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1 Introduction

Let (a ) 2205 s (a;-l)]o-‘;o be convergent sequences of complex numbers. The respective

limits are denoted by a',...,a?. In addition we put a*, = 0, £ = 1,...,d. Then

a‘ = Z;io(aﬁ — a%_,) and hence

al- ZH le‘

J1yesdd= 0 (=1

It has been the idea of Smolyak [31] to use the sequence

> H al,_y) m=0,1,...,

Jit...+ja<m (=1

to approximate the product a' -...-a?. Now, if
1 2 d
aj=a;=...=a;=L;f(v), zeT,

where L; denotes a sampling operator with respect to a certain set 7; of sample points,
then the suggested approximation procedure results in an operator which uses samples
from a sparse grid in T only, cf. Section 2 for details. Furthermore, the sequence
of sampling operators constructed in such a way, should yield good approximations of
tensor products f; ® ... ® fy of functions f, : T — C. In this paper we investigate the
approximation power of these sampling operators for functions belonging to periodic
Sobolev and Besov spaces of dominating mixed smoothness, see the Appendix for
a definition. Let A(T?) be either a Sobolev or a Besov space of dominating mixed

smoothness on T?. Then the norm in these classes is a cross-norm, i.e.

Ifi@...o f AT =TT I felADI.

=1

Hence, the function spaces under consideration here, are sufficiently close to the tensor
product of function spaces defined on T. Based on the approximation power of L; on
the torus T we shall derive sharp estimates for the order of convergence of Smolyak’s
algorithm on T¢.

The present article continues investigations of the approximation properties of trigono-
metric interpolation with respect to uniform grids, see [15, 16, 32, 34, 26|, where we now
study the d-variate situation with respect to a sparse grid. More precisely, we investi-
gate the rate of convergence of the Smolyak algorithm (applied to a sampling operator)
for functions belonging to a Besov space of dominating mixed smoothness. This con-
tinues earlier work of Dinh Dung [10], Smolyak [31]|, Temlyakov [32], Wasilkowski,
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Wozniakowski [40] and one of the authors [27, 28]. It turns out that the Smolyak
algorithm applied to a sampling operator yields a worst case within a wider class of
Smolyak algorithms. In particular, the Smolyak algorithm applied to the partial sum
of the Fourier series behaves better in approximation order than the Smolyak algorithm
with respect to a sampling operator, see Subsection 2.2.2 for details. Let us mention
that the algorithm applied to the partial sum of the Fourier series results in approxi-
mation from dyadic hyperbolic crosses, a subject, widely treated in the literature, see
e.g. (11121, [3], (5], (7], [9], [13], [17], [18], [20], [23], [24], [29], [31], [34], [35] and [40].
The paper is organised as follows. To begin with we recall the construction of the
Smolyak algorithm (Subsection 2.1), discuss a few more or less elementary properties
of it and then we formulate our main results on the approximation power of this algo-
rithm in a rather general frame (Subsection 2.2). Also consequences of our estimates
for the problem of optimal recovery (sampling numbers) are discussed. Afterwards
a few examples are presented. Section 4 contains the proofs. The definitions and a
few properties of Sobolev and Besov spaces of dominating mixed smoothness will be
recalled in the Appendix.
Notation. As usual, N is reserved for the natural numbers, by Ny we denote the
natural numbers including 0 and by Z the set of all integers. Let T denote the torus,
represented in R by the interval T = [0, 27|, where opposite points are identified. The
symbol I is reserved for identity operators (we do not indicate the space where I is
considered, hoping this will be clear from the context). I,, and I(A], ,,-) denote special
sampling operators defined in Subsection 2.3. We also use the notation a =< b if there
exists a constant ¢ > 0 (independent of the context dependent relevant parameters)
such that

clta<b<ca.

Constants will change their value from line to line, indicated by adding subscripts.
Sometimes a constant will represent a fixed value for the paper. This is indicated by
capital letters like Cy,Cy,.... Finally, if x € R? then |z| is used for the Euclidean

distance (norm in ¢4) and |z|; denotes the norm in ¢4, respectively.

2 Approximation on Sparse Grids

R? denotes the Euclidean d-space and Z? means those elements in R? having integer

components. The symbol T? is used for the d-dimensional torus represented in R¢ by



0,27]¢. For f € Li(T%) and k € Z¢ we put

1
e(f) = (2m) Jpa

Then the Fourier partial sum S, f and the formal Fourier series Sf of f is given by

Suf(@) =Y e(f)e™ and Sf(x):= Y exlf)e™,

|k|<n kezd

(z) e~ da .

respectively. Here kx = Zzlzl koxe, k= (ki,...  kq), 2= (x1,... ,24).

2.1 The Smolyak Algorithm
2.1.1 The Definition and General Properties

We fix an integer d > 2. Let X, Y < L;(T) be Banach spaces of periodic functions on T
containing all trigonometric polynomials. Further we assume that P;,... ,P;: X =Y
are continuous linear operators. Then we define its tensor product P, ® ... ® P; to be

the linear operator such that:

d
(P1 ® ... Pd)(ﬁ’ikl' Cae €ikd')(1’1, ceey :L’d) = H Pg(eik[)(l’g)
=1
xw €T, kye€Z, €=1,...,d. Formally, this operator is defined on trigonometric

polynomials only. If X is either L,(T), 1 < p < oo, or if X = C(T), then, because of
the density of trigonometric polynomials, there exists a unique continuous extension of
Py ® ... ® Py to either L,(T%) or C(T?), respectively. For this extension we shall use
the same symbol.
Let either L; : L,(T) — L,(T), 1 < p < o0, or L; : C(T) — L,(T), 1 < p < o0,
j € Ny, be a sequence of continuous linear operators, denoted by L. Then we put

AL = { Lj—Lj ?f jen,

Ly it j=0.

Definition 1 Let m € Ny. The Smolyak-Algorithm A(m,d, [_:) of order m relative to

the d sequences L' := (L})52,, ..., L* := (L)%, is the linear operator
Alm,d, L) = Y ALY ® ... @A, (LY.
Jittjas<m

Remark 1 Originally introduced in 31| there are now hundreds of references dealing
with this construction. A few basics and some references can be found in |22] and [40].
In particular, the following formula is proved in [40]:
o . d—1
_ _1\ym—l4| 1 d
(1) A(m,d, L) = Z (—1) ]1<m—|j\1) Ly ®...0L5.
m—d+1<|jl1<m

This will be used later on.



2.1.2 Some Properties of Sampling Operators

In this article we shall restrict ourselves to sequences (L;); of linear operators having
some additional properties. Recall, the symbol I is reserved for identity operators.

Let 1 < p < oo and r > 0 be fixed. We suppose

(H1) For any j € Ny we have L; € L(L,(T), L,(T));

or alternatively
(HY’) For any j € Ny we have L; € L(C(T), L,(T)).
(H2) There exists a positive number A such that

Li(e™)@t) =e*, teR, |k|<A\2, ke€Z, jeN,.

(H3) For all 0 < s < r there exists a positive constant Cy(s) such that

Sup 2°|| I = Lj| By oo(T) — Lp(T)|| = Co(s) < o0;
j=0,1,...

or alternatively

(H3’) For all 1/p < s < r there exists a positive constant Cy(s) such that

Sup 27 || 1 = L |B; oo(T) — Ly(T)|| = Co(s) < o0
j=0,1,...

