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Abstract. In this paper, the authors establish new characterizations of the recently
introduced Besov-type spaces Bjyg(R™) and Triebel-Lizorkin-type spaces Fjy (R™) with
p€ (0,0], s € R, 7 €[0,00), and ¢q € (0, 0], as well as their preduals, the Besov-Hausdorff
spaces BH, 7 (R") and Triebel-Lizorkin-Hausdorff spaces FH,y7 (R"), in terms of the local
means, the Peetre maximal function of local means, and the tent space (the Lusin area
function) in both discrete and continuous types. As applications, the authors then obtain
interpretations as coorbits in the sense of H. Rauhut in [Studia Math. 180 (2007), 237-253]
and discretizations via the biorthogonal wavelet bases for the full range of parameters of
these function spaces. Even for some special cases of this setting such as ngq(R”) for
s € R, g € (0,00] (including BMO(R™) when s = 0 and g = 2), the @ space Q(R"), the
Hardy-Hausdorff space HH_,(R") for o € (0, min{n/2,1}), the Morrey space My (R") for
1 < p < u < oo, and the Triebel-Lizorkin-Morrey space Squ(R") for0<p<u<oo,seR
and ¢q € (0, 0], some of these results are new.
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1 Introduction

In the last few decades, function spaces have been one of the central topics in modern
harmonic analysis, and are widely used in various areas such as the potential theory, par-
tial differential equations, and the approximation theory. The Besov-type space B;’g(R”),
the Triebel-Lizorkin-type space Flf,’qT (R™), and their preduals, the Besov-Hausdorff space
BH;7 (R") and Triebel-Lizorkin-Hausdorff space FH,7 (R™) were recently introduced and
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investigated in [52, 53, 38, 56, 57]. These spaces establish the connection between the clas-
sical Besov-Triebel-Lizorkin spaces (see, for example, [42, 17, 44]), the @ spaces in [12], and
the Hardy-Hausdorff spaces in [11], which has been posed as an open question in [11]. It was
shown in [52, 53, 38] that these spaces unify and generalize many classical function spaces
including classical Besov and Triebel-Lizorkin spaces, Triebel-Lizorkin-Morrey spaces (see,
for example, [46, 37, 36, 38]), @ spaces, and Hardy-Hausdorff spaces (see also [49, 50]).
These spaces are usually defined through building blocks constructed out of a dyadic
decomposition of unity on the Fourier side. Several of the mentioned applications make it
necessary to use more general convolution kernels for the definition of the spaces, especially
the so-called local means of a function are of particular interest. By the pioneering work
of Bui, Paluszynski and Taibleson [6, 7], and later by Rychkov [32, 33, 34|, we know that
one rather uses kernels satisfying the Tauberian conditions (see (3.2) below), for character-
izing classical Besov-Triebel-Lizorkin spaces. This also applies to the setting of the spaces
Byi(R™), Fy7(RY), BHy7(R™) and FH,g(R™) considered here, which represents one of
the main results of the paper; see Theorems 3.2, 3.6, 3.12 and 3.15 below. To establish
these results we use a key estimate (see Lemma 3.5 below) which was obtained in [47] by a
variant of a method from Rychkov [33, 34] and originally from Stromberg and Torchinsky
[41, Chapter 5]. In addition we make use of a certain involved decomposition of R" into
proper sub-cubes in combination with some localized modifications of the approaches used
for Besov and Triebel-Lizorkin spaces. For the technically more difficult Hausdorff type
spaces BH, 7 (R™) and FH, 7 (R™), we need to incorporate the geometrical properties of the
Hausdorff capacities (see [56] or Lemma 3.13 below) and make use of the well-known Aoki-
Rolewicz theorem in [2, 31]. Indeed, theses spaces are known to be quasi-Banach spaces; see
[56, 57]. In [54], equivalent (quasi-)norms of the above spaces were already established via
the discrete local means and the discrete Peetre maximal function of local means, which
closely follows the idea of Triebel [43] (see also [44]). However, these proofs rely on the
fact that the respective function is contained in the space under consideration. Thus, these
(quasi-)norms can not yet be considered as characterizations of the considered space.

Motivated by Ullrich [47], in this paper, we extend the discrete characterizations via
the local means and the Peetre maximal function by some further, technically convenient,
related characterizations and its continuous counterparts. In particular, we establish a
characterization via tent spaces (the Lusin area function). Recall that the tent space was
originally invented by Coifman, Meyer and Stein in [9] and has nowadays been proved to
be a useful tool in harmonic analysis and partial differential equations.

Despite the fact that Theorems 3.2, 3.6, 3.12 and 3.15 are of independent interest for the
theory of these spaces, our main reason for establishing these continuous characterizations
is the coorbit space theory for quasi-Banach spaces developed by Rauhut [29] (see also
Section 4 below), which is a continuation of the classical coorbit space theory developed by
Feichtinger and Grochenig [14, 15, 16, 19, 20]. Similar to [47], but with the main advantage
that we also incorporate (quasi-)Banach spaces, we interpret the spaces By (R™), g (R™),
BH;7(R") and FHy7(R™) as coorbits of certain spaces on the az + b-group based on
Theorems 3.2, 3.6, 3.12 and 3.15 from Section 3 of this paper. Here, the main difficulty
lies in the fact that, in the (quasi-)Banach situation, a coorbit space is defined as a certain
retract of a Wiener-Amalgam space; see [29]. That is why we introduce four classes of
Peetre-type spaces, Lyga(G), Poaa(G), LHy74(G) and PH;7 .(G), on the n-dimensional
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azx + b-group G (see Definitions 5.1 and 5.3 below) in order to recover the spaces Byg(R™),
Eyd(R™), BHp7(R™) and FHy7(R™). As a first step we prove that the left and right
translations of G are bounded on these Peetre-type spaces; see Propositions 5.2 and 5.7
below. Especially for the Hausdorff-type spaces this strongly depends on the geometrical
properties of Hausdorff capacities; see Lemmas 5.1 and 5.6 below. Let us emphasize once
more that we particularly extend the results in [47] to the quasi-Banach case, namely, to
min{p, ¢} < 1.

By combining the interpretation as coorbit spaces in Section 5 with the abstract dis-
cretization results in [29] (see also Section 4 below), we finally obtain the characterizations
by biorthogonal wavelets in Section 6 for all admissible parameters of these spaces; see
Theorems 6.3 and 6.4 below. The main goal is to find sufficient conditions for admissible
wavelets. This reduces to the task of translating abstract conditions (4.4) on the used
atoms in Subsection 4.5 to this specific setting on the ax + b-group, which results in a
Wiener-Amalgam condition analyzed in Proposition 6.2. This condition can be ensured by
controlling the decay of the continuous wavelet transform; see Lemma 5.9 below. Compar-
ing with the wavelet characterizations of By (R") and Fjq (R") obtained in [57, Theorem
8.3], therein the parameter s € (0,00), in Theorem 6.3, the wavelet characterizations of
these spaces are established for all s € R, while the wavelet characterizations for Besov-
Hausdorff spaces BH, 7 (R") and Triebel-Lizorkin-Hausdorff spaces F H;’q (R™) in Theorem
6.4 are totally new.

We point out that even for some special cases of By (R"), Fyg (R"), BH,q(R") and
FH;7(R"), such as Fcfqu(R”) for s € R and g € (0,00] (including BMO(R"™) when s = 0
and ¢ = 2; see [24]), the @ space Q,(R"), the Hardy-Hausdorff space HH_,(R") for
a € (0,min{n/2,1}) ([11, 12, 49, 50]), the Morrey space M (R") for 1 < p < u < oo ([27]),
and the Triebel-Lizorkin-Morrey space Squ(R”) for 0 <p<wu<oo,seRandq e (0,]
([46, 37, 36, 38]), some results of this paper are new.

We should mention that the Triebel-Lizorkin spaces F§O7q(Rn) when ¢ € (1, 00] were
first considered by Triebel [42] in 1983. In 1990, Frazier and Jawerth [17] found a more
appropriate definition of the spaces Fosovq(R") via certain Carleson measure characteriza-
tions, which had the advantage that it also works for all ¢ € (0,00]. Moreover, recently,
it was proved in [55] that, for all s € R, both the spaces Byg(R") and Fjg (R™) coin-
cide with Béj,?..ﬁT’l/p)(R") if 7 € (1/p,00) and ¢ € (0,00), or 7 € [1/p,0) and ¢ = co. In
particular, when s-+n(r —1/p) > 0, the spaces By (R") and Ey7 (R™) coincide with Holder-
Zygmund spaces. Thus, Theorems 3.2, 3.6 and 6.3 also give new descriptions of these simple
spaces, which could be of interest on their own. Recall that the wavelet characterization of
BMO (R"™) is known for a long time, which was obtained by Meyer in [26, p. 154, Theorem
4]. We give, in Remark 6.5 below, a detailed comparison between [26, p.154, Theorem 4]
and the wavelet characterization of BMO (R") obtained as a special case of Theorem 6.3(i)
by taking s =0, p € (0,00), 7= 1/p and ¢ = 2.

We finally remark that some of results of this paper may also hold for inhomogeneous
variants of Bpg(R"), Eyq(R"), BHy7(R") and FH,7(R™). Thanks to the recent work
on generalized coorbit space theory for quasi-Banach spaces [39] this can be done with a
similar method. However, to limit the length of this paper, we will not go further to the
details.

The paper is structured as follows. In Section 2 we recall some necessary notation
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and some basic function spaces and their properties. Section 3 is devoted to the spaces
Byi(R™), Fyr (R™Y), BHy7(R™) and FHy7(R™). We give their definitions and equivalent
characterizations via the local means. Section 4 deals with the main features from abstract
coorbit space theory for quasi-Banach spaces by recalling the main results from [29]. In
Section 5, we apply this abstract setting to Peetre-type spaces on the ax + b-group and
recover the spaces in Section 3 as coorbits of Peetre-type spaces. Finally, in Section 6, we
obtain characterizations with (bi)orthogonal wavelets based on the results in Section 5.

2 Preliminaries

In Subsection 2.1, we recall some necessary notation and, in Subsection 2.2, some basic
spaces of functions and their properties which are used throughout the whole paper.

2.1 Notation

For all multi-indices o := (a1, ,a,) € (NU{0})™, let ||af|pn := |aa| + -+ + |an|. Let
S(R™) be the space of all Schwartz functions on R™ with the classical topology and S’'(R™)
its topological dual space, namely, the set of all continuous linear functionals on S(R"™)
endowed with the weak x-topology. Following Triebel [42], we set

Soo(R") := {cp e S(R"): / o(z)x” dz = 0 for all multi-indices v € (NU {0})”}

and consider Sy (R™) as a subspace of S(R™), including the topology. Use S/ (R™) to denote
the topological dual space of S5 (R™), namely, the set of all continuous linear functionals on
Soo(R™). We also endow S’ (R™) with the weak x-topology. Let P(R™) be the set of all
polynomials on R™. Tt is well known that S._(R™) = S'(R™)/P(R") as topological spaces;
see, for example, [57, Proposition 8.1]. Similarly, for any N € NU {0}, the space Sy (R") is
defined to be the set of all Schwartz functions satisfying that [, ¢(x)z” dz = 0 for all multi-
indices ||]|,r < N and Sy (R™) its topological dual space. We also let S_1(R") := S(R").
For any ¢ € S(R™), we use ¢ or Fp to denote its Fourier transform, namely, for all £ € R”™,
P(&) == Fp(&) := [gn e ®"p(z) dz and let p;(z) = 2/"p(27z) for all j € Z and = € R™.
Denote by F~l¢ the inverse Fourier transform of . Let @(x) := ¢(—=) for all z € R™.

