2/0] / |8§m(f)|2 dg
R<[¢|<2R

and

[ 1ogm©P de < Ara < o 62)
|§l<1

The Fourier multiplier T, is defined by setting, for all f € S(R"), (?m\f) =mf.

LEMMA 6.1. Let m be as in (6.1) and (6.2) and K its inverse Fourier transform. Then
K e S'(R").

Proof. Let ¢ € S(R™). Then

o) = [ m@E@ = [ m@p@dt [ m©p© =L+

lg1<1
Let M =n — a + 1. For I;, by the Holder inequality and (6.1), we see that

m<2/ m(©)13(E)] de

k<|§|<2k+1

1L+ )™ Bl oo (rrn)
d
(1 + 2k)M /2k<|§|<2k+1 ‘m(§)| f

n ~ 1/2
P D i [ [ o
(1+2MM 2k <[¢]<2h+1

2| (1 + |2 )M Bl oo ()
(14 2k)M

AN

N

N
MR

S+ 12D &l oo ().

b
Il
o

For Iy, by the Holder inequality and (6.2), we conclude that

1/2
2| S NPl oo ) [/ ’m(§)2d§] S @ oo mny-
|§1<1

This finishes the proof of Lemma 6.1. O

The next lemma concerns a piece of information adapted to our new setting.
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LEMMA 6.2. Let W, ¢ be Schwartz functions on R™ satisfying, respectively, (1.3) and (1.4).
Assume, in addition, that m satisfies (6.1) and (6.2). If a € (0,00) and £ > a+n/2, then
there exists a positive constant C such that for all j € Z4,

[ Q) 10 v)2)| de < 02000,

where o = U and ;(-) = 279" (27+).

Proof. The proof for j € N is just [102, Lemma 3.2(i)] with ¢t = 277. So we still need to
prove the case when j = 0. Its proof is simple but for the sake of convenience for readers,
we supply the details. When j = 0, choose p such that p > n/2 and a + u < £. From the
Holder inequality, the Plancherel theorem and (6.2), we deduce that

2
[k )]
2V dz 2)2(ath) * N2 dz
S [ as [ ) P
S [ e < 9P d:
Z/ (K * W)( |2dz<2/ |0¢ [m )P dz <1,

lo|<¢ lo|<e 1€1<2
which completes the proof of Lemma 6.2. O

Next we show that, via a suitable way, T,, can also be defined on the whole spaces
Fp . " (R™) and BwT JR™). Let ®, ¢ be Schwartz functions on R" satisfy, respectively,
(1.3) and (1.4). Then there exist 7 € S(R"), satisfying (1.3), and ¢! € S(R™), satisfying
(1.4), such that

o0
O @+ ol ;= (6.3)

i=1
in §'(R"). For any f € F,  ,(R") or By ,(R"), we define a linear functional T, f on
S(R™) by setting, for all ¢ € S(R"),

(T f d) = [+ @ 5w K(0) + D f o] # 0y % ¢ % K (0) (6.4)

1€N

as long as the right-hand side converges. In this sense, we say Ty, f € S'(R™). The following
result shows that the right-hand side of (6.4) converges and T, f in (6.4) is well defined.
Actually the right-hand side of (6.4) converges.

LEMMA 6.3. Let ¢ € (n/2,0), a € R, a € (0,00), a1,a2,a3,7 € [0,00), ¢ € (0, <],
we W and f € F.7 (R) or BwT (R™). Then the definition of Ty, f in (6.4) is

ay,02 L.,q,a L,q,a
convergent and independent of the choices of the pair (®T,®, 1, ¢). Moreover, T, f €
S'(R™).
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Proof. Due to similarity, we skip the proof for Besov spaces Bg; o(R™). Assume first that

f € FwT JR™). Let (UT, W, 4T 1)) be another pair of functions satisfying (6.3). Since
pes (R”) by the Calderén reproducing formula, we know that

=Tl Tagp+ Y lagpxo

jeN
in S(R™). Thus,

f*(I)T*q)*gé*K(O)—l—Zf*cpj*gpi*qﬁ*K(O)
ieN

:f*cI)T*cI)* \IIT*\I/*czﬁ—FZ”(ﬂ;*%*(? * K (0)

jeN

—{—Zf*cp;f*gpi* \IJT*‘IJ*QZ)—i—ZwJTﬂwﬁJ*gb « K (0)
ieN jeN
= fx @t @ U5 Wa g5 K(0) + fx ®F % @59l 5 4py % ¢ x K(0)
i+1
el e o U g K(0)+ D> Y fegl syl 5 4hy % 95 K(0),

1€EN j=i—1

where the last equality follows from the fact that ¢; * ¢; =0 if |i — j| > 2.
Notice that

/nf*soi(y—zm(—y)dy <S> OEW\J/Q i % f(y — 2)| dy,

kezm

where M can be sufficiently large. By w € W3 _ .| we see that

oty
/Q i+ (y — 2] dy < 20014 22 g g,
ik
Thus, by Lemma 6.2, we conclude that
ST xgix ol x s xf x 9% K(0)]
1€N

=3 [ e elcaes] o5 Kol

i€EN
o 2m 1+2z z|)a3
< i(n—a1—nT) wir N ) )
<y lagg, o |3 St b )] dz
€N kezn

) 27iM
< Y2 g £ e (Rn)/ (14 27]2) /RHM_ZDMIW*J‘(@/)MW

€N
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DA ) [V YRS / (14 2|y i * f(y)| dy
ieN - e

S Z Qi(gn_al_nT_M)||f||AZ:;a(R”) 5 ”f”A’Z:;a(]R’ﬂ)a
€N

where a is an arbitrary positive number.
By an argument similar to the above, we conclude that

f*(I)T*é* \IIT*\II*qﬁ—FZw}*%‘*(ﬁ * K(0)
JEN

+Y frelwgin [ U Tro+ Y glxyixg |« K(0)] < oo,

€N jEN
which, together with the Calderén reproducing formula, further induces that

Fr0lx®xgx K(0)+ Y f*p]*pixp=K(0)
ieN

:f*(I)T*(I)* \IJT*\I/*¢+Z¢;*'¢]*¢ * K(0)
JjEN

+> el [ U aTap+ > w50 |« K(0)
ieN jEN
=[x U R U UxK(0)+ D fxlxp =0« K(0).
ieN
Thus, T}, f in (6.4) is independent of the choices of the pair (®f, ®, ¢, ¢). Moreover, the

previous argument also implies that T, f € S’'(R"™), which completes the proof of Lemma
6.3. O

Then, by Lemma 6.2, we immediately have the following conclusion and we omit the
details here.

LEMMA 6.4. Let « € R, a € (0,00), ¢ € N, &, U € S(R") satisfying (1.3) and ¢, €
S(R™) satisfying (1.4). Assume that m satisfies (6.1) and (6.2) and f € S'(R™) such that
Tmf € S'(R™). If £ > a+n/2, then there exists a positive constants C' such that, for all
z,y € R and j € Z,

(T f *95)(y)] < C279% (L4 27|z — yl)" (95 f)a(2)-
Now we are ready to prove the following conclusion.

THEOREM 6.5. Let a« € R, a € (0,00), a1, a2, a3, 7 € [0,00), g € (0, 00}, w € W33 and

1,002

w(z,277) = 29%0(x,277) for all z € R™ and j € Z,. Suppose that m satisfies (6.1) and
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(6.2) with ¢ € N and £ > a+n/2, then there exists a positive constant Cy such that, for all

fe FK;G(R”), HTmeFg’,;;a(Rn) < CleHFZU,l;a(R") and a positive constant Co such that,

for all f € BYT (R™), HTmf||B£a,T &) < C2||f||B’£”’;a(Rn)- Similar assertions hold true for
»q,a i

L,q,a
SZ’ZQ(R”) and E&TQ(R”).

Proof. By Lemma 6.4 we conclude that, if £ > a 4+ n/2, then for all x € R and j € Z,

2% (¢} (Timf)),, (%) S (@ fal).

Then by the definitions of /.7 (R") and By, ,(R"), we immediately conclude the desired
conclusions, which completes the proof of Theorem 6.5. O

6.2 Boundedness of pseudo-differential operators

We consider the class S?’#(R”) with p € [0,1). Recall that a function a is said to belong
to a class ST, (R") of C*°(R} x RE)-functions if

sup (1+[¢]) W= 970 a(w, )] S 51
z,EERM ’

for all multiindices @ and E . One defines, for all x € R,
a(X.D)(N)w) = [ alw &) f(e)e dg

originally on S(R™), and further on &'(R") via dual.
We aim here to establish the following in this subsection.

THEOREM 6.6. Let w € Wg? ,, with aq, a2, a3 € [0,00) and a quasi-normed function space
L(R™) satisfy (L1) through (L£6). Let € [0,1), 7 € (0,00) and q € (0,00]. Assume, in
addition, that (3.27) holds true, that is, a € (Np + a3, 00), where Ny is as in (£6). Then

the pseudo-differential operators with symbol SR”(R”) are bounded on Azu’ga(R”).
With the following decomposition, we have only to consider the boundedness of a(-,-) €

Sy, fy °(R™) with an integer My sufficiently large.

LEMMA 6.7 ([88]). Let p € [0,1), a € ST, (R™) and N € N. Then there exists a symbol
b e ST, (R") such that

a(X,D) = (14+A™)ob(X,D)o (1+ A2N)~1,
Based upon Lemma 6.7, we plan to treat
A(X, D) :=b(X, D)o (1+A*M)~! € 52V (R™)

and
B(X,D) :=A* ob(X,D)o (1+A*M)" 1 e s (R,

respectively.
The following is one of the key observations in this subsection.



58 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan

LEMMA 6.8. Let u € [0,1

1), w, q, 7, a and L be as in Theorem 6.6. Assume that a €
S?#(R”) satisfies that a(-, &) =

0 if |£| > 1/2. Then a(X, D) is bounded on AZJ’;&(R”).

Proof. We fix ® € S(R™) so that ®(¢) = 1 whenever |¢| < 1 and that ®(¢) = 0 whenever

€] > 2. Then, by the fact that a(-,£) = 0if [§| > 1/2, we know that, for all f € A)7 (R"),

a(X,D)f = a(X,D)(® * f). By this and that the mapping f € Ay, (R") = & f €
AIZ’; .(R™) is continuous, without loss of generality, we may assume that the frequency

support of f is contained in {|{| < 2}. Let j € Z4 and z € R™ be fixed. Then we have,
for all z € R",

~

o D) = [ oo =) | [ aln T as] ay

— / |:/ngpj(x—y)a(y,§)€i£y dy] f(&)d¢

— /n (/n 0j(x—y)aly, e dy>A (2)f(z) dz

by the Fubini theorem. Notice that, again by virtue of the Fubini theorem, we see that
([ oite=vatwrerar) &= [ | [ oo patreeay] ac

= /Rn il —y) [/Rn a(y, £)e v df] dy.

Let us set 7; := (47A) "L, with L € N large enough, say
L=la+n+oar+a+1].
Then we have 7; € S(R™) and ¢;(z) = 272 LAL7;(z) for all j € Z, and x € R™. Conse-
quently, we have
' A
[/R pi(x = ylaly, )e” dy] (2)
=2 / Tl —y)Ay [ /R _aly, e de | dy

by integration by parts.
Notice that by the integration by parts, we conclude that

Ay ( / aly, §)e V) d£>
R™
- Y[ [oawe] e

l&@1 1+ d2ll1=2L

— e L [0 a0b [€Ral.g] e

1 |2\ L
Ty = 2% sl
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Then, by the fact that a € SRM and a(+,&) = 0if |¢] > 1/2, we see that, for all £,y € R™,
(1= 80" (€205, ©)) | S xB02)(©). (6.5)

and hence, for all y, z € R",

28 ([, o 00| 5 e

Consequently, for all j € Z, and x,y, z € R™, we have

[ oo —matreay] @ s [ DR e
and hence
g (@(X, D))+ 2)| _ 2 2Llr(a + 2 —y)
: (1+27z])e /n/n 1+2J|z 7 (1+|y— w]) ’f( ) dy dw

QJLIT] z+z—y)
/n/n (T+|z))e(1 4+ |y — w| )L|f( w)| dy dw
|f(z 4 w)

<972l gyp MIET WL
wern (1 + [w])®

A similar argument also works for ® % (a(X, D) f) (without using integration by parts) and
we obtain

@ (@X DG+ S w)
CENET S A

With this pointwise estimate, the condition of L and the assumption that y < 1, we obtain
the desired result, which completes the proof of Lemma 6.8. O

If we reexamine the above calculation, then we obtain the following:

LEMMA 6.9. Assume that p € [0,1) and that a € S_2M°(R") satisfies a(-,§) = 0 if
2k=2 < |¢| < 282, Then a(X, D) is bounded on AZ;G(R”). Moreover, there exist a
positive constant E and a positive constant C'(E), depending on E, such that the operator

norm satisfies that

1a(X, D)Lz (s ar @ny < CLENZE,

L,q, a(
provided My € (1,00) is large enough.

Proof. Let us suppose that My > 2L + n, where L € N is chosen so that

L=la+n+a1+as+nr+1]. (6.7)
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Notice that in this time a(X, D)f = a(X, D)(X-F3 . i f) for all f € Apt J(R?).If we

go through a similar argument as we did for (6.6) with the condition on L replaced by

) ) . + ) )
(6.7), we see that, for all j € Z; and x,z € R"
/ (l‘ _ )CL( _)ei-y d " (Z) < 2—2jL+k(4L—2M0+n) / ‘Tj ($ - y)| d (6 8)

R 80] ) Y, Yy ~ N (1 + |y . Z|2)L Y. .

Indeed, we just need to replace (6.5) in the proof of (6.6) by the following estimate, for
all k € Zy, &,y € R" and multi-indices «, 8 such that ||«||1 + ||8]l1 = 2L,

)(1 - Aot (Eaafa(y, 5))‘ < 2HRCL=Mo)y b otz p(o.2x-2)(£).
By (6.8), we conclude that, for all j € Z; and =,z € R",

s * (a(X, D) f)(z + 2)
(1+27|z])
2 LAR(AL=2Mo+1) |1 (5 4 2 — )]
/n/n 1+ 21|21+ |y — w2 Z|‘Pk+l*f (w)] dy dw

3

S qup oSG 0)

2 ek (L 25Tl

< 272jL+k(4L72M0+a+n)
~Y

Consequently, we see that

|0i (D) (a(X, D)) (@ + 2)| o -2jL+k(aL-2Mo+a+n) sup lp+1(D) f(z + w)|
(14 27[z])® ~ werr (14 2k |w[)a
le[-3.,3)nz

(6.9)

Combining the estimate (6.9) and Lemma 2.9 then induce the desired result, and hence
completes the proof of Lemma 6.9. O

In view of the atomic decomposition, we have the following conclusion.

LEMMA 6.10. Let w be as in Theorem 6.6. Assume that a € S?’H(R”) can be expressed

as a(X,D) = A?Mo o b(X, D) for some b € S_QMO(]R"). Then a(X, D) is bounded on

AZ";G(R”), as long as My is large.

Proof. For any f € Aﬁqa( "), by Theorem 4.5, there exist a collection {21 }jcz. rezn
of atoms and a complex sequence {Aj;} ez, keZn such that f = Z?io Y kezn AjEjk in
S'(R™) and that H{)‘]k}j€Z+,k€Z"HawT ®) S HfHA“” (rn)- In the course of the proof
of [75, Theorem 3.1], we have shown that atoms {Qlj}f}]ez .+ kezn are transformed into
molecules {a(X, D)1} jez, kezn satisfying the decay condition. However, if a(X, D) =
A2?Mo o b(X, D), then atoms are transformed into molecules with moment condition of
order 2Mj. Therefore, via Theorem 4.5 by letting L = 2M, then completes the proof of
Lemma 6.10. ]

With Lemmas 6.8 through 6.10 in mind, we prove Theorem 6.6.
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Proof of Theorem 6.6. We decompose a(X, D) according to Lemma 6.7. We fix an integer
My large enough as in Lemmas 6.9 and 6.10. Let us write A(X,D) := a(X,D) o (1 +
A?Mo)=1and B(X, D) := A*Mo o (X, D) o (14 A*Mo)~1,

Let ® and ¢ be as in (1.3) and (1.4) satisfying that ®(¢) + > jen (2 —J¢) =1 for all
¢ € R"™. Then by the Calderén reproducing formula, we know that, for all f € A7 . s J(R™),
f=®xf+3 cngs* fin S'(R"). Therefore, we see that

a(X, D)f(x) = (X D)(pj * f)(x)

_ Z / 327E) (&)™ de

8 HM8

=y / oy F e = Y, D) )

j=0 7=0

8<:

in §'(R™), where a;(z,£) := a(x,&)p(277¢) for all z,£ € R™, and a;(X, D) is the related
operator of aj(x,£). It is easy to see that a; € S%N(R”) and supports in the annulus
2772 < |¢| < 27%2. Then by Lemmas 6.8 and 6.9, we conclude that A(X, D) is bounded
on A7 (R"). Meanwhile, Lemma 6.10 shows that B(X, D) is bounded on Ap7 (R™).