We shall say that L satisfies the hypothesis (Hn) if each sequence L', i = 1,... ,d,
satisfies (Hn).

Remark 2 Some comments on these restrictions: The hypotheses (H1)and (H3) will
be used in connection with convolution operators L;. For sampling operators we need
to have function values at certain points. So we require the continuity of the underlying
functions. This leads to the hypotheses (H1’) and (H3’). Furthermore, the hypothesis

(H2) is convenient for us but probably not necessary.
We collect some properties of related sequences A(m,d, E)

Lemma 1 Let

d
H(m,d,\) == {e €Z%: Fuy,.oug €Ny st 0] < 2%Nand 3wy = m}
k=1

be a dyadic hyperbolic cross. Suppose that L satisfies (H2) for some X > 0. Then

A(m,d,L)e* =e* | ke H(m,d,\).



Remark 3 A special case of Lemma 1 can be found in [32].

Of particular interest for us are sampling operators. Here we shall work with the
following additional hypothesis:

(H4) For any j € Ny there exist a natural number Nj;, fixed continuous functions

1. ,¢N T — C and sampling points 7; = {t/, ... ,tgvj} such that
Nj
(2) Lif(x) =) f(tpdyi(a), feC(T), zeT
=1

Furthermore, we assume the existence of two positive constants C'; and C5 such that
C127 < N; <0y, jEN.

Sometimes we also need the assumption (H5): We suppose

| > Cy 2t n €N,

with some constant 0 < C5 < (.

Let L consist of sequences of sampling operators. The set of sampling points used by
Lé- will be denoted by ’];Z Then we put

(3) G(m,d, L) := U Tix.xT

m—d+1<|j]1<m

By (1) the operator A(m,d, [_:) uses only samples from the grid G(m, d, [_:) Sometimes
we shall concentrate on the following situation: the operators L}, e ,L;l are using

function values from the grid

(@) LW:{W_%fz z, Nﬂ<£<Nﬂ} P01,
J

In case N; = 27 the grid used by A(m,d, L) is given by

g@u@::{(zf%.”,ﬁfﬂ;

-awﬂg@<2ﬁﬁz:L”.@,7n—d+1gUhgm}
which we will call standard grid in the sequel.
Lemma 2 (i) The cardinality S(m,d) of the standard grid G(m,d) is given by

sma-5(*7)r(5).

J
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where we put (Tj“) =01 case m < j.
(ii) The hypothesis (H4) should be fulfilled. Then the cardinality |G(m,d, L)| of the grid
G(m,d, L) satisfies

G(m. d. L)| < (2C2)" S(m, d) .

(iii) If the hypotheses (H4) and (H5) are fulfilled then
min(Cy, C3)4S(m,d) < |G(m,d, L)| < (2C5)*S(m,d) , m e Ny,
holds true.
Remark 4 Obuviously, for fived d we have
S(m,d) < 2™ mt, m € N.

We call the grids G(m,d, E) sparse because their cardinality is growing only in a loga-

rithmic order with respect to d.
Lemma 3 The hypothesis (H]) should be fulfilled. In addition to (2) we assume that
Lif(t) = f(t), teT, i=1,....,d,
forall j <m and all f € C(T). If the grids ’];’ are nested, i.e.
T C T, i=1,2,...,d, jeN,
then A(m, d, E) interpolates on G(m, d, E), more precisely

Am,d,L)f(z) = f(z), x€G(m,d L), feC(TY.

2.2 The Approximation Power of Smolyak’s Algorithm and Besov

Spaces of Dominating Mixed Smoothness

We study the approximation power of the Smolyak algorithms for two different classes
of operators, sampling operators and (mainly for comparison reasons) convolution op-

erators.

2.2.1 Smolyak’s Algorithm and Sampling Operators

This subsection contains the main results of this paper. As mentioned in the Intro-
duction we will study the approximation power of the Smolyak algorithm for functions
taken from Besov spaces of dominating mixed smoothness S} B(T?), see Subsection
5.4 for a definition. Our first result is the following general estimate for sampling oper-
ators. Here we shall use that functions from S) B (T?) with r > 1/p have a continuous

representative, see Lemma 7.



Theorem 1 Let1 < p,q < oo andr > 1/p. Let further L satisfy the hypotheses (H1’),
(H2), and (H3’). Then there exists a constant ¢ > 0 such that

I —A(m,d, L B d — ] d <cmd_ 1-1/q) 9—mr
holds fO? allm e NO

In case of sampling operators which use samples from (4) the obtained estimates are

unimprovable. We consider operators of the following structure

(5)  Lif= Y. fENE-t),  i=1...d, feC(T),

—Nj/2§€<Nj/2

with some sequence of functions A; € C(T) and ) € JIn;, j € Ny, see (4).

Theorem 2 Let 1 < p,q < oo and r > 1/p. Let L be given by (5) and satisfy the
hypotheses (H1’), (H2), (H3’) and (H4). Furthermore, we assume 1 < N;i1/N; € N.

Then the relation
| T~ A(m,d,L)|S5 B(T?) — L,(T%)|| x ml@ D=1 g=mr = e N,
holds true.
Remark 5 Let L; be given by
Ll =Ry, jENy, i=1,...,d,

cf. Remark 13 below. For the corresponding algorithm A(m, d, E) and ¢ = oo Theorem
2 has been proved by Temlyakov in |34, Chapt. 4, Thm. 5.1].

Using a simple bump function argument we can show that starting with sampling on
non equidistant points does not help to improve the approximation properties of the

related Smolyak algorithm, at least if ¢ = 1.

Theorem 3 Let 1 < p < oo and r > 1/p. Let L satisfy the hypotheses (H1’), (H2),
(H3’), (H4) and (H5). Then

II — A(m,d, L)|S5, B(T%) — L,(T%)|| < 2™ , meN,

18 valid.



2.2.2 Smolyak’s Algorithm and Convolution Operators

Two other examples of Smolyak algorithms are of interest for us, mainly to have a
comparison with the results from Subsection 2.2.1. Let us mention that most of the
results of this subsection are well-known. So this part of the paper can be understood
as a rough survey to this subject. For that reason no proofs will be given (except
Theorem 6) but all details may be found in [30]. A few further references will be given
below.

First we consider

27

Lif(t) = Suf(t) = Y alf)e™, jeNy, i=1,...d.

k=—27

To indicate this special choice we write A(m,d, S) instead of A(m,d, E) In the second
case we choose 1 as in Subsection 5.4.3 and define for f € L;(T)
Lif(t) =Y @7k el(f)e™,  teT, jeNy, i=1,...d
kez
We shall call them smooth de la Vallée-Poussin means. This time we write A(m,d, )
instead of A(m,d, E) These operators are related to those decompositions of the
functions as used in connection with the definition (characterization) of the considered

function spaces.

Lemma 4 For f € Li(T?) we have
(6)  A(m.d.Sf(@)=" 3 ()" and Alm,dv)fr)= ) f/(),
keH(m,d,1) lil1<m

cf. (28). Furthermore
(7) rank A(m,d, S), rank A(m,d, ) < m**2™, m e N.

