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Abstract

We investigate the rate of convergence in || - |Lp||, 1 < p < oo, of the d-
dimensional Smolyak algorithm, associated to a sequence of sampling operators

in the framework of periodic Sobolev spaces with dominating mixed smoothness.
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1 Introduction

Let (a})52, ..., (a9);2, be convergent sequences of complex numbers. The respective

limits are denoted by a',...,a?. In addition we put a*, = 0, £ = 1,... ,d. Then

a =377 o(af — a5 ) and hence

j=0 j—1
1,
“ SIS | ()

Al,... Jd 0 f 1

It has been the idea of Smolyak [17] to use the sequence

> H al,_y) m=0,1,...,

Jit..+ja<m (=1
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to approximate the product a' - ... - a%. Now, if
1_ 2 d
aj=a;=...=aj;=1I;f(x), zeT,

where I; denotes a sampling operator with respect to a certain set 7; of sample points,
then the suggested approximation procedure results in an operator which uses samples
from a sparse grid in T? only, cf. Section 3 for details. Furthermore, the sequence
of sampling operators constructed in such a way, should yield good approximations of
tensor products f; ® ... ® fy of functions f, : T — C. In this paper we investigate the
approximation power of these sampling operators for functions belonging to periodic
Sobolev spaces of dominating mixed smoothness S;W(']I‘d), see the appendix for a de-
finition.

The present article should be understood as a continuation of investigations done in
[16] by Sickel and the author. There we derived sharp estimates of Smolyak’s algorithm
in the framework of Besov spaces with dominating mixed smoothness on T¢ and contin-
ued earlier work of Smolyak [17]|, Temlyakov [18, 20|, Sickel [13, 14] and Wasilkowski,
Wozniakowski [25]. The main focus lies on the optimal approximate recovery of func-
tions, measured by the quantity py; (defined in Section 6), which can be considered as
a counterpart to the linear widths, where we restrict to linear sampling operators with
rank < M. The main result stated in Corollary 5 is a new upper bound for p,; for the

spaces S;W (T?), given by
IOM(S;W(’]I“Z), Lp(']fd)) < CM_T(log M)(d—l)(r—l-l/Q)

in the case 1 < p < oo and r > max(1/p, 1/2). This relation extends the corresponding
assertion in [16, Cor. 7] to a greater range of p, i.e. 1 < p < oo, and improves the
result in |20, IV.5] by (d — 1)/2 in the power of the logarithm.

The paper is organised as follows. Section 2 introduces the Smolyak algorithm in a
rather general frame. In Section 3 we specify the sampling operators, for which we
will consider Smolyak’s algorithm and collect all necessary properties. We still act in a
very general setting, so let us refer to the examples given in Section 5. Afterwards we
turn to the main part of the paper, the proof of error estimates in the L,-metric. The
main proof technique differs completely from the strategy applied in the Besov case, see
[16]. We mainly employ Lizorkin’s multiplier theorem, the theory of periodic Triebel-
Lizorkin spaces and their behaviour under complex interpolation (see the appendix for
details) to derive results for the spaces S;W(T¢). The method is based on what has
been done in [14] for two dimensions. After discussing several concrete examples in

Section 5 we point out the consequences for the problem of optimal recovery in Section
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6, which contains the main result stated above. Section 7 contains the proofs. In the
appendix we collect the necessary definitions and properties of Besov, Sobolev and
Triebel-Lizorkin spaces as well as Fourier multipliers and complex interpolation.
Some remarks concerning notation: The symbols R, C,N, Ny and Z denote the real
numbers, complex numbers, natural numbers, natural numbers including 0 and the
integers. The natural number d is always reserved for the dimension of the underlying
Euclidean space. We use T? as usual for the d-dimensional torus represented in R¢ by
0,27]¢. The symbol I will be reserved for identity operators (we do not indicate the
space where [ is considered, hoping this will be clear from the context). We shall write
a = b if there exists a constant ¢ > 0 (independent of the context dependent relevant
parameters) such that
cta<b<ca.

Constants will change their value from line to line. Sometimes we indicate this by
adding subscripts. In case a constant will represent a fixed value for the paper we shall
use capital letters like C, Cy, . ... Finally, if x € R? then |z is used for the Euclidean

distance (norm in ¢¢) and |z|; denotes the norm in ¢4.

2 The Smolyak Algorithm

This section contains the definition of Smolyak’s algorithm in its full generality.
Let d > 2 and let X and Y be Banach spaces such that X,Y — L;(T). Further we
assume that Pp,... ,P;: X — Y are continuous linear operators. Then we define its

tensor product P, ® ... ® P, to be the linear operator such that:

d
(Pl ® ... Pd>(€ik1. .t eikd')(xl, . J}d) = H Pg(eik[)(l’g)
=1
vy €T, k,€Z, (=1,...,d. Formally this operator is defined on trigonometric

polynomials only. If X is either L,(T), 1 < p < oo, or if X = C(T), then, because of
the density of trigonometric polynomials, there exists a unique continuous extension of
P ® ... ® P, to either L,(T%) or C(T%), respectively. For this extension we shall use
the same symbol.

Let either L; : L,(T) — L,(T),1 < p < oo, or L;j : C(T) — L,(T), 1 < p < o0,

j € Ny, be a sequence of continuous linear operators, denoted by L. Then we put

L,—L,, if jeN,
Aj<L>::{ s
Ly if j=0.



3. Sampling on Sparse Grids 4

Definition 1 Let m € Ny. The Smolyak-Algorithm A(m,d, L) relative to the d se-

quences L' := (L})%2, ..., L* := (LY)%2, is the linear operator
Alm,d,L):= Y ALY ® ... @A, (LY.
Jit...4+jas<m

Remark 1 Originally introduced in [17] there are now hundreds of references dealing
with this construction. A few basics and some references can be found in [9] and [25].

In particular the following formula is proved in [25]:

Am,d,L)= Y (=1mbh (md_1.>L}1®...®L§ld. (1)

m—d+1<|jl1<m -_ljh

3 Sampling on Sparse Grids

In this article we shall restrict mainly to sequences (L;); of special linear sampling
operators using an equidistant sampling grid. For any j € Nj there exist a natural

number NN; and a trigonometric polynomial A; : T — C such that

, l
mez x—xév), fec(m, xéVJ:QW—, (2)

N;j

with
Z i (ke (3)
N kezd

Let us recall the following property concerning the Fourier coefficients of such sampling
operators applied to a continuous function f. The following result concerning the

Fourier coefficients ¢, (L, f), k € Z, see (43), is well known

Zf ek’ &

If f is a trigonometric polynomial, then even the following holds

L f = ’Yg ch+wN (5)

WEZ

J

Therefore this gives

Z Z ’yj Ck—l—wN ) ke

=D Yyl — wi e f)e
wel keZ

for trigonometric polynomials f. Next we fix the following hypotheses to collect some

additional properties.
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(H 1()\)) The operators L; reproduce trigonometric polynomials with degree at most

27| precisely
Li(e™)(t)=¢e*, teT, |k<A2, keZ, jeN,.

