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Abstract

This paper deals with function spaces with dominating mixed smoothness properties
of Besov and Lizorkin-Triebel type on R? as well as on the d-torus T¢. The main re-
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1 Introduction

This paper deals with function spaces of dominating mixed smoothness, especially the scales
S;’qF and S;’qB on R? as well as on the d-torus T?. Recently there is an increasing interest
in function spaces of this type, see e.g. Bazarkhanov [Ba] or Vybiral [Vy]. Sobolev spaces
of this type were first introduced by S. M. Nikol’skij in [Ni 1] and [Ni 2] in the early sixties.
Here

ST (R?) = {f € Ly(R) : | fISIW (B = | FILo(B?)]
amf N Hamf H 67"1+7“2f

2L, (R? g .
+Hax§1| B g D 0wy

| Ly (R?)

| Ly (R?)

<o},

where 1 < p < oo and r; = 0,1,2,... (i = 1,2). The mixed derivative ot ﬂ; plays the

oz 1o
dominant role and gave the name to this scale of spaces. Later on, these classes as well as
corresponding Besov spaces, have been extensively studied in the former Soviet Union, for
example by T. I. Amanov, O. V. Besov, P. I. Lizorkin, S. M. Nikol’skij and M. K. Potapov. We
refer mainly to the monograph [Am]| for a detailed study of this topic in terms of differences
and derivatives. As far as the Fourier-analytic treatment is considered we refer to H.-J.
Schmeisser, H. Triebel and the book [ST, Ch.2], where the spaces Sj  B(R?) and S  F(R?) of
Besov and Lizorkin-Triebel type are introduced. Their approach is based on the decomposition
of a tempered distribution into Fourier-analytic building blocks using a certain tensor product
of smooth dyadic resolutions of unity. There were also given characterizations by differences
for sufficiently large smoothness. The aim of the present paper is to characterize the classes
SI’;qB and S;qF by differences for the largest possible range (except some limiting cases) of
the parameters 7 = (r1,...,74), given by

0O<p<oo, 0<g¢g<oo, r>max(0,1/p—1,1/¢—1) , i=1,...d

in the F-case. In case d = 2 our main result reads as follows.
S] F(R?) is the collection of all f € L,(R?) N S'(R?) such that the quantity

1£155 o F (R*) % = || f1Lp(R?)|

[e'e) 1
r qd 1/q
+ / t‘”q< / amy f(m)|dh> :] L,(R?)
0

., th 1/q 9
+ / 2q</|Ath2f \dh> t] L,(R?)
[ fammam ([ 1o, s, fanan) T
0 0

[_171]2

Ly (®2)|

is finite, where m; € N with m; > r; (i = 1,2). The paper is organized as follows. Section
2 contains some basic preparation and notation. The Sections 3 and 4 represent the main
part. We distinguish the nonperiodic case, i.e. spaces on R¢ (Section 3), from the periodic
case, i.e. spaces on T¢ (Section 4). After defining the spaces and pointing out the connection



between differences and maximal functions, we state and prove our main result. This is the
characterization of ST A and Sr B by integral means of differences for arbitrary d. On
that basis we addltlonally obtaln further difference characterizations, which use for instance
classical moduli of smoothness, cf. [ST, 2.3.3, 2.3.4]. Finally we give a partial answer to the
question, whether one can replace [;* by fol.

I would like to thank Prof. W. Sickel, Prof. H.-J. Schmeisser and Prof. H. Triebel for many
valuable hints and discussions.