Throughout the whole paper, for all ¢ € S(R™) and distributions f such that ¢ f makes
sense, we let, for all t € (0,00), k € Z, a € (0,00) and z € R",

‘ - oe* [z +y)l " _ ok * [z +y)|
(i fla(z) = S STl and (¢} f)a(z) := SUp S ke

which are called the Peetre-type mazximal functions. In view of the above notation, we see
that (¢} f)a(z) = (p5-xf)a(x). Since this difference is always made clear in the context, we
do not take care of this abuse of notation.

For all a, b € R, let a Vb := max{a, b} and a A b := min{a, b}. For j € Z and k € Z",
denote by Qji. the dyadic cube 277([0,1)" + k), £(Qjx) its side length, xq,, its lower left-
corner 277k and cq, its center. Let Q := {Qjr: JEZ, keZ}, Q;:={Q e Q: LQ) =
277} and jg := —logy £(Q) for all Q € Q. When the dyadic cube @ appears as an index,
such as 5o and {-}geg, it is understood that @ runs over all dyadic cubes in R".
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Throughout the whole paper, we denote by C' a positive constant which is independent
of the main parameters, but it may vary from line to line, while C(«, 3, --) denotes a
positive constant depending on the parameters «, 3, ---. The symbol A < B means that
A< CB. If AS Band B < A, then we write A ~ B. If F is a subset of R"”, we denote
by xg the characteristic function of E. For all dyadic cubes @ € Q and r > 0, let Q) be
the cube concentric with @ having the side length r¢(Q). We also let N := {1, 2, --- } and
Zy = NU{0}. For any a € R, |a] denotes the mazimal integer not larger than a.

2.2 Basic Spaces of Functions

In this subsection, we recall the notions of some basic spaces of functions and their proper-
ties.

For all p € (0,00], the space LP(R™) is defined to be the set of all complex-valued
measurable functions f (quasi-)normed by || f|lLrmn) := { [gn [f ()P dz}Y/? with the usual
modification when p = oo.

Let g € (0,00] and 7 € [0,00). The space ¢4(LE(R",Z)) with p € (0,00] is defined to be
the set of all sequences G := {g;};jcz of measurable functions on R" such that

©° a/p Ha
1
1Gllea(z ®n,zy) = sup Pl Z [/P lgj(x)|P dx] < 0.

pee i=ip

Similarly, the space LE(¢4(R™,Z)) with p € (0,00) is defined to be the set of all sequences
G :={g;} ez of measurable functions on R™ such that

p/q 1/p

1 oo
G pp n 7)) i= SUp —— / gi(x)|? dx < 00.
el 2y = 530 1o | [, | 22 o)

The following conclusions were obtained in [54, Lemma 2.3].

Lemma 2.1. Let ¢ € (0,00}, 7 € [0,00) and 6 € (n7,00). Suppose that {gm}mez s
a family of measurable functions on R™. For all j € Zy and v € R", let Gj(x) =
S 2 Imlig,, (2).

(i) If p € (0,00), then there exists a positive constant C, independent of {gm }mez, such

that |{Gj}jezllpace@n,zy) < Cl{gm}tmezlloacre@n z))-
(i) If p € (0,00], then there exists a positive constant C, independent of {gm }mez, such

that |[{G;}jezll 2 pan zy) < Cl{gmtmezll 2 o mn z))-
Next we recall the Hausdorff-type counterparts of £4(LY(R™,Z)) and LE(¢4(R",Z)). To

this end, for z € R™ and r > 0, let B(z, r) :=={y € R": |z —y| < r}. For E C R" and
d € (0, n], the d-dimensional Hausdorff capacity of E is defined by

HYE) :=inf{ > r: EC| B, ) ¢, (2.1)
J J
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where the infimum is taken over all countable coverings {B(z;, r;)}32; of open balls of E;

see, for example, [1, 51]. Tt is well known that H¢ is monotone, countably subadditive and
vanishes at the empty set. Moreover, H? in (2.1) when d = 0 also makes sense, and H° has
the properties that for all non-empty sets £ C R*, HY(E) > 1, and H°(E) = 1 if and only
if £ is bounded and non-empty. For any function f : R" — [0, o0], the Choquet integral of
f with respect to H¢ is then defined by

@) dH Y (z) / Hi({z € R : f(z) > A})d)
-

In what follows, we write ]R:L_H :=R"x(0,00). For all p € [1, o], p’ denote the conjugate
number of p, namely, 1/p’ +1/p = 1. For any measurable function w on R’};H and z € R",
its nontangential mazimal function Nw is defined by setting

Nuw(z):= sup |w(y,?)l.
ly—z|<t

For p € (1,00) and 7 € [0,00), the space ¢4(LE(R"™,Z)) with ¢ € [1,00) is defined to be
the set of all sequences G := {g;}jez of measurable functions on R" such that

1
' a/p /e
()P —Jjy|-P
161,750y = 1] 5 ([ @t ras) ) <o
JEZ
and the space LY (¢4(R",Z)) with ¢ € (1,00) the set of all sequences G := {g;j} ez of
measurable functions on R" such that

p/q 1/p

o e —J\1—4
1G] iz 1gf/R > gj(@)|w(@,277)] dr p < oo,

JEZ

where the both infimums are taken over all nonnegative Borel measurable functions w on
R’ satisfying

/ [No(2)] V9 g v () < 1 (2.2)

and with the restriction that for any j € Z, w(-,277) is allowed to vanish only where 9;
vanishes.

As an analogy of Lemma 2.1, we have the following conclusions, which is just [54, Lemma
3.1].

Lemma 2.2. Letp € (1,00), § € (0,00) and {gm }mez be a sequence of measurable functions
on R™. For all j € Z and x € R", let Gj(x) =) 7 2-Im=ildg ().

(i) If g€ [1,00), T €[0,1/(pV q)'] and § € (nT,00), then there exists a positive constant
C, independent of {gm}mez, such that [{G; }JGZH@ [P(R",2)) C||{9m}mez||€q I2(R"7))

(ii) Ifg € (1,00), 7 € [0,1/(pV q)'] and 6 € (nr, oo) then there exists a posztwe constant

C, independent of {gm}mez, such that |[{G;} ezl < C||{gm}mez||Lp(

LP(¢4(R",Z)) (a(Rn,2))’
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For any locally integrable function f on R™ and x € R", the Hardy-Littlewood mazximal
function M f(z) of f is defined by M f(z) := supgs, @H fQ |f(y)| dy, where the supremum
is taken over all cubes in R™ centered at x with sides parallel to the coordinate axes. It is
well known that M is bounded from LP(R™) to LP(R™) when p € (1, oo]; see, for example,
[40]. Moreover, if p € (1,00) and ¢ € (1, 00|, then there exists a positive constant C' such
that for all sequences { fx}rez of locally integrable functions on R™,

1/q
{Z[Mfk]‘I}

kEZ

1/q
<cC {ZW} : (2.3)

LP(R") her Lr(R")

This is the well-known Fefferman-Stein vector-valued inequality; see [13] or [40, p. 56, (13)].

3 Continuous Characterizations

In this section, we use the methods from [47] to characterize the homogeneous Besov-type
space By (R"), the Triebel-Lizorkin-type space Fjyg (R™) and their preduals, the Besov-
Hausdorff space BH, 7 (R") and the Triebel-Lizorkin-Hausdorff space FH,y7(R") via the
local means, the Peetre maximal functions of local means and the tent space associated
with local means (Lusin functions) in both discrete and continuous types. These char-
acterizations are further used in Section 5 to prove that the spaces Byg(R™), Fyq (R"),
BH;7(R") and FH;7 (R™) are coorbits of certain spaces on the n-dimensional az 4 b-group

G.

3.1 Continuous Characterizations of B;JQ(R") and F;g (R™)

Let ¢ € S(R™) be such that
supp o C{€ € R™: 1/2 < [¢] <2} and [p(§)] = C > 0if 3/5 <[] <5/3. (3.1)

Recall that the homogeneous Besov-type space sz‘qr(]R”) and Triebel-Lizorkin-type space
Fy:q (R™) are defined as follows; see [52, 53].

Definition 3.1. Let s € R, TE [0,00), g € (0, 0o] and ¢ € S(R") satisfy (3.1).

(i) The Besov-type space Bpgq(R™) with p € (0,00] is defined to be the set of all f €
S (R™) such that ”fHB;;g(Rn) = H{zjs(%‘ * f)}jeZ||eq(L£(Rn,Z)) < 0.

(i) The Triebel-Lizorkin-type space F,q (R™) with p € (0,00) is defined to be the set of
all f e S, (R™) such that HfHF,f;;(Rn) = [[{27% (¢ * f)}jeZHLg(@q(Rn,Z)) < 0.

Let € € (0,00), R € Zy U{-1} and ® € S(R") satisfy that
1D(¢)] >0 on {£€R™: ¢/2<[f] <2} and D*(®)(0)=0 forall |aln <R. (3.2)

Recall that ®; x f for ¢t € R are usually called the local means; see, for example, [44]. We
characterize the space F,q (R") as follows.
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Theorem 3.2. Let s € R, 7 € [0,00), p € (0,00), ¢ € (0,00], R € Z U{-1} and
a€ (n/(pAq),o0) such that s+nt < R+ 1 and ® be as in (3.2). Then the space F,q (R")
1s characterized by

EST(R™) = {f € SRR™) : |fIEST®RM|; < o0}, i€ {l,---,5},

where

1/p

. 1 E(P) dt ple
1535 R i= sup o / / T P 10 (R S S
o |P| r|Jo t

1/p

) 1 L(P) dt p/q
11 Epg (R®)[2 := SUD TpT / / (@ Na(@)T— | drp
olPI" | Jp |Jo t

1/p

. 1 «p) a 1"
A1E @ i=sup 4 [ [ [ e pe s araggn | e
' o |P| p|Jo |2|<t 13

p/q 1/p

FS,T R™ _ 2skq ‘I)
157 @ = sup 5 [ Z (@ Pa@)e|  do

and

p/q 1/p

S, T (TN 1 s
5 @ = g o4 [ S 2l | anp

k=jp
with the usual modification made when q = co; moreover, when a € (2n/(p A q), 00),
F3r(R") = {f € SR(R™) : ||f|F5 (R™) s < oo},
where

p/aq 1/p

/r

. 219, + flz +y)I" , 1
EFST(R™ _ 2]5‘1 d d
MIEZE ROl = o 3 ], Z L e '

and r € (0,p A q) satisfying that ar > 2n. Furthermore, all || - |Fpq (R™)|, i € {1,---,6},
are equivalent (quasi-)norms in Fyyg (R™).
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We call the characterizations of the space Fjy (R") via the (quasi-)norm || - |Ep (R™)|;,
i € {1,---,5}, respectively, the characterizations by the continuous local means, by the
continuous Peetre maximal function of local means, by the tent space (Lusin area function)
associated with local means, by the discrete Peetre maximal function of local means and
by the discrete local means.

Before we prove the above theorem let us give the following remark.

Remark 3.3. Notice that Theorem 3.2, in the special case when p € (0,00) and 7 = 1/p,
gives new interesting characterizations for the spaces Fjo,q(R”) introduced by Triebel [42]
and extended by Frazier and Jawerth [17] which can partly be seen as continuous type
Carleson measure characterizations. Discrete counterparts of the above characterizations
have been given by Rychkov [32]. Notice also that, for all p € (0, c0), the spaces F; 721/ P(R™)
coincide with BMO(R").

To prove Theorem 3.2, we need the following conclusion, which was first observed in [54].
For completeness, we give some details here.

Lemma 3.4. Let s, 7, p and q be as in Definition 3.1. If f € Fyq(R™) or Bpg(R"),
then there exists a canonical way to find a representative of f such that f € S; (R™), where
L:=(-1)V|s+n(r—1/p)|.