(H{(X\)) For every A; exists a positive number A; such that such that the following
holds

1 |k <A\ ,
i(k) = - ., A2 4+ A <N;.
75(k) { 0 |k > A, j J

Remark 2 Formula (5) implies for the function

f(x) = €™ m € Ny, the relation

ck<L]-<em>>=vj<k>.{ L if Ny divides k—m

0 : otherwise

which yields immediately the implication

Hi(\) = Hi(\) .

(Hs(p,7)) There exists a positive constant c,, such that

sup 27" || 1 — L;|B) (T) — Ly(T)| = ¢p» < 0.
J=0,1,...

(H3) The sequences {yj(k:)}kez are uniformly bounded in variation, i.e. the quantity

C=sup Yy _|y;(k) — (k= 1)

is finite.

(H,;) We assume the existence of positive constants C; < Cy and C3 such that

j
C127 < N; <22 and ‘JNj+1 \ U Iy, | > C3 27t j€eN. (8)

k=1

(Hs) Here we assume
Ng < N < N] < Nj+1 < ...

and the nestedness of the sampling grids Jy,, j = 0,1,2, ..., i.e.

Ing C Ny C oo C N, C gy, C e

41
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Remark 3 Hypothesis (Hs) is satisfied if and only if all numbers N1 /N;, j €
No, belong to N, i.e. N; divides Nji;. This is a consequence of the use of

equidistant sampling grids.

We shall say that L satisfies the hypothesis (H,) if each sequence L', i = 1,... ,d,
satisfies (H,). Let us collect some properties of related A(m,d, E) For the proofs we
refer to [16, Lem. 4,5,6].

The following Lemma holds also in a more general context. The crucial point is (H;).

Lemma 1 Let

d
H(m,d,\) := {f €Z: Juy,...,uq €Ny st |l < 2"\ and Zuk = m} (9)

k=1

be a dyadic hyperbolic cross. Suppose that the vector L of sequences of sampling oper-
ators of the form (2) satisfies (Hy(X\)) for some A > 0. Then

A(m,d,L)e* =e* | ke H(m,d,N). (10)

The Smolyak algorithm associated to sequences of sampling operators, defined in (2),

uses the sampling grid

G(m,d, E) = U I

m—d+1<|jl1<m

X ... X Jde . (11)

This is a simple consequence of (1). If hypothesis (H,) is fulfilled then it holds the
following relation for the grid size |G(m, d, L)]

min<01703)d5<m7d) S ‘g(mada E)’ S (202>d S(mad) ) me NO ) (12)

£ ()

This implies the asymptotic behaviour

where

IG(m,d, L)| < 2"m?" . (14)

We call the grids D(m,d, E) sparse because their cardinality is growing only with a

logarithmic order with respect to d.
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4 The Rate of Convergence

We will study the approximation power of Smolyak’s algorithm for functions taken from
periodic Sobolev spaces with dominating mixed smoothness S;W(Td), where 1 < p <
oo and r > 1/p. The approximation error is measured in the L,(T%)-metric. The main
result is sharp estimate obtained as a special case of a corresponding result for Triebel-
Lizorkin spaces S;qu(Td), stated in Proposition 1 and 2 (¢ = 2, see Lemma 7 and 8) .
In this sense the scale of Triebel-Lizorkin spaces with dominating mixed smoothness
acts as a vehicle for our purpose. Proposition 1 contains the estimate from above,
obtained by complex interpolation of two corner results, which are stated in Lemma 2
and 3, see Section 7. One of them can be proved directly using Lizorkin’s multiplier
theorem, see Lemma 6 together with Remark 10. The other one is a consequence of a
corresponding result for the Besov scale. See [16, Thm. 1] and Remark 4 for details.
We only consider the special situation L= (L, ..., L) to avoid technical difficulties. To
indicate this, we write A(m,d, L) instead of A(m,d, E) But nevertheless the general

case can be proved analogously.

Proposition 1 Let d > 1 and assume that (p,q) belongs to the set [1,00) x (1, 00] U
{(L,1)}. Let further r > max(1/p,1/q). The sequence L = {L;}32, is given by (2) and
supposed to satisfy (Hg(u,s)) forall 1 < u < 00, s > 1/u as well as Hy(p,s) for all
s> 1/p and (H{(\)) for a certain X\ > 0. Moreover we assume hypothesis (Hz). Then

it exists a constant C > 0 such that
11 — A(m,d, L) : S; ,F(T?) — L,(T%)][| < C2"mm-D0-1a) (15)
holds for all m € Ng.

Remark 4 In [16, Thm. 1] a corresponding assertion was proved in the framework of
Besov spaces with dominating mized smoothness (see (47) for a definition). Hence, in
the case 1 < p < oo, p < q< oo andr > 1/p relation (15) is an immediate consequence
of the embedding (48). We will use this fact during the proof of Proposition 1, see

Lemma 2.

The estimate from below is covered by the following theorem.

Proposition 2 Let 1 <p < oo, 1 <qg< oo, r>1/pand L = {L;}52, given by (2).
If (H{(X)) holds for a certain X > 0 and (Hy) and (Hs) are satisfied then it exists a
constant C' > 0 such that

11 = A(m, d, L) : ;,F(T") = L(TY|| > C27 ™m0 - m e N,
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In the case 1 < p < oo the corresponding behaviour of I — A(m,d, L) for Sobolev
spaces of dominating mixed smoothness can be derived as a special case of Proposition
1 and Proposition 2 for ¢ = 2, see Lemma 7 and 8. It turns out that the results from
[16] can be extended to 1 < p < co. Let us formulate a combination of the Propositions

1 and 2 for the Sobolev space scale.

Theorem 1 Letd > 1 and 1 < p < co. Let further r > max(1/p,1/2). The sequence
L = {L;}32, is given by (2) and supposed to satisfy (Hy(u,s)) for all 1 < u < oo,
s> 1/u, (H{(N)) for a certain X > 0 and (Hs). Moreover we assume hypothesis (Hy)
and (Hs). Then we have

11— A(m,d, L) : S;W(T) — Ly(TY)|| < 27" m!* /2, (16)

5 Examples

Let us give several examples of sampling operators on the torus and associated Smolyak

algorithms to inspire the results of the previous section with life.

5.1 Interpolation on the Torus

In this Paragraph we give a short survey about certain aspects of trigonometric inter-

polation.

5.1.1 Interpolation with the Dirichlet Kernel

Let
:Zeikt, teT, meN,
|k|<m
be the Dirichlet kernel and let
2m
1 27l
Lof(t) = t) Dt —t0),  tp= : 17
0= gy 2 0 Dalt—t0, b= a7)

which is in some sense the discrete counterpart of the classical Fourier partial sum

m

Smf(t) =Y alf)e™ = 27T/f (@ —t)dt, (18)

k=—m

assigned to periodic integrable function f € Ly(T).
Then I,,f is the unique trigonometric polynomial of degree less than or equal to m

which interpolates f at the nodes t,. Let us shortly mention an important result
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concerning the classical case of trigonometric interpolation. The following is known,
see [4, 5, 18, 20, 12].