Lemma 4 makes clear that both, A(m,d,S) as well as A(m,d, ), are related to ap-
proximation with respect to hyperbolic crosses. These operators A(m,d, S), A(m,d, )

have better approximation properties than sampling operators.
Theorem 4 Let 1 <p<oo,1<q< o0 andr >0. Then the relation

11— A(m,d, S)|S}, ,B(T) — L,(T)]
(d=1)(3-3) o—mr -
m P a2 if T<p<2and p<qg<oo,
= m@D=g) g—mr if 2<p<ocand 2<q< o0,

2-mr otherwise,

holds true.
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Remark 6 In the periodic setting Theorem 4 with ¢ = co was known for a long time,
cf. Bugrov |5 (p = 2), Mityagin [19], Nikol’skaya [20] and Temlyakov 34, Thm. 3.3.3].
The case q # oo has been treated in Dinh Dung |9], Galeev [13] and Romanyuk |23]. For
the nonperiodic case we refer to Lizorkin, Nikol’skij [18|, Bazarkhanov |2, 3|, and [24].
The analogous problem for spaces defined on the unit cube and spline approximation
has been treated by Kamont [17]. Many times the problem has been investigated in
connection with best approximation from hyperbolic crosses. So this remark applies

also with respect to Theorem 5 and Corollary 1 below.

Theorem 4 can be extended to the limiting cases p = 1 and p = oo by switching from
A(m,d,S) to A(m,d, ).
Theorem 5 Let 1 <p<oo,1<qg< o0 andr > 0. Then the relation
11— A(m,d,¢) 1S} ,B(T) — Ly(T)]|
NG gmmr i 1< p<2and p<q< oo,
m 27q) 9 if 2<p<ooand 2<q< o0,
m@D0=3) g—mr if p=ocand 1<q<o00,

2-mr otherwise,

mf
(d-1)(5-

1
q
1
q

holds for m € Ng.
Remark 7 We compare the multi-dimensional situation with the univariate one by
considering the quantities
Ep(r,p,q) = |l = A(m.d, S) : S} ,B(T?) = Ly(T%)|
By (r,p,q) = I — A(m,d,¢)) : S} ,B(T) v Ly(T7)]}.
EL(r,p.q) == I = A(m,d, L) : S5, B(T?) — L,(T%)]
Here L stands for a sequence of sampling operators as in Theorem 2. There are at least

three new phenomena in the multi-dimensional case.

o The sampling operators A(m, d, E) and the Fourier partial sum operator A(m,d, S)
do not have the same approzimation power. This has to be compared with Remark

12 and Propositions 1, 2 below.

e QObserve that the case p = oo plays a particular role. Obuviously, for fized p > 2

and m sufficiently large we have

EY(r,00,q) _ [ m™® if 2<q<o0,
So if p is approaching infinity we have a jump in the order of convergence except

qg=1.

11



o letl < p < oo. The microscopic index q of the Besov space enters the order of
approzimation for all operators we have considered here. Let L be as in Theorem
2. Then also the ratio

) md-0-7) if T<p<2and p<qg<oo
p < >~ (¢ > )
Em(T,p,q) - a1 )
I ms if 2<p<ooand 2<q<o00,
m 7 Y 1
md-Dl-2) if 1<p<ooand 1<qg<min(2,p),

depends on q. For the limiting situations we replace A(m,d,S) by A(m,d, 1) and

obtain

. i
=1 as well as M

24 =1.
Effi(r, 1,q) Em(r,00,q)

Best Approximation with Respect to Hyperbolic Crosses

We define for 1 < p,q < oo and r > 0

En(Sy B(TY), == sup inf {|| f—g|L,(TY)| : g is a trigonometric
I1/155,q Bll=1

polynomial s.t. ¢x(g) =0 forall k¢ H(m,d, 1)}
Now Theorem 5 yields the upper bound in the following corollary.
Corollary 1 Let 1 <p<oo,1<g<ooandr > 0. Then
(8) En(Sp B(T))y = | 1 = A(m, d,¥) |S; ,B(T?) — Ly(T)]|
holds for m € Ny.

Remark 8 (i) The given estimates for E,(f, L,(T?)) do not characterize the classes
Sy B(T?) in L,(T?), see [24] for more details in this direction. Function spaces defined
by best approximation from hyperbolic crosses have been investigated in (8], [18] and
[24].
(i) In view of (8) it is interesting to notice that

1A(m, d,¢) :+ Li(T?) — Ly(T*) | < [[A(m, d, %)+ Loo(T) — Loo(T) || = m*™",
see |34, Lem. 3.1.2|, whereas for 1 < p < oo one has

sup [|A(m,d, S) : Ly(T?) — Ly(T%)|| < oo,
=12

and

see e.g. [21, 1.5.2]. Hence, the estimate from below of £,(S}, B(T?)), in case 1 < p <
oo 1s more or less an obvious consequence of Theorem 4, whereas the proof in cases

p =1 and p = 0o requires different arguments, see e.g. [34] or [30].
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We finish this subsection with a counterpart of Theorem 1 by replacing the hypotheses
(H1’) and (H3’) by (H1) and (H3), respectively.

Theorem 6 Let 1 < p,q < oo and r > 0. Let further L satisfy the hypotheses (H1),
(H2), and (H3). Then there ezists a constant ¢ > 0 such that

11— A(m,d, L) |S; ,B(T") — Ly(T?)|| < e D010 g7
holds for all m € Ny.
Remark 9 Theorems 1 and 6 generalize the results obtained in 27| in various di-

rections. In [27] we have investigated only the bivariate case and restricted us to

1 < p < oo. In addition, the admissible operators A(m,d, [_;) are more general now.

2.3 Examples

We shall treat two types of examples. For a more general treatment we refer to [30].

First we consider classical trigonometric interpolation.

2.3.1 Trigonometric Interpolation

Let
D, (t) = Z ekt teT, meNy,
|k|<m
be the Dirichlet kernel of order m and let

1
2m +1

27l

(9) I f(t) := =T

2m
Z f(té) Dm(t - té) ) 7]
=0

Here f is assumed to be 27-periodic. Then I, is the unique trigonometric polynomial
of degree less than or equal to m which interpolates f at the nodes t,. Then the
following is known, see [15, 16, 32, 34, 26].

Proposition 1 Let 1 < p < oo and let r > 1/p. Then we have
|1 = I | By (T) = Ly(T)]| < m~"
We put
A(m,d,D) = A(m,d,L), Li:=1Is, i=1,...d, jeN,,

cf. (9). Obviously, the hypotheses (H1%), (H2), (H3’), (H4) and (H5) are satisfied in
this situation. However, the sequence of grids G(m,d, D) does not coincide with our
standard grid. So Theorem 2 is not applicable. Nevertheless Theorem 1 and Theorem

3 give the following.

13



Corollary 2 Let 1 < p < o0, 1 < q < o0, andr > 1/p. Then there is a constant
¢ > 0 such that

|1 — A(m,d, D) |S; ,B(T?) — L,(T%)| <m0V 27m =y e N,.
If g =1 we have
|1 — A(m,d, D)|S;B(T?) — L,(TY)|| < 27™, m € Ny.

Furthermore, with

21l 27l .
2j1+1+1""’2jd+1+1> )
0< <2+ j=1.....d m—d+1g\j\1gm},

G*(m, d) := {(

the operator A(m,d, D) uses function values from G*(m,d), but in general A(m,d, D)

1s mot interpolating.