L.q,a
Consequently, it follows that a(X, D) = A(X, D) + B(X, D) is bounded on A’Z;a(R”),
which completes the proof of Theorem 6.6. 0

Since molecules are mapped to molecules by pseudo-differential operators if we do not
consider the moment condition, we have the following conclusion. We omit the details.

THEOREM 6.11. Under the condition of Theorem 4.9, pseudo-differential operators with

symbol S | (R™) are bounded on A7 (R™).

7 Embeddings

7.1 Embedding into C'(R")

Here we give a sufficient condition for which the function spaces are embedded into C(R"™).
In what follows, the space C(R™) denotes the set of all continuous functions on R™. Notice
that here, we do not require that the functions of C'(R") are bounded.

THEOREM 7.1. Let q € (0,00], a € (0,00) and 7 € [0,00). Let w € x — Wg? ,, with
ay, a2, a3 € [0,00) and a quasi-normed function space L(R™) satisfy (L1) through (L£6)
such that

a+v—a—nt <O0. (7.1)

Then AT (R™) is embedded into C(R™).

L.q,a

Proof. By Remark 3.9(ii), we see that it suffices to consider B  (R"), into which

Apt (R") is embedded. Also let us assume (3.21). Let us prove that By (R™) is
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embedded into C'(R™). Let € R™ be fixed. From the definition of the Peetre maximal
operator, we deduce that, for all f € Bg’;a(R”), j€Zy and y € B(z,1),

; lpj * f(y+ 2)|
sup |y Flw)| S 200 sup FEIWEE)]
w€EB(zx,1) ! zeR™ (1 + 2]’2‘)a

If we consider the £(R")-quasi-norm of both sides, then we obtain

2Ja
sup |¢; * f(2)] Se

2€B(w.1) IXB(2-9) |l cn) I il oy

Notice that w;(z) = w(x,277) > 27%w(x,1) for all j € Z; and z € R™, and hence from
(W2) and (7.1), it follows that

sup oy % F(2)| S0 PO fll e g
2€B(z,1) oo

Since this implies that
o0
F=0xf+> ¢jxf

j=1
converges uniformly over any ball with radius 1, f is continuous, which completes the
proof of Theorem 7.1. O

7.2  Function spaces A/ (R") for 7 large

The following theorem generalizes [101, Theorem 1] and explains what happens if 7 is too
large.

THEOREM 7.2. Let w € W3 with aq, s, a3 € [0,00). Define a new index T by

1,02

~ 1 1
7 := lim sup ( sup —1 > (7.2)

- 1082
j—oo  \ PeQ;(rn) ) IxPllc@n
and a new weight w by
O(x,277) = 2" y(5,277), zeR™, jeZy.

Assume that 7 and T satisfy
T>72>0. (7.3)

Then
S~ as .
(1) w e W(oq—n(T—F))+,(a2+n(T—F))+’

ii) for all ¢ € (0,00) and a > ag + Ny, then F.77 (R"™) and B}’ (R") coincide,
L.,q,a L,q,a

respectively, with F? __ (R™) and BY __ ,(R™) with equivalent norms.

00,00,a 00,00,a
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Proof. We only prove F. (R") coincides with FY .o(R"). The assertion (i) can be
proved as in Example 2.4(iii) and the proof for the spaces B}’ ,(R") and BY . .(R™)
is similar To this end, by the atomic decomposition of the palrs (F. c (R, fzv 1a(R™))

and (F55 0o (R"), é@,oo,a(R”)) it suffices to show that fgqa(Rn) = f% 00.a(R™) with norm
equlvalence Recall that, for all A = {\ji}jez. rezn,
||)‘Hf Rn)
q 1/q
|2 e 3 Paklxan( +9)
(s XPwj SUp o 2 AikxQu -y
PeQ(R™) |P|” j:%vo i SUD T 2y 2 JElxQ,
L(R™)
and
. u5te) e 3 Piklxg,u(e )
W ny — Sup wilx Sup A X - y
3 oaR?) = zER™,jEZ J yERN (1 + 27|y|)e . JEIXQjk
~ 1

By (7.4), there exist jo € Z4, ko € Z™ and zg,yp € R™ such that

. | Xjokol
Lo + Yo € Qjok, and H)‘”fé“;oo,a(R”) ~ wj(’(xo)(l—i—;JW'

Then, a geometric observation shows that there exists Py € Q(R™) whose sidelength is
half of that of @Qj,r, and which satisfies yo + Py C @Qj,k,.- Thus, for all x € Py, we have
|z — 20| <2779 and hence

Wi (370) < wjo( ) (1 + 2j0’w - xOD wjo (x)
which, together with the assumption on 7, implies that

1A fer ey

q1 /e
1 o0

" Peo XPwj Sup s > [Aklxeu (- +9)

re(n) |PI7 j—%:vo ( Tyere (14 2J| ° Igz:n e L(R")

1 | Ajokol

> [ Mjokol ,

‘PO|T o (1+27|y0|)a Q]k( ) L(R™)
T P %
~ foo,oo,a(]R ) |PO‘7-

Consequently,

M ger @y 2 1A 52

R™)
ooooa

(7.5)
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To obtain the reverse inclusion, we calculate

1/q
q
||| pewor = sup . i XPW,; sup Zkezr Wikl + )
Teaa®) 7 pegmm) [PI7 J=7pV0 7 yern (1 +27[y[)e
L(R™)
1
I 1 > (2 /q
< ||A]| f@ ny Sup  —— ||xp <~>
foo o0 LZ(R .
o )PGQ(R”) 1P| jmgpvo N Wi
L(R™)
If we use (7.3) and (7.4), then we have
. - 1/q
(Ao ey < Alga  @ny sup  ——|Ixp 2Ima(r=)
Laa roea ™ peg(rn) [P j=§p:vo
L(R™)
Il 2 e
~ @ ny  SUp XP|lzmny-
foo,oo,a(R )PEQ(Rn) ‘P‘T ( )
Since T € [0,00) and (7.2) holds true, we see that
9—(ipVO)n(T—7) 9—jpn(T—7)
P Ixpllzm@ry ~ P IxPllz@n
= 27" |xpllcny = [P Ixpllcgny S 1.
Hence, we conclude that
M ger @y < Mgz ey (7.6)
Hence from (7.5) and (7.6), we deduce that F, (R") and FZ .4(R") coincide with
equivalent norms, which completes the proof of Theorem 7.2. ]

8 Characterizations via differences and oscillations

In this section we are going to characterize function spaces by means of differences and
oscillations. To this end, we need some key constructions from Triebel [91].

For any M € N, Triebel [91, p. 173, Lemma 3.3.1] proved that there exist two smooth
functions ¢ and ¢ on R with supp ¢ C (0,1), supp ¢ C (0,1), [pe(r)dr = 1 and
e(t) — 2p(k) = PM(t) for t € R. Let p(z) := [[}, (x¢) for all x = (21, ,2,) € R™
For all j € Z, and z € R", let

m/=1m=1

where () for m € {1,---, M} denotes the binomial coefficient. For any f € S’'(R"), let
m

fl =T« fforall j € Z,, and f~':=0. (8.1)
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From Theorem 3.5 and Triebel [91, pp.174-175, Proposition 3.3.2], we immediately
deduce the following useful conclusions, the details of whose proofs are omitted.

PROPOSITION 8.1. Let ay, g, 3,7 € [0,00) and q € (0, 0o] and let w € Wg? .. Choose
€ (0,00) and M € N such that

M > a1V (a+nt + as). (8.2)

Forj € Zy, f € S'(R") and x € R", let F(x,277) := fi(z) — f7~1(x), where {fj}], L 18
as in (8.1). Then

(i) f € By, ,(R") if and only if F € L%;—a(R%Il) and HFHLZ,;Q(REF) < 00. Moreover,

Hf”BZv;'a(Rn ~ HFHLwT LB with the implicit positive constants independent of f.
(ii) f e N . LR if and only if F € Z)qTa(]R"H) and HFHNZL;CL(RHI) < 00. Moreover,
[ llarer (@my ~ ||FHN2U,T (B2 with the implicit positive constants independent of f.
,q,a 1q,a\"Zy
(iii) f € Fyy (R") if and only if F € Pg;a(RnH) and HFHPKZ;a(RZl) < 00. Moreover,
HfHFZU’qT (Rn) ~ HFHPEU,T (rp+1) with the implicit positive constants independent of f.
4, ,q,a +
. . . , 1
(iv) f € EZJG(R”) if and only if F' € EZ;G(R%i ) and HFHEA’LCU:;G(R%LII) < 00. Moreover,
||f||g£";’ (Rn) ~ ||F||gzu,7' ®2H) with the implicit positive constants independent of f.
»4q,a ,q,a +

8.1 Characterization by differences

In this section, we characterize our function spaces in terms of differences. For an arbitrary
function f, we inductively define AhM f with M € N and h € R" by

Apf=A0Lf=f—f(—h) and AYf:=AAN1f),

and inz)u,ﬁ(f) and ng)ﬂvﬁ(f) with a € (0,00) and wp as in (2.5), respectively, by

1
Jl(llzu (f):= sup XPpWwo sup | C+y)l
" peo,|pi>1 [PIT yern (L+ [y)® ®")
or
1 |f(-+ )
32 (f) = sup XPWo SUp = .
RS- i A ceavicl

In what follows, we denote by §, the average over a measurable set E of f.

THEOREM 8.2. Let a, a1, a2,a3,T € [0,00), u € [1,00], ¢ € (0, oo] and w € x—=Wg3 . If
M €N, oy € (a, M) and (8.2) holds true, then there exists a positive constant C := C(M),
depending on M, such that, for all f € S'(R™) N L1 . (R™), the following hold true:
(i)
A FC+ 2"

Ju
(1)
L :=J0 () + < sup 7{ Ll B S PN
welf) R[ oo (LT 2 |
I€L+Nlea(Lw (R Z4))



66 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan

~ Al ey

with the implicit positive constants independent of f.

(i)

Mg u 1/u
Iy := Jélzuz:(f) + sup [% [Au fC+ 2 .+ 2) dh]
b b Ih

zekr | Jip<co-i (14 2|z[)* '
JEL+ || cw(ra(Rn Zy))

~ Al @)

with the implicit positive constants independent of f.

(iii)

Mg u 1/u
Iy = Jo, e () + ] sup [% 12 fC 4 2)” dh]
) ) |h

zeRn | Jipj<@o-i (1 +27]z])on ,
J€L+ |l ga (N Lw (R 2 )

~ Il ey

with the implicit positive constants independent of f.

(iv)

M g w 1/u
Iy := J((fzuc(f) + ||{ sup [7{ A fC+2)" .+ 2) dh]
w, h

zern | Jpj<éo-i (1 + 27]z])* A
I+ llgLw(ea(Rm 2.1))

~ I fllegr  rmy
with the implicit positive constants independent of f.

Proof. We only prove (i), since the proofs of others are similar. To this end, for any
f e S ®RY)N LY, (RY), since p € C(R") (see [91, pp. 174-175, Proposition 3.3.2]), we

conclude that, for all j € Z4 and z € R",

Z Z 1) Mmem 1 ( %> <]77\f) M / py)f( =2 mmly)dy  (8.3)

m/=1m=1

and hence
P - P
% f DI G0 () [ st ste 2wty

m/

- % f DERE G0 (M) [ st ste 2

m/=1m=1
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oy y ot (00 (30) e [ otwnste =2ty ay
3y eyt () (A) e [ st sta =24 )y

-y Lo () [ ot [t 160 = A3, 1))

m

As a consequence, we see a pointwise estimate that, for all x € R" and u € [1, o0},

}’{ 183 (e + ) dh] B (84

hj<G2-i (1 +27]z[)*

J _ fJ+1
p [Plat2) = et
2ERM (1 + 2-7‘2‘)(1 2€Rn

Meanwhile, by Ty € S(R™) and (1 + |u|)® < (1+ |u+y))*(1 + |y|)* for all u,y € R™, we
see that, for all x € R",

AR

a—supa/ To(uw)f(zx+y—u)du
AT R T | e T :

(1+ Ju))* [f(z — u)]
< sup /n |T0(u+y)| (1+ |y’)a (1+ ’u|)a du

(8.5)

Combining (8.4) and (8.5) with Proposition 8.1 (here we need to use the assumption
(8.2)), we conclude that

1 0 _ =1y,
L2 sup Pl ||XPWo sup Y 1f )(:_ =
pegpl>1 || yern (14 Dl) £R™)
RS
+ {Sup T Na ~ Iz Y
z€R? (1+27|2|) JE€L+ |l ga(Lw (R Zy)) o

which is desired.
To show the inverse inequality, for any f € B’ q . N L. (R™), since {T}}jez, is an

approximation to the identity (see [91, pp. 174-175, Proposition 3.3.2]), if we fix |h| < C 277
and z € R"™, then by [91, p. 195, (3.5.3/7)], we see that, for almost every x € R,

1/u
[ | rfj+l<y>|“dh]
B(z+2,0277)

[ DTl w27y dy).

oo

1/u
[7{ ,\A%f(erZ)I“dy] SY 4 e+ 2)] +
|h|<2—7

=1

+ sup
weB(z+2,02779)
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where and in what follows, f; := f/ — f7=! for all j € Zy. Then

f B, v
lhj<2—i (14 27]z])ov

1/u
< | fii(z +2)[ + [ﬂgB(Hz,er) | Fj+()[ dy}

< A
2 (11 2]
1 )
+ sup —_— DTy(y) f(w +277y) dy‘ ) (8.6)
weB(z+2,02779) (1 + 2]|Z|)a Rn

For the second term on the right-hand side of (8.6), we have

1
sup sup S
zeR™ [wEB(erz,CQ—j) (1 + 2]|Z|)a

[ DTy s+ 27) dyu

(DTy); * fz + 2+ w)|
= sup sup Y
2€R™ | weB(0,02-9) (1+27]2])
< s suwp (Do) * fl@ + 2 + w)| {1+2j(|2|'+|w|)r
2eRm weB(0,02-9)  (L+ 2|z +w|)* 1+ 27|z]

o o JD°To); x4 2)
S A (RS L

where f:: f(—-). This observation, together with the fact that

sup

< w,T n
S A+ 2)e SIfllsg;, @

{ |(DTy), * ~<ac+z>|}
I€L+|lea(Lw (R Z4))
implies that

1
sup sup —
{ZER” wEB(z+2,0277) (1 +2 ’Z‘)a

[ DTt s+ 27%) dy\}
8 J€L+|lga(cw (R 24 ))
S Il @y

For the first term on the right-hand side of (8.6), we see that

1/u
1
sup ; vd —_—
b MGB(M-J-) iyl y] T+ 2"

< Sup{ sup \fim(z+2+y) [1+2j+l(yz\+yy|)]“}

T zern | yep(o,2-s) (1 + 27z +y|)e 14 27|z
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; + 2)|
< gla gy i@+ 2] 8.7
SR AT ®.7)

Since w € x — W . we have w;(x) < 271w, (z), which, together with a; > a and

1,020

(8.7), implies that

1/u
w 1
Z Seuﬂg [% Blatz2-1) ‘f]+l( )| dy] (1+2j|2’>a
z€R™ eB(z+z
’ J€L+ Nlga(cw (R Z4y))

< ’f]-i—l( +Z)|
~ e (1 + 27 z[)e [
JE€L+ Nlea (L (R Z4))
. . g/q 1/9
7 1 |fira(- 4+ 2)] ||
< S 2 g 3 ‘Xij sup 21U A
= peo | P| J=(0vip) zern (1427 z])a L(R™)
°° P b
+ z
< 22 lon-a)d g 3 ‘XPw- up G2
~ T ]+l p ]+l
o 2 X B
& R
1 i(-+ 2
< sup ‘stupf. Nl @,
PeQ ’P’T j:(OZ\/jp) ]ZER” (1+2J|Z|)a L(R™) £ig.a®")

where we chose 8 € (0, min{6, ¢}) and 6 is as in (£3).
Meanwhile, by virtue of (8.3), we see that, for all z € R,

=30 3 UM (00 (MY st o

m/=1m=1

% S <J\04> (%) m" / p)f () dy,

m=1

which implies that, for all x € R",

and

M o \M+m-—1
sl = | S (M [ s+ e - 1)

m

Il
A

S mémf: DE () (0w [ stnste = moma| +19°0)
S iW(%)mM [ owak s + 11w
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From this, we deduce that

1/u
AM u 0
yERn (1 + ‘y|) yeR™ [ J|p|<1 (1 + |y|) yER™ (1 + |y|)
which, together with the trivial inequality
1f°( +y)l
Sup ——— g S Ifllser mny,
yern (14 y[)® LR £0.0(R")
implies that
: NI A
1) hJ\
J f) < sup 7{ —2— = dh + Ifllger (e
aucf) 2€Rn [ hj<G2-i (14 27[z[)o . | HB“’“(R )
I€L+Vlga(Lw (R 24 ))
S IAlBer @y
This finishes the proof of (i) and hence Theorem 8.2. O

If we further assume (7.1) holds true, from Theorems 7.1 and 8.2, we immediately
deduce the following conclusions. We omit the details.