Proposition 3 Let 1 < p < oo and let r > 1/p. Then we have

11 = In | By oo (T) = Ly(T) | < n7". (19)

5.1.2 Interpolation with De La Valée-Poussin Means

For 0 < pu < 1/2 we consider the functions

5 sin(t/2) sin(ut)

Au(t) = e , teR. (20)
Then the Fourier transform is given by
FALE) =V2m ¢ 5. (5 +n—[¢]) if %—u<|§!<%+u, (21)
0 if 3+up<lgl,

i.e. a piecewise linear function. Furthermore we assign for n € N the 27-periodic,

continuous function

A% Z A, (nt +2mln) , teR, (22)

L

which represents a periodic fundamental interpolant satisfying

1
Cg(AZ’n) = n—\/%fAM(é/TL)7 (e Z, ne€N. (23)

Similar to (17) we define the interpolation operator for f € C(T)
s n /g
I( ,U,’IN. Zf te A ) y t@ :277'5 (24)

Proposition 4 Let 0 < < 1/2. Let further 1 <p < oo and r > 1/p. Then we have

17— I(A oo (T) = Lp(T)|| =< 07"

o) | By

Proof Let us refer to [15] for the estimate from above in case 1 < p < oo and to
Remark 5 for the estimate from below. The modifications for the limiting cases p = 1

and p = oo are straightforward. For full details we refer to [23]. |
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Remark 5 Linear widths. For two Banach spaces X,Y such that X — Y we define
M(1,X,Y) = inf {H [—LILX,Y)| : LeLX,Y) rankL < n} .

Since the operator I(A], ,,-) has rank < n we obtain

A1, By oo (T), Lp(T)) < (|1 = T(AL ;) [£(By o (T), Lp(T)) || -

wyno

Because of \i(I, B} . (T), Ly(T)) < n™", where 1 <p < oo andr >0, cf. e.g. [20,
1.4/, it is clear that our interpolation operator yields optimal in the order of approzi-

mation.

Remark 6 In contrast to our treatment Temlyakov [20, 1.6] considered the sequence
of sampling operators

an

Raf(0)i= 2 D2 ) vanat = 11 (25)
=1

and proved that these operators also satisfy
11 =R | B} o (T) = Lp(T)|| < n7™",

if1<p<ooandletr>1/p.

5.2 Associated Smolyak Algorithms

First we consider the Smolyak algorithm associated to the interpolation with de la

Vallée-Poussin means, cf. Subsection 5.1.2. We put

A(m,d,p) := A(m,d, L), L =I1(A,,-), jeN. (26)

1,29

As an immediate consequence of Proposition 4 we obtain that L satisfies (Hs(u, s)) for
every admissible pair (u,s). A simple calculation shows that (Hj(\)) is satisfied with
A=1/2—p. Since I(A],;,
and (Hs) are fulfilled. Obviously also Hs holds true, which follows from (21) together

with (23). Altogether Propositions 1 and 2 yield the following.

-) uses function values from the standard grid Jo; also (Hy)

Corollary 1 Let (p,q) € [1,00) x (1,00] U{(1,1)}, » > max(1/p, 1/q)
and 0 < p < 1/2. Then

11— Al d, )|y F(TY) = Ly(T|| < m@D0-109-mr g N,
and if r > max(1/p,1/2) then

|1 = A(m, d, ) |S;W(T?) — Ly(TY| = m@D22m e Ny,
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As a second example we consider Smolyak’s algorithm associated to the interpolation

operators R, cf. (25) or |20, 1.6]. Putting
A(m,d,R) == A(m,d,L) , where L;: =Ry ,j€ No,
we obtain with exactly the same arguments as in the previous case:

Corollary 2 Let (p,q) € [1,00) x (1,00] U{(1,1)}, r > max(1/p, 1/q)
and 0 < p < 1/2. Then

I T— A(m,d,R)|S; ,F (T — L,(T%)|| < ml¢ D07y e N,
and if r > max(1/p,1/2) then
I T — A(m,d,R)[S;W(T?) — Ly(TY)|| =< m*= D227 meN,.
The last example of a sparse grid sampling operator is the following. We put
A(m,d, D) := A(m,d, L), Li=1, jeNy,

cf. (17). Here (Hs) is not satisfied and hence Proposition 2 is not applicable in the
stated form. With specific modifications of the family of testfunctions used in the
proof, see (40), it is also possible to obtain a sharp estimate from below, see [14] for

the bivariate case. Nevertheless Proposition 1 gives the following.

Corollary 3 Let 1 < p < o0, 1 < q < o0, and r > max(1/p,1/q). Then there is a

constant ¢ > 0 such that
I — A(m,d,D)|S" F(T%) — L,(TY)| < emdD0-1/a) g=mr m € Ny
psq p
and if r > max(1/p,1/2) then
I — A(m,d, D) |S"W (T — L,(TY)| < emldD/29=mr m € Ng.
P p

For sake of completeness we also pay some attention to Smolyak’s algorithm applied
to the sequence of dyadic Fourier partial sums, see (18). We denote by A(m,d,S) the

operator A(m,d, L) associated to the sequence
LjI:SQj, jENo.

Of course Definition 1 makes also sense in this situation. This operator and its approx-
imation properties have been studied very intensively in the former Soviet Union, for
instance by Bugrov, Galeev, Nikol’skaya, Nikol’skij, Romanyuk, Temlyakov and Dinh
Dung. However, in contrast to the previous considerations, the operator A(m,d,S) is

of convolution type and leads to better results, namely:
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Proposition 5 Let 1 <p<oo,1<qg<ooandr >0. Then we have
IT = A(m, d, ) : S}, F(T") — L(T%| = 2" m@D020- | e N,

This implies immediately the following assertion for Sobolev spaces of dominating

mixed smoothness, already obtained by Temlyakov, see for instance [20, Thm. II1.3.2] .
Theorem 2 Let 1 <p < oo andr > 0. Then it holds

|1 — A(m,d, S) [S;W(T?) — L,(T%)| < 27, m € Np.

6 Optimal Recovery of Functions

In this section we study the question of optimal recovery of a function from a finite
number of function values. In order to define the quantity pp;, mentioned in the
introduction, we introduce the following framework.

Let
M

U (f,€) (@) =Y (&) ()

Jj=1
denote a general sampling operator for a class F' of continuous, periodic functions

defined on T¢, where

¢ = {51,...,§M}, feT, i=12,... M,
is a fixed set of sampling points and ¢; : T — C, j = 1,... , M, are fixed, continuous,
periodic functions. Then the quantity

put(F, Ly(T%) :=inf inf  sup || f = Wps(£,€) [L,(T)|
& Yi¥M | fIF|<1

measures the optimal rate of approximate recovery of the functions taken from F. We
are interested in the case, when F = S;qF(Td), 1 <p,q<o0,r>1/p. Observe that
the operator A(m,d, i), see (26), uses M = M(m,d) < 2™ m?~! function values from
its argument, see (14). Therefore m < ¢log M with some ¢ independent of m and
hence

9= (d=DA-1/0) < N7 (¢ log M) DO+I=1/0)

On the basis of Corollary 1 (upper bound), connections between entropy numbers and
linear widths (see Remark 5 and the monograph [3, 1.3]) and the results from [24] we

obtain the following.
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Corollary 4 Let (p,q) € [1,00) x (1,00] U{(1,1)}, r > max(1/p,1/q). Then there

exist two positive constants ¢, and ¢y such that for all M € N

1 M7T<lOg M)(dfl)(r+1/271/q)+ < pM(S;qF(Td),Lp(Td))

(27)
< ¢y M~"(log M)(d—l)(r+1—1/q) .
For Sobolev spaces this reads as follows.