Proof. We only consider the space Fyq (R") by similarity. Let f € Fjy (R") and ¢ € S(R")
satisfy (3.1), Then by [18, Lemma (6.9)], there exists a function ¢ € S(R") satisfying (3.1)
such that 3, P(206)h(27¢) = 1 for all ¢ € R™\ {0}. By the Calderén reproducing formula
in [52, Lemma 2.1], we know that f =3 . Um * om * f in S'_(R"), where and in what
follows, 1(z) := ¥(—z) for all z € R”. From the arguments in [53, Lemma 4.2] (see also
[17, pp. 153-155] and [5, Proposition 3.8 and Corollary 3.9]), we deduce that there exists
a sequence {Py}nen of polynomials, with degree no more than L same as in Lemma 3.4
for all N € N, such that g := limN%oo(ZZ:_N sz * om * [+ Py) in S'(R™) and ¢ is a
representative of the equivalence class f + P(R™). We identify f with its representative g.
In this sense, f € S7 (R™), which completes the proof of Lemma 3.4. O

By [47, (2.66)] and the argument in the proof of [47, Theorem 2.8], we have the following
estimate, which is widely used in this paper.

Lemma 3.5. Let R € Z; U {—1}, ® € S(R") satisfy (3.2) and f € SR(R™). For all
te[l,2],a<N,le€Z and x € R",

[e.o]

* r —kNro(k+60)n [(Pro)e = f(y)]"
(@5 ula) < 327720 | e (33)

where v is an arbitrary fived positive number and C(r) is a positive constant independent
of @, f, £, x and t, but may depend on r.

Now we turn to the proof of Theorem 3.2.

Proof of Theorem 3.2. We prove Theorem 3.2 in four steps. First we show that for the
same @, || f|Fpq (R™)|;, i € {1,2,4,5}, are equivalent each other. Next we prove that
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| £ Epd (RM) i, i € {1,2,4,5}, are independent of the choice of ® and the conclusions of
Theorem 3.2 for i € {1,2,4,5} hold. Finally, for the same ®, we show that || f| g (R™)]|2 ~
11537 R s and IF1E5T (R s ~ [1£1E57 (R™) e

Step 1. In this step, for the same ®, we prove the relations that

171 Ey @)~ 1y Rl ~ (L1 Eig (R~ [Lf1Epy (R™)]ls (3-4)

for every f € Sp(R™).
Notice that obviously, by the definitions, we see that | fJF]i’qT R < IIf |E57 (R™)])2
and [[f1E5 (R™)ls < |17 (R 1. Next we show that | /15 (R < If1ES: (R .
We choose r € (n/a,p A q). Then by (3.3), we have

r p/q 1/p

1 [e'e) 9—t+1 dt
§ —Ssq * q
‘P|T /P /2_£ t |((ptf)a(‘r)| t dzx

|fIE5T(R™)[|2 < sup
PeQ

1 oo
5 sup ‘P’T /P Z/ 2Esq [ 92— kNr2(k+€)n

l=jp
1/p

T q/r r/a
y / [(@i)e * S () dy] dt) wl
R™

(1 + 2z — y|)or t

where the natural number N € [a,00) is determined later. From Minkowski’s inequality, it
follows that

. 1 o [e’e) -
I @ s e s [ 302 [ZMN%M%

=jp k=0

a/r\ P/a 1/p

dy dx

x/ [fl (Prro)e * fy )‘q%}r/q

(1 + 2z — y|)*r

Fix any P € Q. Notice that £ > jp and
1424z —y| = 22797 |i||n (3.5)

for all x € P and y € P+ l(P) with i € Z} and /i > 2. From these facts, we then infer
that, for all x € P,

dy

| (2 @00 s 1o 2]

(1 + 2z —y|)or

r/q
</ {fl |(Prte)e * f (y)|q%}
~ Jsp

TS / .
TP ar .
(1 + 2z —y)) iezy il z2 Y PHUP)
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- 2 dt]"* )
$27"M ([/1 [(Pro)e * fI? t] x3p | () + Z ]| "2~ targjpar

€LY, ||| 1 22

2 di174
X / [/ |(Prre)e * f(y)]? t] Xpie(p)(Y) dy
P+ie(P) L)1

, 2 de174 »
sron (| i@ 0] e ) @4 Sl

i€z ill 2
/q
«9ip(ar—n) ([/ [(Dpse)s * f]? } XP+M(P)> (x+il(P)) =11 +12. (3.6)

For the term Ij, letting § > 0 and N > § V (6 + n/r — s), from Holder’s inequality and
the Fefferman-Stein vector-valued inequality (2.3), we deduce that

q/r]P/1 1/p
lsq —EkNr k;+z>n
), ;} (Z
S sup 5 / Z 22 k(N—=8)q+knq/ro—ksq
PeQ ’P’ P |= —ip k=0
1/p
9—k—t+1 Ut r/q g/r] P/
x| M [/ t @y f1 ] xzp | (x) dx
2—k—¢ t
< sup - / Z 22 (N=96) q+knq/T2—ksq
PeQ !P| s | 55
o—k—t+1 it p/q 1/p
X / o, TRk f2) t] dx S IEST(R™)]1. (3.7)
g—h—

Similar to the estimate (3.7), for the term Iy, by using ar > n, we also conclude that

q/r]P/a 1/p

P

l=jp

sup
PeQ ’P’T

Combining the estimate (3.7) and (3.8), we see that ||f|Epg (R™)||l2 < || f1Epa (R™) 1.
With slight modifications of the above argument, we also obtain

IF1E7 Rz S I1F1E7 R™)ls and || F1577 (R™)]la S L f1E57 (R™)]L,

which yields (3.4) and completes the proof of Step 1.



12 Yiyu Liang, Yoshihiro Sawano, Tino Ullrich, Dachun Yang and Wen Yuan

Step 2. In this step, we first show that ||f|Eyg (R™)||s, i € {1,2,4,5}, are independent
of the choice of ®. To this end, we temporarily write || f|E5q (R?)||4 in Theorem 3.2 by
| £ Epa (R™)[|2. Let W also satisfy (3.2) and we use || f|Fyq (R™)||¥ to denote || f|E5q (R™)]]4
as in Theorem 3.2 via replacing ® therein by W. By Step 1 and the symmetry, we see that
it suffices to prove that | £E57 (R")[¥ < |I71E57 (R 2.

Indeed, by [47, (2.89)], we know that for all £ € Z,

14 00
2Zs U* f " 22 (k—£)(R+1—s 2k5( f) Z Q(Efk)(KJrlfaJrs)Zk:s((I)Zf)m
k=0 k=0+1

where K € N is sufficiently large. Choosing K > a+|s|+n7, by Lemma 2.1, we immediately
conclude that || f|Fyg R < |1f|1Fpg (R™)||$, which, combined with (3.4), further implies
that || f|Epg (R™)|s, i € {1,2,4,5}, are independent of the choice of ®.

Next we show that the conclusions of Theorem 3.2 for i € {1,2,4,5} hold. Notice that if ¢
satisfies (3.1), then it also satisfies (3.2) for € = 1. From this observation and the definition
of |fllzz7 @n) together with the independence of || f |Epod (R™)||5 of @, it further follows

that || f|Fpg (R™)|l5 ~ || f|Epg RM|IE ~ || f] fo (gmy- To complete the proof of Step 2, since
Sp(R™) C S (R™), we see that it suffices to show that if f € F (R"), then f € SK(R™).
Indeed, by Lemma 3.4, we know that f € S} (R") with L := (—1) V [s+n(7 — 1/p)], which
together with the fact L < R, implies that f € SR(R™). Thus,

Esr(R™) = {f € SgR™) : |[fIE5q Rl < o0}, i€{1,2,4,5},

which completes the proof of Step 2.

Step 3. In this step, for a fixed ®, we prove that Hf|FI;SqT( Nz ~ | f1ET (R™)||3 for all
[ € Sp(R™). Since the inequality ||f|F§;(R")H3 | £|Fpa (R™) |2 is trivial, we only need
to show |17 ®™)Il < 171557 (RY)s

Notice that for all k > 0 and £ € Z, when t € [1,2] and |z| < 2~ *+0¢,

1+ 22 —y[ < 1+2(z— (y+2)| +[2]) S1+ 2%z — (y+ 2)|.

By this and (3.3), we conclude that, for all t € [1,2], a < N, £ € Z and = € R",

(@5 f)a(x)]” S ZQ’“N’"“(’CH)”/ / (rre)e* fWI" dy
k=0 |

<o-kroy (14 26z — y[)ar

[e.9]

<3 akNT k+z)n/ / ¢k+e)t;< fly+2)|" d=dy.
k=0 nJzj<a-terny (14 2%z —y[)*r

Thus, from Minkowski’s inequality, we further deduce that

dt

2
| @ana@]* G
1

2 q dt r/4 i
> —kNr+2(k+0)n {fl f|2\<2’(’€”>t [(Dre)e * fly + 2)[* dz 7]

.2 ; dy s, (3.9)
5—0 n (]. +2 |I*y|)ar
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which, together with

LA

- d
7157 )2 < s ’P’T /P 3 gt / (@ fale)t 5 | do (3.10)

l=jp

and Holder’s inequality, implies that

LB (R™)]l2
oo

1 0
5 sup ——=— / § 258q+22nq/7’ 2—k(N—§)q+2knq/r
reo |PI” | Jp st kZO

q/r P4 1/p

r/q
[f12 f|z\<2—(k+e)t (Prye)e * f(y +2)|7dz %}
% / dy dx ,

(1422 — y[)or

where § € (0, N).
By (3.5) and ar > n, we conclude that, for all x € P,

r/q

/ [ff Jaj<a-terog (@rae)e  fy + 2)|7 dz %} N

(1 + 24z —y|)or

r/q

2

< [fl f\Z|<2f(k+4)t |(Prre)t * fly+2)|7dz %} W Z

> /3P (1+25|x—y‘)ar Y | | /I;+i£(P)‘--
ll] ;1 >2,i€Zm

r/q
dt
< otnpy [/ / (Brse)s  f( + 2)|7 dz ] ar | (@)
|z| <2~ (k+6)¢

+ Z H7;||Zlar2—(é—jp)(a'r—n)2—fn
lléll 2 >2, i€Z7}

r/q
d
xM [/ / |(Prte)e = f(- +Z)|qd2t] Xpyiep) | (@ +il(P)).
|z]<2— (k+0)¢

Then applying the Fefferman-Stein vector-valued inequality, by an argument similar to the
estimate of (3.7), we further see that || f|Eyq (R™) |2 < || £1Fpq (R™)|l3, which completes the
proof of Step 3.

Step 4. Finally, in this step, we prove that || f|Fyq (R™)|l5 ~ || f|Fpq (R™)|l6. To this end,
by [47, (2.48)], we know that for all £ € Z and = € R",

|Ppte x fz +y)|"
Py * f r < 92— ker(kJrZ) / dy,
e 7] kZO 2



14 Yiyu Liang, Yoshihiro Sawano, Tino Ullrich, Dachun Yang and Wen Yuan

where N € N is sufficiently large and determined later. Letting N > a — s, we have

2@ f(z +y)|"
Lsr r (i—€)(N—a+s)r
e I ’<22 L wT

which, combined with Lemma 2.1, further implies that ||f|EFja (R™)||5 < ||f1E5a (R™) 6.
Conversely, from a/2 > n/(p A q) and ar/2 > n, we infer that, for all x € R,

27« f(z +y)|" |(I>j*f($+z)|r/ 20m
. dy < s . . dy ~ (D) . ().
/n @+ 20y I A )2 Jae (1t 2y Y (5F)as2()

By this, Steps 2 and 3, we know that || f|Fyq (R™)||s < || f|Fpg (R™)||5 immediately, which
completes the proof of Theorem 3.2. O

The Besov-type spaces also have the characterizations as in Theorem 3.2, whose proofs
are similar to that of Theorem 3.2. We omit the details.