COROLLARY 8.3. Let a1, a0, a3,7, a, ¢ and w be as in Theorem 8.2. Assume (7.1) and
(8.2). Let {Jj}?zl be as in Theorem 8.2. Then the following hold true:

(i) f € BZ’;G(R”) if and only if f € S'(R™) N L (R™) and J; < oo; moreover,
Ji~ Hf”BZ’;a(R") with the implicit positive constants independent of f.

(i) f € FK’;Q(R") if and only if f € S'(R") N LY _(R") and Jo < oo; moreover,
Jo ~ || f]l FoT Ry With the implicit positive constants independent of f.
1q,a

(i) f € Npy (R™) if and only if f € S'(R") N L}

loc R™) and J3 < oo; moreover,
Js ~ || fllace (gny with the implicit positive constants independent of f.
»q,a

(iv) f € &7 (R™) if and only if f € S'(R") N L}

£, loc R™) and J4 < oo; moreover,
Jg ~ Hf”ggvf (R™) with the implicit positive constants independent of f.
yq,aQ

By the Peetre maximal function characterizations of the Besov space By  (R") and
the Triebel-Lizorkin space F; (R") (see, for example, [93]), we know that, if ¢ € (0, oc],
L(R") = LP(R") and w; = 27°, then By7 = Bj (R") for all p € (0,00] and a €
(n/p,o0), and F7, = Fy (R") for all p € (0,00) and a € (n/min{p,q},o0). Then,
applying Theorem 8.2 in this case, we have the following corollary. In what follows, for all

measurable functions f, a € (0,00) and = € R"™, we define the Peetre maximal function of

f as

o fet )]
Jal@) = sup T e
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COROLLARY 8.4. Let M € N, u € [1,00] and ¢q € (0, o0].

(i) Let p € (0,00), a € (n/min{p,q}, M/2) and s € (a, M — a). Then there exists a
positive constant C := C(M), depending on M, such that f € F; (R™) if and only if
feS®RYNL (R") and

loc

f o, v

hj<Go—i (1+27[z])ov

I = |l + ||| 27 sup [
z€R™

I€2+lga(z) LP(R™)

is finite. Moreover, J1 is equivalent to ||f]] F (R with the equivalent positive constants
independent of f.

(ii) Let p € (0,00, a € (n/p,M/2) and s € (a, M — a). Then there exists a positive
constant C := C(M), depending on M, such that f € By (R") if and only if f € S'(R")N
L1, . (R™) and

AV S+ 2"

1/u
Jo = ||f* ny + 27% su ]{ 1
2 Hf ||Lp(]R ) zERp” [ |h|<C 2-7 (1 + 2]’2’)(1” ]

18 finite. Moreover, Jo is equivalent to HfHB;q(Rn) with the equivalent positive constants
independent of f.

Proof. Recall that by [85, Theorem 3.3.2] (see also [70, pp.33-34]), F5 (R") C Li,. (R™)
if and only if either p € (0,1), s € [n(1/p—1),00) and ¢ € (0,00], or p € [1,00), s € (0,00)
and g € (0,00], or p € [1,00), s =0 and ¢ € (0,2], and B, ,(R") C L} . (R™) if and only if
either p € (0,00], s € (nmax(0,1/p — 1),00) and ¢ € (0,00], or p € (0,1], s =n(1/p—1)
and g € (0,1], or p € (1,00], s = 0 and ¢ € (0, min(p,2)]. From this, the aforementioned
Peetre maximal function characterizations of Besov spaces B, ,(R") and Triebel-Lizorkin
spaces Iy (R™), and Theorem 8.2, we immediately deduce the conclusions of (i) and (ii),

which completes the proof of Corollary 8.4. O

We remark that the difference characterizations obtained in Corollary 8.4 is a little
different from the classical difference characterizations of Besov and Triebel-Lizorkin spaces
in [91, Section 3.5.3]. Indeed, Corollary 8.4 can be seen as the Peetre maximal function
version of [91, Theorem 3.5.3] in the case that u = co. We also remark that the condition
a € (n/p, M) and s € (a,o0) is somehow necessary, since in the classical case, the condition
s € (n/p, ) is necessary; see, for example, [5].

8.2 Characterization by oscillations

In this section, we characterize our function spaces in terms of oscillations.
Let Py be the set of all polynomials with degree less than M. By convention P_; stands
for the space {0}. We define, for all (z,t) € R that

1/u

1 u
M/B(m) |f(y) — P(y)[" dy

oscM f(x,t) == Pier%PfM
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We invoke the following estimates from [91].

LEMMA 8.5. For any f € 8'(R™), let {fj};-’i_l be as in (8.1). Then there exists a positive
constant C such that the following estimates hold true:
(i) for all j € N and z € R™,

| (x) = [P~ ()| < Coscy! f(x, 277); (8.9)
(ii) for all j € Zy, x € R™ and y € B(x,277),
: 1 : . o
Play— >, =Df)y—=)*<C27™ sup > |[D*fI(z)]. (810)
e <M—1 " 2€BE27) ol =M
Proof. Estimates (8.9) and (8.10) appear, respectively, in [91, p. 188] and [91, p.182]. O

THEOREM 8.6. Let a,a1,az,a3,7 € [0,00), u € [1,00], ¢ € (0, 00| and w € x — Wg? ..
If M € N, a1 € (a,M) and (8.2) holds true, then, for all f € S'(R™) N L} . (R™), the
following hold true:

(i)

1
Hy =00, () + ~ 1l @)

(a(Ly (R Z4)

{ oscl f(- + 2,279) }
sup —
T (O 2RD S,

with the implicit positive constants independent of f.

(i)

1
Hy :=J0), (f) + ~ Al e

2€R (14 27]z]) Lw(¢a(R™,Z4))

{21220
JEL

with the implicit positive constants independent of f.

(iii)

~ e ey

{ oscy' f(: +z,2‘j)}
sup Tha
sern (1+27]2]) JEZy

ALY (R Z4))

with the implicit positive constants independent of f.

(iv)

Hy o= J? (f)+

a,w,L sup

cern (1+2[2))?

{ oscqu(~+z,2_j)}
JEL

~ [ llewr ®my
£Lv (ta(Rn 2.)

with the implicit positive constants independent of f.
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Proof. We only prove (ii) since the proofs of others are similar.
By virtue of (8.5) and (8.9), we have

1 0 _ r—1\/.
Lo s oy sup [ =17+
peo,P|>1 | P yeR™ 1+ 1yl @)
J— i
+ { sup |(f (1 f 2j|)(|)a Z)|} ~ ”fHFZJ’Ta(R")
=EeRn LR €L+ |l Lo (pa(Rn 2.4))

For the reverse inequality, by (8.8) and Theorem 8.2(ii), we conclude that

[f(-+y)l
sup —— ||[xpwo Sup ——

S llFer @ny-
pe,P>1 P yern (1 + [y])e Fr (B

L(R™)

Therefore, we only need to prove that

v i

oscy f(-+2,277)
’ 7 S llEgr @ny-
JEL+ o

sup .
H b (2]

L (ea(Rn,Z))

We use the estimate [91, p. 188, (11)] with ko replaced by Tp.
Recall that the following estimate can be found in [91, p. 188, (11)]:

osch(x +2,277)

< Z f fu@ldy+  sup

DTy (y) f(w +277y) dy|

€B(z+2,277) weB(z+2,C277) [JR™
where C is a positive constant. Consequently,
oscM f(x + 2,277)
L+ 2]
< Z SuPyeB(x+z2 7) | fi+1(v)]
142 !Z e
1 :
+ sup _ DTy (y) f(w+277y) dy‘ . (8.11)
weB(z+2,0277) (1 + 2J|Z|)a NG

Then by an argument similar to that used in the proof of Theorem 8.2, for the second
term on the right-hand side of (8.11), we see that

1
sup sup —_—
{ZER” weB(z+2,0277) (1427 ’z‘)a

[ DT+ 27) dy‘}
J€L+ |l Lo (pa (R 24 ))
Sflper @y,

L,q,a
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We only need to consider the first term on the right-hand side of (8.11). Indeed, by
w € x — WS . we have wj(z) < 271w, (), which, together with a; > a and (8.7),

1,027

implies that

> sup SUPy ¢ B(z+2,2-7) \fj+l(y)|
-€Rn (1+27]z[)

=t €L+ || cw (pa(Rr 2.4))

(o]
< la |fj+l<m + Z)’
h {22 sern (L+ 271z
=1 €L+l cw (ba(rr z24))
~ 1/6
] 1 |fixi(z +2)| 1
< 2!99 sup Xp [w‘ sup "2
Z: peg |P|7 ._Z. 7 zern (1+27Fz])e
=1 j=(0Vjp) £(R™)
~ 1/6
E S PN |
7 1 iri(x+ 2z
< 9~ He1=a)0 gy Xp [w~ | sup H]
~ Z: peg | P|” ;ZA T ern (1+ 27H[z])e
=1 J=(0Vip) L(R™)
\
S he+alr|
filx + 2
< sup Xp [w‘supj. ~ Al per genys
Ryl LD i SUP ST 11l e
j=(0Vjp) LR
where we chose 0 € (0,min{@, ¢}). This finishes the proof of Theorem 8.6. O

If we further assume that (7.1) holds true, then from Theorems 7.1 and 8.6, we imme-
diately deduce the following conclusions. We omit the details.

COROLLARY 8.7. Let aj,a9,a3,7, a, ¢ and w be as in Theorem 8.6. Assume that (7.1)
and (8.2) hold true. Let {Hj}?:1 be as in Theorem 8.6. Then the following hold true:
(i) f € Brgo(R") if and only if f € S'(R") N LY. (R") and Hy < oo; moreover,
Hy ~ [[flger () with the implicit positive constants independent of f.
»q,a
(ii) f € Fp [ ,(R") if and only if f € S'"(R") N L (R™) and Hy < oo; moreover,
Hy ~ HfHFZ),r (rny With the implicit positive constants independent of f.
»q,a
(iii) f € /\/'Z’QTQ(R”) if and only if f € S'(R™") N LY (R™) and Hy < oo; moreover,
Hy ~ || fllace ey with the implicit positive constants independent of f.
»q,a
(iv) f € & (R™) if and only if f € S'(R") N Lj,. (R") and Hy < oo; moreover,
Hy ~ HngZm (rn) With the implicit positive constants independent of f.
»q,a

Again, applying the Peetre maximal function characterizations of the spaces B;,q(R")
and FJ (R") (see, for example, [93]), and Theorem 8.6, we have the following corollary.
Its proof is similar to that of Corollary 8.4. We omit the details.
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COROLLARY 8.8. Let M € N, u € [1,00] and q € (0, o0].
(i) Let p € (0,00), a € (n/ min{p,q}, M) and s € (a, M —a). Then f € F; (R") if and
only if f € S'(R")N LY (R") and

loc

< 0.

v .
- oscy f(-+2,277)
Ky o= 1 e + {2]5 sup 2 1
allLP(R") 2€R" (1+27]z])* €Ly

CUZ+) || Lo (R

Moreover, Ky is equivalent to || f|| Fs ,(R") with the equivalent positive constants independent
of f.

(ii) Let p € (0,00], a € (n/p, M) and s € (a, M — a). Then f € By ,(R") if and only if
feS®RYNL_ (R") and

loc

29 sup oscM f(- + z,277)

- < 00.
z€RM (1_'_2]‘2‘)@

Ky = |2l o + {\ }
LP(]Rn) j€Z+ [q(Z_'_)

Moreover, Ks is equivalent to HfHB; J(R?) with the equivalent positive constants independent

of f.

Again, Corollary 8.8 can be seen as the Peetre maximal function version of [91, Theorem
3.5.1] in the case that u € [1, c0].

9 Isomorphisms between spaces

In this section, under some additional assumptions on £(R"™), we establish some isomor-
phisms between the considered spaces AZ’; o(R™). First, in subsection 9.1, we prove that
if the parameter a ia sufficiently large, then the space Az; u
AIZ’;(R”), which is independent of the parameter a. In subsection 9.2, we give some fur-

ther assumptions on £(R"™) which ensure that £(R™) coincides with 52’2 .(R™). Finally,
in subsection 9.3, under some additional assumptions on L(R™), we prove that the spaces

& ’qTa(R”) and F, ’qTa (R™) coincide.

(R™) coincides with the space

9.1 The role of the new parameter a

The new parameter a, which we added, seems not to play any significant role. We now
consider some conditions to remove the parameter a from the definition of AZ’; o(R™).

Here we consider the following conditions.

ASSUMPTION 9.1. Let n; g(z) := 2/"(1 4 27|z|)~F for j € Z1, R>> 1 and x € R™.
(L7) There exist R > 1, r € (0,00) and a positive constant C(R,r), depending on R
and r, such that, for all f € L(R™) and j € Z,

[w; .k * L)Y | 2@ny < CR7)|[wi f 2y



76 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan

(L7*) There exist r € (0,00) and a positive constant C(r), depending on r, such that,
for all f € L(R") and j € Z,

log M (1177 ey < O wif | oan-

(L8) Let q € (0,00]. There exist R > 1, r € (0,00) and a positive constant C'(R,r,q),
depending on R,r and ¢, such that, for all {f;};en C L(R"),

{w;(m,r * £ Viez |l cwan z.y) < CR T, @) I{w; fi}iezs L cges@n 2., -

(L8*) Let q € (0,00]. There exist r € (0,00) and a positive constant C(r, q), depending
on r and ¢, such that, for all {f;};en C L(R"),

1{w; M| £ Yez Nl cgearn z,y) < Cr@){w;s fitiez, Nl cgenrn z,)-

We now claim that in most cases the parameter a is auxiliary by proving the following
theorem.

THEOREM 9.2. Let oy, a0, 3,7 € [0,00), a € (No+as,00) and q € (0, o], where Ny is as
in (L£6). Let w € W3 ., T € [0,00) and g € (0, oo]. Assume that ®, ¢ € S(R™) satisfy,

1,027

respectively, (1.3) and (1.4).
(i) Assume that (L7) holds true and, in addition, a > 1. Then,

in T L
Belo.a®") re (14 27]- —y[)or JELZ1 ||,
q

~ {j * fliezy Neaccw ®nz,))

in r 1/r
S P e I |
q

~ {ej * f}iez, leanvew®n zy))

(L¥(R™,Z+))

and

(NLY(R™Z+))

with the implicit positive constants independent of f. In particular, if (L7*) holds true,
then the above equivalences hold true.
(ii) Assume that (L8) holds true and, in addition, a > 1. Then

in r 1/r

1£llrgy ey ~ { [ el dy] /
o w2 I€L+\l o (ea (R 24))
w(ea(R™ 2y

~ {p; * f}jeZ+ ”z:;v(eq(&n,zg) (9.1)

in r Lr
Fllaer o ~ [ / 2% p; + £ (y)| dy}/
i) re (1 2] —y)"

and

I€L+ e Lw (ea (R 21))
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~ {wj * f}iez, llecwa@n,z.))

77

with the implicit positive constants independent of f. In particular, if (L8*) holds true,
then the above equivalences hold true.

Motivated by Theorem 9.2, let us define

1B @y = {05 * fliezy llea (e @nz))
1l ey = {05 % fliez lesovew @n 2,
1 Fr ey = H{eg * Fliemllewea@n z,)
[ llewr@ny = [{#j * fliez, llecw eamn 2,

for all f € §'(R™) as long as the assumptions of Theorem 9.2 are fulfilled.

LEMMA 9.3. Let oy, a9,a3,7 € [0,00), a € (Ng + ag,), ¢
Assume that ®, ¢ € S(R™) satisfy, respectively, (1.3) and (1.4).

(i) Then, for all f € S'(R™)

1l @ 2

w,T <
IfllBer @ S
>

1l @y R

and

20 ;% f(y)|”
w,T n < ]
1F g @y S H/Rn (1+27] - —y[)or

where @q is understood as © and the implicit positive constants independent of f.

_/R" (14 27| —y[)or

{
{_
{

2 ) = f(y)I"

_/R" (14 27[ - —y|)ortn+e

27| f(y)|"

2™+ f(y)]”

1/r
dy] } ;
JEL La(Lw

_/R” (14 27| —y[)ortnte

(ii) Then, for all f € S'(R™)

w,T >
1Al e @y 2

w,T <
[l o <

!