2 Some preparation

First of all we will introduce some basic notation. The symbols R, C, N, Ny and Z denote the
real numbers, complex numbers, natural numbers, natural numbers including 0 and the inte-
gers. The dimension of the underlying Euclidean space for our function spaces is denoted by
d. Vector valued quantities (for instance indices) will be denoted by k, ¢, m, ¢, ... or 7, h, i, 3...

and elements of the underlying Euclidean space by x,y, z,.... Let us specify the following
notations

E+l= (k14401 kn+10y),

ANk=(\ ki, k), NER,

Ak=\+ki, .o +ky), NER

tr= (),

>

T=(A" LA™ A>0,

1=(,..,1),

%: (2,,2) , AER
k-7=kiri+...+kyrp ,
T+8=(r181,.,"nSn) ,
dh = (dhy, ...,dhy,) ,

dt dty  dt,
T

|7l =711+ ...+,

where k,¢,t,5,7, h € R”. Furthermore we abbreviate the relations
r; > S; (riZSi) , i:1,...,n

by 7> 5§ (F > 5) and by 7 > s (¥ > s) if additionally 5 = (s,...,s) with s € R.
Let us further define the quantities o}, and o, 4 for 0 < p,q < oo by

1 1
opi=(—-—1 and o, =|——"—--—1 , 1
? (p > . P (mln(p, q) > N )

where a4 = max(a,0) for a € R. )
A_lso the following convention should be helpful. If we have a tuple 3 € {0,1}¢ such that
|3 =n > 1, we assign to  a tuple 0 = (41, ..., 6, ) with the property

1< <de<---<6,<d and fF5=1 , i=1,..,n (2)
Let us fix right here some often used sets and index-sets. For k € Z we put
I =[-2%2%] and I =0,2").

Additionally we put for j € Ny and k € Z

I'\I'_ g >1
A . 1 J = +A . + +
Ij .——{ Ii) J : ] 0 and Ik = Ik \Ik 1 -



For 3 € {0,1}% with |3| = n > 1 and 6 according to 3 we define for i € Z?

Qﬁﬂ = Iﬂél X ..o X I%n s

:’;B = I;;l X"'XIJM , (3)
Q;é = IngA X .. X I:;nA
and for i € Ng
ag = I,fal XX I (4)

5= (1..1) weput Qu:=Qu5,Q8 =Q} ;. Qi =Q} 2 and Qp = Q25
The mentioned index-sets are given by
Is={0=(l1,. ) eNS: l;=0<=3=0,i=1,...,d} ,
Zg={(k1,...ka) €Z*: Bi=0 = k; =0, i=1,..,d},

25 =2i-p
Nz=Z53NN§ , (5)
Ng=Ni3,

Eg=Z53n{0,1}¢,

5=Fi5-

And for m = (my, ...,mq) € N we define the sets M} = {0, ...,m;} and M} = {0}, i =1,...,d.
Finally for 3 € {0,1}% we put
_ 1 d
Mg = Mg x..x Mg, (6)

3 Spaces on R

3.1 Preliminaries
Distributions, Fourier transform and Paley-Wiener-Schwartz

As usual we denote by S = S(R?) the Schwartz space of all complex-valued rapidly decreasing
infinitely differentiable functions on R?. Its topology is generated by the norms

lellse = sup (1+ |z)* D [D(x)]. (7)
TeR jal<e

A linear mapping f : S(R?) — C is called a tempered distribution, if there exists a constant
¢ >0 and k,? € Ny such that
£ ()] < cllllre

holds for all ¢ € S(R?). The collection of all such mappings is denoted by S’(R?). See [Tr 2]
for details. As usual the Fourier transform defined on both S(R?) and S’(R?) is given by

(FNHp):=f(Fp) , 9€8

where
Fo(€) = (27r)d/2/em'£g0(x) dx.
Rd



F is a bijection (in both cases) and its inverse is given by

FloE) = (277)_‘1/2/6”'5@(:@ de , @€ S(Rd) )
Rd

We say a (tempered) distribution 7' € S'(R9) is a regular distribution (or a distribution of
function type) if there exists a measurable function f : R? — C such that

T(p) = / f(@)p(x) da.
Rd

Now we are well prepared to recall a proper version of the famous theorem by Paley, Wiener
and Schwartz.

Theorem 3.1.1 The following is equivalent:
(i) f € S'(RY) and supp Ff C {y: |yi| < bs,i = 1,...,d}.