Corollary 5 Let 1 < p < oo and r > max(1/p,1/2). Then there exist positive con-

stants ¢y, co such that
1 M7 (log M) < ppr(SEW(T?), Ly (T%)) < e M~ "(log M) @D+ - A e N
holds.

Remark 7 (i) The Smolyak algorithm uses samples of a very specific inner structure
of the function to be approximated. Corollary 4 and 5 tell us that allowing arbitrary sets
of sampling points of the same cardinality we can not do much better. The difference
is at most (log M)@=1/2,

7 Proofs

7.1 Proof of Proposition 1

We split the proof into two Lemmas in order to connect their assertions by complex

interpolation.

Lemma 2 Let 1 <p<oo,p<q<ooandr>1/p. Let further L = {L;}32, be given
by (2) and satisfy (Hx(p,s)) for 1/p < s <r and (Hi(\)) for a certain A > 0. Then

it exists a constant C' > 0 such that
|1 = A(m,d, L) : S}, F(T%) — L(T%)| < C27mm@=D0-10 - (25)

Proof Since p < ¢ the assertion is a direct consequence of the embedding S; , F’ (T?) —
Sy B(T?), see (48), and Theorem 1 in [16]. There we proved

I — A(m,d, L) : S, B(T?) — L,(T%)|| < 27 m(-D0-1/a)

under much weaker assumptions. |
The next lemma gives the same conclusion as the previous one even in the case 1 <

p,q < 00, but the price we have to pay is the very strong restriction r > 1.
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Lemma 3 Let 1 < p,q < oo andr > 1. Let L = {L;}32, be given by (2) and satisfy
(H{(X)) for a certain X > 0, (Hx(p,s)) for 1 < s <r as well as (Hs). Then (28) holds
for m € Np.

Proof The first part of the proof is similar to the corresponding part in the proof of
Theorem 1 in [16]. Because of dealing with 1 < p,q < oo the decomposition (53) of
f e S F(T?% into the pieces fo is sufficient. Let us fix a natural number ny such that
2™ < \. Now we suppose that m is larger than dn,. Further we put s,, :== m—dn, > 0
(we drop the parameter A in all other notations). Let IJ* := [0, s,,,] and I7" := (s, 00),
respectively. For b = (by,... by), b; € {0,1},i=1,... ,d, we define

Qp={eNl: b, e", n=1,....d |[l|; >sn}.
This leads to the decomposition
fl@)=h(z)+ > f(z),
be{0,1}4

where

fola):= Y fil).

eQy

The function h(x) is a trigonometric polynomial given by

)= flo).

M‘lgsm

Observe ¢, (h) # 0 implies cx(fy) # 0 for some ¢ € Z? satisfying |[¢|; < s,,. Hence
|kn| < 2600 < 280Fm) for n = 1,...,d. Therefore k € H(m,d,\) and consequently
A(m,d, L) h = h follows, see Lemma 1.

Step 1. Estimation (first part). By means of the invariance of h under the application

of A(m,d, L) we find

1f = A(m,d, L) f LTI < Y |1 f* = Alm, d, L) f* [ Ly(TY)] .

be{0,1}4

Obviously, there exists a number M, € N, such that the trigonometric polynomial ﬁ

has all its harmonics in the hyperbolic cross H(M,,d, \). For M, > |l|; + dny
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Lemma 1 implies

fr=Am,d,L)f* = > fi—Am,d,L)f,

LeQy

= 3" AMd L)~ A(m,d. L),
ey
d

- Y Y (®)F

teQyt m<|jlisM,  n=1
d ~
- Y > (®a0)F 29
LeQy jEA)  n=l1

where

AT = {j = (J1yorja): Ll >m, 0< jn <yt na,n= 1,...,d}.

Now and in the sequel we denote by |-| also the cardinality of a set, for instance denotes
|A}*| the cardinality of the set A}*. In order to keep the notation simple we used A;,
instead of A; (L), 7, = 0,1,2,.... The last step here is a consequence of (H{())), the
definition of the tensor product and the choice of M,. In the case |b|; > 1 we argue
analogous to the corresponding part of the proof of [16, Thm. 1]|. Let us recall the
basic ideas used there. We shall use Lemma 19 in [16] to exploit the tensor product

structure. Choosing 7y such that 1 < ry < r we obtain

[(®a.)7

Hypothesis (H2(p,70)) and the triangle inequality give

[(®2.)7

Ly(T)| < 11 o155, B(TY)| H 4y,

B (T) — Ly(T)|| .

Ly(T)| < vz | fo 183, BT,

Furthermore

1 721572 BT < e 2711 || i |L,(T)]| .

Altogether we obtain

| £ = A, d, L) f* [Ly(T]| < 5 3 200=m) (AR | | Fo|L,(T%)
leQy
— c2om 7 0=l || rlh | 7 |L,(T)] (30)
LeQy

< sl 1S BT (270 7 20070 A ).

ey
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Obviously it holds

d
VS | | ( > olomn(g, 414 m)) ,
EGQZn n=1 fnefgz
where
o2+ 1) = 27007y 200 (g — dny +2)
bn=s5m~+1 u=0
(o)
< e 200 Y 20T (- 2)
u=0
S cs 2m(ro—r) m
and s 0o
Z 2(TO_T)€H(‘€n 14+ ’I"L)\) <m Z 2(T0—T)u <cgm.
£, =0 u=0

Altogether this leads to

| f» — A(m, d, L) fy |L,(T)||
< or || F1Sh o B(TY)|| 27 mdgmro=r)(bli=1)
< 27| 1S} BT (31)

Step 2. In the case |b|; < 1 we go back to (29) and derive further
d ~
= Amd D1 < 3 3 ST (@ L) F (32)
(eQ jEAT uel; n=1

where

U; = {(ul,...,un) € N§ : up = ji or up = ji — 1}'

Of course, the cardinality |Uj|, j € N, is less or equal to 2¢. Next we use (6) to obtain

’(éLukW@( <30S = wi N g (e = waVaJen(F)e™ |

weZd keZd

J/

v~

::fé,u,w(x)

Inserted into (32) and taking the L,-norm afterwards this leads to

17" = Alm, d, DSILTN < || 3 D0 D 3 el

Q™M jEAT uel; wezd

Lp(qrd)H .
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Let us restrict the range for w in the corresponding sum. We do not need the entire
Z% here. Suppose that the trigonometric polynomial f;, ., (z) does not vanish. This

implies, because of (H/())) holds, the existence of a number k € Z? such that

ki —w;N, | < A,, and |k| <2% | i=1,...d. (33)
Now again hypothesis Hj(A) comes into play. The first condition in (33) implies for all
i=1,...d
Because of u € U; and j € A}* there exists a number n > 0 such that for |w;| >
2ti—witn > 1 holds

Cy(|wg| — 1)2v > 2% .