_/R" (1+27] - —y[)or

2% p; x f(y)I"

_/R" (1+27]- —y[)ortnte

27+ f(y)|”

')

J€L+llpa(cw (R 24))

(R, Z+))

1/r
dy] }
JEZLy 0q

1/r
] } |
J€L+ |l a (N Lw (R 2 ))

1/r
dy} }
T+ |l cw(pa(Rn,Z4y))

1/r
dy] } ;
JEZL+ Lw

(¢a(R" Z.1))

I

VLY (R™Zy))

)

€ (0, oo} and € € (0,00).
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. /’I"
27" p; * f(y)I" '
w,T > J
I7les s ) 2 { oot ee] | 09
J€L+llgLw (0a (R Z1))
and
. /T‘
27" f(y)" }
wr gy S J d , 9.9
1 llewr mm) S {[/R (427 —y)or WY | (9.9)
J€L+|leLw (ta(Rm,Z.y))

where @q is understood as ® and the implicit positive constants independent of f.

Proof. Estimates (9.2), (9.4), (9.6) and (9.8) are immediately deduced from the definition,
while (9.3), (9.5), (9.7) and (9.9) depend on the following estimate: By [93, (2.29)], we see
that, for all t € [1,2], N> 1,7 € (0,00), £ € N and z € R"

[e.e]

. NG —kN7o(k+6)n |((@rte)e * F) ()"
[(ngfetf)a( )] Skzoz 2 /n (1+22|x_y|)ar dy

In particular, when [ = 0, for all z € R™, we have

o0 1/7"
. —keNrokn [ [(@R)e x S
(7 fa(x) S LZ:O2 2 /n TEAp—IT dy] : (9.10)

If we combine Lemma 2.9 and (9.10), then we obtain the desired result, which completes
the proof of Lemma 9.3. O

The heart of the matter of the proof of Theorem 9.2 is to prove the following dilation
estimate. The next lemma translates the assumptions (£7) and (£8) into the one of our
function spaces.

LEMMA 9.4. Let {F}}jez, be a sequence of positive measurable functions on R™.
(i) If (L£7) holds true, then

1{(nj2r * [E DY Viez, loaew@ez, ) S IF ez loaqen @oz, )
and
{(nj2r * [E DY Viez, lovee @z, S HE ez lapves @n z,)

with the implicit positive constants independent of {F;}jez., -
(ii) If (L8) holds true, then

{(s2r * [F )Y Y ez L ew@a@n z,y) S KF5 ez | cw@@n z,) (9.11)
and
{(nj2r * [F; DY Yz, lecw@a@n z.y) S HEj ez e mn 2,

with the implicit positive constants independent of {F;}jez., -
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Proof. Due to similarity, we only prove (9.11).
For all sequences F' = {F}};cz, of positive measurable functions on R", define

IF] = [{F)}jez | cwearn zy))-
Then, || - | is still a quasi-norm. By the Aoki-Rolewicz theorem (see [2, 69]), we know
that there exists a quasi-norm || - || and 6 € (0, 1] such that, for all sequences F' and G,

£ ~ |F]] and _ _ _
IF+GI° < IFI° +1G1°.

Therefore, we see that

0
[ oo 1/r
l > mkor* (Gra)

Li=0

REL+ |l Lo (ba (R Z1))
i
1/r

~ l ZﬁmR* (Gry)"

k€Z+
1/r 1/r 0
77k,2R x Gt } H (k2R * G } (9.12)
WL+ Z Lt ll L (b (R 24)

for all {sz,l}k,lez . of positive measurable functions.

We fix a dyadic cube P. Our goal is to prove

1/q
oo
L=l > xpwn? [kar * (F))Y" SIPIT I F ez lewparn 2y ) (9:13)
k=3pV0
L(R™)

with the implicit positive constant independent of {F}}cz, and P.

By using (9.12), we conclude that

1/q min(6,q,r) m
oo
159 > > xpwp(nkar * (XepymspFr) 17"
mezn k=3pVO0

L(R")

A geometric observation shows that
1
5 Imle(P) < |z —y| < 2n|m|((P),

whenever x € P and y € {(P)m + P with |m| > 2. Consequently, for all m € Z" and
x € R™, we have

2R * (Xe(Pym+ P %) () = /Z(P) . 2" (1+ 28|z — y) TR+ 28e — y )T F(y)" dy
m+



80 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan

1 n _ r
S R /E(P) 2 2P R E dy

1
=S anp,R * [Xe(Pym+pFr"](2).

By this and (£8), we further conclude that

1

l/q min(@,q,r) min(0,q,r)
[ee]
BN > [mkar * (Xepyms+pFr)"] o
mezn k=jpVO0
L(R™)
S|P F}jez Nl cwea@n z.))-
Thus, (9.13) holds true, which completes the proof of Lemma 9.4. O

Proof of Theorem 9.2. Due to similarity, we only prove the estimates for FZ]qT o(R™).
By Lemma 9.3, we have

. /r
290, * f(y)I" }
W oy < J d . 9.14
Fllrsr @y S {[/R e T (9.14)
J€L+ |l Lo (ea (R 24 ))

Observe that the right-hand side of (9.14) is just

JEL+

H{(m,w x[|p * f(,),r])l/r}

Co(a®n )

By Lemma 9.4, we see that

‘ i
27" |j * f(y)lrdy] ! _

‘ Sl per mey- 9.15

|l{[/w L+ 2=y i€ || pu 7l oo (919

(¢ (R Z.4))

Also, it follows trivially, from the definition of FZ’;G(R"), that

1l < Il . (9.16)

Combining (9.14), (9.15) and (9.16), we obtain (9.1), which completes the proof of Theo-
rem 9.2. O

PROPOSITION 9.5. Let q € [1,00]. Assume that 6§ = 1 in the assumption (L£3) and,

additionally, there exist some M € (0,00) and a positive constant C(M), depending on
M, such that, for all f € L(R™) and x € R",

1FC =2 @ny < COM)(L A+ |2 [|f [l 2n)- (9-17)
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Then, whenever a > 1,

. /r
2; + ()l }
w,T ny N . d ~ W, T mn
I, {[/R e 1715 o
+ || ¢a

(L (R L)

and

) /r
2g; = [ ]
w,T ny "~ - d ~ W, T (Tpn
£z oo {[/R N =L RO Il e
+ |l pa

(WL (RN ,Z))

with the implicit constants independent of f.

It is not clear whether the counterpart of Proposition 9.5 for Sz’g L(R") and Fg;a(R”)
is available or not.

Proof of Proposition 9.5. We concentrate on the B-scale, the proof for the N -scale being
similar. By Theorem 9.2, we see that

IfllBgr e

= ol 5 f(y)] v M
1 2" o * f(y)|”
< sup xXp |wg </ dy)
PcQ(R") |P|™ k:%:vo g (14 2F] - —y[)ortnte L(RM)

Now that 6§ = 1, we are in the position of using the triangle inequality to have

1/q
LS pwlon s A
1flger @ < sup —— XPWk|PL * n
o (R peo(rn |PI” 0 L(R™)

whenever a > 1. The reverse inequality being trivial, we obtain the desired estimates,
which completes the proof of Proposition 9.5. O

To conclude this section, with Theorems 4.12 and 9.2 proved, we have already obtained
the biorthogonal wavelet decompositions of Morrey spaces; see also Section 11.2 below.

9.2 Identification of the space L(R")

The following lemma is a natural extension with |- | in the definition of || f| ;g replaced
by ¢?(Z). In this subsection, we always assume that § = 1 in (£3) and that, for some
finite positive constant C'(E), depending on E, but not on f, such that, for any f € L(R")
and any set E of finite measure,

/E @)z < CE)S g, (9.18)

In this case L(R™) is a Banach space of functions and the dual space L' (R™) can be defined.
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THEOREM 9.6. Let L be as above, 1, € S(R™) satisfy, respectively, (1.3) and (1.4), and
N € N. Suppose that a € (N,00) and that

(1+z))~N e LR™) N L'(RM). (9.19)

Assume, in addition, that there exists a positive constant C such that, for any finite
sequence {ex}F, € {~1,1}, f € L(R™) and g € L'(R™),

< O fllzwnys
L(R™) (9.20)

< Cllgllzr@n)-
L' (R™)

Hw*ﬂZem*f

Hw*ngZEWk*g

Then, L(R™) and L'(R™) are embedded into S'(R™), and L(R™) and Egg (R™) coincide.

Proof. The fact that L(R™) and £'(R™) are embedded into S’(R™) is a simple consequence
of (9.18) and (9.19). By using the Rademacher sequence {r;}32,, we obtain

. 1/2 ko 1/2
> L= fP = Jim D ey P2
= LEn) = L®n)
ko 1
< lim ri(t)o: * f|dt s
< Jm 3 [ it 1
J= L(R")

which, together with the assumption a > N, Theorem 9.2 and (9.20), implies that

1/2
o0
Fl00 gomy ~ || 105 £124 3y 11 < I flleqen-
= LRm)

If we fix g € C°(R™), we then see that

w)de/Rnw*f(x)w*g(w)dﬁ;/ww*f(w)soj*g(:r)dw

From Theorem 9.2, the Holder inequality and the duality, we deduce that
I£leceey 510 {1 leps o loles, ey 9 € CE, lglereny =1}

Since we have proved that £'(R") is embedded into 52}02 .(R™), by the second estimate of
(9.20), we conclude that

1Flleem) S 1 £llgos | ny-

Thus, the reverse inequality was proved, which completes the proof of Theorem 9.6. [



Generalized Besov-type and Triebel-Lizorkin-type spaces 83

Let £(R™) be a Banach space of functions and define
LP(R™) :={f:R" — C : f is measurable and |f|? € L(R")}

for p € (0,00), and || f||zorny = [| | f[? ”2/(%71) for all f € £P(R™). A criterion for (9.20) is
given in the book [9]. Here we invoke the following fact.

PROPOSITION 9.7. Let L(R™) be a Banach space of functions such that LP(R™) is a Banach
space of functions and that the maximal operator M is bounded on (LP(R™))" for some
p € (1,00).

Assume, in addition, that Z is a set of pairs of positive measurable functions (f,g) such
that, for all po € (1,00) and w € Ap,(R™),

| @@ ds a0 [ o) u d (9.21)

with the implicit positive constant depending on the weight constant Ay, (w) of the weight
w, but not on (f,g). Then ||flzwny S llgllz@wny holds true for all (f,g) € Z with the
implicit positive constant independent on (f,g).

A direct consequence of this proposition is a criterion of (9.20).

THEOREM 9.8. Let L(R™) be a Banach space of functions such that LP(R™) and (L")P(R™)
are Banach spaces of functions and that the mazimal operator M is bounded on (LP(R™))’
and ((L")P(R™))" for some p € (1,00). Then (9.20) holds true. In particular, if a > N
and (1+ |z|)=N € L(R®)N L (R™), then L(R™) and L'(R™) are embedded into S'(R™), and
L(R™) and Sgigﬂ(R”) coincide.

Proof. We have only to check (9.20). Let

N
Z = {<¢*f+z€wk*f,f> : f€L[R"), N €N, {Ek}keNC{_l»l}}-

k=1

Then (9.21) holds true according to the well-known Calderén-Zygmund theory (see [13,
Chapter 7], for example). Thus, (9.20) holds true, which completes the proof of Theorem
9.8. O

9.3 F'-spaces and £-spaces

As we have seen in [82], when L£(R") is the Morrey space Mg(R"), we have €7  (R") =

F Z’; o(R™) with norm equivalence. The same thing happens under some mild assumptions
(9.22) and (9.24) below.

THEOREM 9.9. Let a € (N + a3,0), q € (0,00] and s € R. Assume that L(R™) satisfies
the assumption (L8) and that there exist positive constants C and 1y such that, for all
P e QR"),

CHIxpllz@n < 1P < Clixel c@ny. (9.22)

Then for all T € [0,79), 77 ,(R") = Fp0 (R™) with equivalent norms.
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Proof. By the definition of the norms || - ng,r (rny and || - ”FZ’T (rn), We need only to show
34, ,q,a
that

F7

Faa®Y) = L7 L (R™). (9.23)

In view of the atomic decomposition theorem (see Theorem 4.5), instead of proving (9.23)
directly, we can reduce the matters to the level of sequence spaces. So we have only to
prove

f£7q7 ( ) — eﬁqa(Rn)
To this end, by (L£8),

1/q
q
1 > ; Zkeln P‘jk‘XQ k( + y)
[Alles  @ny == sup xp2’* sup et
“Lig.0(R") PEQ(R™) |P|” gz:% yER™ (L +27[y[)*
L(R™)
. ~ q1 /4
sup xp2 > klxe,
L(R™)
Similarly, by (£8), we also conclude that
L[ Seea oehon (0]
j kezn INkIXQ; " T Y
Wljsr oy = sup P2 sup Xo;
T2aa®) " Lo [P jgp:vo yeRn (1+27y[)=
L(R™)
. - q11/4
SRR | DO (YT oIy
PeQ(R j=jpVO0 kezn
L(R™)
Then, it suffices to show that, for all dyadic cubes P with jp > 1,
| a] 1/
I:= Bl Z (XPQJS Z ’)‘jk|Xij> S M7 ey
=0 kezn
j € (R

For all j € {0,---,jp — 1}, there exists a unique k € Z" such that P N Qi # 0. Set
Aj = A\ji and Q; = Qjp, then for all j € {0,---,jp — 1},

25| 127212 x| 2 gy
|Q |7~ Q517

1
~ /a

q
1 ,
S Q. Z <XQ]~218 Z ‘)\ik|XQik> S ||)\||fg;a(Rn)a
J ISl

i=j keZm
l:(R”)
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which implies that

o 1/q o 1/q
1 = js ! < Ixplleen (< 1 isain |q
I = W Z XP2 Z |/\jk’Xij ~ W Z 277\
j=0 kezn Jj=0
L(R™)
jp—1 La
S @ PP | D 1R S @y
§=0
This finishes the proof of Theorem 9.9. 0

The following is a variant of Theorem 9.9.

THEOREM 9.10. Let T € [0,00) and q € (0,00]. Assume that there exist a positive constant
A and a positive constant C(A), depending on A, such that, for all P € Q(R™) and k € Z,

IxPwsp—kll cmny < C(A)27|Ixot prjp—ill cem) (9.24)

and that (L8) holds true. Then 52”7’;@(1&”) = FZ;G(R”) with equivalent norms for all
T € [0, A).

Proof. By the definition, we have only to show that

FryaR") = €0y, (R").

To this end, by (£8),

1/q
q
Al = sup . i XPW;j SUp Znezr Prxa, (4 9)
w,T (Rn) = _— . -
€rlg.0(R") PcQ(R™) [P j=0 ! y€ER" (L+27y[)*
L(R™)
. - g1/
~ sup XPWj Ak IX Qi
PcQ(R") ‘P‘T jgo ( ’ kGZZ” ’ QJk)
L(R™)
Similarly, by (£8), we also conclude that
s Sheze Pabxan )]
[Allpor mny == sup —— Xpw; sup SR IS
Feaa®) 7 ooy [P j_%;vo 7 yern (1 +27[y[)e
L(R™)
. o q1 /4
~ S B > (Xij > Wk|Xij>
PeQ(R™) j=jp\VO0 keZn

L(R")
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Then, it suffices to show that, for all dyadic cubes P with jp > 1,

ip—1 g1/
1
I:= W Z <Xpwj Z \)\jk|Xij> < H)‘Hf LJR7):
7=0 kezn ()

For all j € {0,---,jp — 1}, there exists a unique k € Z" such that P N Qi # 0. Set
Aj = A\ji and Q; = Qjp, then for all j € {0,---,jp — 1},

1
Qi1 ij)‘jXquﬁ(R")
1/q

q
1 o0
S P> (mwz > |Am|mzk) < 1Ml -
J s

1=j kez™
L(R™)

Assume q € [1, oo] for the moment. Then by the assumption ¢ € [1, o0] and the triangle
inequality of || - H%(R,L), we see that

= q] /e
= || 35 (s 3 v
j=0 kezZn
- L(R")
= = 1/6
< |P‘T Z Xij‘)‘jb(Qj |P|T Z HXPwJ JXQJHE R™)
Jj=0 L(R™) Jj=0
If we use the assumption (9.24), then we see that
1/6

jp—1
1

—j A0 0
<[ Ao = D2 S I @
j=0

If ¢ € (0,1), since £'/9(R") is still a quasi-normed space of functions, by the Aoki-Rolewicz
theorem (see [2, 69]), there exist an equivalent quasi-norm || - || and 6 € (0, 1] such that,

for all f, g € LY/9(R™),
{Hf”cl/q(Rn 171

If + gl < IFI° + lgll®.
Form this, it follows that

jp—1 jp—1
|P|79 Z lIxpwidixe, H| ‘P’Tg Z [xPw; JXQJHc R")
1 Jjp—1

<

|P‘79 Z 2 ]MH“’J JXQch (R")
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ip—1
N 1 Ie=
< Gw . - 7]149 0 < wir
SNy oo Zz(j) QU7 S 1A gy
which completes the proof of Theorem 9.10. O

REMARK 9.11. In many examples (see Section 11), it is not so hard to show that (9.22)
holds true.