(ii) f is a regular distribution which can be holomorphically extended to C?. Furthermore
we have the following growth condition: For an appropriate real number A > 0 and any
€ > 0 there exists a constant ¢. such that

F(2)] < ce(1 4 [aeltrtelnl. o elbatalval 0 —p iy 2y eRY

Proof With some obvious modifications in the proof of the classic theorem, see for example
[Yo, VI.4], one obtains the above version. O

Remark 3.1.1 An important consequence for us is the following. We consider f € S’(R%)
with supp Ff C {y : |yi| <bi, i =1,...,d}. One direction of Theorem 3.1.1 tells us that f is
representable as an entire analytic function f(z) with some growth condition. If we fix one
variable, say 2z, in f (to a real number) the outcome is also an entire analytic function on C4~*
with a corresponding growth condition, only without the term e+l Applying the second
direction of the equivalence one can interpret this trace function as a tempered distribution
with Fourier support in [—by,b1] X ... X [=bg—_1,bk—1] X [=bkt1, bgt+1] X ... X [=bg, bg]. O

Vector-valued Lebesgue spaces

As usual Lp(Rd) for 0 < p < oo denote the Lebesgue spaces on R¢ (quasi-)normed by

1/p

| £1Lp(RY | = / (@) da
Rd

with the typical modification if p = co. Using the interpretation given above we obtain the
following continuous embeddings for 1 < p < oo

S(RY) C Ly(RY) c §'(RY).



If p < 1 only the first inclusion holds.
Beside these spaces we will need the vector-valued versions, defined by

L,(R% 4,) = {{fk(x)}kd] fr : RT — C, measurable and ||{f }rer|Lp(R%, £,)| < oo} ,

where 0 < p < oo and 0 < ¢ < oco. I denotes now and in the sequel a countable index-set and

1/p

p/q
[hher L@ el = | [ (Dn@)ﬁ) da

ha  \KEI

with the usual modification in case ¢ = co. For abbreviation we may write || fx|L,(R%,¢,)||
and sometimes || fx|L,(¢,)||. Clearly {fi}xer € Lp(R%, £,) implies fi € L,(R?) for every k € I.
Theorem 3.1.1 enables the definition of the spaces Lg (R4, ¢,) of entire analytic functions for
0 <p<ooand0 < q<oo. Hereby Q = {Q}rer denotes a sequence of compact subsets of
R?. We define

LI(RY 6g) = {f = {futrer : fr € S'(R), supp Ffiy C U, k€ 1, || fr|Lp(RY, £g)|| < oo}

Maximal functions and maximal inequalities

Maximal functions and corresponding inequalities form an important tool for the Fourier-
analytic treatment of the spaces we are interested in. Even for our purpose they play an
essential role connecting classic differences with modern Fourier analysis.

For a locally integrable function f we denote by M f(x) the Hardy-Littlewood maximal func-
tion defined by

= Ssu L X d
(M f)(r) = sp oo Q/ FW)ldy . zeRr: (8)

where the supremum is taken over all cubes centered at x with sides parallel to the coordinate
axes. A vector valued generalization of the famous Hardy-Littlewood maximal inequality is
due to C. Fefferman and E. M. Stein [F'S].

Theorem 3.1.2 For 1 < p < oo and 1 < ¢ < oo there exists a constant ¢ > 0, such that
1M fi| Ly (R?, £) | < el frl Lp(RY, £) | (9)
holds for all sequences {fi}rer of locally Lebesgue-integrable functions on R?. O

Now we define a one-dimensional version of (8)

x;+s

1
(M;f)(x) =sup — |f (21, oy i1, by Ty oy )| At x € RY (10)
s>0 2s
x;—s
Precisely one has to prove, that this operator maps two equivalent representatives of f to the
same equivalence class. Having this in mind, one can prove the following version of Theorem
3.1.2:



Theorem 3.1.3 For 1 < p < oo and 1 < ¢ < oo there exists a constant ¢ > 0 such that
1M frl Lp(RY, )| < ell fil LR, L) i= 1.,
holds for all sequences {fi}recr of locally Lebesgue-integrable functions on R

Proof One only has to split the integration over R? into d integrations over R! and apply
Theorem 3.1.2 to the integration according to i. O

The following construction of a maximal function is due to Peetre, Fefferman and Stein. Let
b= (by,...,0q),5 = (51,...,59) € R? with b,5 > 0 and f € S with Ff compactly supported.
We define the maximal function Py ;f by

/(@ = 2)|
P _f(x) = su

(11)

Theorem 3.1.1 justifies this definition. Additionally we need one more maximal inequality.
Details concerning the following assertions can be found in [ST, 1.6.4].