Theorem 3.6. Let s € R, 7 € [0,00), p, g € (0,00], R € Z#U{—l} and a € (n/p,00) such
that s +nT < R+ 1 and ® be as in (3.2). Then the space By g (R™) is characterized by

BsT(R™) = {f € SRR™) : | fIBsT(R™)]; < o0}, i€ {1, ,4},

where
. L e o )0
B @ = s o d [ [ p@pad
o |PI” P t
1/q
1 ae gy
S,T n _ —sq p _
1557 )l = sup o {/ [ @il t} ,
1/q
. a/p
Hf\B;:g(R”)H3 = sup |P|T Z 9skq [/ (5 f)a()[P dx]
and
1/q

oo a/p
B35 = sup o4 S0 2| [ ws popa] b
\P\ pa ,
=JP
with the usual modifications made when p = oo or ¢ = co. Moreover, when a € (2n/p, o),
Byi(R") = {f € Sr(R") : [|fIBy7(R™)|j5 < oo},
where

oo . r qa/p
: 1 : 27D x f(x+y)|" r/
BST(R" — 2754 J d d
1553 )1e = 0 | = (/p L5y o] o

Jj=jp

1/q

and r € (0,p) satisfying that ar > 2n. Furthermore, all quantities || f|Bygq(R™)|i, i €
{1,---,5}, are equivalent (quasi-)norms in Bpg(R™).
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With slight modifications for the proofs of Theorems 3.2 and 3.6, we obtain the following
observation. We omit the details.

Remark 3.7. The conclusions of Theorems 3.2 and 3.6 are still true if, for all f € Sj(R"™)
and = € R", we replace (9} f)q(z) by

5 P, x flz+y)
oy )= su |8—
( tf)a( ) yeRE)l (1+|y‘/8)a
t/2<s<t
The most prominent example ® of functions satisfying (3.2) is the classical local means;
see [44, Section 3.3] for examples. In particular, we have the following statements.

Corollary 3.8. Let k € S(R™) such that 7{:\(0) # 0 and ¥ := ANk with N € N and
2N > s+ nt. Then,

(i) For p, q, s and 7 as in Theorem 3.2 and ® therein replaced by ¥, the conclusions of
Theorem 3.2 are true.

(ii) For p, q, s and T as in Theorem 3.6 and ® therein replaced by ¥, the conclusions of
Theorem 3.6 are true.

Corollary 3.9. Let ¢y € S(R™) be a non-increasing radial function satisfying ¢o(0) # 0
and D% (0) = 0 for 1 < ||a||p < R with R+1 > s+ nt. Define ¢(-) := ¢o(-) — ¢o(2)
and ¥ = F~lp.

(i) For p, q, s and T as in Theorem 3.2 and ® therein replaced by U, the conclusions of
Theorem 3.2 are true.

(ii) For p, q, s and T as in Theorem 3.6 and ® therein replaced by ¥, the conclusions of
Theorem 3.6 are true.

3.2 Continuous Characterizations of BH;;;(R") and FH;;;(R”)

In this subsection, we focus on the continuous local mean characterizations of homogeneous
Besov-Hausdorff spaces BH; 7 (R") and Triebel-Lizorkin-Hausdorff spaces FH;'7 (R™).

We begin with the notions of Besov-Hausdorff and Triebel-Lizorkin-Hausdorff spaces
introduced in [57].

Definition 3.10. Let s € R, p € (1,00) and ¢ € S(R") satisfy (3.1).
(i) The Besov-Hausdorff space BHpq(R™) with ¢ € [1,00) and 7 € [0,1/(pV q)] is
defined to be the set of all f € S, (R™) such that

||f||BH§;§(R") = ||{2j5( % f)}]EZHeq L2 (R™,7)) < 00.

(ii) The Triebel-Lizorkin-Hausdorff space F Hyg (R™) with g€ (1,00) and 7€[0,1/(p V q)']
is defined to be the set of all f € S, (R™) such that
gy = 142505 % D))l g ) < o0

Recall that BHy9(R") = B3 (R"), FH3(R") = E3 (R") and FH,3""* *(R") =
HH!_(R") (see [52]), where the Hardy-Hausdorff space HH® _ (R") was recently introduced
in [11] and proved to be the predual space of Q,(R™) therein.
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Remark 3.11. (i) The Besov-Hausdorff space BH;7(R") and Triebel-Lizorkin-Hausdorff
space F'Hpq(R™) are quasi-Banach spaces; see [52, 53, 57]. Indeed, by [57, Remarks 7.1
and 7.3], we know that, for all f1, fo € FHpq(R™),

11+ Fall g < 27 (il pinggen) + 12l iy ]

Recall that (p Vv q)" denotes the conjugate index of p V ¢. An inequality similar to this is
also true for BH, g (R™).
(ii) By the Aoki-Rolewicz theorem (see [2, 31]), there exists v € (0, 1] such that

v
> fi SO NFillGasr @y for all {fi}jez € BHy(R), (3.11)
€8l I

and
S S Uy forall {fles € FESIRY.  (3.12)
o O S
Indeed, v:=1/(1+ (pV q)') does the job.
We now characterize F H,q(R") and BH;g (R") via the local means as follows.

Theorem 3.12. Let s € R, p,q € (1,00), 7 € [0,1/(pV ¢q)], R € Z+ U{-1} and a €
(n(1/(p A q) +7),00) such that s + nT < R+ 1 and ® be as in (3.2). Then the space
FHy;(R™) is characterized by

FHy7(R") = {f € SR(R") : ||f|[FHy (R")|l; <oo}, i€{l,--- 5},

where

)

: o0 dt) /e
|£1FFy (R 1 = i ‘{ [T e sop.or

Lp (Rn)

)

LP(R"™)

: & 1/q
1P A R =t | { [ et oot 00 |

1/q
. > dt
IA1P 3 (R 2= ind { Ry |<1>t*f<-+z>\‘1[w<-+z,t>wztn+l} ,
0 |z|<t Lo (@)

A1 (R = 142500+ fhrezll, oo )
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and

1P (R s = 2" @) abnezl s

where the infimums are taken over all nonnegative Borel measurable functions w on Rfrl
satisfying (2.2); moreover, when a € (2n(1/(p A q) + 7),00),

FHy7(R") = {f € SR(R") : [IfIF57 (R™)ls < oo},

where

q

TS, T (TR : s 2Jn<I> *fl+y ' -

1P @ o=t |35 | [ 2RI ) o ,
JEZ

LP(Rm)

where w runs over all nonnegative Borel measurable functions on Riﬂ satisfying (2.2) and
r € (0,pAq) satisfying that (a—nT)r > 2n. Furthermore, all ||-|F Hpq(R™)|;, i € {1,---,6},
are equivalent (quasi-)norm in FHyq(R™).

To prove this theorem, we need the following two technical lemmas. The first one is [56,
Lemma 3.2], which reflects the geometrical properties of Hausdorff capacities.

Lemma 3.13. Let f € [1,00), A € (0,00) and w be a nonnegative Borel measurable function

n R?fl. Then there exists a positive constant C, independent of 5, w and A, such that
Hi({z € R" : Ngw(z) > A}) < CplHY{x € R" : Nuw(z) > A\}), where Npw(z) =
SUD|y_g|<pt W(Y, t) for all x € R™.

As a counterpart of Lemma 3.4, we have the following result, which was implicitly con-
tained in the proof of [54, Lemma 3.2]. For the convenience of the reader, we give some
details here.

Lemma 3.14. Let s, 7, p and q be as in Definition 3.10. If f € FHy5(R™) or BHyq (R™),
then there exists a canonical way to find a representative of f such that f € S (R™), where
L:=(-1)Vi|s—n(t+1/p)].

Proof. We only consider the space FHy7(R") by similarity. Let f € FH;y5(R") and ¢ €
S(R™) satisfy (3.1), By the proof of Lemma 3.4, there exists a function ¢ € S(R") satisfying
(3.1) such that f =" 7 m*@m* f in S, (R™). From the arguments in [56, Lemma 3.4],
we deduce that there exists a sequence { Py} nen of polynomials, with degree not more than
L for all N € N| such that g := th%oo(Zr]\,i:_N Y * om x [+ Py) exists in S'(R™) and ¢
is a representative of the equivalence class f +P(R"™). We identify f with its representative
g. In this sense, f € 87 (R™), which completes the proof of Lemma 3.14. O

Now we are ready to prove Theorem 3.12.

Proof of Theorem 3.12. We first prove that for all f € SR(R"),

IFIFHy (Rl ~ [IfIFHyg (RY)||2 ~ || f|FHyg (R™)]|3
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~ L IFHy g (Rl ~ (| fIEHyg (R

By similarity, we only give the details for the first and second equivalences. We begin with
comparing the continuous local means and the continuous Peetre maximal function of the
local means.

Obviously, || f|FHyq (R™) |1 < || f|FHyq (R™)]2. Next we show

IFIFHy7 (R™)l2 S || f1FHyg (R™)]1.

Let w be a nonnegative function on Rﬁ“ such that

SIFIFH (R 1.
Lp(RM)

H{/ow £y % ()| G( )] Cf}/

Notice that

2 1/q
Hf|FH;:;(R”)H2 ~ igf {Z 2Esq/ [((I);—th)a(')]q [w(-,t)]fq dtt}

= 1 Lp(R™)
Then by (3.3) and Minkowski’s inequality, we see that
Hf|FHs T(RTL < 1nf {Z 2€sq [Z 2—kN7‘2 (k+0)n
LEZ
- ay /4
[ @) F@I ot 2700 4]
X /n A9 =g dy . (3.13)
LP(Rn)

Choosing § € (0,a — n/r), by Holder’s inequality, (3.12) and (3.13), we know that
IF1FHyg (R™)]3

0o
S Z 2—k(N—5)v+/€Tw/7‘ lgf

(i (o

h=0 ez
2 dt r/q q/r 1/q|"
X/ _ [/ |(@rye)s * fy) [w(- 27 )] ] dy
|- —yl~2i=¢ L1 n
LP(R’IL)
S Z 2fk(N75)v+km)/r Z 27i(a75)v inf {Z 2€(S+n/r)q
w0 =0 < ez

1/q||¥

X (A_yww-e [/12 (Dige)e * F(y)| (-, 274)] 4 Cit] r/q dy) q/r |

L?(R")
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where v is as in Remark 3.11(ii) and

|- —y| ~27% means that 207 < |. —y| < 20741, (3.14)
For (z,s) € R x (0,00), let
2R sup{@(y, t) = |z —y| < 274, 27F L < s/t < 2FH1Y

wki(x,s) =

Then by Lemma 3.13, wy i(z, s) also satisfies (2.2) modulo a positive constant. Thus, by
choosing w := wy,; and the Fefferman-Stein vector-valued inequality (2.3), we have

I 1FHyg (RT3

SJ 2—k(N—6)v+km}/r2 i(a—d)v {ZQZ s+n/r)q
k=0 =0 LeZ
Y Vall?
o di r/q a/
x ! Pppe)e * f ()| w277 8)] 71 dy
|-—y|~2i=¢ t
Lr(R")

2—k(N—§)v+kmv/r2—i(a—5)v+(k+i)nrv2inv/r

WE

-

Lel

B
Il

01

AN T —

S IF1FHyg (R,

I
=)

1/q||?
LP(R™)

namely, ||f|FHpq(R")2 < || f|F Hpg(R™)]|1.