The following theorem generalizes [82, Theorem 1.1]. Recall that £(R™) carries the
parameter Ny from (L£6).

THEOREM 9.12. Let w € WS . with a1, ae, a3 € [0,00).

at,00
(i) Assume 7 € (0,00), q € (0,00) and that (LT7) holds true. If a> 1, then Np.'7 (R")
is a proper subspace ofB L(R™).

(ii) Ifa € (0,00) and T 6 [O 00), then T (R™) =BT (R"™) with equivalent norms.

ﬁ 00,a L,00,a

Proof. Since (ii) is immediately deduced from the definition, we only prove (i). By (L7)
and Theorems 4.5 and 9.2, we see that

[Allger  rmy

q 1/q
1 > 1
=50 | 2 [ S e 2 Paklxen )
PEQ ]Rn j=jpVO yeR ke7zn L:(Rn)
1 o q 1/q
o et 3 o X b
PeQ(R™) j=jpV0 kezn L(R™)
and
IAlr | reny
N 1 q 1/q
- Z sup XPpwj sup ~ Z AjklxQu (- +9)
Pl PEQ(R™) ’P|Tq yER? ( + 2]|y‘ “ kezn L(R™)
N , q 1/q
~q 2 s e e ) Pl
j=jpvo PEQR™) kezr L(R™)
We abbreviate .
n times

Qj(l,l,l,--- ,1) = f27j’ 21*]') X oo X {Q*j’ 217]')
to R; for all j € Z and set

i gl [T, Q= R for some j €
@ 0, Q # R; for any j € Z.
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Then we have

1/q
1 o
Mz e~ sup ey 2 Ienmywide [z
j=jpVO

In order that the inner summand is not zero, there are there possibilities: (a) P contains
{Rk, Ri11,- -+ }; (b) P agrees with Ry, for some k € Z; (c) P is a proper subset of Ry for
some k € Z. The last possibility (c) dose not yield the supremum, while the first case (a)
can be covered by the second case (b). Hence it follows that

1/q
IMlzr  ny ~ i |R1|‘r Z [XRinm,wiAR, HqL(R”)
j=kVv0
~Sup e T |R G IXR, WeAR || £y ~ 1. (9.25)
Meanwhile, keeping in mind that ¢ is finite, we have
1/q
HAHnZ‘;a(R” Z ZSUP |R 7 HXRijwj)\RquL(Rn) = 00. (9.26)

—o kezZ

This, together with Theorem 4.1, the atomic decomposition of (B ,(R"),b,77 (R")) and

(N a@®),npe (R™)), (9.25) and (9.26), then completes the proof of Theorem 9.12. [

7qa

10 Homogeneous spaces

What we have been doing so far can be extended to the homogeneous cases. Here we give
definitions and state theorems but the proofs are omitted.
Following Triebel [90], we let

So(R") := {gp e S(R"): / o(x)x” dz = 0 for all multi-indices v € Zi}

and consider So(R™) as a subspace of S(R™), including the topology. Write S’ (R™) to
denote the topological dual of Soo(R™), namely, the set of all continuous linear functionals
on S (R™). We also endow S/_(R™) with the weak-x topology. Let P(R™) be the set of all
polynomials on R™. Tt is well known that S,_(R"™) = §'(R™)/P(R") as topological spaces
(see, for example, [105, Proposition 8.1]).

To develop a theory of homogeneous spaces, we need to modify the class of weights.
Let R%H ={(x,t) € R’fﬁl : logyt € Z}.
DEFINITION 10.1. Let aq, a9, a3 € [0,00). Then define the class W23 . of weights as the

1,0
set of all measurable functions w : ]R%“H — (0, 00) satisfying the following conditions:
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(i) Condition (H-W1): There exists a positive constant C' such that, for all z € R™ and
J,v € Z with j > v,

C7 127Uy (5, 27Y) < w(w,277) < €27 W9%2q(2, 277).

(ii) Condition (H-W2): There exists a positive constant C' such that, for all z,y € R"
and j € Z,

wj(z) < Cw(y, 2_j) (1 + 2”:1: - y])a?’ .

The class  — W3

& o 18 defined by making similar modifications to Definition 3.12.

As we did for the inhomogeneous case, we write w;(z) := w(z,277) for z € R" and
jez.

DEFINITION 10.2. Let ¢ € (0,00] and 7 € [0,00). Suppose, in addition, that w € ngp@
with a1, ag, ag € [0,00).

(i) The space ¢4(LY(R™,Z)) is defined to be the space of all sequences G := {g;}jez of
measurable functions on R™ such that

1 o0
1Gllea(cew®n z)) = PESS(%”) WH{Xijgj}j:jpHﬂ“’(f‘l(R”,Z)) < o0. (10.1)

(ii) The space (9(NLY(R™,Z)) is defined to be the space of all sequences G := {g;};ez
of measurable functions on R” such that

1/q

ad HXPWijHL(Rn))q
G lea v (Bn 2y) ;Peg(w) |P|" 1oz

(iii) The space L¥(¢1(R",7Z)) is defined to be the space of all sequences G := {g;};cz
of measurable functions on R" such that

1 o
G coaen zyy = sup o {xPw;g;}iZ)p lleaew (rn zy) < 00 (10.3)
peo(®n) | P|

(iv) The space ELY(L4(R™,Z)) is defined to be the space of all sequences G := {g;};cz
of measurable functions on R” such that

1
|Gllecw(pamn,z)) = sup ?”{Xijgj};?i—ooHZ‘?(L“’(R",Z)) < o0. (10.4)
peo(®n) 1P|

When ¢ = oo, a natural modification is made in (10.1) through (10.4) and 7 is omitted
in the notation when 7 = 0.
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10.1 Homogeneous Besov-type and Triebel-Lizorkin-type spaces

Based upon the inhomogeneous case, we present the following definitions.

DEFINITION 10.3. Let a € (0,00), a1,a2,a3,7 € [0,00), ¢ € (0, 0] and w € Was

a1,02°

Assume also that £(R™) is a quasi-normed space satisfying (£1) through (£4) and that
¢ € Soo(R™) satisfies (1.4). For all f € S, (R™), z € R and j € Z, let

* loj * f(z +y)

“fla(x) == sup —————+—=—. 10.5
(‘P] Ja(T) JeR" (1 + 27 [y|)e ( )
(i) The homogeneous generalized Besov-type space BT (R™) is defined to be the space

L,q,a
of all f € S, (R™) such that

< Q.
ea(Ly (R™,2))

1Al ey = [ {250} ez

(ii) The homogeneous generalized Besov-Morrey space NE'LZTQ(R”) is defined to be the
space of all f € S (R™) such that

< 0.
AN LY (R™,2))

1l gy = {5 )a} e

(iii) The homogeneous generalized Triebel-Lizorkin-type space FEU;]TQ(R") is defined to
be the space of all f € S, (R™) such that

< 0.
£ (0a(Rn 2))

£ liwr gy = {9500} ez

(iv) The homogeneous generalized Triebel-Lizorkin-Morrey space Szvga(R”) is defined
to be the space of all f € S, (R™) such that

Pl (G

ELY(e1(R™,Z))
(v) Denote by /l%’;a(R”) one of the above spaces.

ExaMPLE 10.4. One of the advantages of introducing the class ng is that the intersec-

;2
tion space of these function spaces still falls under this scope. Indeed, let aq, as, as, 51, Bo,

B3, 7 € [0,00), ¢,q1,q2 € (0,00], w € W and w' € ngﬁz Then it is easy to see

1,02
fw, . /7 fw+ /7
ALga®) AL o (RY) = AL 0" (RY).

The following lemma is immediately deduced from the definitions (c.f. Lemma 3.8).

LEMMA 10.5. Let a1, a0, a3,7 € [0,00), ¢,q1,q2 € (0, 00| and w € W3 Then

1,02 "

By oRY) = Bry, (RY),

‘qul ;@ [:#127(1
Laa®Y) NG, o(RY),
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FﬂmT GR ) PﬂUT aRn%

L,q1,a L,q2,a
ErmaR") = E17 (R)

and

ngTa(Rn> — [:ooa(Rn)

in the sense of continuous embeddings.
The next theorem is a homogeneous counterpart of Theorem 3.14.

THEOREM 10.6. Let a1, oo, a3,7 € [0,00), ¢ € (0, 00] and w € W23 Then the spaces

1,02 "

BZ’;G(R") and FZZG(R") are continuously embedded into S (R™).
Proof. In view of Lemma 10.5, we have only to prove that

BT (R") <5 S (RY).

L,00,a

Suppose that ¢ satisfies (1.3) and that d equals to 1 near a neighborhood of the origin.
We write ¢(-) := ®(-) — 27"®(271.) and define Li(f) := f — ®  f for all f € S' (R").
Then by Theorem 3.14, we have Ll(ngTa(R”)) — S'(R™) — S._(R™). Therefore, we
need to prove that

0
Ji= Y i

j==o0

converges in S’ (R”) and that Ls is a continuous operator from Bj'7 (R™) to Si (R™).
Notice that, for all j € Z and = € R"”,

0% (5 * £)(@)] S 215 fal).

Consequently, for any k € Soo(R™), we have

[ s@or (s ) do

Now we use the condition (H-W2) to conclude that

< [ @0ty Hlallde <2 [ (@)l )ule) de

< 2i(lal-a1) /R ) U'J"”Ef)l‘) w;j () (] f)a(x) dz

< 9illal-on) /R ij(x)(w’}f)a(x) dx

= gfllal=an) 3 / (@) (9% f)a(a) da

kezn Q]k

< gillal—an=20) ™ (1| 1)~V / w0 (2)(¢% Fal) do.

kezZ™

[ s@r (s i) do

1—1—\le i
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By (£6) and (H-W2), we further see that

/ R(@)0% (10 * f) () dr| S U000 % 7 (k] 4+ 1) ™M (5 fall ey
" kezn
S 23'(|a\—al—50)HfHBZ,T (R")"

Therefore, the summation defining Lo(f) converges in S._(R™), which completes the proof
of Theorem 10.6. ]

We remark that these homogeneous spaces have many similar properties to those in
Sections 4 through 9 of their inhomogeneous counterparts, which will be formulated below.
However, similar to the classical homogeneous Besov spaces and Triebel-Lizorkin spaces,

(see [90, p.238]), some of the most striking features of the spaces B,/ (R"), F. 7 (R"),

/\Gf ZG(R") and EZ’; .(R™) have no counterparts, such as the boundedness of pointwise

multipliers in Section 5. Thus, we cannot expect to find counterparts of the results in
Section 5.

10.2 Characterizations

We have the following counterparts of Theorem 3.5.

THEOREM 10.7. Let a, a1, g, a3, 7, q, w and L(R™) be as in Definition 10.3. Assume that
Y € Soo(R™) satisfies that

B A0 £ <l <2

for some € € (0,00). Let 1p;(-) := 27"(27-) for all j € Z and {3 fa}jez be as in (10.5)
with ¢ replaced by . Then

10z gy ~ (@50} ez
1l oy ~ {5} e
£l ny ~ (@3} e

ta(Lw(R",Z))

LI LY (R,Z))

£ (¢2(R",Z))

and

Hf”g‘g;;a(w) ~ H{(w;f)“}jeZH

ELp(La(R™,Z))
with implicit equivalent positive constants independent of f.
We also characterize these function spaces in terms of local means (see Corollary 3.6).

COROLLARY 10.8. Under the notation of Theorem 10.7, let

Mf(2,277) = sup |t * f(2)]
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for all (z,277) € R and f € S, (R™), where the supremum is taken over all ¥ in
Soo(R™) satisfying that

Y sup (L+ [z)N]oy(a) < 1

la]<N z€eR™

and that, for some € € (0, 00),
[ €O =0, DO#0i 5 <l <2

Then, if N is large enough, then for all f € S. (R™)

1l gy ~ {7270}
1l oy ~ {279 ey

1l ey ~ {27 i

ea(cy (RZ))

ta(N L2 (R,Z))
L (¢a(Rn Z))

and

gz gy ~ H{mf(" 2_j)}j€Zngzg<zq(Rn,Z))

with implicit equivalent positive constants independent of f.

10.3 Atomic decompositions

Now we place ourselves once again in the setting of a quasi-normed space £(R") satisfying
only (£1) through (£6). Now we are going to consider the atomic decompositions of these
spaces in Definition 10.3.

DEFINITION 10.9 (c.f. Definition 4.1). Let K € Z4 and L € Zy U {—1}.
(i) Let Q@ € Q(R™). A (K, L)-atom (for A‘ZTQG(R”)) supported near a cube Q is a
CK(R™)-function a satisfying

(the support condition)  supp (a) C 3Q,
(the size condition) HBO‘aHLoo(Rn) < |Q’*Hall1/n,

(the moment condition) / Pa(z)de =0

for all multiindices o and § satisfying ||a|; < K and |||y < L. Here the moment
condition with L = —1 is understood as vacant condition.
(ii) A set {a;i}jez kezn of CE(R™)-functions is called a collection of (K, L)-atoms (for

ASEZ J(R™)), if each aj, is a (K, L)-atom supported near Q;y.
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DEFINITION 10.10 (c.f. Definition 4.2). Let K € Z4, L € Z; U{—1} and N > 1.
(i) Let Q € Q(R™). A (K, L)-molecule (for AZ;Q(R”)) supported near a cube @ is a
CE(R™)-function 9 satisfying

—N
the decay condition OM(x)| < [1+ lz = cql for all z € R",
UQ)

(the moment condition) / 2PM(z) dz =0

for all multiindices o and S satisfying ||||; < K and ||3]|; < L. Here c¢g and ¢(Q) denote,
respectively, the center and the side length of (), and the moment condition with L = —1
is understood as vacant condition.

(ii) A collection {M;r}jez kezn of CE(R™)-functions is called a collection of (K, L)-

molecules (for AE 2.aR™)), if each My, is a (K, L)-molecule supported near Q.

In what follows, for a function F on R%H, we define

|F(y,277)]
F w,r n = Sup —————— ’
1E g @aty {yeﬂgl (1+27]- =y [
JEL|| pa(Lw (R 7))

[F(y,27)]

B ppwr guery = || sup ——— 2
1 W e oty {yeﬂg (1+27]- —yl)“}.
IEL pa(N Lw (R7,Z))

|F(y,277)]
Fl pwr gne1y = || SUp ——r——
1) e (et {ye]@ (L+27]-—yh)e |
JE€L| cw (ea(r",Z))

and

|F(y,277)]
Flowr mnt1y i:= sup ————————
1Pl e {R T+ 2yl |
J€LlleLw(ba(rn,2))
DEFINITION 10.11 (c. f. Definition 4.3). Let ay, a2, a3, 7 € [0,00) and ¢ € (0, co]. Suppose
that w € W23 _ . Assume that @, ¢ € S(R") satisfy, respectively, (1.3) and (1.4). Define

ag,a”

A R%‘H — C by setting, for all (z,277) € R%H,

(z,277) Z AjmXQjm (T),

mezm"

when A := {Ajim}jez, mezn, a doubly-indexed complex sequence, is given.

(i) The homogeneous sequence space bZ”:;a(R") is defined to be the space of all A such
that ”)\Hsz;a(Rn) = HAHLZ:;@(RZ+1) < 0.

(ii) The homogeneous sequence space nzvga(R”) is defined to be the space of all A such
that H)‘||n2;a(R") = HAHNZ;@(REJFI) < 0.
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(iii) The homogeneous sequence space f}:”’qTa(R") is defined to be the space of all A such
that |’)\||fzu:(;a(Rn) = ||A||FZLI7:a(R£+I) < 0.

(iv) The homogeneous sequence space é%”;a(R”) is defined to be the space of all A such
that ”)\HéZ:;a(Rn) = HAHSZ’qT,a(RZH) < 0.

As we did for inhomogeneous spaces, we present the following definition.

DEFINITION 10.12 (c.f. Definition 4.2). Let X be a function space embedded continuously
into S (R™) and X a quasi-normed space of sequences. The pair (X, X) is called to admit
the atomic decomposition if it satisfies the following two conditions:

(i) For any f € X, there exist a collection of atoms, {a;i};jez kezn, and a sequence
{Ajk}jez, kezn such that f =322 37 70 Ajkajk holds true in Si (R™) and that

{ Nk} ez, keznllx S 11 fllx-

(ii) Suppose that a collection of atoms, {aji};jez kezn, and a sequence {\j}jez, kezn
§uch that H{)\jk}je'Z,keZ"H«Y < oo. Then the series f :=>722 > 7n Ajrajx converges
in S (R™) and satisfies that || f||x < [{\jr}jez, keznl x-

In analogy one says that a pair (X, X’) admits the molecular decomposition.