This means, the condition |w;| > 2%~%+" implies |k;| > 2%. Altogether (33) leads to
the following index set for w:

Wew = { (w1, ...;wg) € Z% : |w;| <257 i =1,..,d} , forsomen>0. (34)
We go further in estimating || f* — A(m,d, L) f°|L,(T¢)|| by Holder’s inequality using
1/¢+1/¢ =1 and obtain

||fb—A(m,d, L)fb‘Lp(Td)H < ( Z Z Z Z 2Tf1q/|A2n|ql/fI‘Wu’Aq//Q)l/Q'X

LeQy” jEAZ” uelU; weWy ,,

(T S e )

LeQ) JEAT uelU; weWy ,,

Lp(Td)H .

Because of (Hj3), Remark 10 can be considered in this situation. Lizorkin’s multiplier
theorem, see Lemma 6, can be applied and we obtain from the previous estimate

! / ! 1/(1/
If* = A(m, d, L) f°|L,(T%)|| < cg( DY ol yAglyq/Q\Wu,eyq/qH) X

LeQ jEAT uel;

X H( Z Z Z Z eréllq‘j\zn‘—l‘wm|—1|Jfgé(x)|q)1/q

LeQ JEAY uelU; weWy

Lp(']rd)H .

This is a very comfortable situation since we can compute each sum one after another
inside the second factor. Taking into account ¢'/q + 1 = ¢’ we obtain

( Z 2T|f|1Q‘ﬁ(x)‘Q> Ha

ZGQIT;L

% ( Z Z Z 2—r£1q’|AZ"L|q'/Q|Wu7£|q/>1/q/

LeQy JEAY uel;

I = Alm,d, L)1 L,(T) | eno|

Lp(']rd)H X
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It remains to estimate the second factor in the previous inequality. We start by esti-
mating the size of the index sets A}* and W,,,. Because of w; > j; — 1 and |j|; > m the
definition of W, see (34), implies

[Wi| < 2lh=lilitdnts) < olth—m+dn+3) (35)
On the basis of
d d
Azn C [m— Z(€n+n,\),€1 —|—n>\] X X [m— Z(@n—i—nk),ﬁd—kn,\
1 nZd
we derive
AP < (€] + dny +1—m)*. (36)

Thus it holds
! ! ! 1/q,
17 = A, d, L)L (T < e 115, P (3 2740 jago2en=me ) 70
eqQr

Without loss of generality we may assume that b; = |b|;. The index transform u :=

|0|1 + dny + 1 — m yields
, , N L/d
( Z 9-rlthg |A| 2(|€|1—m)q>
teQr

< ( > 27 (] + dny + 1 — m)dq'gﬂeh—m)q/)
reQp

<o 3 22 e 2>

1/¢

Finally the condition » > 1 enters the stage. It is needed to ensure the finiteness of
the series over u. Altogether everything leads to
1£* = Alm, d, L) f| Ly(TY) || < era 27 ™m0/ 157 F(TY)|
= 13 27" m VD £1.50 F(T))

Summing up over b by using (31) together with Lemma 4 this gives the proposed esti-
mate for ||[I — A(m,d, L) : S ,F(T%) — L,(T%)]|. |
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Proof of Proposition 1

Having Lemma 2 and Lemma 3 it remains to prove (15) for 1 < ¢ < p < oo and 1/¢q <
r < 1. We use complex interpolation and the result stated in Lemma 12. Furthermore
we shall use the relations stated in Lemmata 2 and 3 as corner information to interpolate
the norm of the operator I — A(m,d,L). To do this we have to construct proper
parameter triples (po, qo,70) and (p1,q1,71) satisfying on the one hand the conditions
of Lemma 2 and Lemma 3, respectively, where the triple (p,q,r) is an intermediate

tuple on the other hand. The figure below gives an idea what we have to manage.

1

D=

f
1
q1

T

Step 1. We start by choosing py such that
1 1 1
i A S S (37)
p p pla—1)+q q

This is possible because

1 q q q q 1

== < < =-.
p pg pla—L+pwaopl@—1)+qe0®—q+q ¢

Furthermore we choose rg such that

1 1/q—1/po
—<rg<r——1—-r)<r. 38
This is possible because of
1/¢—1/po 1/¢—1/po
< (11— —(1— —1/po.
0< l—l/q( r) < T (I—=r)<r—1/po

This choice has the following consequences
@ 1 1—-1
J— 1"‘ J—
- /4
r—ro 1/q—1/po
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(b) and
1/po—1/p _ 1/q—1/po
1/p 1-1/q

Let us give a short comment on (b). Having (37) we conclude

1
l< q _ q—1+1 :1+qT1
po pla=1)+q¢ plg=1)+q p+5

which implies (b). The inequalities in (a) and (b) allow us to choose a number 1 <

¢1 < g such that it holds simultaneously

1L—r 1/q1—1/q and /po—1/p 1/q—1/pg

r—ro  1/¢—1/po 1/p Vg —1/q
And finally this implies the existence of r; > 1, 1/p; < 1/p and 0 < ¢ < 1 such that
1-9 rm—r 1/g—1/q and Y 1/po—1/p  1/q—1/po

9 r—ro  1/g—1/po 1-9 1/p=1/p1 /g —1/q

And therefore with ¢y := pg it follows

(r,1/p,1/q) = (1 =) (7”07 1/po, 1/(10) + 19(7”17 1/p1, 1/(11) ) (39)

where g > 1/pp,1 <po=¢qo <ocand r > 1, 1 < py,q < 0.

Step 2. Lemma 2 now gives

|7 — A(m,d, L) : S  F(T%) — L,,(T|| < ¢;27™omd-D0=1/a0)

Po»q0

Additionally Lemma 3 implies

1T — A(m,d, L) : ST F(T% — L, (T < 2™ 1md-D0-1/a)

pP1,q1

We finish the proof by applying Lemma 12, Lemma 9, (57) and (39) to obtain

11— A(m,d, L) : S} ,F(T?) — Ly(T)]
< = Almod, T) : SJ o F = Ll 1T = AGm,d, ) Spt F — L
S Cs 2—m7’0(l—ﬂ)m(d—l)(l—l/qo)(l—ﬁ) . 2—m7‘119m(d—1)(1—1/q0)19

=3 2fmrm(d71)(171/q) )
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7.2 Proof of Proposition 2

This proof can be transferred almost word by word from the proof of [16, Thm. 3].
See also Theorem 7 there, where Sobolev spaces (¢ = 2) are considered. Let me recall
the basic ideas. The estimate from above follows directly from Theorem 1. For the
estimate from below we construct the following lacunary test function

fm(@1, .y zq) = Z eNur @1t tiNugza (40)

up>d
lul=m

With help of (5) and (Hjs) we find in this situation
eo(Am,d, L) fu)| = | 3 (~1)*!

up>d
lu|=m

and therefore || f,, — A(m,d, L) fu| L,(T9)|| > ¢ m?~1. Taking

d—1

=m

£l Sy F (T < 27 @D/

into account, which is a consequence of (46) and (H,), the desired estimate from below
follows. |

7.3 Proof of Proposition 5

We apply the same strategy as used in the proof of [16, Thm. 5|. Let us recall the

basic ideas.

Step 1. Estimate from above. Starting from the decomposition
f=AmdS)f=> fi+ > fi,
eQr eQr

where

we find

I FlL (@I < > (1 felLo(T)]

LeQr eQy
| F1S BT (D2 277
eqQr

< 27 f1S,  F(TY)].