Remark 10 (i) From Lemma 2, Remark 4 and Lemma 4 it follows that A(m,d, ),
A(m,d, D) as well as A(m,d,S) and A(m,d,v) are all of the same complexity. How-
ever, from Theorems 2, 4, 5 it follows that they are not of the same efficiency.

(ii) To see that A(m,d, D) is not interpolating it is sufficient to consider the operator
A(1,2, D) applied to the function f(xy,x3) = €% at the point (2%/3,0) € G*(1,2). Of
course, the reason for this consists in

{2?1€1: Oggzj} ¢{2j+217ﬂi1: OSKQJH}‘

2.3.2 Interpolation with de la Vallée-Poussin Means

For 0 < 1 < 1/2 we consider the functions

_y sin(t/2) sin(ut)

(10) AL(t) e , teR.
Then the Fourier transform is given by
1 if ¢l <5—n,
FALE) = V2 ¢ o (5 +pr—[€]) if F-p<lgd<ztn,
0 if 5 +p <,

i.e. a piecewise linear function. It is not difficult to see that

AT () =) Au(nt+2mln),  tER,

el

14



is a continuous 27-periodic fundamental interpolant with respect to the grid J,, see

(4) with n in place of 27. The Fourier coefficients of these functions A, ,, are given by

1
A7) = FA(/n), (eZ, eN.
ce(A7) o (¢/n) n
We define
IA7 )= > flt)A,(t—t), teT, tel,.

—n/2<8<n /2

Proposition 2 Let 0 < 1 < 1/2 and A, be defined as in (10). Let further 1 < p < oo
and r > 1/p. Then we have

1= T(A s ) [ By oo (T) = Ly(T)[ =< 07"

Remark 11 A proof of the estimate from above can be found in |29, at least if 1 < p <
00. The necessary modifications, to include the limiting cases, are straightforward. For
full details we refer to [37]. The estimate from below can be deduced from the behaviour
of the linear widths (approzimation numbers) of the embeddings By, . (T) < L,(T), see
Remark 12 below.

Remark 12 Linear widths. For two Banach spaces X,Y such that X — Y we define
M(I,X,Y) = inf {|| [—LILX,Y)|: LecL(X,Y), rankL < n} .
Since our operator (AL, -) has rank < n we obtain
A1, By oo (T), Lyp(T)) < [T = (A7, ) [£(By o (T), Ly(T)) ] -

Since A\o(I, B o (T), Ly(T)) < n™", cf. e.g. [34, 1.4], it is clear that our interpolation

operators yield optimal in the order of approximation.

Remark 13 Let

2n—1

1
vz () 1=~ » Djt), teR, neN,

j=n

denote the de la Vallée-Poussin kernels of odd order. Then

1 if |k[<n,
ce(Van—1) = ¢ 2(1 —|k|/(2n)) if n<lk|<2n,
0 if k| >2n.

15



From the formula of the Fourier coefficients of AJ,, above we conclude the identity

n

. Vop—1 1
Au’3n - 3n 5 ILL - 6 5 n e N
Hence
. 1 1
I =5 3 fl)emalt—t),  t€, p=:.
—(3n)/2<0<(3n)/2

In contrast to our treatment Temlyakov [34, 1.6] considered the sequence of sampling

operators .
Ruf() =1~ > ft)vanalt—t),  t € Jum,

—2n<l<2n

and proved that these operators also satisfy
[T =R |By oo (T) = Lp(T)[| < 7",
if 1<p<ooandr>1/p.

Now we turn to the related Smolyak algorithm. We put

-

(11) A(m,d,p) = A(m,d, L),  Li:=1A",, -),i=1,...d, jeEN;.

J 1,279

As an immediate consequence of Proposition 2 we obtain that L satisfies (H1’) and
(H3’). A simple calculation shows that (H2) is satisfied with A = 1/2 — u. Since
I(AT

u,2j 9
fulfilled. Altogether Theorem 2 and Lemma 3 yield the following.

-) uses function values from the standard grid Jy also (H4) and (H5) are

Corollary 3 Let 1 <p,q<oo,r>1/p, and 0 < pu < 1/2. Then
11— A(m,d, p)|S; ,B(T) — Ly(T?)]|| < m@-D0=Vag=mr = yp e Ny

Furthermore, with

21l 21l
G(m, d) _{< AL R ) :
ol <y <29 =1, d, m—d+1<]|j Sm},
the operator A(m,d, u) interpolates on G(m,d), i.e.

A(mv d, M)f(z) = f(I) ) LS g(m> d) )

for all f € C(T?).
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2.4 Optimal Recovery of Functions from Besov Spaces of Dom-

inating Mixed Smoothness

Let
M

Uar(f,€) (@) =D f(&) ()

Jj=1
denote a general sampling operator for a class F' of continuous, periodic functions

defined on T¢, where

5::{517“'a§M}’ giETda i:1a2>"‘>M7

is a fixed set of sampling points and ¢; : T* — C, j = 1,... , M, are fixed, continuous,

periodic functions. Then the quantity

pr(F.Ly(TY) ==inf inf  sup || f — W (f,€) |L,(T)|
§ UM | fiF|<1

measures the optimal rate of approximate recovery of the functions taken from F. We
are interested in the case, when F' = S;qB(']Td), 1 <p,g<o0,r>1/p. Observe that
the operator A(m,d, i), see (11), uses M = M(m,d) =< 2™ m?=! function values from
its argument, see Remark 4. Therefore m < ¢ log M with some ¢ independent of m
and hence

9= (@-DU=1D) < N7 (¢ Jog M) D+1-1/a)

In view of Theorem 2 this implies the upper bound given below.

Corollary 4 Let 1 < p < 00, 1 < g < 00 and r > 1/p. Then there exist positive
constants ¢; and co such that for all M € N

ot M~ (log M)“=Dry(M,d,p.q) < pu(S],B(T?), L,(T%))
< o M—r(log M)(d—l)(?“—i-l—l/q) ’

where
(log M) VG0 if 2<p.q,

1 1
27 g
(12) (M. d.p.q) =1 (log M) DG

1 otherwise.

if 1<p<2 and p<gq,

Remark 14 (i) The Smolyak algorithm uses samples of a very specific structure. Corol-
lary 4 tells us that allowing arbitrary sets of sampling points of the same cardinality we

can not do much better. The difference is at most (log M)@=1/2 if 1 < p < oco.
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(ii) In case ¢ = oo Temlyakov proved the estimate from above in Corollary 4, cf. |32]
and 34, 4.5]; see also Dinh Dung [10, Thm. 4.2|. The given estimates from below are
a consequence of the known behaviour of related Kolmogorov numbers, cf. e.qg. Galeev
[14].

3 Sobolev Spaces of Dominating Mixed Smoothness

and the Problem of Best Recovery

By using S;W(T?) — S;,B(T?), 1 < p < 2, see (26), one can derive immediately
some consequences for the quality of the approximation by A(m,d, E) Surprisingly,
the conclusions obtained in that way, are unimprovable. The counterpart of Theorem

2 reads as follows.