Lemma 3.1.1 Let Q C R? be compact, 5 = (s1,...,54) > 0 and @ = (o, ..., ag) € Nd. Then
there exist two constants c1,co > 0 (independently of f) such that

Prs(D*f)(x) < e1 Py f(x)

S1/82 Sd—2/8d—1\Sd—1/5d\ Sd (12)
< o (My(Myg_y (.. (My|fM/or)*/52 ) sim2/samrysamafsaysa oy

holds for all f € S'(R?) with supp Ff C Q and all z € R%. O

This lemma leads to the following important maximal inequality.

Theorem 3.1.4 Let 0 < p < 0o and 0 < ¢ < co. Let further b = (b{, ...,bg) >0forl el
and Q = {Qg}ser, such that

Qec{ceR?: g <bf,i=1,..d}

is compact for ¢ € I. Finally we fix a tuple § = (s1, ..., 84) > - Under these assumptions

1
min(p,q
there exists a constant ¢ > 0 (independently of f and €2) such that

HPE‘Z,gff‘Lp<Rdveq>H <c HfZ‘Lp(Rdaeq)H
holds for all systems f = {fe}ser C Lg(Rd,Eq).

Proof This assertion is a direct consequence of the previous lemma, Theorem 3.1.3 and a
homogeneity argument: Let fy (21, ..., xq) = fo (x1/b5, ..., xa/5).
Then it holds o )

Py o fo (@1, s @a) = Profe (0 1, o Wy 2a).

Because of supp F fz C [~1,1]%, the constant ¢ can be chosen independently of Q. O



For our purposes we need the following modification of (11). Let @ € {0,1}? and b, 5, f the
same as in (11). Then we define the modified maximal function Fj ; 5 f by

PE,E,&f(x) = sup |f(x —ax2)|

13
erd (14 [bragzi[st) - o (1 + [baagzal®e) (13)

Obviously the maximal operator defined in (11) is applied to that directions where the cor-
responding component of & equals one. With the same arguments used for the maximal
operator M and M;, respectively, we obtain the following modification.

Theorem 3.1.5 Assume p, ¢, b%,5 and = {Q}ser as in Theorem 3.1.4. Let further
@ € {0,1}%. Then there exists a constant ¢ > 0 (independently of f and Q) such that

HPB‘f,g,&fALp(Rdvgq)H < CHfZ’Lp(Rd’Eq)H (14)
holds for all systems f = {fe}eer C LE(R?, ().

Proof We argue analogously to Theorem 3.1.3. Then the assertion follows immediately from
Theorem 3.1.4, Theorem 3.1.1 and Remark 3.1.1. ]

3.2 Definition and basic properties

Our function spaces are defined by using a smooth dyadic decomposition of unity. For our
purpose it is useful to modify the typical definition given for instance in [ST, 2.2.1]. See
also [SS, 2.1]. Nevertheless the result is essentially the same. In the following we denote by
cge (§d) the class of all complex-valued infinitely differentiable compactly supported functions
on R?.

Definition 3.2.1 A system ¢ = {¢;}72, C C§°(R) belongs to the class ®(R) if and only if:
(i) It exists A > 0, such that supp ¢o C [—A4, A].
(ii) There are constants 0 < B < C, such that supp ¢; C {z € R: B2/ < |z| < C27}.

(iii) For all a € Ny holds

sup  29%|D%p; ()| < cq < 00 and
z€R,j€Np

(iv) io: pj(x) = 1.
J=0
U

Remark 3.2.1 The class ®(R) is not empty. Consider the following example. Let D > 0
and po(z) € C§°(R) with ¢o(z) =1 on [-D, D]. For j > 0 we define

pj(x) = po(277z) — o(277 ).