Now let us compare the characterization by the continuous Peetre maximal function
of the local means and the characterization by the tent space. By the definitions of
| FIFHyq(R™)|l2 and || f|FHyq (R™)||3, we immediately obtain

IF1FHyg (R3S (LF1FHyg (R)]|2.
Next we prove that || f|FHyg(R™) |2 < || f|FHyg(R™)|3. By (3.9), we see that
IF1F Hyg (R™)]]

{22@ <Z2 - 22 /

LET

: ;
/ / [(Prre)s * fly + 2)|9w(-, 27%)] 9 dz i dy ’
1 Jjs<2- ety ;

Ly (R)

< inf
w y|~2i*5

I
Q=

where | - —y| ~ 21~ means the same as in (3.14). Let

wi (@, ) == 27 RO g {C«NJ(?J, s): oz —yl <2, 27F 2 <t/s < 2k+2} .
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Applying Lemma 3.13 with 8 = 2874 we know that w, ;. satisfies (2.2) modulo a positive

constant. Choosing § € (0,a — n/r) and applying Holder’s inequality, by (3.12), we then
conclude that

17 H g (R™)]l3

5 Z 2—k(N—(5)fu+2km)/7‘ Z 2—2'((1—5)11 inf

ZQqu 22€n/
|- —y[~2i¢

k=0 =0 LeZ
v/a a/rY 19"
2 . g dt
[(@re)ex fly +2)| 7wl 27 0] dz— | dy
1 J|z|<2-k+0¢
Lr(R")
Z —k(N— 6v+knv/r22 i(a— 6)v2(z+k)m-v2znv/r {Z
k=0 1=0 LeZ
9—(k+0)+1 &t q/r 1/q|”
X [M (/ / 15Dy x f(-+ 2)|Tw(- + 2,t)] 1dz +1>] )
2—(k+£) ‘Z|<t tn
Lr(R™)

where v is as in Remark 3.11(ii). From this and the Fefferman-Stein vector-valued maximal
inequality (2.3), we further deduce that || f|FHyq(R™)|l2 < ||f|FHyq (R™)]|s.

Finally we show that {f € SL(R™) : ||f|FHyq(R™)|; < oo} for i € {1,---,5} charac-
terizes the space FHyg(R™). Indeed, similar to Step 2 of the proof of Theorem 3.2, with
Lemma 2.1 replaced by Lemma 2.2, we know that || f|FHy7(R")|, i € {1,---,5}, are
independent of the choice of ® satisfying (3.2), which further implies that || f|FH,g (R™)]|;
are equivalent to HfHFH;;;(Rn)‘ ‘

By R > L and Lemma 3.14, we know that if f € FHp,q(R™), then f € Si(R™), which,
together with the fact that SL(R™) C S, (R"), implies the desired conclusion, and hence
completes the proof of Theorem 3.12. O

Similar to Theorem 3.12, for the space BH; g (R"), we also have the following character-
izations. We omit the details here.

Theorem 3.15. Let s € R, p € (1,00), q € [1,00), 7 € [0,1/(pVq)], R € Z+ U {-1}
and a € (n(1/p + 7),00) such that s + nT < R+ 1 and ® be as in (3.2). Then the space
BH, 4 (R™) is characterized by

BHy7(R") = {f € Sp(R") : [If|BHyg(R")]: < oo}, i€ {1, .4},

where

: e dt e
| fIBHST(R™)||; = igf{/o R L T O 1)) [y, t} ,

: & de) e
HfIBHS:;(R"mz::igf{ | @it 1erRn>f} 7
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: b Pp— k
1B R = 4250k * Fhacall, o )

and

IfIBHST(R™)|4 = H{ka(q)Zf)a}kGZ”eq(ﬁﬁ@z));

moreover, when a € (2n/p + nt,00),
BH}T(R") = {f € Sp(R") : |/|BH;;(R")[5 < oo},

where

Q=

q

|FIBH; (R")|5 = inf { ™ 27
JEL

U . 2jn(|fj+*2§(;|;g = dyr (B

Lr(R™)

where w runs over all nonnegative Borel measurable functions on ]RT'l satisfying (2.2) and
r € (0,p) satisfying that (a —n1)r > 2n. Furthermore, all || - \BH;;;(R”)HZ; ie{l,---,5},
are equivalent (quasi-)norm in BHpq(R™).

With slight modifications for the proofs of Theorems 3.12 and 3.15, we obtain the fol-
lowing observation.

Remark 3.16. Theorems 3.12 and 3.15 are still true if we replace (®;f), in Theorems
3.12 and 3.15 by (@} f)4, which is defined in Remark 3.7. The counterparts of Corollaries
3.8 and 3.9 keep valid also in the framework of Theorems 3.12 and 3.15.

4 The Coorbit Space Theory for Quasi-Banach Spaces

In this section we recall some basic results from [29]. This theory is the continuation to
quasi-Banach spaces of the classical coorbit space theory developed by Feichtinger and
Grochenig [14, 15, 16, 20] in the eighties. The ingredients are a locally compact group G
with identity e, a Hilbert space H and an irreducible, unitary and continuous representation
7m: G — L(H), which is at least integrable. One can associate a (quasi-)Banach space CoY
to any solid, translation-invariant (quasi-)Banach space Y of functions on the group G.
This approach provides a powerful discretization machinery for the space CoY, namely,
a universal approach to atomic decompositions and Banach frames. In connection with
smoothness spaces of Besov-Triebel-Lizorkin-Hausdorff type, we measure smoothness of a
function in decay properties of the continuous wavelet transform Wy f; see (5.10) below.
We show in Section 5 that homogeneous Besov and Triebel-Lizorkin type spaces as well
as homogeneous Besov-Hausdorff and Triebel-Lizorkin-Hausdorff spaces are represented as
coorbits of properly chosen spaces Y on the ax + b-group G.

4.1 Function Spaces on G

Integration on G is always with respect to the left Haar measure dy(z). The Haar module
on G is denoted by A. We define further L,F(y) := F(x~'y) and R,F(y) := F(yz), for
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all x,y € G, the left and right translation operators, respectively. A quasi-Banach function
space Y on the group G is supposed to have the following properties:

(i) Y contains all characteristic functions xx of compact subsets K C G;

(ii) Y is invariant under the left and right translations L, and R, which represent in
addition continuous operators on Y';

(iii) Y is solid, namely, H € Y and |F(z)| < |H (z)| almost everywhere imply that F' € Y’
and [|FIY| < [H|Y].

By the Aoki-Rolewicz theorem, there exists p € (0,1] such that Y has an equivalent
p-norm (see [29, p. 239] for the definition), moreover, || >, y;|Y[|P < >z [ly;|Y [P for all
{yj}jez C Y.

A continuous weight w is called sub-multiplicative if w(xy) < w(x)w(y) for all z,y € G.
The (quasi-)Banach space L,(G), p € (0, 0], of functions F on the group G is defined via
the norm [|[F|LL(G)|| := { [ |F(z)w(z)[? dp(x)}'/? | where the usual modification is made
when p = co. If w := 1 then we simply write L},(G) by LP(G). It is easy to show that
these spaces have left and right translation invariances if w is sub-multiplicative.

4.2 Wiener-Amalgam Spaces

We follow the notation in [29]. Let B be one of the spaces L'(G) or L>°(G). Choose one rel-
atively compact neighborhood @ of e € G and define the control function K(F,Q, B)(x) :=
(Lyxo)F|BJ for all x € G, where F is locally contained in B, which means Fxx C B
for any compact subset K of G and is denoted by F € Bj,.. Let now Y be some solid
quasi-Banach space of functions on G containing the characteristic function of any compact
subset of G. The Wiener-Amalgam space W (B,Y') is then defined by

W(B,Y) :=W(B,Y,Q) :={F € By, : K(F,Q,B) €Y}

with (quasi-)norm |F|W(B,Y,Q)| := || K(F,Q,B)|Y||, which has an equivalent p-norm
with p being the exponent of the quasi-norm of Y.
The following lemma is essentially Theorem 3.1 in the preprint version of [29].

Lemma 4.1. The following statements are equivalent:

(i) The spaces W(L*(G),Y) = W(L*(G),Y,Q) is independent of the choice of the
neighborhood Q of e (with equivalent norms for different choices).

(ii) The space W(L>(G),Y, Q) is right translation invariant.

4.3 Sequence Spaces

Definition 4.2. Let X := {x;}icr be some discrete set of points in G and V' be a relatively
compact neighborhood of e € G .

(i) X is called V-dense if G = Ujera; V.

(ii) X is called relatively separated if for all compact sets K C G, there exists a positive
constant Cf such that sup,e; #{i € I : 2K Na; K # 0} < Ck , where and in what follows,
fFE denotes the cardinality of the set F.

(iii) X is called V-well-spread (or simply well-spread) if it is both relatively separated
and V-dense.
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Definition 4.3. For a family X := {z;};c; which is V-well-spread with respect to a rela-
tively compact neighborhood V' of e € G, the sequence space Y* associated to Y is defined

as
> ilxav]Y | < o0 } :

el
Having a Hilbert space  and an integrable, irreducible, unitary and continuous represen-
tation m : G — L(H), then the general voice transform of f € H with respect to a fixed
atom g € H is defined as the function V,f on the group G given by

Vof (@) :=(m(x)g, f), =€, (4.1)

where the bracket denotes the inner product in H .

Y= {{)\i}z‘el : ||{>‘i}i€I|Yﬁ” =

4.4 Coorbit Spaces

Definition 4.4. For a sub-multiplicative weight w(-) > 1 on G, the space A, C H of
admissible vectors is defined by A, == {g € H : Vg € LL(G)}. If A, # {0} and
g € Ay \ {0}, further define HY = {f € H : ||fIHL] = |V, fILL(G)| < oc}. Finally,
denote by (HL)™ the canonical anti-dual of HL, namely, the space of all conjugate linear
functionals on H. .

We see immediately that A, C HL C H. The voice transform (4.1) is extended to
Hw x (HL)™ by the usual dual pairing. Notice that the space H} is considered as the space
of test functions and (HL)™ as reservoir or the space of distributions.

To treat also (quasi-)Banach spaces, we need the modification [29] of the classical coorbit
space theory. For p € (0,1] and a sub-multiplicative weight w, let us define the following
set of analyzing vectors

Bl = {geH : Vyge W(LX(G), LL(G))}. (4.2)

In the sequel, we admit only those parameters p and w such that B, contains non-zero
functions.

Before defining the coorbit space CoY, we need to define the weight wy which depends
on the space Y on G satisfying (i) - (iii) in Subsection 4.1. We define further

wy (2) = max{|[ Lo |, | Lo | Ro ||, Alz™ | R}, 2 €G, (4.3)

where the operator norms are considered from W(L>(G), Y) to W(L>*(G), Y). Finally,
we put
B(Y):=BY,_ M Ay, (4.4)

where p € (0,1] is such that Y has a p-norm.

Definition 4.5. Let Y be a (quasi-)Banach space, with an equivalent p-norm, on G sat-
isfying (i)-(iii) in Subsection 4.1 and let the weight wy (z) be given by (4.3). Let further
g € B(Y). The space CoY, called the coorbit space of Y, is defined by

CoY :={f e (HL)™ : V,f € W(L®(G), Y)} (4.5)
with || f|CoY[| := [[Vg fIW(L>(G), Y)].
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The following basic properties are proved for instance in Theorem 4.3 in the preprint
version of [29]. Notice that Theorem 4.6(i) is also included in [29, Theorem 4.4] (see also
[28, Theorem 4.5.13] for the case of Banach spaces).

Theorem 4.6. (i) The space CoY is a (quasi-)Banach space independent of the analyzing
vector g € B(Y).

(ii) The definition of the space CoY is independent of the reservoir in the following sense:
Assume that S C HL is a non-trivial locally convex vector space which is invariant under .
Assume further that there exists a non-zero vector g € SN B(Y') for which the reproducing
formula Vy f = Vg x Vi f holds true for all f € S~. Then

CoY ={fe (ML)~ : VofeYy={feS™ : Vf e W(L®(G),Y)}.

4.5 Discretizations

This subsection states the main abstract discretization result. We are interested in atoms
of type {m(x;)g}icr, where {x;};cr C G represents a discrete subset, whereas g € B(Y)
denotes a fixed admissible analyzing vector.

The following powerful result goes back to Grochenig [19] and was further extended by
Rauhut [29], Rauhut and Ullrich [30, Theorem 3.14], and recently by Schéfer [39, Theorem
6.8] to the quasi-Banach situation.