The following result follows from a way similar to the inhomogeneous case (see the proof
of Theorem 4.5).

THEOREM 10.13. Let a1, a2, 3,7 € [0,00) and g € (0, co]. Suppose that w € Wg‘iaz and

that (3.27), (4.1), (4.2) and (4.3) hold true. Then the pair (A's7 (R™), a0 o(R™)) admits

L,q,a
the atomic decomposition.

In principle, the proof of Theorem 10.13 is analogous to that of Theorem 4.5; We just
need to modify the related proofs. Among them, an attention is necessary to prove the
following counterpart of Lemma 4.7.

LEMMA 10.14. Let ay, a, a3 € [0,00) and w € ngm. Assume that K € Z4 and L € Z4

satisfy (4.1), (4.2) and (4.3). Let X := {\jr}jez, kezn € bqé;a(R") and {M1}jez, kezn be
a family of molecules. Then f =322 37y czn \jkDs, converges in Si (R™).
Proof. Let ¢ € Sso(R™) be a test function. Lemma 4.7 shows fy := 3772, 37 70 A0y,
converges in S, (R™). So we need to prove f_ := Z?Z_OO Y wezn Ak converges in
S (R™).

Let M > 1 be arbitrary. From Lemma 2.10, the definition of the molecules and the
fact that ¢ € Soo(R™), it follows that for all 7 < 0 and k € Z",

< @M (1 4 97Tk,

[ ma)ete) ds

By (£6), we conclude that

M (x)p(x) d
Rn

S PV 27 k) TN (L KD xQu e em)-
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Consequently, we see that

A / M1 ()i () dr| S PO (1 g k)N N g

So by the assumption, this inequality is summable over j < 0 and k£ € Z™, which completes
the proof of Lemma 10.14. 0

The homogeneous version of Theorem 4.9, which is the regular case of decompositions,
reads as below, whose proof is similar to that of Theorem 4.9. We omit the details.

THEOREM 10.15. Let K € Zy, L = —1, oy, 0,03, 7 € [0,00) and q € (0, o0]. Suppose
that w € x = Wg3 . Assume, in addition, that (3.27), (4.2), (4.22) and (4.23) hold true,

namely, a € (No + as,00). Then the pair (A%:;’Q(R”),dz’;a(R”)) admits the atomic /
molecular decompositions.

10.4 Boundedness of operators

We first focus on the counterpart of Theorem 6.5. To this end, for £ € N and a € R, let
m € C*(R™\{0}) satisfy that, for all |o| < ¥,

sup
Re(0,00)

< As < 00. (10.6)

Ron2ec 2l 0gm(€)[? de
R<|g|<2R

The Fourier multiplier T,, is defined by setting, for all f € Sy (R"), (Tm/?) =m f

We remark that when o = 0, the condition (10.6) is just the classical Hormander
condition (see, for example, [88, p.263]). One typical example satisfying (10.6) with a = 0
is the kernels of Riesz transforms R; given by @({) = —il%f(f ) for all £ € R™\ {0}
and j € {1,---,n}. When a # 0, a typical example satisfying (10.6) for any ¢ € N is
given by m(§) := |£|7 for £ € R™ \ {0}; another example is the symbol of a differential
operator 07 of order a:= 01 + -+ + oy, with 0 := (01, ,0p) € 7.

It was proved in [102] that the Fourier multiplier 7}, is bounded on some Besov-type
and Triebel-Lizorkin-type spaces for suitable indices.

Let m be as in (10.6) and K its inverse Fourier transform. To obtain the boundedness
of T, on the spaces BZ; ,(R™) and FK’(Z&(R”), we need the following conclusion, which is
[102, Lemma 3.1].

LEMMA 10.16. K € S, (R™).
The next lemma comes from [4, Lemma 4.1]; see also [102, Lemma 3.2].

LEMMA 10.17. Let ¢ be a Schwartz function on R™ satisfy (1.4). Assume, in addition,
that m satisfies (10.6). If a € (0,00) and £ > a+n/2, then there exists a positive constant
C such that, for all j € Z,

/n (14 27[=)" (K * i) (2)] d= < €277
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. Next we shoW that, via a suitable way, T;, can also be defined on the whole spaces
Fpl (R") and Bj7 (R™). Let ¢ be a Schwartz function on R” satisfy (1.4). Then there

q7a
exists ¢! € S(R™) satisfying (1.4) such that
> "ol x i = dy (10.7)
1€Z

in S, (R™). For any f € FZ“’LITQ(R”) or Bg’;a(R”), we define a linear functional T, f on
Soo(R™) by setting, for all ¢ € Soo(R™),

(T f, 8) =D f# @] % gix ¢ % K(0) (10.8)
i€Z
as long as the right-hand side converges. In this sense, we say Tp,f € S (R"™). The
following result shows that 7T, f in (10.8) is well defined.

LEMMA 10.18. Let £ € (n/2,00), a € R, a € (0,00), a1,a2,03,7 € [0,00), g € (0, o0],
w e Wg?,, and f € FZ”’qTa(R") or BZ”;G(R"). Then the series in (10.8) is convergent and

the sum in the right-hand side of (10.8) is independent of the choices of the pair (o7, p).
Moreover, T,,f € SL (R™).

Proof. By similarity, we only consider f &€ FZ”’qTa(R”). Let (,1)) be another pair of
functions satisfying (10.7). Since ¢ € Sxo(R™), by the Calderén reproducing formula, we
know that

= lxr;xo
JEZ
in Soo (R™). Thus,

S frglrpixoxK0) =Y frolapix | Y wlxy;o | K(0)

i€ i€ jEZ
i+1

=" N frelxgixpl i x ¢ x K(0),
i€Z j=i—1

where the last equality follows from the fact that ¢; *1; = 0 if |7 — j| > 2.
Similar to the argument in Lemma 6.3, we see that

o
DO xgix ol w i x5 95 K(0)] < 1l er (emys
=0 Y

where a is an arbitrary positive number. When ¢ < 0, notice that

/ (i % F(y — 2)lls(~y)] dy
Rn .

2
< E - - . _
~ (1 + 2i[27k|)a /Qik i fly = =)l dy

kezm



98 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan

n—iog 7 as )
S Y TSI -z [ e s o)l
S (U 22 K)o e Qu
2 Zal 1+21‘Z’)a3 .
S Z inf {w(y —2,27)|ei fly — 2)[}
5 (L+20277k[)0708 yeQu

S22 227 N g ey

which, together with the fact that, for M sufficiently large,

n
M 2

and Lemma 10.17, further implies that

ST xgix ol x s x % 9% K(0)]

<0
=X [ e deaponslnos K@)l ds
1<0
S Z 2in—io¢12—in7'”fHFZJ,Ta(Rn) / (1 + 27'|Z|)045‘wz * w: * ¢ * K(Z)’ dz
i<0 - ke
_ 2 (1 + 21|z])
< 2zn za127,M2 inT wr o T K dud
<Y iy [ [ o el « K () dy
g}:fmﬂM%mwmfawwgum@gwmy
i<0 ” -

where we chose M > a1 — 2n.
Similar to the previous arguments, we see that

i+1
Do D Frelepind]xdyx ¢ x KO)| S Ifll o g

i€Z j=i—1

Thus, T, f in (10.8) is independent of the choices of the pair (', ). Moreover, the
previous argument also implies that T, f € S, (R™), which completes the proof of Lemma
10.18. O

Then, by Lemma 10.17, we immediately have the following lemma and we omit the
details here.

LEMMA 10.19. Let o € R, a € (0,00), £ € N and ¢, ¢ € Soo(R"™) satisfy (1.4). Assume
that m satisfies (10.6) and f € S.(R™) such that T,,f € SL(R™). If { > a+ n/2, then
there exists a positive constants C' such that, for all x, y € R™ and j € Z,

(T f * ) ()] < C279% (14 2|z — yI)" (] fal).
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THEOREM 10.20. Let a € R, a € (0,00), a1, a9, a3,7 € [0,00), ¢ € (0, 00, w € ng,az
and w(x,277) = 29%0(x,277) for all x € R™ and j € Z. Suppose that m satisfies (10.6)
with ¢ € N and ¢ > a + n/2, then there exists a positive constant Cy such that, for all

"LU,T n _ . ..
feFe, R, HTmeFZU,Z;a(R") < CleHFZ;;a(R") and a positive constant Co such that,

for all f € BYT (R™), HTmeBf;;a(Rn) < CQHfHBZ’;,a(R")' Similar assertions hold true for

L,q,a
6"2”7’;{1(R”) and /\/’Z"QTQ(R”)

Proof. By Lemma 10.19, we see that, if £ > a +n/2, then for all j € Z and x € R",
2% (5 (T ), () S (&5 ().

Then by the definitions of FEUqT .(R™) and BZ; .(R™), we immediately conclude the desired
conclusions, which completes the proof of Theorem 10.20. O

The following is an analogy to Theorem 3.10, which can be proven similarly. We omit
the details.

THEOREM 10.21. Let s € [0,00), a > a3 + No, ai,a2,a3,7 € [0,00), ¢ € (0,00] and
wE W Set w*(z,277) := 27%w;(x) for all x € R™ and j € Z. Then the lift operator

Q1,002 "
(=A)*/? is bounded from Apt J(R™) o Ap 7 (R™).
We consider the class S’? M(R”) with g € [0,1). Recall that a function a is said to belong

to a class ST, (R™) of C>(R!} x RY)-functions if

sup [¢[ - =lFl 508 a(x, )] < 51
z,£€R™ ?

for all multiindices @ and 5 . One defines

a(X. D)) = [ alw &) f(e)e de

for all f € Soo(R™) and x € R™. Theorem 6.6 has a following counterpart, whose proof is
similar and omitted.

THEOREM 10.22. Let a weight w € ng,m with ai, az, a3z € [0,00) and a quasi-normed
function space L(R™) satisfy (L1) through (L£6). Let p € [0,1), 7 € (0,00) and g € (0, 00].
Assume, in addition, that (3.27) holds true, that is, a € (Ny + asz,00), where Ny is
as in (L£6). Then the pseudo-differential operators with symbol S’?’H(R”) are bounded on
ALT (R™).

q,a

10.5 Function spaces A%:;G(R”) for 7 large

Now we have the following counterpart for Theorem 7.2
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THEOREM 10.23. Let w € W3 with a1, a9, a3 > 0. Define a new index T by

a1,02

~ . 1 1
T := limsup sup — logy ———
joo  \ Peg;(rn) ) IxPllc@n

and a new weight W by
(x,277) = 2" y(2,279), zeR", jel

Assume that 7 and T satisfy

T>712>0.
Then
N\ \ )03 .
O T €W -ntr—m)s (aztn(r—7)s ,
(ii).fi)r all g € (0, oo). (~md a > agz+ Ny, FE’CZG(R") and BZ’;Q(R”) coincide, respectively,
with FY  o(R") and BY, o ,(R™) with equivalent norms.

10.6 Characterizations via differences and oscillations

We can extend Theorems 8.2 and 8.6 to homogeneous spaces as follows, whose proofs are
omitted by similarity.

THEOREM 10.24. Let a, aq, ag, ag, T € [0,00), u € [1,00], ¢ € (0, 0] and w € x— W33

Q1,002
If M € N, aq € (a,M) and (8.2) holds true, then there exists a positive constant C =
C(M), depending on M, such that, for all f € S, (R™) N L _(R"), the following hold
true:

(i)

~ Al my
JELWga(Ly (R™,Z))

s dh] v

sup -
2€RN [ hj<Go-i (1+27[z])"

with the implicit positive constants independent of f.

(i)
1/u
AP+ 2)]"
su —r -~ _dh ~ cw,r o
l iz [?{h.@-j (1+ 272 Iz @
jeLll cu (ra(rn z))

with the implicit positive constants independent of f.

(iii)

1/u
A S+ 2"
sup % ~ ‘ ﬁdh ~ ||f||/\/—w,7— (R™)
2eRr | Jjpj<éo-i (1 +27]z]) £.a.0

JELNpa(N LY (R",Z))
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with the implicit positive constants independent of f.
(iv)
1/u

AN+ )
—t - dh ~ w0, o
wplﬁl 1l gy

2€RN <G (1+27]z[)o
JEL gL (ea(R,2))

with the implicit positive constants independent of f.

THEOREM 10.25. Let a, aq, ag, ag, T € [0,00), u € [1,00], g € (0, co] and w € *—Was

a1,02°
If M €N, a1 € (a,M) and (8.2) holds true, then, for all f € S. (R™) N L} _(R™), the
following hold true:

(i)
{ OSnyf(-Jrz,?‘j)}
sup :
zerr (L+27]z])2 jez

with the implicit positive constants independent of f.

(i)
M —j
) 9—J
{1 20)
zern (1427|2])e jez

with the implicit positive constants independent of f.

(iii)
Mg 2—J
i I CA

with the implicit positive constants independent of f.

(iv)

~ ||f||Bg”;,a(Rn)
£9(Lw (R, Z))

~ Al @)
Lw(ea(R",Z))

~ ||f||j\'/g’;a(Rn)
(9N LY (R, Z))

{ oscfyf(-—&-z,Zj)}
sup :
zerRn (1427|z])e jez

~ ||f”g‘g;;a(w)
£Lw(0a(Rn 7))

with the implicit positive constants independent of f.

Next, we transplant Theorems 9.6 and 9.8 to the homogeneous case. Again, since their
proofs are similar, respectively, to the inhomogeneous cases, we omit the details.

THEOREM 10.26. Suppose that a > N and that (9.19) is satisfied:

1+ |z))™N € L(R™) N L' (R").
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Assume, in addition, that there exists a positive constant C such that, for any finite
sequence {5/6}]120:—% taking values {—1,1},

k‘o kO
Z expr * f < CONlfllzmnys Z ELPK * g < Ollgllzrmmy (10.9)
k=—ko E(Rn) k=—ko E’(]R")

for all f € L(R™) and g € L'(R™). Then, L(R™) and L'(R™) are embedded into S (R"),
L(R™) and L' (R™) are embedded into S, (R™), and L(R™) and 52’7027(1(1[%") coincide.

THEOREM 10.27. Let L(R™) be a Banach space of functions such that the spaces LP(R™)
and (L"P(R™) are Banach spaces of functions and that the mazimal operator M is bounded
on (LP(R™))" and ((L")P(R™))" for some p € (1,00). Then (10.9) holds true. In particular,
ifa > N and (1 + |z|)™N € LR™) N L' (R"), then L(R™) and L' (R™) are embedded into
SL(R™), and L(R™) and é.’g”g,a(R") coincide.

As a corollary £(R™) enjoys the following characterization.

COROLLARY 10.28. Let L(R™) be a Banach space of functions such that LP(R™) and
(L")P(R™) are Banach spaces of functions and that the mazimal operator M is bounded
on (LP(R™)) and ((L")P(R™)) for some p € (1,00). Ifa > N and (1 + |z|)™V €
L(R™) N L (R™), then

LR sekn | <oy (14 27|z[)o

JEZ gLk (02(R,Z))

{ oscfyf(-—i-z,Q_j)}
~ ||4 sup .
A T T O

ELL(62(R™,Z))

with the implicit positive constants independent of f € L(R™).

11 Applications and examples

Now we present some examples for £(R™) and survey what has been obtained recently.

11.1 Weighted Lebesgue spaces

Let p be a weight and p € (0,00). We let LP(p) denote the set of all Lebesgue measurable
functions f for which the norm

s = | [ 17(@)Pta)de]
is finite. Assume that (14 |-|)™No € LP(p) for some Ny € (0,00) and the estimate

IxQ,llLr (o) = IXa-skra-ijo e llLegy 2 277 (L+ k)0, jE€Zy, ke (11.1)
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holds true for some ~,d € [0, 00), where the implicit positive constant is independent of j
and k. The space LP(p) is referred to as the weighted Lebesgue space.
Now in this example, Ny and +, § are included in (11.1). The assumption (3.2) actually
reads
L(R"):= LP(p), 6:=min{l,p}

and L£(R™) satisfies (£1) through (£6). Notice that if p satisfies
pl+y) < 1+ ly) p(y),

then p satisfies (9.17) and that if p € Aso = Ui<y<ooAu, then p satisfies (£8). Meanwhile
(3.3) actually reads as

wj(z):=1forallz e R"and j € Zy, o1 =ax=0a3=0.
Hence, (3.4) is replaced by

T €10,00), ¢ € (0,00], @ > Np.