IA
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So it remains to consider

| Y FLm = | (X Fwe)”

LeQm eQm

Ly(T7)

Y

see (54) and Remark 12. We distinguish two cases, i.e. 1 < ¢ <2 and 2 < ¢ < 00, and

proceed using standard arguments.

Step 2. Estimate from below. The family of testfunctions, defined by

fulz)= > e™* | meN,

[7]l1=m

where p; is the center of the according rectangle P; (see (51)), turn out to be useful for
¢ > 2. Observing that A(m,d,S) = 3 f; we have A(m,d, S) fnr1 = 0 and therefore

[la<m
by Lemma 8

| finer = A, d. ) fra| Lo (T = (| frir Ly (T = ml 7

and
| 1| Sy F (T = 27mmld=1/e

which proves the claim. In the case ¢ < 2 we test with
gm(x) — eip(m,o ,,,,, 0)T ., mE N.

This gives also A(m,d,S)gmi1 = 0 and furthermore || gy i1|L,(TY)|| = ¢ as well as
1gm 1] Sy o (T = 27
|

7.4 Proof of Corollary 4 and 5

We use the connection between entropy and approximation numbers. For a definition of
these quantities we refer, e.g., to [3], [22] or [24]. Let e, (I, X,Y’) denote the n-th dyadic
entropy number of the embedding operator I which maps the Banach space X into
the Banach space Y and let A, (7, X,Y") denote the n-th approximation number (linear
width, see Remark 5) of this embedding. Then trivially A\y; < pps and furthermore
e, < ¢\, under certain weak conditions on X and Y which are satisfied in our context,
see Theorem 1.3.3 in [3]. So, entropy numbers can be used as well for deriving lower

bounds of py;. The estimates

ear(I, S F(T%), L,(T%) < M~"(log M)@V0+3-9)+

L 21
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are known, at least in a situation very close to ours. For (non-periodic) function spaces
on domains it has been proved in [24]. This can be transferred to the periodic situa-
tion. In our case it is enough to construct a bounded linear extension operator from
Sr F((—=1,1)%) to Sy F(T?) and to apply the multiplicativity of entropy numbers, see
[3, 1.3.1]. We omit details and refer to [2] where a similar situation is investigated. In

the case of Sobolev spaces (Corollary 5) we refer also to [1] and [18]. u

8 Appendix - Function spaces

Let D(T?) be the collection of all infinitely differentiable, complex-valued and in each
component 27-periodic functions equipped with the topology generated by

Iflla = sup [D*f(z)|,  a€Ng.

z€Td

The elements of the topological dual D’(T?) (equipped with the weak topology) we call
periodic distributions. In this general setting the kth Fourier coefficient of f € D’(T?)
is defined by

alf) = @r) () | kezt.

All function spaces considered here in this paper will be continuously embedded into

D'(T4).

8.1 Sobolev Spaces on the Torus

Let 1 < p < oo and r be a natural number. A measurable periodic function f : T¢ — C

belongs to the periodic Lebesgue space L,(T?), if the quantity

| F1Zy(T) | = / @) de.

is finite (usual modifications if p = 0o). Moreover we denote by C(T¢) the collection
of all periodic and continuous functions. Every function f € L;(T%) can be considered

as a periodic distribution by the well known interpretation. Using this we derive
1 —ikx d
al(f) = 53 flz)e ™ dx |, keZ®. (43)
(271') Td

The formal Fourier series Sf of f is given by

Sf(x) = al(f)e™.

kezd
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Here kx = Z;lzl kexe, k= (k1,...  kq), v = (x1,... ,24).
The Sobolev space W (T) is defined via

| £ IW7 (T H—ZHD’“ﬂL )| < o0,

where D¥f, k = 0,1, ..,7, has to be understood in the weak sense. Our general reference

for these spaces is [11, Chapt. 3|. For general r > 0 and 1 < p < oo we replace D" f by

D)L+ (kP72
keZ
and define fractional Sobolev spaces by using

£ WD = || D2 )+ [kf2)72e™

keZ

L,(T) H . (44)

8.2 Besov Spaces on the Torus

Let us introduce the scale of Besov spaces on the torus using Fourier analytical tools.
We make use of a smooth dyadic decomposition of unity.

Let C5°(R) denote the set of all compactly supported, complex-valued and infinite dif-
ferentiable functions on the real line and @ the collection of all systems ¢ = {p;(7)}32, C

C°(R) satisfying

(i) supp @o C {z : |2| <2},

(ii) supp ¢; C {x: 2071 < |z| <2F1} | j=1,2,..,

(iii) V£ € N we have sup 27* |g0§€) ()| <ecp< o0,

]
(iv) iogoj(x) =1 for all x € R.
=

Let 1 <p<o0,1<g<o0andr>0. Then f € L,(T) belongs to B} (T) if

1718501 = (2273 esmratne| )
J=0 kez

with the usual modification in the case max(p,q) = oco. Different elements of ¢ lead

L,,(’JI‘)H <

to equivalent norms. For this and other properties we refer again to [11, Chapt. 3].
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8.3 Sobolev Spaces of Dominating Mixed Smoothness

If 7 is a natural number and 1 < p < oo, then the Sobolev space S;W(Td) of dominating

mixed smoothness of order 7 is defined as the collection of all f € L,(T?) such that
Df € L,(T%, a=(ag,...aq), 0<a<r, (=1,...,d.

Derivatives have again to be understood in the weak sense. For general » > 0 and

1 < p < oo one may use
D el N+ k)72 o (L k)72 6% € Ly(T).
kezd

In case r € N this leads to an equivalent characterisation. For » € N we endow these

classes with the norm

£ IS;W (T =Y (1 D f [ Lp(T)]]
a<r
forr >0,r ¢ N, and 1 < p < oo we shall use

LIS = | 32 e+ ka2 o (1 o)

kezd

Lp(’]rd)H .

8.4 Triebel-Lizorkin Spaces of Dominating Mixed Smoothness

Smooth dyadic decompositions of unity on R can be used to construct decompositions

on R? by means of tensor products. Let ¢ = ({y,... ,{q) € N&. Then we put

we(z) == @, (1) - oo - pr,(Ta) -

Hence
Z we(x) =1 for all x € R?.

0eNd

As an abbreviation we shall use

flw) =) alf)pe(k)e®™, €T (NG, (45)

kezd

which results in

f:foa

¢eNd
at least in the sense of periodic distributions.

Let p e &, 1 < p < oo, 1 <q<ooandr > 0. Then the Triebel-Lizorkin space
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Sy ,F(T?) of dominating mixed smoothness is the collection of all functions f € L,(T%)

such that

17185, 2@ = [[ (X 2o e )

LeNd

p(qrd)H <. (46)

These classes are Banach spaces independent of the chosen system @ (in the sense of
equivalent norms), cf. [11, Chapt. 2,3| for d = 2. Let us further recall the definition of

Besov spaces of dominating mixed smoothness, normed by

17185, BT = (32 2707 4o L)) (47)

¢eNd

Below we shall recall a few facts concerning elementary embeddings between these
classes. Let 1 <p < o0, 1 < ¢q < oo. Then
Sr yB(T?) — S; ,F(T?) — S} yB(T?), (48)

p,min(p,q) p,max(p,q

see |11, 2.2.3]. Here the nonperiodic case (spaces on R?) is treated for d = 2. The

necessary modifications for the periodic setting will be published elsewhere.
Lemma 4 Let 1 <p<ooand1<q<oo. Letr>1/p. Then

Sy F(T?) — 5  B(TY) — C(T%
holds.