Theorem 4.7. Suppose that the functions gr,vr € B(Y), r € {1,...,n}. Let X := {z;}ier
be a well-spread set such that

=Y (@i, £m(wi)gr (4.6)
r=1 i€l
for all f € H. Then the expansion (4.6) extends to all f € CoY. Moreover, f € (HL)™
belongs to CoY if and only if {(m(x;)yr, ) Yicr belongs to Y for each r € {1,...,n}. For
f € CoY, the expansion (4.6) always converges unconditionally in the weak *-topology
induced by (HL)™. If, in addition, the finite sequences are dense in Y¥, then (4.6) converges
unconditionally in the (quasi-)norm of CoY .

5 Coorbit Characterizations

In this section, we always let G := R"™ x R% be the n-dimensional ax + b-group. In Subsec-
tion 5.1, we first introduce four classes of Peetre-type spaces, Ly .a(G), Pyaa(G), LHy 7 4(G)
and PH;75.(G), on G, and show that the left and right translations of G are bounded on
these Peetre-type spaces in Propositions 5.2 and 5.7. Combining these boundednesses
of translations with the coorbit theory of Rauhut [29] (see also Theorem 4.6), in Theo-
rems 5.11 and 5.12 of Subsection 5.2, we then prove that the spaces By (R"), Fyg (R"),
BH;;; (R™) and F HS,’; (R™) are, respectively, the coorbit spaces of the Peetre-type spaces
Ls+n/2—n/q,7'(g) Ps+n/2—n/q,‘r(g) LI_‘Is—i—n/Q—n/q,T(g) and PHs—kn/Z—n/q,T(g)' Finally in
P.a.a » I'pg,a ) p.a.a p.g.a )
Subsection 5.3, we introduce some sequence spaces corresponding to Lig4(G), Pyaa(G),
LH;7.(G) and PH;7g .(G), which are used in Section 6 to obtain the wavelet characteriza-
tions of the spaces By (R"), Fyg (R™), BH;5 (R™) and FH;g (R™).



New Characterizations of Besov-Triebel-Lizorkin-Hausdorff Spaces 25

5.1 Peetre-Type Spaces on G
Recall that the group operation of G is given by
(@, t)(y,s) = (z + ty,st) =z, yeR", s, t€(0,00).

The left Haar measure p on G is given by du(x,t) := dxdt/t""' and the Haar module
is A(x,t) := t~". Giving a function F on G, for any y := (y,r) € G, the left and right

translations Ly := L,y and Ry := R, are given by setting, for all (z,t) € G,

Ly Flat) = Fllnr) a0) = 1 (22,1

and Ry, ) F(z,t) = F((z,t)(y,7)) = F(z + ty,rt).

Definition 5.1. Let s € R, 7 € [0,00) and g € (0, oc].
(i) The space Lpgq(G) with p € (0,00] is defined to be the set of all functions F on G
such that

IF|L37 ()]
P q/p /g
4(P)
— Sup L};— / t_Sq / Sup M d.f[} nd_it_l < 0.
PcQ |P| 0 P\ yeR™ (14 [yl/r) t

t/2<r<t

(ii) The space Pygo(G) with p € (0,00) is defined to be the set of all functions F on G
such that

IF| P57 (9]l
q p/q 1/p
1 (P) F dt
= sup —— / / t7% ] sup Pz +y, r()1| | dx < 00.
PcQ |P| P |Jo yEeR™ (14 [yl/r) t

t/2<r<t

If we change dyadic cubes Q in Definition 5.3 into the set of all cubes in R™ whose sides
parallel to the coordinate axes, we obtain equivalent (quasi-)norms.

Next we show that the left and right translations are bounded on Lyg o(G) and Py o(G).
In what follows, for a given (quasi)-Banach space X and a linear operator 7' from X to X,
we denote by ||T||x—x the operator norm of T.

Proposition 5.2. Lets € R, 7 € [0,00) and q € (0, 0o]. Then the left and right translations
are bounded on Lyqq(G) and Ppyqa(G). Moreover, the following estimates hold:

”R(Z7T)”L;:;’a(g)—)L;’,;a(g) S CTSJrTL/q(l V 7’7‘1)(1 V rn"-)(l + ’Z‘)a, (51)
HR(Z, T)HP;;;Q(Q)HP;,’;&(Q) S Crs"‘”/q(l vV T_a)(l Vi TnT)(l + |Z|)a, (5‘2)
12Go i35 0) 57000 S O 1070 (5.3)
and
1L (2, T)||pg;;a(g)ﬁp;:;a(g) < Cpn/p=1/@)=s=nT, (5.4)
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Proof. By similarity, we only give the proofs for (5.1) and (5.4). For (5.1), notice that

|F(x+y+ 0z 6r)] a a |F(z+y,0)]
sup <(1vVvr 14|z sup @ ——— 9.9
e S UYTOOEE e e 60
t/2<0<t tr/2<0<tr
By (5.5) and changing variables, we then see that
R (2, T)F||L;1;,a(g)
<@vr)d+z)
P a/p 1/a
“p) F 0 dt
X sup L / t—% / sup M dx =
peo |PI™ ] Jo P\ werr (1+[yl/0) t
tr/2<0<tr
St e (VT (L4 2 FIE L (9)]],
which implies (5.1).
Next we prove (5.4). Notice that
1Ly FIP 7o (9)]
q p/q 1/p
- 1 Z(P) tisq ’F(Ii‘y’ g)| dt J
B Ileég |P|T P 0 3&3 (1+ M)a gntl r ’
N t/2<0<t [

where and in what follows, P — z := {y — z : y € P}. By changing variables, we know that
1Ly F 1P 70 (Gl

p.q,a
a p/q 1/p
y(1/p—1/q)—s / /Z(P)/T s |F(z 4y, 0)] dt g
=Ssup —— 55— sup ] x
PcQ |P| P=z 0 i/y2e§]l?9n§t (1 + %)a tmn
1
_ Tn(l/pfl/q)fsfnr sup
peg |E=2|
o(B=2) q p/a 1/p
R Iy R
P—z 0 yERN (1 + M)a tn+1
r t/2<0<t 0
S Ui/ P (G)),
where £2 .= {=2: y € P}. Thus, ||L(z, 7")HPST (@)= 2T (0) < pl/p=1/)=s=nT " \yhich
completes the proof of Proposition 5.2. O

Definition 5.3. Let s € R, p € (1, 00) and w be a nonnegative function satisfying (2.2).
(i) The space LHpqq(G) with ¢ € [1,00) and 7 € [0,1/(pV q)'] is defined to be the set
of all functions F' on G such that

IFILH (9]
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p a/p 1a
oo F dt
—inf / 454 / sup ’(Ly’r)a’ w(z, )] P dz ra < o0,
w | Jo n | yern (14 yl/r) ¢
t/2<r<t

where the infimum is taken over all nonnegative Borel measurable functions w on Rffl
satisfying (2.2). '

(ii) The space PHyq4(G) with ¢ € (1,00) and 7 € [0,1/(p V q)’] is defined to be the set
of all functions F' on G such that

IF|PH (Gl
q p/a 1/p
o F dt

:= inf /n /0 t=%1 ] sup M [w(uv,t)]*qtn+1 dx < 00,

w yerr (14 yl/r)®
tj2<r<t

where the infimum is taken over all nonnegative Borel measurable functions w on Riﬂ
satisfying (2.2).

Similar to Remark 3.11, we have the following conclusions.

Remark 5.4. (i) The spaces LH;7 .(G) and PH;7 .(G) are quasi-Banach spaces. Indeed,
for any Fy, F» € LHpq4(9),

1F+ Foll s ) < 27 B s o) + 1Pl pizs )| -

An inequality similar to this is also true for PHyj 4(G).
(ii) By the Aoki-Rolewicz theorem, we know that when v :=1/(1+ (pV q)’), then

v
SF, <SS UE G er gy for all {F}jen © LH34(G),
N (07 PN () B
and
v
SF, <SS B s ) for all {E} ez C PHT,(G).
jEZ PH;:Z,a(g) ]EZ

Next we show that the left and the right translations are bounded on LH,7 .(G) and
PHpg4(G). To this end, we need the following dilation property and the translation invari-
ance property of Hausdorff capacities.

Lemma 5.5. Let d € (0,n]. Then, for all @ € (0,00) and E C R", HY(OF) = 0°HY(E),
where OF := {0z : x € E}.

Proof. For all € > 0, there exist balls {B;};en such that £ C U;B; and

ZrdBj —e< HY(E) < ZrdBj‘
J J
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Then E C U;(0B;) and 0B; is a ball. Thus,
HYOE) <Y (0rp,)* = 67> rh < 60THY(E) + 6%,
J J

which implies that HY(0F) < 0¢H(E).
Replacing § and E, respectively, by #~! and #E in the above argument, we immediately
obtain the converse inequality, which completes the proof of Lemma 5.5. ]

We also have the following observation. Since the proof is trivial, we omit the details.

Lemma 5.6. For alld € (0,n] and z € R?, HY(E) = HYE + z), where E + z := {z + 2 :
x € E}.

Proposition 5.7. Let s, p, q, and T be as in Definition 5.5. Then the left and right trans-
lations are bounded on LHpqo(G) and PHpq4(G). Moreover, the following estimates hold:

||R(Z, T)HLH;Z;a(Q)%LH;,’;a(Q) S Crs+n/q(1 Vv Tia‘)(]_ V TfnT)(l 4 ‘Z|)a, (56)
1Rz, )l prize 0y prz a@y < OV =) (1 V™) (1 + [2])°, (5.7)
1L L7 (@) L (@) < CrHP 0750 (5.8)
and
1LG M prgg o0y i a(@) < Cr P H07e50T, (5.9)

Proof. We also only prove (5.6) and (5.9) by similarity. For (5.6), let @ be a nonnegative
function satisfying (2.2) and

P a/p 1/
o |F(z+y,7)| - _ dt .
t=%4 / sup —— 22| [O(x,t)] Pdx < ||F|LH?T (G)]|.
/ s G | B b SIRILEO))
t/2<r<t

Define w(z,t) := (1 A7")&(x, tr) for all (z,t) € R, Then

Nw(z)=1Ar"T) sup w(y,t)
lx—y|<t/r

for all z € R". By Lemma 3.13, we know that w also satisfies (2.2), which, together with
(5.5), further implies that

1R (2, 7) FILH g ()| S r* 4LV e =) (LY 7 "T) (L |2))*| FILH g 4(G)].

p?q?a p?q?a

From this, we deduce (5.6).
We now prove (5.9). Let @ be a nonnegative function satisfying (2.2) and

1/p

q r/q
. F(x+y,t - _g dt o
/. [/o t (%5 |<1(+ ry\/wi’) ) qf"“] oy SIS
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Notice that

||L(Z’T)F|PH§,’;@(Q)H — p—stn(1/p=1/q) inf{/ [/ $—54
n |Jo

w

B ) q p/q 1/p

F(x+y,0 _g dt

X SSRIZ A1 1l/0)° (w(re + z,7t)] ] dx
t/2<0<t

Let w(z,t) :=r ""o(%2, L) for all (z,t) € R Then w(re + z,7t) = r~""&(z, t) and

~ -z t _ ~[T—=z
Nw(z) = sup w(y,t)=r""" sup @ <y ,> =r """ Nw < ) .
ly—z|<t ly—z|<t r r r

Thus, by Lemmas 5.5 and 5.6, we conclude that

(Pvg)’
/ [Nw(x)](P\/Q)/ dHnT(P\/(I)/(l.) — ,,,.—TLT(p\/q)// |:Na (ZE — Z>:| P dH"T(PV‘I)/(x)

r

— rnT(qu)’/ NG (x”(p\/q)’ dH" PV (rg 4 2)
< / NG (2)] PV GHm V) (2) < 1.