11.2 Morrey spaces

Morrey spaces Now, to begin with, we consider the case when £(R") := M%(R"), the
Morrey space. Recall that definition was given in Example 5.5. Besov-Morrey spaces and
Triebel-Lizorkin-Morrey spaces are function spaces whose norms are obtained by replacing
the LP-norms with the Morrey norms. More precisely, the Besov-Morrey norm ||- || Nz (R™)
is given by

o 1/r
1 =12 = g+ | 32277 s A
j=1
and the Triebel-Lizorkin-Morrey norm | - ||gs (rn) is given by
- 1/r
1/ Nles,, @n):=I1®* fll pez mny+ Z ;% fI"
=1
’ ME(R?)

for 0 < ¢ <p< oo, re€ (0,00 and s € R, where ® and ¢ are, respectively, as in (1.3) and

(1.4), and @;(-) = 27"p(27-) for all j € N. The spaces N3,.(R") and €5 .(R™) denote the set
of all f € 8'(R™) such that the norms || f|| N ey and || fllgs  (rny are finite, respectively.
Let A% (R™) denote either one of V¥ (R™) and &5, (R™). Write

pqr pgr pgr

By a(R") = B;“\U/’l%q,a(R”) and F%7 o (R") = F}CE%,%Q(R").

Then, if we let wj(z) := 27° (z € R", j € Z;) with s € R, then it is easy to show

that N5, . (R™) := Nisu , o(R") coincides with ¢, (R™) when a > and that

n
pu,g,a Dyuq min(1,u)



104 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan

Fy o ga®") = 3 (R™) coincides with EpugR™) when a > (g Indeed, this is

just a matter of applying the Plancherel-Polya-Nikolskij inequality (Lemma 1.1) and the
maximal inequalities obtained in [80, 89]. These function spaces are dealt in [80, 89].
Observe that (£1) through (£6) hold true in this case.
There exists another point of view of these function spaces. Recall that the function
space Apyq(R"), defined by (3.1), originated from [97, 98, 99]. The following is known,
which Theorem 9.12 in the present paper extends.

PrOPOSITION 11.1 ([104, Theorem 1.1]). Let s € R.

1

1
(i) If0 < p <u < oo and q € (0,00), then Ny, (R") is a proper subset of B;:g’ “(R™).

sl 1
i) If0 < p <u < oo and ¢ = oo, then N5 _(R") = B, 2 “(R"™) with equivalent norms.
upq p,q

1_1
iii) If 0 < p < u < 00 and q € (0,00], then E5 . (R") = E, 7 "(R™) with equivalent
upq psq

norms.
An analogy for homogeneous spaces is also true.

Other related spaces are inhomogeneous Hardy-Morrey spaces hME(R™), whose norm
is given by

ez ey = || sup (") *f!”
0<t<1

MG (R™)
for all f € S'(R") and 0 < g < p < oo, where ® is as in (1.3).
Now in this example (3.2) actually reads

6:=0

Y

LR™) = ME(R"), 0:=min{l,q}, Np:= % +1, 7= %

and L£(R™) satisfies (£1) through (£6) and (£8) (see [79, 89]). Meanwhile (3.3) actually

reads as

wij(z):=1forallz e R"and j€Zy, o1 =az=0a3=0.

Hence, (3.4) is replaced by

TE [O,oo),qE(O,oo],a>%+1.

We refer to [32, 33, 43, 74, 75, 80, 83] for more details and applications of Hardy-Morrey
spaces, Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces. Indeed, in [43, 74, 80],
Besov-Morrey spaces and its applications are investigated; Triebel-Lizorkin-Morrey spaces
are dealt in [74, 75, 80]; Hardy-Morrey spaces are defined and considered in [32, 33, 75, 83]
and Hardy-Morrey spaces are applied to PDE in [33]. We also refer to [30] for more related
results about Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces, where the authors
covered weighted settings.
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Generalized Morrey spaces We can also consider generalized Morrey spaces. Let
p € (0,00) and ¢ : (0,00) — (0,00) be a suitable function. For a function f locally in
LP(R™), we set

Il @ = sup SUQ L@ / fa |de] ,

QeD(R™)

where £(Q) denotes the side-length of the cube Q). The generalized Morrey space Mgy ,(R™)
is defined to be the space of all functions f locally in LP(R") such that || f[| s, ,&n) < 00
Let L(R") := Mg ,(R™). Observe that (£1) through (£6) are true under a suitable
condition on ¢. At least (£1) through (£5) hold true without assuming any condition on ¢.
Morrey-Campanato spaces with growth function ¢ were first introduced by Spanne [86, 87]
and Peetre [67], which treat singular integrals of convolution type. In 1991, Mizuhara [54]
studied the boundedness of the Hardy-Littlewood maximal operator on Morrey spaces
with growth function ¢. Later in 1994, Nakai [56] considered the boundedness of singular
integral (with non-convolution kernel), and fractional integral operators on Morrey spaces
with growth function ¢. In [58], Nakai started to define the space My ,(R™). Later, this
type of function spaces was used in [44, 56, 76]. We refer to [60] for more details of this
type of function spaces. In [57, p. 445, Nakai has proven the following (see [78, (10.6)]
as well).

PROPOSITION 11.2. Let p € (0,00) and ¢ : (0,00) — (0,00) be an arbitrary function.
Then there exists a function ¢* : (0,00) — (0,00) such that

¢*(t) is nondecreasing and [¢*(t)|Pt™" is nonincreasing, (11.2)
and that My »,(R™) and My ,(R™) coincide.
We rephrase (£8) by using (11.2) as follows.

PROPOSITION 11.3 ([73, Theorem 2.5]). Suppose that ¢ : (0,00) — (0,00) is an increasing
function. Assume that ¢ : (0,00) — (0,00) satisfies

/cb —~¢() (11.3)

for allr € (0,00). Then, for allu € (1,00] and sequences of measurable functions {fj};il,
> Mg ~ DI
j=1 j=1
My p(R™) Mg p(R™)

with the implicit equivalent positive constants independent of {fj};-";l

REMARK 11.4. In [73], it was actually assumed that

/ o(t) — < ¢(r) for all r € (0, 00). (11.4)

However, under the assumption (11.2), the conditions (11.3) and (11.4) are mutually
equivalent.
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Now in this example (3.2) actually reads as
n n
L(R™) :== Mg ,(R"), 0:=1, Np:= » +1, v:= p 0:=0

and L£(R"™) satisfies (£8) by Proposition 11.3 and also (£1) through (£6). While (3.3)

actually reads
wj(z):=1forallz e R"and j € Zy, o1 =ay=0a3=0.
Hence, (3.4) is replaced by

TE [0,00),q6(0,oo],a>%—|—1.

11.3 Orlicz spaces

Now let us recall the definition of Orlicz spaces which were given in Example 5.5.
The proof of the following estimate can be found in [8].

LEMMA 11.5. If a Young function ® satisfies

o(2t o(2t
(Doubling condition) il>110) (I’(( t)) <00, (Va-condition) %gg <I’((t)) >2,
then for all u € (1,00] and sequences of measurable functions {f;}32,,
Z[Mf]]u ~ Z ’f]|u (11.5)
i=1 7=

L®(R") N L®(R")
with the implicit equivalent positive constants independent of {f]};‘;l

Thus, by Lemma 11.5, L*(R") satisfies (£8). Now in this example £(R") := L*(R"?)
also satisfy (£1) through (£6) with the parameters (3.2) and (3.3) actually read as

L(R") :=L*[R"), 6:=1, Nyp:=n+1, ~y:=n, §:=0.

Indeed, since ® is a Young function, we have
| #@xg @) de =2 2 1.

Consequently [[xqollze®n) > 27/" Meanwhile as before,
wj(z):=1forallz e R"and j € Zy, o1 =ax=0a3=0.
Hence (3.4) now stands for

T € [0,00), ¢ € (0,00], a >n+ 1.
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This example can be generalized somehow. Given a Young function ®, define the mean
Luzemburg norm of f on a cube Q € Q(R™) by

1 T
||f”<1>,Q3:inf{)\>03 m/f('f&)') dxgl}.

When ®(t) := t? for all ¢t € (0, 00) with p € [1,00),

B i ) 1/p
o= <|Q‘/Q|f(l‘)l dx) |

that is, the mean Luxemburg norm coincides with the (normalized) LP norm. The Orlicz-
Morrey space L2 ¢(R™) consists of all locally integrable functions f on R™ for which the
norm

/1

(@D flle,Q

[ fllze. o@ny == sup
QeQ(R™)
is finite. As is written in [77, Section 1], we can assume without loss of generality that
t — ¢(t) and t > t"¢(t)~! are both increasing.

Using [77, Proposition 2.17], we extend [37, 38] and [77, Proposition 2.17] to the vector-
valued version. In the next proposition, we shall establish that (£8) holds true provided
that

S

/j o <t> ds < B(CH) (t € (0,00))

for some positive constant C' and for all ¢ € (1, 00).

PROPOSITION 11.6. Let ¢ € (0,00]. Let ® be a normalized Young function. Then the
following are equivalent:

(i) The mazimal operator M is locally bounded in the norm determined by ®, that is,
there exists a positive constant C such that, for all cubes Q € Q(R™),

1M(gxe)lle,q < Cllglle, ¢-

(ii) The function space L(R™) := L¥¢(R") satisfies (L8) with some 0 < r < q and
=1.

w Namely, there exist R> 1 and r € (0,00) such that

{55 * | £ ezl eooa@n 2,y S IHFibiezs | cooaen 2., ))

holds true for all {f;}jen C L ?(R™), where the implicit positive constant is independent

of {fj}jeN-

(iii) The function ® satisfies that, for some positive constant C' and all t € (1,00),

/t La/(s)ds < B(CH).
1

S

(iv) The function ® satisfies that, for some positive constant C and all t € (1,00),

/jcp (Z) ds < B(CH).
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Therefore, a result similar to Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces
can be obtained as before.

Proof of Proposition 11.6. The proof is based upon a minor modification of the known
results. However, the proof not being found in the literatures, we outline the proof here.
In [77, Proposition 2.17] we have shown that (i), (iii) and (iv) are mutually equivalent.
It is clear that (ii) implies (i). Therefore, we need to prove that (iv) implies (ii). In [77,
Claim 5.1] we also have shown that the space £ ?(R") remains the same if we change
the value ®(t) with ¢ < 1. Therefore, we can and do assume

/t Lo/ (s)ds < B(C1)
0

for all ¢ € (0,00). Consequently,

1/q

[ Z AN @y | da

1/q

— /Ooo cI)/(t) rzeR" : Z[M(‘fj‘r)(x”q/r St gt
j=1

<[ [ 5 [ 1
n t X{wERn ] 1‘f] 1/q % : J

1/q

s/ o co |[SIf@| | de
R” j=1

for some positive constant Cy. This implies that, whenever

1/q
1

PSIFIL <o
7j=1

L<I>,¢(Rn)

we have
1/q

/n<I> Z (1517 (@) do < 1.

From the definition of the Orlicz-norm ||- || L#,s (rn), we have (11.5). Once we obtain (11.5),
we can go through the same argument as [79, Theorem 2.4]. We omit the details, which
completes the proof of Proposition 11.6. O
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Now in this example, if we assume the conditions of Proposition 11.6, then (£1) through
(£6) hold true with the conditions on the parameters (3.2) and (3.3) actually read as

L(R") := L**(R"), 0:=1, Ny:=n+1, v:=n, &§:=0.

Indeed, since ® is a Young function, again we have
2" [ lxgy(@)/N) do = (A1)
Rn

for A > 0. Consequently [xq,,ll®,0,0 = 1/®~*(1) and hence

A(277)Ix@sollo,00 = #(277) = B(277)27m277" > p(1)277"
Here we invoked an assumption that ¢(¢)¢~" is a decreasing function.
Since L®?(R") satisfies (£8), we obtain Mx—11p € L%?(R"), showing that Ny := n
will do in this setting.
Meanwhile as before,

wij(z):=1forallz e R"and j€Z;, o1 =as=0a3=0.
Hence (3.4) now stands for
T € [0,00), ¢ € (0,00], a >n+ 1.

Finally, we remark that Orlicz spaces are examples to which the results in Subsection
9.2 apply.

11.4 Herz spaces

Let p,q € (0,00] and a € R. We let Qg := [—1,1]" and C; := [—27,27]"\ [-27~1, 277 1]" for
all j € N. Define the inhomogeneous Herz space K’ (R") to be the set of all measurable
functions f for which the norm

q

o
1 e, @y = lIxQo - fllLe@rn) + ZQMO‘HXijHqu(Rn)
j=1

is finite, where we modify naturally the definition above when p = 0o or g = co.
The following is shown by Izuki [28], which is (£8) of this case. A complete theory of
Herz-type spaces was given in [46].

PROPOSITION 11.7. Let p € (1,00), q,u € (0,00] and o« € (—1/p,1/p’). Then, for all
sequences of measurable functions { f;}32,,

> Mg ~ DI
j=1 j=1
K&(I(Rn) Kg,q(Rn)

with the implicit equivalent positive constants independent of {f]}‘;‘;l
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Now in this example (£1) through (£6) hold true with the parameters in (3.2), (3.3)
and (3.4) actually satisfying that

LR") := K, ,(R"), 0:=min(l,p,q), No:= E—i—l—Hnaux(a,O), v = E—i—a, 0:=0,
’ q p

wj(z):=1forallz e R"and j € Zy, o1 =0ay=0a3=0,
7 € [0,00), ¢ € (0,00], a € (n/q+1,00)

respectively. By virtue of Proposition 11.7, we know that (£8) holds true as well.

Therefore, again a result similar to Besov-Morrey spaces and Triebel-Lizorkin spaces
can be obtained for K7 (R") with p,q € (0,00] and o € R as before. Homogeneous
counterpart of the above is available. Define the homogeneous Herz space Kg,q (R™) to be
the set of all measurable functions f for which the norm

Hf”[’(g’q(Rn) = Z HQMQXC fHLp R")

j=—o0

is finite, where we modify naturally the definition above when g = oo
An analogous result is available but we do not go into the detail.

11.5 Variable Lebesgue spaces

Starting from the recent work by Diening [11], there exist a series of results of the theory
of variable function spaces. Let p(-) : R" — (0,00) be a measurable function such that
0 < infyepn p(z) < sup,epn p(z) < oo. The space LPO)(R™), the Lebesgue space with
variable exponent p(-), is defined as the set of all measurable functions f for which the
quantity [g, [ef(2)|P® dz is finite for some & € (0, 00). We let

p(z)
1200 ey ::inf{A >0 / ['fg”] iz < 1}

for such a function f. As a special case of the theory of Nakano and Luxemberg [47, 62, 63],
we see (LPO)(R™), || - || [p()(Rmy) 18 @ quasi-normed space. It is customary to let p; :=

sup,ern p(x) and p_ : IanERn p(x).
The following was shown in [7] and hence we have (£8) for LPO)(R™).

PROPOSITION 11.8. Suppose that p(-) : R™ — (0,00) is a function satisfying

1 <p_:= inf p(z) < py := sup p(z) < oo, (11.6)
zeR" reR™

1
the log-Holder continuity) |p(z) —p(y)| S ————
( ) PR fogti )

1
forall |z —y| <=

5 (11.7)
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1

S ————— I > |z|. 11.8
% ooy forelt Wzl 018)

(the decay condition) |p(z) — p(y)

Let u € (1,00]. Then, for all sequences of measurable functions {f;}32;,

00 w w

o
> Mg ~ DI
j=1 j=1
Lr() (Rm) LP() (Rm)
with the implicit equivalent positive constants independent of {f]}]o‘;1

Now in this example (£1) through (£6) hold true with the parameters in (3.2), (3.3)
and (3.4) actually satisfies

L(R™) := LPO(R™), 0 :=min(1,p_), Npy:= oy 1, ~:= i, 0:=0,

wj(z):=1forallz e R"and j € Zy, o1 =ay=a3=0,

T € [0,00), ¢ € (0,00], a > £+1,

respectively. Also, by virtue of Proposition 11.8, we have (£8) as well. For the sake of
simplicity, let us write A;’(T)jq(R") instead of A77 (Rn)’q’a(R").
The function space A; 0 q(]R”) is well investigated and we have the following proposition,

for example.

PROPOSITION 11.9 ([61]). Let f € S'(R™) and p(-) satisfy (11.6), (11.7) and (11.8). Then,
the following are equivalent:
(i) f belongs to the local Hardy space h?C)(R™) with variable exponent p(-), that is,

HthM-)(Rn) = < 00;

sup [t ®(t7L) « f|
0<tL1 Lp()(Rn)
(ii) f satisfies

. 1/2
1Fllm0 ey = 18 % Fllorgany + || Sl » £12 <.
=1
J Lp(-)(Rn)
By virtue of Lemma 1.1, Theorem 9.2, Propositions 11.8 and 11.9, we have the following.

PROPOSITION 11.10. The function space hPC)(R™) coincides with F;](’g 9 o(R™), whenever
a>1. -

Recall that Besov/Triebel-Lizorkin spaces with variable exponent date back to the
works by Almeida and Hést6 [1] and Diening, Hésté and Roudenko [12]. Xu investigated
fundamental properties of A; (.),q(R”) [95, 96]. Among others Xu obtained the atomic
decomposition results. As for A;(A),q(R"), in [64], Noi and Sawano have investigated the
complex interpolation of F;g(%qo (R™) and F;ll('),fh (R™).