Now it is easy to see, that the system ¢ = {¢;(2)}32, satisfies (i) - (iv). O

10



We need another useful notation. Assume d systems ¢ = {np;(fv)}j‘;o € ®(R), i =1,..,d.
We define a certain kind of tensor product of these systems. For £ = ({1,...,44) € Ng the
function (¢! ® ... ® p?)5(x) € C°(RY) is defined by

(0" ® ... @ oNp(x) = p, (1) -] (zg) , weER™

Because of (iv) in Definition 3.2.1 this leads to the following decomposition of f € .S’ (R9).
Let f7(), £ € N&, be the entire analytic function defined by

fe(@) = F (e @ . © 9")g() F f(2).

Then it holds
f= Z fs(x) , convergence in S’(RY) . (15)
ZeNg

We introduce the function spaces S B (R%) and S) . F (R%) by using these Fourier-analytic
building blocks. For details we refer mainly to [ST, Ch.2] and [Vy, Ch.1].

Definition 3.2.2 Let 7 = (r1,...,74) € R 0 < ¢ < oo and ¢’ = {cp;(a:) 2o € (R),
i=1,..,d.

(i) Let 0 < p < co. Then Sj  B(R?) is the collection of all f € 5'(R?) such that
L d dy |4 ta
1115, BEIP = (X 24156 0 8 S OFNWILEI) T (6)
ZeNg
is finite (modification if ¢ = c0).

(i) Let 0 < p < 0o. Then S} F(R?) is the collection of all f € S'(R%) such that

1/q
1F1SE  FRY| = H( Y e . @ @d)z(é)ff](x)\q> L&Yy an
feNg
is finite (modification if ¢ = 00).
]

Remark 3.2.2 We first observe, that all these classes are (quasi-)Banach spaces (Banach
spaces in case min(p,q) > 1) which are (quasi-)normed by (16) and (17), respectively. Fur-
thermore the spaces are independent of the chosen decomposition of unity in the sense of
equivalent (quasi-)norms. This is essentially a consequence of certain maximal inequalities
(cf. Paragraph 3.1) and Fourier-multiplier assertions, proved for instance in [ST, 1.10.3] for
the case d = 2. O

Let ST A(R?) be either S7 B(R?) or S F(R?) (with p < co in the F-case). One can prove
the following continuous embeddings.

11



Lemma 3.2.1 Let (rq,...,74) € R? and 0 < p < 0.

(i) Let 0 < ¢ < v < oo. Then it holds
7 d T d
SpgARY) — 57 ART).
(ii) Let 0 < ¢,v < 0o and &€ = (&1, ...,£4) with € > 0. Then
THE A (R4 7 d
Syt AR?) — S7  A(RY).
If € satisfies € > 0, then even the embedding
T+HE A (TR 7 d
Sp AR?Y) — S7 A(R?)
holds.

Proof In [ST, Ch. 2] the case d = 2 is treated in detail. The proof in case d > 2 is essentially
the same. O

The next theorem tells in particular, under which restrictions to the parameters the classes
S;qA(]Rd) consist of exclusively regular distributions. Of course this is of interest, since
characterization by differences only makes sense in this case.

Lemma 3.2.2 Let 0 < p,¢ < oo and 7 = (71, ...,7q) € R% The following continuous embed-
dings hold true.

(i) If 7 > op (see (1)) then
S;#]A(Rd) - LP(Rd) a Lmax(Pyl) (Rd)
holds with the usual interpretation.

(ii) If even 7 > % then
7 d d
ST ARY) — C(RY).

C(R%) denotes the space of all uniformly continuous, bounded functions, normed with
the supremum-norm.