Thus, w satisfies (2.2), which further implies that

LGy FIPH g o (G| S r stV 7

p,q,a p:;ya(g) ’

This finishes the proof of Proposition 5.7. O

5.2 Besov-Triebel-Lizorkin-Type Spaces as Coorbits

We put H := L?(R") and use the unitary representation over G w(z,t) = TthL2 for
2 € R" and t € (0,00), where Ty f := f(- —a) and DF* f = t~"/2f(-/t). This representation
is unitary, continuous and square integrable on H but not irreducible. However, if we
restrict to radial functions g € L%(R"), then span{r(x,t)g : (z,t) € G} is dense in L*(R").
The voice transform in this particular situation is given by the so-called continuous wavelet

transform Wy f, defined by
W, f(z,t) = (T,DF g, f), x€R", te(0,00), (5.10)

where the bracket (-,-) denotes the inner product in L?(R™). We write W, f in terms of a
convolution via

Wof(x,t) = [(DF g(=)) = fl(x) = t72[(Dig(—)) * fl(x) (5.11)

for all x € R™ and t € (0, 00).
The next definition helps to control the decay of the continuous wavelet transform. Both,
the definition and the decay result are taken from [47, Appendix A].
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Definition 5.8. Let L+ 1 € Z; and K € (0,00). The properties (D), (M) and (Sk) for
a function f € L?(R"™) are, respectively, defined as follows:

(D) For every N € N, there exists a positive constant C'(N) such that

CN)
(1 + [z

|[f(2)] <
(Mz,) All moments up to order L vanish, namely, for all o € Z'} such that ||a|n < L,

/na:af(:z:)da::().

(Sk) The function (1+|¢))X|D*f(€)] for all € € R™ belongs to L!(R™) for every multi-index
aeZl.

Property (Sk) is rather technical. Suppose that we have a function f € CK+"+1(R®)
for some K € N such that f itself and all its derivatives satisfy (D). The latter holds, for
instance, if f is compactly supported. Then this function satisfies (Sk) by the elementary
properties of the Fourier transform. Conversely, if a function g € L?(R") satisfies (Sk)
for some K € (0,00), then we have g eC LK] (R™). However, in case of certain wavelet
functions 1 where the Fourier transform ) is given explicitly, we can verify (Sk) directly.

Lemma 5.9. Let L € Zy, K € (0,00), and g, f, fo € L*>(R™).
(i) Let g satisfy (D) and (Mp_1), and let fo satisfy (D) and (Sk). Then for every
N €N, there exists a positive constant C(N) such that the estimate

t(L/\K)—‘,—n/Q

|(Wyfo)(z,t)] < C(N)W

holds true for all x € R™ and t € (0,1).
(ii) Let g, f satisfy (D), (Mp—1) and (Sk). For every N € N, there exists a positive
constant C(N) such that the estimate

t(LAK)+n/2 |z -N
Wy ). £)] < CIN) (1 4 t)2(LAK)+n (1 + 1+ t)

holds true for all x € R™ and t € (0,00) .

Recall that the abstract definitions of the spaces HL, A, and B, are from Definition 4.4.
The following result is a direct consequence of the definition of Soo(R") and Lemma 5.9. It
states that for polynomial weights w, the spaces H}, A, and B, contain a reasonable set
of functions, namely, the Schwartz class Soo(R").

Lemma 5.10. If the weight function w(zx,t) > 1 satisfies the condition that
w(z, t) S (1+ [z +t7%), zeR", te(0,00), (5.12)

for some nonnegative r, s, s, then Soo(R") C (HL, N A, N BY).
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Relation (5.12) is a kind of the minimal condition which is needed in order to define
coorbit spaces in a reasonable way. Instead of (H.)™, one may use S (R") as reservoir
and a radial g € So(R™) as admissible vector; see Definition 4.4. Considering (4.3), we
have to restrict to such function spaces Y on G satisfying (i), (ii), (iii) in Subsection 4.1,
where additionally

(iv) wy (z,t) < (14 |z|)"(t* + =) for all z € R” and t € (0,00), and some nonnegative
/
r,s,s.

We use the spaces defined in Subsection 5.1 as spaces Y and obtain the following main
results of this section.

Theorem 5.11. Let s € R, 7 € [0,00) and q € (0, 00].

(i) If p € (0,00) and a € (n/(p A q),00), then Fyq(R™) = Co(P;;,Z/Q*”/q’T(g)) holds
true in the sense of equivalent (quasi-)norms.

(ii) If p € (0,00] and a € (n/p,oc), then Byg(R™) = CO(LZZZ/%"/Q’T(Q)) holds true in
the sense of equivalent (quasi-)norms.
Proof. Observe that @ = [—1,1]"x[1/2,2] C G is a neighborhood of the identity e = (0,1) €
G. A simple calculation shows that Lf,ﬂ;,fgﬂ‘"/q”(g) = W(L>*(G), Lf,ﬂ;,f;/z‘"/q”(g), Q) and
P;,;Z/Q*”/W(g) = W(L>*(G), P;,;Z/*"/W(g), @) in the notions of Section 4. The results
(i) and (ii) are then a direct consequence of Definition 4.5, (5.11), Lemma 5.2, Theorems
3.2 and 3.6, by taking Remark 3.7 into account, and the abstract independence result in
Theorem 4.6. This finishes the proof of Theorem 5.11. O

Theorem 5.12. Let s € R and p € (1,00).

(i) If ¢ € [1,00), 7 € [0,1/(pVq)] and a € (n(1/p + 7),00), then BHy7(R") =
Co(LHS,JgZ/z_n/q’T(g)) holds true in the sense of equivalent (quasi-)norms. '

(i) If ¢ € (1,00), 7 € [0,1/(pV q)'] and a € (n(1/(p A q) + T),0), then FHy4(R") =
CO(PH;;Z/%”/’J’T(Q)) holds true in the sense of equivalent (quasi-)norms.

Proof. Similar as in the proof of Theorem 5.11, we have

LH5+n/2—n/q,7—(g) _ W/(LQO(Q)’LI'{s—i-n/Q—n/qn—(g)7 Q)

p,q,a p,q,a

and PHS;Z/Q‘"/"’T(Q) = W(L>*(G), PHS;,Z/Q‘"/‘”(Q), Q). The results (i) and (ii) are
then a direct consequence of Definition 4.5, (5.11), Lemma 5.7, Theorems 3.12 and 3.15,
by taking Remark 3.16 into account, and the abstract independence result in Theorem 4.6.
This finishes the proof of Theorem 5.12. O

5.3 Sequence spaces

In the sequel, we consider a compact neighborhood of the identity element in G given by
U:=[-1/2,1/2]" x [1/2,1]. Accordingly, we consider the discrete set of points

{wjp=27k,27) : jeZ, kez"}.
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This family is U-well-spread. Indeed, if we write
Upp i= [(k1 — 1/2)277, (ks +1/2)279] x -+ x [(ha — 1/2)27, (kg + 1/2)277],

we then have x5 -U = Uy, ¥ 20U+ 2791, We write Xjk = XUj,- According to Definition
4.3, we obtain Y* in this setting as follows.

Definition 5.13. Let Y be a function space on G as above. Put

Y =S atiezrezn IR LRYHL = {D 0 IjklXGe ® Xjp-G+1) 95 |Y || < 00
j?k

For the Peetre-type spaces defined in Subsection 5.1, we have the following equivalent
representations.

Proposition 5.14. Let s € R, 7 € [0,00) and q € (0, o).
(i) If p € (0,00] and a € (n/p,), then

b o
H{A]J{:}J k’|( pq, (g))ﬁ‘ N]S)lelg |;|T Z 2@ s+n/q)q [/ (Z |/\Z k:‘ka? ) dl’]

kezr
(i) If p € (0,00) and a € (n/(p A q),0), then

» 1
E P

O]~ g e | 30 2 st |

PeQ (=jp keZn

H{)‘J,k}y,

To prove this proposition, we need the following estimate, which is [47, (4.30)].

Lemma 5.15. There exist positive constants C1 and Cy such that, for all £ € Z, k € Z™
and x € R™,
Xk (7 + w)| 1 2m
’ < C _ . 5.13
o (ol = O ate Ry = O e e ) 01 O

The following lemma is used for later consideration, which is [53, Lemma 3.4].

Lemma 5.16. Let s € R, 7 € [0,00), p,q € (0,00 and X\ > n. For a sequence t :=
{tit}jez, kezn, define t* := {ta}QGQ by setting, for all cubes Q € Q,

1/r

. tr|"

tH =

Q Z -1 _ A
reo. iy L (B Tr — q])

Then
[tllasr mny ~ 17 ]|ag 7 mmy- (5.14)
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With the above tools, the proof of Proposition 5.14 is similar to that of [47, Theorem
4.8]. For completeness, we give some details here.

Proof of Proposition 5.14. We only prove (i). The proof for (ii) is even simpler and the
details are omitted. For all (z,¢) € R let

F(a,t) =Y Nalxir(@)X -0 p-5)(8) -
I

Discretizing the integral over ¢ by t ~ 27, we obtain

| FIBa @

272 q 1/q
~ sup —— ||xp ol(s+n/a)a / sup ——— | — . (5.15
2 1 | | 2 Al | (515)
J o—(e+1) Lt/2<r<t
Lp(R™)
With ¢ € [27¢*D, 27 and t/2 < r < t, we observe that, for all z € R",
1
Fr,r) =Y > [Nerinlxerin(@)Xp-@rirn g (r) (5.16)
kezm i=0
and hence
| P a9
1 S peabeeat 0]
Xe k(- +Y
< sup —— ||xp 2l +n/D)a gy, GRIAL (5.17)
peg |PI7 zzsz yeRn ,gz; (14 2y|)®
LP(R™)

In order to include also the situation (p A ¢) < 1, we choose r > 0 so that » < (1 ApAq)
and ar > n. Obviously, we then estimate (5.17) in the following way

1 o0
o v (2 [Z |

|F1535.@] < s

{=jp LkeZ"
a/r 1/q
Xe k(- +Y)
: 5.18
X S Ty g (5.18)

LP(R)
We continue with the useful estimate (5.13). Since ar > n, the functions
ge(-) =2 (L2 ) 7

for all £ € Z belong to L'(R) uniformly on ¢. Applying Lemma 5.15 and putting (5.13) into
(5.18), we obtain

T

|FI7.9)
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1 o) q/r "/
Ssup o xp 4 D [ge | D 2T e
D 1P pa 2
=Jjp €L
L/7(R")
If we use (5.14), we then have
1/q
1 - p
ACARCH EPTSE (1 DOD LSt
l=jp keZ™
Lr(R™)

For the estimate from below, we go back to (5.15) and observe that, for all (z,t) € RT‘I,

yern (1 + 25!1/\)
which results in

2—Z 1/(]

S, T 1 - STNn
|F1570@) | 2 sup o e | 3 2o R
t=jp

2—(¢+1)
LP(R"™)

A further application of (5.16) gives finally that
1/q

[F1032.00%] 2 s g v | 32 32 s ,
l=jp keZ™

Lp(R™)

which completes the proof of Proposition 5.14. O

Proposition 5.17. Let s € R and p € (1,00).
(i) If g€ [1,00), 7€ [0,1/(pV q)] and a € (n(1/(p A q) + T),00), then

H{/\j,k}j,k! LHy; (G H
1/q

p 4 a/p
~ mf ZZJ stn/a)q [/ (Z N k]G (2 ) [w(z,277)]7P dm] )

JEZ kezn

where w runs over all nonnegative measurable functions on RT’I satisfying (2.2).
(i) Ifg € (1,00), 7€ [0,1/(pV Q)] and a € (n(1/(p A q) +T),0), then

| Dbl (PTG (G))F|
p/a 1/p

~ 1nf / 223 stn/a) (Z ’)\] k|XJk ) [w ($727j)]7q dx )

JEZ keZn

where w runs over all nonnegative measurable functions on ]Rq_f_+1 satisfying (2.2).
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Proof. The proof of this proposition is similar to that of Proposition 5.14 except that we
use [57, Lemma 7.13] instead of (5.14), which completes the proof of Proposition 5.17. [

Propositions 5.14 and 5.17 justify the next definition. Notice that we do not need the
parameter a € (0,00) anymore on the left-hand side.