Theorem 7 Let 1 < p <2 andr > 1/p. Let L be giwen by (5) with 1 < N1 /N; €
N, j € Ny, and satisfy the hypotheses (H1’), (H2), (H3’) and (H/). Then

|1 — A(m,d, L) |SsW(T?) — Ly(T%)| = m@/22=m™  meN,
holds true.
In case of approximation from the hyperbolic cross, see Theorem 4, we find
Theorem 8 If1 <p <2 andr >0 then
| 1= A(m,d, S)|S;W(T%) — Ly(T%)| < m@NG=2) 27 meN,
holds true.

Remark 15 In a forthcoming paper one of the authors will prove optimal estimates
in case 2 < p < oo. This approach will be based on a different method, see [28] for the

bivariate situation.

Probably the most interesting consequence of Theorem 1, applied to the algorithm
A(m,d, D), is given by the following corollary which was the main motivation of our

research.

Corollary 5 Let 1 <p <2 andr > 1/p. Then two positive constants cy, ¢y exist such
that

et M~ (log M) D" < ppy(SsW(T?), Ly(T?)) < ¢ M~ (log M)W= Dr+1/2)

1s valid for all M € N.
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4 Proofs

To begin with we discuss several types of test functions which will be used later on.
Then we continue with proofs of the statements in Subsections 2.1.2 and 2.2.2. After

these preparations we shall proof our main results stated in Subsection 2.2.

4.1 Proof of the Lemmata in Subsection 2.1
4.1.1 Proof of Lemma 1
We consider the linear operators

d d
T := Z Z ®A§k and R := Z ®A§k,

0<jism 0<jg<m k=1 ljl1>m~+1 k=1

where we put A¥ := A (L*). Then A(m,d, L) =T—R. Since 3. A¥ = L¥, we obtain
j=0

T=Q L, meN,.

Obviously, if £ € H(m,d, \), i.e. |€,] < A2™ for all 1 <wu < d, then

(Te)(x) = [[(LLe™ ) (@) = €,z €T,

u=1

because of (H2). It remains to prove Re® = 0. Let j = (ji,...,ja) be such that
|7]1 > m+1. Because of ¢ € H(m,d, \) there exist nonnegative integers ux, k = 1, ...,d,
satisfying 3¢_ uy = m and |¢;| < 2*\. Thanks to |j|; > m + 1 > m there is at least

one component ji of 7 with jp > wuy. It follows
0] < 2% X < 2071\ < 20k )
Hence, using again (H2), we find
A?kewkt _ L?kewkt _ L;?k_lez’ékt _ it _ gilit — () teT.

By definition of R this proves the claim. [

4.1.2 Proof of Lemma 2

The proof is more or less elementary, we refer to [30] for details.
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4.1.3 Proof of Lemma 3

The proof is similar to the proof of Lemma 1. Observe that the nestedness of the grids
7. implies
d 1 d
mdL U ...x?}d:UZIX...de.
l7l1<m [jli=m

We employ the same notation and decomposition of A(m,d, E) =T — R as in proof of
Lemma 1. Since L, interpolates on 7,} the operator T interpolates on 7;! x ... x T,4.

Hence, it is enough to prove
Rf(z)=0 forall z€T}' x...x T2, |kly =m
and all f € C(T?). We shall prove even more, namely
(A}1® @A;?d)f(x)zo, TET x . x T, |kl =m

f € C(T?) and [j]; > m.

Let j, |j1 > m, k, |k|; = m and 2 € G(m, d, L) be given. For f € C(T%) and 1 < u < d
we put g,(t) == f(x1,...,Ty_1,t,Tyy1,... ,24), t € T. Furthermore, there exists at
least one component u such that k, < j,. But this implies L gu(Ty) = L ' _19u(Tw)

which proves the claim. [

4.1.4 Proof of Lemma 4

Step 1. We prove (6) for A(m,d,S). Since for j € N¢

(A, ®@..® A7) f(z) = Z cr(f)eke and H(m,d,1) = U P; .,
keP; l7]l1<m
Definition 1 leads to the desired representation. For the second identity observe
(Bft) =Y (V@R = V@ 8)) ()™, teT, (eN.
keZ

Step 2. Proof of (7). Step 1 yields that both operators map their arguments to
trigonometric polynomials with respect to the hyperbolic cross H(m,d, 1) and H(m +

d,d, 1), respectively. Hence (7) is a consequence of the elementary formulas
27 S(m,d) < |H(m,d,1)| <3S(m,d),

see e.g. [30] for full details. |
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4.2 Proof of Theorems 1 and 6

Before we start to prove these theorems we need a preparation.

4.2.1 Tensor Products of Operators

One of our tools consists in the following estimate for tensor product operators.

Lemma 5 Let 1 < p < oo and r > 0. Suppose P; € L(B] (T), L,(T)), j =1,...,d.
Then

d
IPve @ Paf 1T < (T] 17 1B;,(T) — (D) 1 £18;, BT
j=1
holds for all trigonometric polynomials f.

Proof Let f =Y, a ce(f) €** be a trigonometric polynomial. We define k = (ki, &),
ki €7,k € 2%, 2 = (x1,2'), z1 € T, 2’ € T4, and

g (@)= Y alf) ([TPde™) @), o eR™, mez.

k'ezd—1
Then

I(Po .. PASILTP = [ [A(E st

w)<inr [ (3w e)e@) )|
Tt T ez

Now, let (¢;); € ® be an appropriate decomposition of unity, see Subsection 5.2. Then

(i) o = $527] 5t

:Z2jlrp P2<Z k(f) o (k Zklxl(HP an zn) iha >($2)

Jj1=0 kezd

p

LP(T, ZL’l)

p

p(T’xl)

This identity will be inserted into (13). Then we interchange the order of integration

and proceed as above:

1P .. @ PO ILTP < | Py S 20
d o[

J1=

B ) el Wl(HP Y @) € ) ()|

drodrides ... dxy

kezd
< [P [ Fall
. p
x D 2 / ‘ Dl e k) e g (ka) e [ day . day
]eNd kezd

= PP NPl £1S,,BTHIP
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This proves the claim. [

4.2.2 Proof of Theorems 1 and 6

The proofs of Theorem 1 and Theorem 6 do not differ very much. So we shall prove
both theorems simultaneously.

Step 1. The aim of this first step consists in a description of the decomposition we are
going to use. First of all recall the decomposition (25) of f € Sr  B(T?) into the pieces
fe. Because of 7 > 0 (r > 1/p) we have convergence in L,(T?) (C(T?)), see Lemma
7. At next we need to fix a natural number ny such that 27" < A\. Now we suppose
that m is larger than d(ny + 1). Further we put s,, :=m —d(ny+1) > 0 (we drop the
parameter A in all other notations). Let IJ* := [0, s,,,] and I7" := (s, 00), respectively.
For b= (by,... by), b; € {0,1},i=1,...,d, we define

Qri={teNl: b, e ", n=1,....d, |[l|; > sn},
This leads to the decomposition
fx)=h(z)+ Y f(),
be{0,1}d

where

frla):= Y fulx).

eQy

The function h(z) is a trigonometric polynomial given by

h(z):= Y filx).
[€l1<sm
Observe cx(h) # 0 implies cx(fy) # 0 for some ¢ € Z¢ satisfying |¢|; < s,,. Hence
k| < 260FL < bt ) for m = 1,...,d. Therefore k € H(m,d, \) and consequently
A(m,d, L) h = h follows, sec Lemma 1.
Step 2. Estimation (first part). By means of the invariance of h under the application
of A(m,d, L) we find

I f = A(m,d, L) f [Ly(TY < Y | f* = A(m,d, L) f* |L,(T)]|.

be{0,1}4

Obviously, there exists a number M, € N, such that the trigonometric polynomial f,

has all its harmonics in the hyperbolic cross H(M,,d,\). For M, > |¢|; + d(1 + n))
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Lemma 1 implies

| fo — A(m, d, L) fo | Ly(TY| = | A(My, d, L) fo — A(m, d, L) fe | L,(T%)|
d

[ X (@)

m<[j1<M, n=1

| % ()l

JEAT " n=1

™)

T%)

where

AP = {j = Gryodd): > m, gn <ot ldmy,n= 1,...,d}.