Finally, as we have announced in Section 1, we show the unboundedness of the Hardy-
Littlewood maximal operator and the maximal operator M, .
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LEMMA 11.11. The mazimal operator M, x is not bounded on e (R™) for allr € (0,00)
and X € (0,00). In particular, the Hardy-Littlewood mazimal operator M is not bounded

on L' (R™).
Proof. Consider f.(x) := X[—,0)(Tn)X[=11]n-1 (71, 2, ,p—1) for all z = (21, ,25) €
R"™. Then, for all x in the support of f,., we have

Mr,)\fr($) ~ M f.(x) ~ X[=r,r] (xn)X[—l,l}"—l(xla T2, Tn-1)-

Hence ||M7"’>‘fHL1+XR1 > r=1/2 while Hj‘"||L1+XRSLr ~ 771 showing the unboundedness, which

completes the proof of Lemma 11.11. O

Lebesgue spaces with variable exponent date back first to the works by Orlicz and
Nakano [66, 62, 63|, where the case p; < oo is considered. When p; < oo, Sharapudinov
considered LP()([0, 1]) [84] and then Kovacik and Rékosnik extended the theory to domains
[40].

11.6 Amalgam spaces

Let p, ¢ € (0,00] and s € R. Recall that Qo := z + [0,1]" for z € Z", the translation of
the unit cube. For a Lebesgue locally integrable function f we define

£l (e @ny,eaizyo)) = IH(L+12])° - [IXQo. f | Lo (Rr) } 227 || a-

Now in this example (£1) through (£6) hold true with the parameters (3.2), (3.3) and
(3.4) actually reading as, respectively,

L(R"™) := (LP(R"),£%((2)%)), @ :== min(1,p,q), No :=n+1+s, ~v:= E, d := max(—s,0).

3

wij(z):=1forallz e R"and j€Z;, o1 =as=a3=0.
T €[0,00), ¢ € (0,00], a >n+1+s.

The following is shown essentially in [36]. Actually, in [36] the boundedness of singular
integral operators is established. Using the technique employed in [19, p.498|, we have
the following.

PROPOSITION 11.12. Let q,u € (1,00], p € (1,00) and s € R. Then, for all sequences of
measurable functions {f;}524,

> M ~ I
j=1 j=1

(LP(R™),09({z)*)) (LP(R™),0((z)®))
with the implicit equivalent positive constants independent of {fj};')ir

Therefore, (£6) is available and the results above can be applicable to amalgam spaces.
Remark that amalgam spaces can be used to describe the range of the Fourier transform;
see [81] for details.
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11.7 Multiplier spaces

There is another variant of Morrey spaces.

DEFINITION 11.13. For r € [0, ), the space X, (R™) is defined as the space of all functions
f € L2 (R") that satisfy the following inequality:

loc
11, gy = 509 {192y < 00 ¢ Ilgll o gy < 1 < 00

where H" (R") stands for the completion of the space D (R™) with respect to the norm
ol gy = 12 0] 2y

We refer to [51] for the reference of this field which contains a vast amount of researches
of the multiplier spaces. Here and below we place ourselves in the setting of R™ with n > 3.
We characterize this norm in terms of the H "(R™)-capacity and wavelets. Here we
present the definition of capacity (see [50, 51]). Denote by K the set of all compact sets
mn R™.
DEFINITION 11.14 ([51]). Let r € [0,%) and e € K. The quantity cap(e, H"(R")) stands
for the H "-capacity, which is defined by

cap <e,HT(R”)> := inf {Hqur(Rn) cue€DR"), u>1 on e} .

~, that is, u = HQ_”QT Notice that by the Sobolev embedding

1 ._ 1
Let us set T= g

theorem, we have
i <
el = lxell o < o) S el gy
for all u € D (R™). Consequently, we have

n—2r

cap (e,HWR”)) > el ™ . (11.9)

Having clarified the definition of capacity, let us now formulate our main result. In
what follows, we choose a system {t. ji}e=12... 201 jez, kezn s0 that it forms a complete
orthonormal basis of L?(R") and that

e k(@) = Pe(2 — k)
forall j € Z, k € Z" and x € R".

PROPOSITION 11.15 ([23, 51]). Let r € [0,%) and let f € L} (R")NS'(R™). Then the
following are equivalent:

(i) f € X (R").
(ii) The function f can be expanded as follows: In the topology of S'(R™),

2" —1

f: Z Z Ae,jk"ba,jk in S,(Rn)a

e=1 (j,k)ELXL"
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where { e jktem12,. 2n—1, (jk)czxzn Satisfies that

2" —1

S % Pl W@ Myele) do < ()P ap (e, ()

e=1 (j,k)EZXZ"

foree K.
(iii) Assume in addition n > 3 here. The function f can be expanded as follows: In the
topology of S'(R™),

2" —1

F=Y > Ategr  in SR,

e=1 (j,k)EZLXZ"

where {Ac jk}em12,... 2n—1, (j,k)ezxzn Satisfies that

2m—1

S Y Penl [ enlo)f do < (CoP cap (e HT(RY)

e=1 (j,k)€Zx2Z™

foree K.
Furthermore, the smallest values of C1 and Cs are both equivalent to ”f”XT(]Rn)'

To show that this function space falls under the scope of our theory, let us set

1/2

1
F |(.1) L\ 1= sup . / F(x)* dx
H ‘ XT‘(R ) eelC cap (6, H?"(RTL)) n ‘ ( ’

and

1/2

[ IF @ M @)
)) /e

F . 1= Su
1 r(®7) ie}é cap (6, H'(R

The space x (R™), i € {1,2}, denotes the set of all measurable function F': R" — C for
: (@)
which HFHXT(RH) < 0.

The following lemma, which can be used to checking (£6), is known.

LEMMA 11.16 ([23, Lemma 2.1]). Let e be a compact set and k € (0,00). Define E,, =
{r e R" : Mxc.(z) > k}. Then

cap (E, HT(R”)) < k™ 2cap (e, H’”(R”))

By (11.9) and Lemma 11.16, (£1) through (£6) hold true with the condition (3.2)
actually reading as

LR™) := XO(R™) for i € {1,2}, 6:=1, Ny:=n+1, ~v:=2, §:=0
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In this case the condition (3.3) on w is trivial:
wj(z):=1forall j € Z, and z €e R", o0y = g = a3 = 0.
Consequently, (3.4) reads as
T € [0,00), ¢ € (0,00], a >n+ 1.
In view of Proposition 11.15 we give the following proposition.
DEFINITION 11.17. For any given sequence A := {\jx}jez, kezn, let
IME gy = IMisa, IS gy = Pis,
The space X\ (R™) for i € {1,2} is the set of all sequences A := {\jr}jez, kezn for which
||A\|§2 (g 18 finite.
In [23], essentially, we have shown the following conclusions.

PROPOSITION 11.18. Letr € (0, %).
(i) If n > 3, then (X,.(R™), Xﬁl)(Rn)) admits the atomic / molecular decompositions.
(ii)) If n > 1, then (XT(]R”),X,EZ) (R™)) admits the atomic / molecular decompositions.

However, due to Proposition 9.5, this can be improved as follows.

PROPOSITION 11.19. Let r € (0,%) and n > 1. Then (XT(R"),XT(D(R")) admits the

atomic / molecular decompositions.
11.8 B,(R") spaces

The next example also falls under the scope of our generalized Triebel-Lizorkin type spaces.

DEFINITION 11.20. Let o € [0,00), p € [1,00] and A € [=%,0]. The space By (L »)(R™) is
defined as the space of all f € L (R") for which the norm

loc

1

ro| Q|

105, (2, 0@y = sup{ 1l : 7€ (0,00), Q € D(@(O,r»}

is finite.

Now in this example (£1) through (£6) hold true with the parameters in (3.2) and (3.3)
actually reading as

LR™) :=B,(L,\)(R"), 6:=1, Ny:=-A+1, y:=-\ §:=0

and
wj(xz):=1forall j € Z; and x € R", o1 =ax=a3=0,
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respectively. Hence (3.4) now stands for
T €[0,00), ¢ € (0,00], a > —A + 1.

We remark that B?(R™)-spaces have been introduced recently to unify A-central Morrey
spaces, A-central mean oscillation spaces and usual Morrey-Campanato spaces [49]. Recall
that in Lemma 1.1 we have defined Q(0,r). We refer [39] for further generalizations of
this field.

DEFINITION 11.21 ([42]). Let p € (1,00), 0 € (0,00), A € [=7,—0) and ¢ satisfy (1.3)
and (1.4). Given f € S'(R"), set

o0

1
HfHBJ(Lfk)(Rn) = eS(lép ) W Z |05 * f]2
’ r ,00 o n'p — 1o
QeQ(E™), QcQ(r) J=los Q) Q)

The space BU(L]?/\)(R") denotes the space of all f € S'(R") for which || f|| (LD ) (&™) is
) o P,
finite.

LEMMA 11.22 ([42]). Letp € (1,00), u € (1,00], 0 € [0,00) and \ € (—o0,0). Assume, in
addition, that o + A < 0. Then

o] w

> Mg ~ DI

=1

u

Bo (Lp,2)(R™) Bo(Lp,\)(R™)
with the implicit equivalent positive constants independent of {f;}3, C BJ(LPQ\)(R").
PROPOSITION 11.23 ([42]). Let p € (1,00), 0 € (0,00) and A € [=7,—0). Then

Bo(Lyh)(R") and By (Lp)(R")

coincide. More precisely, the following hold true:

(i) By(Ly)(R™) < S'(R™) in the sense of continuous embedding.
(ii) BU(LI?/\)(R") — S§'(R") N LY (R™) in the sense of continuous embedding.

(ili) f € Bo(Lpx)(R™) if and only if f € BU(LZJZ)\)(]R”) and the norms are mutually
equivalent.

(iv) Different choices of ¢ yield the equivalent norms in the definition of || - ”BJ(LTJ)’A)(R")'

The atomic decomposition of BU(R") is as follows: First we introduce the sequence
space.
DEFINITION 11.24. Let ¢ € [0,00),p € [l,00] and A € [-2,0]. The sequence space
bU(LI?A)(R”) is defined to be the space of all A := {\jr}ez, rezn such that

o0

1
H)\Hi’ff(L,P,A)(R") = sup — 1 Z )\ijij. < 0.

A1
r€(0,00) o P s o
QEQR™), QCQ(0,r) r7|QI" T || j=—10g, (@) Lr(Q)
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In view of Theorem 6.6, we have the following, which is a direct corollary of Theorem
4.5.

THEOREM 11.25. The pair (BU(LI?/\)(R"),I}J(LZ?A)(R")) admits the atomic / molecular
decompositions.

11.9 Generalized Campanato spaces

Returning to the variable exponent setting described in Section 11.5, we define d,.y to be
dpy =min{d € Zy :p_(n+d+1) > n}.

Let the space Liomp(R™) be the set of all LI(R™)-functions with compact support. For a
nonnegative integer d, let

Lt (®") = {f € Liy@®"): [ fl@)a®de =0, || < d} |

R

Likewise if @) is a cube, then we write
194Q) = {1 e 1Q): [ e da =0, jol < a}.
Q

where the space L1(Q) is a closed subspace of functions in L?(R™) having support in Q.

Recall that P4(R™) is the set of all polynomials having degree at most d. For a lo-
cally integrable function f, a cube ) and a nonnegative integer d, there exists a unique
polynomial P € P;(R"™) such that, for all ¢ € P4(R"™),

[ 15~ Pata) e =o.
Q

Denote this unique polynomial P by Pg f. It follows immediately from the definition that
ng =g if g € Py(R™).

We postulate on ¢ : R’}fl — (0, 00) the following conditions:

(A1) There exist positive constants M; and M such that

¢(z,7)

holds true. (Doubling condition)
(A2) There exist positive constants M3 and My such that
¢y, 7)

holds true. (Compatibility condition)
(A3) There exists a positive constant Ms such that

<My, (zeR" re(0,00))

< My ($,y€Rn>T€(0aOO)7 "x_y’ST)

[ < Mgia) (@B 7 0,00)
0
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holds true. (Va-condition)

(A4) There exists a positive constant Mg such that froo ng’i? dt < Mg% for some
integer d € [0,00). (Az-condition)

(A5) sup,cpn ¢(z,1) < co. (Uniform condition)

Here the constants My, Mo, - - - , Mg need to be specified for later considerations.

Notice that the Morrey-Campanato space with variable growth function ¢(z,r) was
first introduced by Nakai [55, 59] by using an idea originally from [65]. In [56], Nakai
established the boundedness of the Hardy-Littlewood maximal operator, singular integral
(of Calderén-Zygmund type), and fractional integral operators on Morrey spaces with
variable growth function ¢(x,r).

Recently, Nakai and Sawano considered a more generalized version in [61].

Let us say that ¢ : Q(R"™) — (0,00) is a nice function, if there exists b € (0,1) such
that, for all cubes @ € Q(R"),

for some f € L4 4q4(R™) with norm 1. In [61, Lemma 6.1], we showed that ¢ can be
assumed to be nice. Actually, there exists a nice function ¢! such that £, 4q4(R") and
L, st a(R™) coincide as a set and the norms are mutually equivalent [61, Lemma 6.1].

DEFINITION 11.26 ([61]). Let ¢ : R — (0,00) be a function, which is not necessarily
nice, and f € L{ (R™). Define, when ¢ € (1,00),

1/q
ny = su 1d )
HfHEQ,q;,d(]R ) (xt)e]g"*l ¢(x t) {|Q (2t ’/ ) Q( (y)‘ y}
and, when g = oo,
1
f wyi= osup ——— || — Pa ol Qen)-
ey iy = | 500 Gl = P =y

Then the Campanato space Lq 4 q4(R") is defined to be the set of all f such that || f| ¢, , ,&n)
is finite.

DEFINITION 11.27 ([61]). Let g € [1, 00], ¢ satisfies (1.4) and ¢ : R — (0, c0) a function.
A distribution f € S'(R") is said to belong to the space EqD,d)(R"), if

1
q
|’f”££¢(R”) ::( t?u]g”Jrl ¢($ t {|Q x t ’ / lOth*I) * f(y)‘qdy} < 0.

ProposITION 11.28 ([61]). Assume (A1) through (A5). Then
(i) The spaces ££¢(R") and Lg 4 4(R™) coincide. More precisely, the following hold
true:
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(a) Let f € £D¢(R"). Then there exists P € P(R™) such that f — P € Ly 44(R™). In
this case, |f — Plz, ,.rn) S Hf||£D (rn) With the implicit positive constant independent
of f.

1) I f € Lypal®), then f € LD,R™) and |fllzo ) S [1Fllcyqumn) with the
implicit positive constant independent of f.

In particular, the definition of the function space ££¢(R") is independent of the admis-
sible choices of p : Any ¢ € S(R™) does the job in the definition of Lgd)(]R") as long as
XQ0,1) < P < XQ(0,2)-

(ii) The function space ££¢(Rn) is independent of q.

In view of Definition 11.27, if we assume that ¢ satisfies (A1) through (A5), then we
have the following proposition.

PROPOSITION 11.29. Let ¢ satisfies (1.4). If ¢ : Q(R™) — (0,00) satisfies (A1) through
(A5), then

f D n ~ sup RS sup sup —
I H£ (2 )eRIH o(Q(,1)) yeo(at) Lzern (1+t=1|z])e

1 { ‘(p(lothfl) *f(y—l—z)!}

whenever a > 1, with the implicit equivalent positive constants independent of f.

To proof Proposition 11.29, we just need to check (9.17) by using (A1) and (A2). We
omit the details.

DEFINITION 11.30. Define

IMlz @)

1 1
= I — - )\
b (Q(.’E,t)) Sub {sup (1 +t— 1‘ | Z ’ (logy t—1 k‘XQ(IOgN 1)k}

(z,t)eRpH! ¢ yeQ(z,t) | z€R™ ot

Now in this example (£1) through (£6) hold true with the parameters in (3.2) and (3.3)
satisfying the following conditions:

LR™) :=L*R"), 6:=1, Nyp:=0, ~v:=0, §:=0
and w(x,t) := m forall x € R" and t € (0,00), a1 = logy M1~ !, g = logy Ma, a3 =
log, %, respectively. Furthermore, unlike the proceeding examples, we choose

M:
T:O,q:oo,a>N0+log2—2.
My

Therefore, £y 4.4(R™) and Eg s(R") fall under the scope of our theory.

THEOREM 11.31. Under the conditions (A1) through (A5), the pair (ﬁfo’(z)(R”), l£7¢(R"))
admits the atomic / molecular decompositions.

Theorem 11.31 is just a consequence of Theorem 4.5. We omit the details.
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