Remark 8 Let us refer to a similar assertion in [16, Lem. 20]. A proof of the nonpe-
riodic counterpart of S;ﬁpB(TQ) — C(T?) can be found in [11, 2.4.1].

8.5 Fourier Multipliers

First of all we need some spaces of functions on RY. By F and F~! we denote the

Fourier transform and its inverse on Ly(RY), respectively. Let x > 0. Then a function
[ € Ly(R?) belongs to S5 H (RY) if

||f|S§H(Rd)H — (/Rd (1+ |§1|2)/@ 1+ ’£1|2)H |f(§)|2d§)1/2 .

Furthermore we define the quantity

| (93 1252,

= (. (05 o) e

jeza
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where 1 < p < 00, 1 < ¢ < 0o and the functions g; : T¢ — C are supposed to be
Lebesgue measurable. L,(T? ¢,) denotes the corresponding Banach space.

Let (&7); be a sequence in (0,00)? and let A = (A;); be a sequence of subsets of Z? s.t.
Ac{tezt: |4 <b, i=1,...,d}, jeNI.
We say that a sequence (g;); of trigonometric polynomials belongs to L;}('JI‘d, ¢,) if

| ()5 120 )| < o0

and
ck(gj)) =0 forall k¢gA;, jeNI.

Lemma 5 Let 1 <p<oo, 1 <qg< 00 and let
- 1 n 1
/{'/ —_— —
min(p,q) = 2

If (M;); is a sequence in Sy H(R?), then there exists a constant ¢ such that

| S M) enlog) e | LT, £)| < € sup M0 ) |SFHRY| | g5 1Ly(T, )]
kezd

FeNd
JENG

holds for all (g;); € L5 (T ¢,). Here ¢ neither depends on (g;); nor on (M;);.

Remark 9 A nonperiodic counterpart of Lemma 5 is proved in [11, 1.8.3]. The proof

wmn the periodic situation is stmilar. Details will be published elsewhere.

8.5.1 Lizorkin’s Multiplier Theorem

Let us recall the definition of signed and complex measures. For what follows we
mainly refer to |7, A.6]. Here (X, F) denotes a measurable space. A mapping p: F —
R U{—00, 00} is called a signed measure if and only if the following two conditions are

satisfied

mM(G&JziuM@,fm&ﬂ&:®J#j
n=1 n=1

Analogously we define complex measures. The variation of a signed (complex) measure

is given by the positive measure

\MKE)zsup{EZMAAw\nAkefqmﬂwme&gmntiJI%::E}.
k=1

k=1
The number |u|(X) is called total variation of the signed (complex) measure p on the
space X. Now we are able to state Lizorkin’s multiplier theorem. As measurable space

we consider now (R?, R?), where R? denotes the usual Borel o-algebra.



8. Appendix - Function spaces 28

Lemma 6 Let 1 < p,q < oo. Let further M = {M;(z)}32 C Loo(R?)

a sequence of functions satisfying:

(i) There are finite complex measures jj, j = 0, 1,... on (R?, R?) such that

M;(zq,....xq) = pj((—o0, z1] X ... X (—00,24]) -

(ii) The measures uj, j = 0,1,2... provide uniformly bounded total variation on R,
ie.
(RN < Cyr , j=0,1,2....

(iii) The functions M;(z), j = 0,1, 2... are continuous in all points k € Z<.

Under this conditions there exists a positive constant C(p, ¢, d) such that

| 3 Mk fyye™
k

€zd

Ly(T, £,)

< C- Cull f51Lp(T7, 6

holds for all {f;}32, € L,(T?, {,)

Proof The nonperiodic counterpart is due to Lizorkin, cf. [6]. The lemma follows by
applying Theorem 3.4.2 in [11]. |

Remark 10 Consider a compactly supported piecewise linear continuous function -y :
R — C, uniquely defined by the nodes {(k,~v(k)) : k € Z}, and its weak derivative
denoted by ~'(x), which exists of course as a piecewise constant step function. Con-
sequently the corresponding complex measure p, which satisfies p((—oo,x]) = v(z),

r € R, 1s given by

Then we find
l(R) = > [y(k) = (k= 1) (49)

kEZ
Let us now consider a sequence v = {7;(%)}32, of such functions, where {11;}32, de-
notes the sequence of corresponding measures. Additionally we assume the uniform

boundedness of (49), i.e.

Their tensor product (u = (uy, ..., uq) € Nd)

My(x1, .oy xq) = Yuy (1) oo Yy (xa) , = (21,...,24) € R |
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can be written as follows

My(21, o Tg) = poy (=00, 21]) - o+ i (=00, 24])
= (fyy @ o ® fy,)((—00, 1] X ... X (—00,24)),
where fuy, @ ... @y, denotes the product measure of fiy,, ..., fu, - An easy calculation,
using the Jordan decomposition of a signed measure, cf. for instance [7, A.6/, and (49)
give

[y ® o @ 1, |(RY) < (4C)"

Finally Lemma 6 implies

I3 etramibes

kezd

Ly(T% L) | < €'+ (AC) I ful Lp(T, o)

for all systems f = {fu}ueNg € L,(T? ¢,), where C depends only on p,q and d.

8.6 Further Littlewood-Paley Characterisations

As isotropic Sobolev spaces also the classes S;W(Td) allow a Littlewood-Paley charac-

terisation.

Lemma 7 Let 1 <p < oo andr > 0. Let f, be as in (45). Then

1715wl = | (3 2 )

ez

[ (50)

holds for all f € L,(T?).

Remark 11 For r = 0 this can be found in Nikol’skij [8, 1.5.2/(13)]. For r > 0 one
has to use a lifting property, we refer to [11, 2.2.6] for the nonperiodic counterpart.

Now we turn to the Lizorkin representation of Triebel-Lizorkin as well as Sobolev

spaces. We need a special covering of R?. We put

Py o= [-11],  Pr={reR": 27 <[2] <2}, jEN,
P; = P, x...xP,, jENG. (51)
Then
:UPj and PiNPr=0 if j#L. (52)
jENG

Hence, with

fo(x) =Y ar(f)e*™,  zeT! LeNf, (53)

kePy
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we find

F=> 1

¢eNd

(convergence in the sense of periodic distributions), compare with (45).

Lemma 8 Let 1 <p<oo,1<qg<oo, andr > 0. Then

Lo isgw = || (3 21 (Fwr) ]| (54)
Lezd
and y
I 185, P =< | (30 27| Fe (@) 1) () (55)

£eNgd

holds for all f € L,(T).

Remark 12 The Lemma can be proved by making use of Lemma 6, in combination

with Lemma 5 and Lemma 7. (54) holds even in the case r = 0, where we replace
S;W(’]Td) by L,(T?).

8.7 Complex Interpolation
8.7.1 Abstract Background

We briefly describe the complex interpolation method following [21]. Let Ay, A1 be
Banach spaces. Then (A, A;) is said to be an interpolation couple if there exists a
linear Hausdorff space A such that Ay, A; — A. For two interpolation couples (A, A7)
and (By, By) we denote by

L((Ap, A1), (By, By)) the collection of all linear operators 7" : Ay + Ay — By + B; such
that the restrictions 7T’

4, 1 Ai — B;, i = 0,1, are continuous.