In order to keep the notation simple we used again A? instead of A; (L"), n=1,...,d,
Jn=0,1,2,.... The last step here is a consequence of (H2), the definition of the tensor
product and the choice of M,. We continue by using Lemma 5. Let us choose rq such
that 0 < 79 < r (this condition has to be replaced by 1/p < ry < r in the case of
Theorem 1). Then

(& a2)5 e
n=1

Using hypothesis (H3), the triangle inequality and (24) this gives

d
(@)

Furthermore, we estimate

)| < I fe Ly BT H | A% 1B(T) = Ly(T)]].

Ly(T)| < er 27| £ 18, BT

1flsp Bl < (3 290 sup |22 F g LR |- (£ L))
e —2k|<1 deNg
k=1,...d

< e 20| £ | Ly(TY).

Here we used the standard convolution inequality and the well-known homogeneity

property of the Fourier transform. Altogether we obtain
1 f* = A(m,d, L) f* [Ly(TH) | < eg Y 270 (AP |] fo | Ly(T)]
teQp

(14) =g 2770 Yy 2o AT 2| £y |1, (T
teQp

Of course, |A}"| denotes the cardinality of the set A}*. We need to estimate this quantity.

Observe
d d

AP C [m—2(£n+1+m),£1+1+m] X e X [m—2(£n+1+m),€d+1+m
n=1 n=1
n#l n#d
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This implies

d
(15) IA”| < min <(|€|1 +d(1+n)+1—m)t, J[(6 +2 +m)) .
n=1
Step 3. Estimation (second part). Depending on the size of |b|; we continue.
Step 3.1. Let |bl; < 1. Without loss of generality we may assume that b; = |b|;. For
given ¢ let ¢’ be such that (1/q) + (1/¢') = 1. Then we find

pon (5 o)

QM

/ /| ¢ l/q/
< 2‘”’"‘)( > 20l (1] 4 d(ny + 1) + 1 — m)™ )
ZGQZL

Sm

< o Y ZQq'vo—r><u+m—d(m+1)—1>udq')1/‘1

lo,....0q=0 u=0

< gmr <md—1 Z 24/(7‘0—r)(u—d(nx-l—l)—l)udq’) 1d
u=0

(16) < 27T DAY

In this case Holder’s inequality and (16) lead to

| f* = A(m, d, L) f*) |L,(T)|
! ! 1/ ! 1/
< e 2—mro< Z 9 (ro—7)ltx |A2n|q> 7 < Z orltha | £, |Lp(’]1"d)||q> 7
eQy eQy

(17) < 2™ m @V fIS) BT

Step 3.2. Let |b|; > 2. In this case the estimate becomes easier. We use

d
9—mro Z 2(7‘0—7“)\Z|1 ‘A?L‘ < 9=mro H ( Z Q(To—r)gn (en + 92+ n}\>) ,

e n=1 /¢, 6[;’;

see (15), as well as

o)

Z 200 (p 49+ )

lp=8m+1

Qo= gr=ro)dm+ D=1 §™ 900 (4 iy — d(y + 1) + 3)
u=0

S 2m(7’o—7’) 2(r—r0)(d(n>\+1)—l) Z 2(r0—r)u (u +m+ 3)
u=0
< o 2m(7’o—7’) m
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and

Sm o)

Z 2(ro—r)€n + 2 + TL)\ S Z ro r)u S cy M.
£n=0 u=0

Altogether this leads to

| fo = A(m, d, L) fy | Ly (T < co || £ 1S5, BT 27770 Y~ 200Dl A
eQr

< coll f |5;7WB(Td)|| 9—mr dom(ro—r)(|bl1—1)
(18) < en2 ™| fIS5 . B(TY,

see (14). It remains to sum up over |bj; < 1 in (17) and over 2 < |b]; < d in (18),
respectively. This completes the proof of Theorem 1 and Theorem 6. [

4.3 Proof of Theorem 2

Of course, it will be enough to prove the estimate from below. Similar to Temlyakov

in [32] we shall use lacunary series (polynomials) as test functions.

Step 1. Preliminaries. Let
Lf(t):= > flt)At—t), ti€ly.
—N/2<U<N/2

If f belongs to the Wiener algebra A(T), then the Fourier coefficients of Lf are given
by the formula

Ck(Lf NCk Z C]H_gN ke.

el

In particular, if f(t) = €™ one obtains

1 iftmez,

0 otherwise .

(19) co(L(e™)) = N co(A) - {
The admissible operators L reproduce the function f(¢) = 1. Hence

(Lf) NCO( )

Step 2. Test functions. For m > d? we put

(20) fm(1, oy 2q) = Z eu\/ulm1+...+u\/udmd7

[u[1=m

25



where Nj, j € Ny, is the given sequence of natural numbers appearing in hypothesis

(H4). By choosing an appropriate norm in the Besov space it is not difficult to see that
T d - orm d—1

cf. [30, Lemma 15].
Step 3. Calculation of ¢

-----

0 (A(m, d, [_:)fm) Let us first study the number co(Ag‘?k (eNur)).

Putting
1 if X cZ
dy(N) = M :
w() { 0 otherwise
we derive from (19)
(AF (Vu)) = 4 Do V) = vy (Vo) if i > 1
" dNo (Nuk) if ,]k =0

Now we employ our assumption N;i1/N; € N, 7 =0,1,..., and obtain

(22) co(Af (€M) = {1 it ji=0
0 otherwise

This yields

co(A(m, d, L) fn) = > co[A(m,d, L) (e t+Nua) ]

ug>d
lul1=m
'lNu . FiNy
(23) = 2 Zco[(@m SICaE ]
uk>d jETu
lul1=m
Z Z CO Al ZNul ] C CO[A;[d(eZNud):I :
uk>d jETu
luli=m
where
T, = {(jl,...,jd) eN¢: |jli<m andeither jp=wuz+1 or jr=0,
k=1, .., d} .
Clearly, T, does not contain (u;+1, ... ,uz+1) because of |u|; = m. Let us decompose
d
the index set T, into the disjoint subsets T, = |J T , where
=1
T ={(j1,....,Ja) € T, : exactly £ components of j vanish}, (=1,...d.
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The set T contains exactly (‘;) elements for every u and because of (22) we have
oA (€M) - qo[AY (M) = (-1)F, jEeTy.