Proof See [ST, 2.2.3] for details. O

Remark 3.2.3 In case 0 < p < 1 it can easily be shown that the J-distribution belongs to
the space S;OOB(]Rd) withr; =0, ,i=1,...,d. O
3.3 Differences versus maximal functions

Definitions

We define Mth order as well as corresponding mixed differences. Essentially the same notation
as stated in [ST, 2.3.3] is used. Fix h € R. Under a first order difference with steplength h of
a function f: R — C we want to understand the function Ay f defined by

Dnfla) = fle+h) - f(@) , zek.

12



Iteration leads to Mth order differences, given by
A f(2) = Dn(B T ) (@) . MeN . Aj=Id (18)

Using mathematical induction one can show the explicit formula

M

Aty = L1 () #to + 01 = ). (19)

J=0

For our special purpose we need differences with respect to a certain component of f as well
as mixed differences. Let us first define the operator A}"; f applied to a function f : R? — C.
With an eye on (19) we define

i < > (1, oy i + (M = J)h, Ti1, . 2q) (20)

Jj=0

where m € Ng, h € R, i = 1,...,d and z = (21, ...,24) € R% Hence one obtains similar to
(18) for m € N the recursion formula

) = AL (AT @) i=1,.d.

The combination of such operators (acting on different cgmponents) is called mixed difference.
For later use we need a good abbreviating symbol. Let h € R%, a € {0,1}? and § be assigned
to |&] =mn > 1 in the sense of (2). Let us further define the operator

_ N oA al=n
m . A . h51,51 h6n76 . 21
Bhia H h% {Id :lal=0 (21)

We try to avoid the product-symbol. Nevertheless in few cases it is useful. If this is the case
we will refer to (21) to recall the exact definition.

Differences and maximal functions

We want to develop some tools to estimate differences by maximal functions.
The first inequality is obvious but nevertheless essential. Let m € Ny and f locally integrable.
Then it holds for almost all 2 € R¢

1

/f(x+mh)|dh§2-Mf(x). (22)

-1

In the following we concentrate on estimating differences by maximal functions, defined in
(11) and (13). See also [ST, Lemma 2.3.3].

Lemma 3.3.1 Let a,b > 0, m € N, h € R and f € S’(R) with supp Ff C [—b,b]. Then
there exists a constant ¢ > 0 independently of f, b and h such that

| AR f(z)] < emax(1, [bh|*) min(1, [bh|™) Py o f ()
holds for all z € R.

13



Proof The main ingredients of the proof are the left-hand inequality in Lemma 3.1.1 and
the mean-value theorem of calculus. Because of Theorem 3.1.1 the distribution f is an entire
analytic function and hence the restriction to R is C°°. So the mean value theorem gives us
¢ with |€ — x| < h such that

| AR f(@) = f(&) - h
Iteration of this argument leads to

| AT f@)] = [ A4 (A7 (@)

< sup [ AP (@ —y)l- |l
ly|<h

(m)(p —
s L)

1+ [by|®).
ly|<mh 1+ |by|a ( | ‘ )

Hence we obtain

[f™ (@ — y)|
AT f(x)| < |h|™ sup —————= - sup (1+ |by|*
| AR f(@)] < [h] U oy ‘ygmh( [by|*)
f (x — y)|
= |h|™sup ——— - (1 + m*|bh|* 2
ppsup L (1 mionl) (23)
70 (@ — )|

< 2m?® -|h|™ max(1, |bh|*) sup

=:Cm,a

yeR 1+ ‘by‘a

The rest is a consequence of a homogeneity argument. To see this let g € S’(R) s.t. supp Fg C
[—1,1]. Then it follows by (23)

| &b ()] < ¢ alh[™ max(L, [A[*) - sup (24)

We apply (24) to the function g(z) = f(z/b). It is easy to see, that g € S'(R) and supp Fg C
[—1, 1]. Furthermore it holds

wf(x) = Apjg(bx).
Hence (24) gives us
| AR f()] = | A g(bx))|

(m) (hy —
< Cm,a|bh|m max(l, |bh|a) . sup w
Y

L+ [yl

At next we use the left hand side of Lemma 3.1.1 and obtain

br —
| AT F@)] < 1" max( [oh]) sup 12220

vy 1+yl
— ¢/, o[bh]™ max(1, |bh|%) sup 1L~ )] (25)
’ y 1+ [byl®

= C/m,a|bh|m max(l, |bh|a)Pb,af(x)'