Definition 5.18. For all admissible parameters (in particular for a > 1), let fJ7 :=
(B "7 (@), by o= (Epild™ ™" (@)F, bly = (LHGGET107(G)F and fhy =
(PHypi "7 (G)F.

6 Wavelet characterizations

In this section, as an application of the coorbit interpretations in Theorems 5.11 and 5.12,
we obtain wavelet characterizations for the spaces By (R"), Fyq (R"), BHy7(R") and
FH;7(R™) for the full range of parameters extending the results in [57, Section 8.2] where
mainly positive smoothness is considered. We use biorthogonal wavelet bases on R™ (see,
for example, [8, 3]), namely, a system

WO —k), 00— 0) =6k and (N2 k), 9 (2" =m)) = 51 ), (0m); (6.1)

with k, £, m, j € Z, of scaling functions (wo,zzo) and associated wavelets (wl,il), where
Ope = 1if k= Lelse ogp = 0 and (), (,m) = 1 if j = £ and k = m else o5y = 0. Notice
that the latter includes that, for every f € L?(R),

=Y (FH0N @ k)N —k) = D (F N2~k (2T —k)

J,kET J,kET

holds in L*(R). We now construct a basis in L*(R") by using the well-known tensor
product procedure. Consider the tensor products V¢ = ®§L:1 % and e = ®§L:1 P,
ce E:={0,1}"\{(0,...,0)}. The following result is well known for orthonormal wavelets
(see, for instance, [48, Section 5.1]), however straightforward to prove for biorthogonal
wavelets.

Lemma 6.1. For any given biorthogonal system (6.1), for all f € L*(R™),

F=300 S 2R k)2 (2 k) (6.2)

c€E jeZ keln
with convergence in L?>(R").

Our aim is to specify, namely, state precise sufficient conditions on ¥°, 1, 1;1 and 1;0
such that the representation (6.2) extends to the spaces considered above. Our method is to
apply the abstract Theorem 4.7 to this specific situation. As the first step we check under
which conditions the functions ¥, and ¥¢ belong to the set B(Y'), where Y represents a
Peetre-type space from Subsection 5.1.
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Proposition 6.2. Let L € N, K € (0,00), and ¥°, 9! € L?(R), where ¢° satisfies (D)
and (Sk), and Y satisfies (D), (Sk) and (My_1). Let G be an ax + b-group and V :=
[—1,1]" x (1/2,1] € G a neighborhood of the identity e € G. Suppose further that for
r1,72 € R, the weight w is given by w(z,t) := (1 4 |z|)*(t"™ +t™™) for all (x,t) € G. If
p € (0,1] and

LANK > (ri+n/p—n/2)V(ro+v—n/2), (6.3)
then for all c € F,
r "ot
// [ sup  [(m(y, )P, \I/CHw(x,t)] 1 do < 00. (6.4)
2o Lwoe@ny t

Proof. By the assumptions on the wavelet system and ¢ # 0, we see that U¢ satisfies (D),
(Sk) and (Mp—1). Lemma 5.9 implies that, for all N € N, 2z € R™ and ¢ € (0, c0),

H(LAK)+n/2 lz| \ 7V
c ¢ <

and hence

H(LAK)+n/2 ’x‘ -N

sup  |WoeW(y,5) = sup [WarW(y.5)| S (1+2)

(5:5)E(z.t)V il <t (1 + ) 2EAK) 1+t
t/2<s<t

Splitting the integral (6.4) into fol Jan + [ Jgn leads to the sufficient conditions (6.3) to
ensure their finiteness, which completes the proof of Proposition 6.2. O

In what follows, we need the quantity
M(s,7,p,q,p", a)
1 1 1 1
=|s+n|7+ - —-—=)+ta|lV|-s+n|(T7+—=+-—-1)+2a|. (6.5)
pr pVvl prop

From now on, (¢°, 1;0) and (1, 1;1) always denote a biorthogonal wavelet system satis-
fying (6.1). Our main results read as follows.

Theorem 6.3. Let s € R, 7 € [0,00) and q € (0, 00]. N

(i) Let p € (0,00), ¥° and ¥° satisfy (D) and (Sk), and ' and ' satisfy (D), (Sk)
and (My,_1), where (LAK) > M (s,7,p,q,1 ApAg,n/(pAq)) in view of (6.5), then every
f € E7(R™) admits the decomposition (6.2), where the sequence

A= (NS Y jezpezn with Xy o= (f,23 W27 - k), jE€Z, keZ, (6.6)

belongs to the sequence space fyq .

Conversely, an element f € (Hy,.)~, where Y := P;;,Zﬂ’"/q‘(g), belongs to Fy7 (R™)
if the sequence (6.6) belongs to fpq -

(ii) If p € (0,00], ¥° and ¢° satisfy (D) and (Sk), and ¥* and ¢ satisfy (D), (Sk)
and (Mp_1), where (LANK) > M (s,7,p,q,1 Ap A q,n/p) in view of (6.5), then every f €
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B]‘Zg(R”) admits the decomposition (6.2), where the sequence (6.6) belongs to the sequence
space byg.

Conversely, an element f € (M, )™, where Y := L;f;ﬁflﬂ‘”/q’f(g), belongs to By (R™)
if the sequence (6.6) belongs to byyq.

Theorem 6.4. Let s € R, p € (1,00), ¢ € [1,00), and T € [0,1/(p V q)'].

(i) Let ¥° and ¢° satisfy (D) and (Sgk), and ' and ' satisfy (D), (Sk) and (Mr_1),
where (LANK) > M (s,7,p,¢,1/((pV q) +1),n(1/p+ 7)) in view of (6.5). Then every
f € BH7(R™) admits the decomposition (6.2), where the sequence (6.6) belongs to the
sequence space by

Conversely, an element f € (H,, )™, where Y::LH;;Z/2_n/q’T(g), belongs to BHy g (R™)
if the sequence (6.6) belongs to by

(i) Let g € (1,00), Y0 and ¥° satisfy (D) and (Sk), and ¥' and ¢ satisfy (D), (Sk)
and (M), where (LANK) > M (s,7,p,¢,1/((pV q)' +1),n(1/(pAq) + 7)) in view of
(6.5). Then every f € FHyg(R™) admits the decomposition (6.2), where the sequence (6.6)
belongs to the sequence space fhiyg.

Conversely, an element f € (HL, )™, where Y ::PH;ZZ/%H/(I’T(Q), belongs to FHy 7 (R")
if the sequence (6.6) belongs to fhyyg.

Proof. We prove both theorems simultaneously and start with the interpretations as coor-
bits in Theorems 5.11 and 5.12. Using Propositions 5.2 and 5.7, together with (4.3), we con-
clude that, when Y is one of the spaces P;;Z/z_n/q’T (G), L;:ZZ/Z_HM’T(Q), LH;L_Z/Q_”/Q’T G)
and PH;;Z/2_"/(1’T (G), the relation wy (x,t) < (1+|z|)?(t"2+¢t~") holds true for all x € R™
and t € (0,00), where

r1 = max{s +nr +n(l/2-1/p),—s+nr+n(l/p—1/2),s+a—n/2,—s —n/2 + a},

rg =max{—s+nr+n(l/p—1/2),s —n(l/p—1/2) + nt,s + n/2,—s+n/2+a},

and v = a. We then use the abstract result in Theorem 4.7, together with (6.2), (4.4) and
Proposition 6.2. Notice that the Aoki-Rolewicz-exponent p* = 1/((p V q)' + 1) in Theorem
6.4 and p* = (1ApAq) in Theorem 6.3, which is needed in (4.4) and Proposition 6.2, is given
in Remark 3.11(ii) and Remark 5.4(ii). Taking in addition the conditions on a € (0, c0) in
Theorems 5.11 and 5.12 into account, we conclude the proofs of Theorems 6.3 and 6.4. [

Remark 6.5. The wavelet decomposition characterization in terms of the Carleson mea-
sures for BMO (R") is already obtained (see [26, p. 154, Theorem 4]), namely, BMO (R") is
characterized by wavelets in terms of the space fg% /p (R™). The conditions on the wavelets
used therein are much weaker than ours; see Theorem 6.3(i). Indeed, using the equivalence
BMO(R") = Fgg/p(]R”), where p is close to infinity, we obtain the condition K, L € (n, c0)
in Theorem 6.3. Thus, we need more smoothness and vanishing moments for the wavelets.
However, for spaces on the real line (namely, n = 1), the condition is close to the optimal
one in [26].

Remark 6.6. Comparing with the orthogonal wavelet characterizations of By (R™) and
F, 7 (R™) obtained in [57, Theorem 8.2], therein the parameter s restricts to s € (0,00),
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we establish the biorthogonal wavelet characterizations of these spaces for all s € R in
Theorem 6.3. The wavelet characterizations for Besov-Hausdorff spaces BH,q(R") and
Triebel-Lizorkin-Hausdorff spaces F' H;jg (R™) in Theorem 6.4 are totally new even for some
special cases such as Hardy-Hausdorff spaces.

Remark 6.7. Notice that we use more general biorthogonal wavelet bases instead of classi-
cal orthogonal wavelet bases as it is done for instance in [45, Chapter 3], in case of inhomo-
geneous classical Besov and Triebel-Lizorkin spaces, and also in [18, 21, 22, 23, 4, 5, 30]. We
refer to [10] for the spaces Qo (R™), and to [35] for the Triebel-Lizorkin-Morrey spaces. For
some earlier results with biorthogonal wavelets on classical Besov-Triebel-Lizorkin spaces,
we refer to [25]. Notice also that the conditions on K and L in Theorems 6.3 and 6.4 are
not optimal. However, they represent precise sufficient conditions.

We conclude the paper with the following corollary, which characterizes the set of pa-
rameters, when the used wavelet system represents an unconditional basis. Notice that
by the abstract Theorem 4.7, we always have the unconditional convergence of (6.2) in
the weak #-topology induced by (Hy,.)™. Since the coefficients in the expansion (6.2) are
always unique due to the biorthogonality relations (6.1), this can be seen as a sort of the
weak unconditional basis. For an unconditional basis (in the strong sense) we further need
the unconditional convergence of (6.2) in the (quasi-)norm of the respective space.

Corollary 6.8. Under the assumptions of Theorems 6.3 and 6.4, the used wavelet systems
represent an unconditional basis in the respective spaces if and only if T = 0 and p,q €

(0,00).

Proof. When 7 = 0 and p,q € (0,00), this follows from the fact that the finite sequences
form a dense subspace in the respective sequence space. Let us disprove the unconditional
basis property for the space F;jg (R™). For the other cases, the proof is similar. If 7 € (0, c0),
we use the distribution
[o¢]
FO) =) 2mitmhsmn/Dgel . (2,2, 2)) (6.7)

Jj=1

for some ¢ € E. Indeed, the right-hand side converges unconditionally in the topology

of (H}UY)N, where Y := PI;SIZ/ 2=n/ ©7(G), and defines an element from the reservoir space
(K4, )~ By the biorthogonality relations (6.1), together with Proposition 5.14 and Defini-

tion 5.18, we see that the sequence (6.6) belongs to the respective sequence space f;g (R™).
Indeed, since T € (0,00), we have

1/p

: 1 N o tpnrit
XS il 5T ~ sup / S o-tenrrtng, oo oy (@) da
QeQ|Q| Qf,j

1/p
1 00
< sup 2—€pn’r < sup 9NnTo—Nnt _, 1
Nez 27T {ZJ:V NezZ

Hence, by Theorem 6.3, f belongs to the space Fj g (R™) and (6.7) is its biorthogonal wavelet
expansion. By using the equivalent sequence space (quasi-)norm in Proposition 5.14(ii), we
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see, by a similar computation, that (6.7) does not converge in the (quasi-)norm of Fjy (R"),
which completes the proof of Corollary 6.8. O
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