This together with (23) yields

Because of

we conclude in view of Remark 4

| co(fon — A(m, d, L) fu)| = | co(A(m, d, L) £,,)] :‘ S (-

lul1=m

d—1

=m

Since we know the behaviour of || f, |S; ,B(T?)|, see (21), we finally get

Al d VST BT —s L (T | fm = A(m,d, L) frn | Ly(T%)|
| I (m,d, L)|S, ,B(T*) — L,(T%)| > [ fm 1S5 B(T9)]

> 9T (d=D(-1/)

with some positive constant ¢ independent of m € N. |

4.4 Proof of Theorem 3

Again only the estimate from below is of interest. Associated to L = (L', ..., L%) is the
sequence of grids G(m,d, [_;), m € Ny, see (3). For simplicity we concentrate on the
first component for a moment. Because of (H4) we find

Uz
j=0

< 02 2m+1 ]
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Consequently, for every m € Ny there exists an open interval Z,,, C [—m, 7|, |Z,,] =

0%2_("”1) , such that

3

Z, N (jL:JOle) =0.

Therefore we can find a rectangle R, :=Z,, X [—m, 7| X ... X [—m, 7] satisfying
RynNG(m,d,L)=0.

The test functions we are going to use are bump functions. Let B be a Cs°(RY) function
such that supp B C {z € R? : |z| < 1}. Its 2m-periodic extension is denoted by B.
Obviously, B € SI’,‘,qB(Td) forall 1 <p<oo,1<¢g<oo0andr > 0. Furthermore,
fA=(A,..., ), Ay >0,i=1,...,d, is given then B(\-) denotes the 2m-periodic
extension of B(\-). Then we have the following, see [30] for details.

Lemma 6 Let 1 <p<oo,1 <g<o0and A= (\,....\q). Let r > 1/p. Then there

exists a positive constant ¢ such that
r r—1 r—1 r
| BOW) IS BT < e X777 oA | B|S;  B(TY)|
holds for all A\, 1< \; <oo,i=1,....d.

We choose \; = C52"F and Ay = ... = \; = 1. If 2™ denotes the centre of R,, the

function B(A(- — 2™)) vanishes in G(m,d, L). Lemma 6 then implies

| BA(- —a™)) = A(m,d, L)(BA(- —a™))) |L,(T%)]|
I B = 2™)) |55, B(TY)]|

> cA",

where the corresponding constants do not depend on m. [

4.5 Proof of Corollary 4

The estimate from above follows from Corollary 3. For the estimate from below we shall
use some well-known results about Kolmogorov numbers of those embedding operators.

Recall, for a Banach space F' — L,(T%) we put

dy (F, L,(T?)) := inf sup inf
(5 L,(T) {wi L, CLy(TY) | f|P||<1 €t M

Lp(']l‘d)H .

M
f— Z Ci Uq
i=1

Hence dy; < py. In case of F = S7  B(T%) one has the convenient references [36,
11.4.11] and [34, Thm. 3.4.5], but with some additional restrictions what concerns r
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and p. For the general case we refer to [14]. Galeev considered a bit different spaces.
However, by some standard arguments his estimates carry over to our situation, see

e.g. [34, Introduction to Chapt. 3|. For 1 < p < 00, 1 < ¢ < 0o and r > 0 this leads to

dar(1,8,,B(T?), Ly(T) = M~"(log M)\"V"y(M,d, p,q),

[ 20

where n(M,d, p, q) is defined in (12). [ |

Remark 16 For the estimate from below one can also use entropy and approximation
numbers. For a definition of these quantities we refer, e.g., to [12], [36] or [39]. Let
en(I,X,Y) denote the n-th dyadic entropy number of the embedding operator I which
maps the Banach space X into the Banach space Y and let A\, (I, X,Y") denote the n-th
approximation number (linear width, see Remark 12) of this embedding. Then trivially
A < pyoand furthermore e, < ¢\, under certain weak conditions on X and 'Y which
are satisfied in our context, see Theorem 1.5.3 in [12]. So, entropy numbers can be used

as well for deriwing lower bounds of pyr. The estimates

1 1

M= (log M) Dr+2=)+ if 1<p<oo,
M_T(log M)(d_l)(r_l/Q)+ Zf p — 1’ o0 ,

[ 20

en (1,87, B(T%), L,(T%) > ¢ {

with some positive constant ¢ (independent of M ) are known, at least in a situation very
close to ours. For (non-periodic) function spaces on domains it has been proved in |39,
Thm. 4.11|. This can be transferred to the periodic situation. In our case it is enough
to construct a bounded linear extension operator from Sy B((—1,1)%) to S; B(T%) and
to apply the multiplicativity of the entropy numbers, see [12, 1.3.1]. We omit details
and refer to [6] where a similar situation is investigated. Under additional restrictions
on p and q entropy numbers of the embeddings I : SI’,‘,qB(Td) — L,(T%)) are studied in
[4], [11] and [33].

4.6 Proof of Theorems 7 and 8

In both cases the estimate from above follows from S;W (T?) — Sy ,B(T%), see (26),
in combination with Theorems 1 and 4.

For the estimate from below in Theorem 8 we refer to [30]. To prove the estimate from
below in Theorem 7 we employ the same strategy as in the proof of Theorem 2, see

Subsection 4.3. The test functions, defined in (20), satisfy
| fon |SpW (T = 27 m@= D72,

see Lemma 10. [ |
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4.7 Proof of Corollary 5

The estimate from above follows from Corollary 4. For the estimate from below we

argue as there. It is enough to use
en(I: SEW(T?) — L,(T%) > ¢ M~ (log M)

with some positive constant ¢ (independent of M), see [4] and [39].

5 Appendix - Function Spaces

Let D(T?) denote the collection of all infinitely differentiable, complex-valued and in

each component 27-periodic functions equipped with the topology generated by

| flla = sup [Df(z)], €N

x€Td
The elements of the topological dual D'(T¢) (equipped with the weak topology) are
called periodic distributions. All function spaces considered here in this paper will be

continuously embedded into D'(T¢).

5.1 Nikol’skij-Besov Spaces on the Torus

Let 1 <p <ooandr>0. Let M be a natural number such that M — 1 <r < M. A
function f € L,(T) belongs to the Nikol'skij-Besov space B, ., (T) if

1 1By oo (T = {1 f [ Lp(T)] +sup ™" wM(f,1), < oo.

Here

A0y sup | 3 (M ) (=1 fla+ (M = j)h) | L(T) |

nl<t ' 555 J
Our general references for these spaces are |21, 25|. Of certain interest is the following

property: we have
By (T) — C(T) — r>1/p,

of. [21, 6.3, 6.10.1] or [25, Rem. 3.5.5/3].

5.2 Besov Spaces on the Torus

For us it is convenient to introduce Besov spaces by making use of a smooth dyadic
decomposition of unity. Let C§°(R) denote the set of all compactly supported, complex-
valued and infinite differentiable functions on the real line and ® the collection of all

systems ¢ = {¢;(z)}32, C C5°(R) satisfying
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(i) supp o C {z : |z| <2},
(ii) supp ¢; C {z: 2771 < |z| <27H} | j=1,2, ..,

(iii) V£ € Ng we have sup 27t |g0§-6) ()| < e < oo,
@,j

(iv) > ¢j(zr) =1forall z € R.
j=0

Let 1 <p <ooandr > 0. Then f € L,(T) belongs to B} (T) if

17185, = (27 1Y eibyeat) e L,mP) " < oo.

keZ

Different elements of ¢ lead to equivalent norms. For this and other properties, for

instance
(24) B, ,(T) = B, (T),

we refer e.g. to [21] and [25, Chapt. 3].