The class F = F(Ao, A1) is the collection of all vector valued continuous functions
f:S — Ay+ Ay, which are additionally analyticon S :={z€ C:0< Rez <1} c C.
This class equipped with the norm

IAIFIl = max { sup [| f(it) [ Aol| , sup ||f(1+it)[ A}
t€R teR
is a Banach space. Finally, the interpolation space [Ag, A1y is defined via
[Ag, A1]y :={a € Ag+ Ay : it exists f € F such that a = f(9)}
and equipped with the norm

Ao, Algll :=  inf Tl 56
lal[Ao. Aol = _inf (1717 (50)
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Let T € L((Ao, A1), (By, B1)) then it turns out that
(i)
T {4,411y © [Ao, A1ly — [Bo, Bils

is continuous and moreover
(i)

|7+ [Ao, Aslg — [Bo, Biloll < IT: Ao — Bo[|'™°(IT : Ar — Bul|”. (57)
In order to apply this method to function spaces, let us mention the retraction and
coretraction concept. For two Banach spaces A and B we call a linear continuous
mapping R € L(A, B) retraction if there exists an S € L£(B, A) such that Ro S =
idg. We call S the corresponding coretraction. Let R € L((Ag, A1), (Bo, By)) and
S € L((Bo, B1),(Ap, A1)) be retraction and coreatraction in L£(Ag, By) as well as in
L(Ay, By). Then it holds

I11Bo, Biloll = [1Sf11Ao, AuJull  f € [Bo, Bug - (58)

8.7.2 Preliminaries

The interpolation method applied to weighted sequence spaces of type 7 (A;), defined
in the sense of [21, 1.18.1/2], where A = {A,}; is a sequence of Banach spaces, yields

in the case 1 < pg,p1 < 00, 09,01 € R the following formula

(650 (A7), 631 (Bj)lo = (3 ([Aj, Bils) (59)

7P

where 0 < 9 < 1 and

(1/p,0) = (1 = 9)(1/po, 0) +9(1/p1,01) -

Secondly we need a result concerning L,(A)-spaces of A-valued functions, where A is
a Banach space, stated in |21, 1.18.4].

Lemma 9 Letlgpo,p1<oo,0<"§<1and%zlg—oﬂ—i-}%. Then

[Lpo (A), Ly (B)]o = Ly([A, Bly) - (60)
Proof A proof can be found in [21, 1.18.4]. |

As done in [10] for the case d = 2 we introduce the sequence spaces

1/p
68 = {a = {ackieng| ac € Cand altg | = (D 277ja?) " < o0},

£eNgd

and obtain the following interpolation result.
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Lemma 10 Let 1 < py,p; < 00, p,0,v € RY, 0 <9 < 1 such that

(1/p, 1) = (L =9)(1/po, o) +I(1/p1,v)

then
(€5, (NG), £, (N§)]g = £ (NG) .

’ Pl

Proof We prove this formula by iterating (59) .
8.7.3 Interpolation of Triebel-Lizorkin Spaces with Dominating Mixed Smooth-
ness

We construct proper retractions and coretractions (see (58) to apply the results from

the previous paragraph observing that
1£155 o F (TN = [Lfel L (T, €)1

where f; , ¢ € Nf, comes from (45). Let us fix a system ¢ = {p;(2)}32, € ®(R).
According to this we define the system

Yi(z) = pj1(z) + 9i(z) + ja(z) , T€ER,

where we put ¢_; = 0. Of course we have

ei(x)0(x) = i(x) , j=0,1,2, ...

Moreover we need

0o(T1, ..q) = 0o, (1) - oo - o, (g)  and ez, ..oy xq) = VYo, (1) - oo - Yy, (T4)

with z = (71, ...,24) € T¢ and £ = (¢4, ..., {4) € Nd. We start with defining the mapping
S, by
S f@) ={ D wlBape™} . fe D).

LeNd
kezd 0

Let further the mapping R, be defined through

Ryg = Ry(ge)ens = Y ( > W(k‘)ck(gz)eikx) , 9= (g0 C D'(T),

¢eNg  kezd
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provided that the right-hand side makes sense. A simple consequence is the following.

Let us start with f € D'(T?). Then Ry (S, f) makes sense and we obtain

Ru(S.f) = 3 wulh) (Zsoz(k)f(k)e“f'x)

LeNd kezd

= > (Z W(k)w(k:)f(k)ei“)
LeNg \keZd

- 3 (S amsme)
(eNg \keZd

- f

The following result is also not difficult to see
Lemma 11 If1 <p<oo, 1 <qg< o0 andr >0 then

Se: S F(TY) — Ly(T, €))
Ry : Ly(T* (;) — S; F(T%)

are bounded linear operators.

Proof Obviously S, € £(S;, ,F(T%), L,(T%)) because of

1S F1Lp (T4 )| = 11.£1S5  F (T

Let g = (g¢)¢ € Lp(T?, €;). Of course gy, for fixed ¢ € N§, belongs to L,(T?). This leads

to

||R¢g|S;,qF(Td>H<p = ||R¢{QZ}E|S;7QF(TC£)||SO

B H 2 (Z %(’fﬁ/}e(k)ck(ge)eim) Ly (T, 6;)
¢eNd  kezd

- H Z (Zwu Je(k)er(ge)e M) Ly(T, 0))

hl<e kezd

S Z H Z Qou 77bu+€ Ck(gu.;_g)@ikx Lp(Td7€2) .

e([-2,2NZ)?  kezd 7%[
Because of

> @y p(k)ck(gure)e™ = (2m) /fl‘bu,e(?/)ng(x —y)dy , xeT’,
R4

kezd
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the generalised Minkowski’s inequality gives

D D o AT
te([- 22]mz Rd
- / 1 Bus0)] - o) LT, € dy
e(l- 22]mZ
-« Z s Ly (T, ) / ()] dy
Le([—2,2]NZ)4

And finally the homogeneity of the Fourier transform implies

/ F@us(y)] dy < ez < o0,

where ¢; is independent of £ and u. And therefore

HRl/’glsg,qF(Td)H < C3H9u‘Lp(Td)a£2H .

The final result of this subsection reads as follows

Lemma 12 Let 1 < po,p1 < 00, 1 < qo,q1 < 00, 7’0,7”1>0,0<19<1,%=1;—079+1%,
1

i 1(1—_019 + ;’;1 and r = (1 —9)ro+9ry. Then it holds the complex interpolation formula

(S0 W F (T, St F(T)y = S, F(T?).

Po,90 7 P1,q91

Proof We make use of Lemma 9, the previously defined mappings S, and R, and (58),
where (Ao, A1) = (Ly, (T £20), Ly, (T4, £71)) and (By, By) = (Si0 ,, F(T%), S5t F(T?)) .

This gives

1 1Spe a0 F(T9), Spr gy F(T]o | = 1S [[Lo (T €58), Ly, (T £5)] |

Po,490 P1,91 ?7qo 7 Tq1

= 1S f 1 Ly(T, (65, €2 10)l

= 1S f 1 Lp(T 6)]
< [£1S5 F (T, -
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