5.3 Sobolev Spaces of Dominating Mixed Smoothness

If r is a natural number and 1 < p < oo, then the Sobolev space S;W(Td) of dominating

mixed smoothness of order r is defined as the collection of all f € L,(T%) such that
DafELp(T2), Oé:(Oél,...,Oéd), 0<ap<r, (=1,...,d.

Derivatives have to be understood in the weak sense. For general » > 0 and 1 < p < o0

one may use

>l + R )77 (L [Ral?) 2 e € Ly(T).

kezd

In case r € N this leads to an equivalent characterisation. For r € N we endow these

classes with the norm

LFIS;W(TH = D 11D |Ly(T)] -

Forr > 0,r ¢ N, and 1 < p < oo we shall use

|FISEWTD] = || S )+ )72 (1 )72 e

kezd

Lp(Td)H .

Sometimes we use the symbol SYW (T?) instead of L,(T?).
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5.4 Besov Spaces of Dominating Mixed Smoothness

These smooth dyadic decompositions of unity on R can be used to construct decom-
positions on R? by means of tensor products. Let £ = (f1,... £3) € N&. Then we
put

eo(x) == e, (21) - - - pry(Ta) -

Hence
Z wo(z) =1 for all x € R?.

¢eNd

As an abbreviation we shall use
(25) fo@) == alf)pek)e™,  weT!, (eNg,
kezd

which results in

f:Zf€7

¢eNd
at least in the sense of periodic distributions.
Let p e @, 1 <p<o0,1<q<o00,and r > 0. Then the Besov space S;qB(Td) of

dominating mixed smoothness is the collection of all functions f € L,(T?) such that
1/q
| £185, BT = (32 2709 £l Ly(T))17) T < oo
¢eNd

These classes are Banach spaces independent of the chosen system @ (in the sense of
equivalent norms), cf. [25, Chapt. 2,3] for d = 2. Below we shall recall a few facts
about these classes. Let 1 < p < co. Then

(26) s

p,min(p,2)B(Td) - S;W(Td) — S; )B(Td) )

,max(p,2

see [34, pp. 20/21] or [25, 2.2.3].

Lemma 7 Let 1 <p<oocand1l<q<oo. Letr > 1/p. Then
St B(T?) « S)/7 B(T?) — C(T%)

holds. Furthermore, if f € S;,/IPB(’JI‘CZ) then

lim Hf— 3 fz‘card)H:o.

m—0o0
[€[1<m
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Proof Step 1. The embedding S;  B(T%) — S;/lpB(Td) is obvious. Using the Nikol’skij
inequality, cf. e.g. [25, 3.3.2|, we find

| AL = || 32 fo e

£eNg

< Y el Lao(T)]

£eNg
< ey 2P flLy(TY)
¢eNg

(27) = |l fIS,FB(TY.

This proves the boundedness of the elements in S;{lp B(T%). The continuity follows from
the continuity of the pieces fy, the convergence of Z| them Jein C (T4) (employing the

same arguments as in (27)) and

TrlLl—I>r(l)o Z fo=1r (convergence in  D'(T%)).

[£[1<m

Remark 17 A proof of the nonperiodic counterpart to S;{fB(Tz) — C(T?) can be
found in 25, 2.4.1].

5.4.1 Fourier Multipliers

First of all we need some spaces of functions on RY. By F and F~! we denote the
Fourier transform and its inverse on Ly(RY), respectively. Let x > 0. Then a function
f € Ly(R?) belongs to S5 H(RY) if

I F1ssH@D)| = ( [

R

1/2
APy A ) IF©PS) < oo

Let (V); be a sequence in (0,00)? and let A = (A;); be a sequence of subsets of Z% s.t.
ANc{tezt . |4 <b, i=1,...,d}, jeNI.

We say that a sequence (g;); of trigonometric polynomials belongs to L;}(']I'd Ay) if

(LS o) o) <

| (a3 12T )

and
c(gi)) =0  forall k¢gA;, jeNI.
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Lemma 8 Let1 <p<oo,1<qg<o00 and let
- 1 n 1
/{ —_— —
min(p,q) 2

If (M;); is a sequence in Sy H(R?), then there exists a constant ¢ such that

| > My ety e [L,(1, 1) | < e sup (07 ) [SEH R | gy 1L, (T £,)]
kezd

[ eNd
JENG

holds for all (g;); € LA(T?, 4,). Here c neither depends on (g;); nor on (M;);.
Remark 18 A nonperiodic counterpart to Lemma 8 is proved in |25, 1.8.3|. The proof
in the periodic situation is similar. Details can be found in [38, 1.3.4].

5.4.2 Further Littlewood-Paley Characterizations

Similar to isotropic Sobolev spaces also the classes S;WW (T?) allow a Littlewood-Paley

characterisation.

Lemma 9 Let 1 <p < oo andr > 0. Let f; be as in (25). Then

| f1S;W (T =< H (Z 22r|él|f€($)|2>1/2

¢eNd

Ly(T)|

holds for all f € L,(T%).

Remark 19 For r = 0 this can be found in Nikol’skij |21, 1.5.2/(13)]. For r > 0 one

has to use a lifting property, we refer to |25, 2.2.6] for the nonperiodic counterpart.

Now we turn to the Lizorkin representation of Besov as well as Sobolev spaces. We

need a special covering of R?. Let

Py = [-L1,  Pi={oeRl: 2 <o <21}, jeN,
P; = D x ... xP, jENg'

Then
R'=| )P, and PNP=0 if j#AL.
jENE
Hence, with

fox) = alf)e*™™,  xeT! LeN],

kEPy
we find

F=> 1

¢eNd

(convergence in the sense of periodic distributions), compare with (25).
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Lemma 10 Let 1 <p<oo, 1 <qg<o0. Then, ifr >0

| £1S2W (T4 | = H (Z o2rltls |ﬁ(x)|2)”2

¢eNg

Ly(T)||.

and if r >0

~ 1/q
|15, B = (D2 2709 fol L)1)

¢end

holds for all f € L,(T?).

Remark 20 The Lemma can be proved by making use of a periodic version of a vector-
valued Fourier multiplier theorem of Lizorkin (see |38, 1.3.5] and [25, Thm. 3.4.3/3]

for the non-periodic case), in combination with Lemma 8 and Lemma 9.

5.4.3 Smooth de la Vallée-Poussin Means

Finally we consider a special decomposition of unity. Let ¢» € C§°(R) be an even
function such that ¢(t) = 1 if [{| < 1 and suppvy C [-3/2,3/2]. Furthermore we

assume that ¢ is nonincreasing on [0, c0). Then we put

Do(t) = (),
9i(t) = w7 27, jEN,
@j(l') = 19]‘1(.1’1)' 'ﬁjd(l'd), .CL’GTd, jeNg

Clearly, (¥;); € . It holds
‘ 3 ., .
v;(t)=1 if 3 < <2

as well as
Z O,(x)=1 for all z € R?.
jeNd
In addition we have ©; > 0 and
>0k =IPl,  jeN.
kezd
For f € L;(T?) we introduce the decomposition
(28) fE@) =) euk)eu(f) ™, zeT!, CeN.
kezd

As a particular case of the definition we obtain

I £155, B = (D 2| £ L, (T]1)

¢eNg

1/q
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