14



On the other hand we can estimate directly using (19). This yields

AT f(a)| = ;<—1>ﬂ(j)f<x+ (m — j)h)

[f(z—y)|
<e¢m sup —————(1+ |by|*
ly|<mh 1+ |by|“ ( ‘ ‘ ) (26)

<2 SupM -max(1, |mhb|®
m S oy (1, |mhb|)

< c;;w max(1, |hb|*) Py o f ().
And finally (25) together with (26) completes the proof. O

The following lemma generalizes the previous one to d dimensions. For sake of brevity we

define
A(s,t) == max(1l,s)min(1,t) , fors,t>0. (27)

A simple property consists in the following. For fixed v,w > 0 there is a constant ¢, > 0
such that
Av-s,w-t) < ¢y A(s,t) (28)

for all s,t > 0.

Lemma 3.3.2 Let a = (a1, ...,aq),b = (b1, ...,bq) € R? satisfying @,b > 0. Let further be

m = (mi,...,mq) € N, h = (hy,....hq) € R? and f € §'(R?) with supp Ff C Qj, where
Qp = [—b1,b1] X ... X [=bg, bg).
Then there exists a constant ¢ > 0 (independent of f, b and h) such that
(Ahrr o Bhyg oo Aty f)(@)]
< c- A([brha|®, [brha[™) - o - A(|bahal®, [bahal™) - Py o f (@)
holds for all = € R

Proof The idea is to iterate the previous lemma. We define the function g by

g=(Dp2y0- 0 AP f) ().

2y
Because of
Fg= (ei§2h2 —1m. . (eifdhd — )™ Ff
the inclusion supp Fg C supp Ff C @ holds. Let us now fix the components z3, ..., z4 and
consider the function
G :=9g(,ma,...,xq).
Remark 3.1.1 after Theorem 3.1.1 gives us g € S'(R) and supp Fg C [—b1,b1]. Finally we use
Lemma 3.3.1 with A" g(z1) = A" g(21, ..., z4) and obtain

(At o A2y 0o AJY ) ()| = A (1)
< Cay,my A(|b1ha|™, [b1ha[™) - Py, a,G(21)

|g(l’1 —Y1,T2, ...,$d)|
(1+ |bry1]™)

= Cal,mlA(|b1h1|a1, |b1h1’m1) - sup
Y1
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One continues by estimating |g(z1 — y1, %2, ..., 4)| analogously. Iteration of this procedure
finishes the proof. g

Remark 3.3.1 With exactly the same arguments one proves a version of the previous lemma
to estimate mixed differences of type A%ﬁ& f(x) by the maximal function Pyaal- O

3.4 Integral means of differences for S) F(R?)

Our main result is a characterization of the spaces S;’qF(]Rd), 0<p<oo 0<gqg< o
and 7 > 0,4, using integral means (rectangle means) of differences. In some sense it is the
counterpart of [Tr 2, Th. 2.5.11], where the isotropic scale is treated in terms of ball means.
It will be also used as basis for further difference characterization later in this paper.

Theorem 3.4.1 Let 0 < p < 00, 0 < ¢ < 00, 7 = (r1,...,73) € R and m = (my, ..., mq) € N¢
with m > 7 > 0,4 Under these conditions the space S} ,F (R9) is the collection of all
functions f € L,(RY) N S'(R?), such that

1£1S5. F@®ROIE = [ FIL,R [+ D> S¥(f)<oo , (29)
Be{0,1}4,]81>1

where for [3| =n > 1

‘ —Ts; ms ms. - qdf 1/a
5?“>ZH[ / (1T ’q)< / \(Atlhi,alo---oAtnh"n,gnf)(w)ldh>f}

(0,00)" - [_1’1]n

Ly(R?)

(30)
with & assigned to /3 in the sense of (2). In case ¢ = co one has to replace (30) by

n

_ sup (Ht;mi) / ‘(AZ;Z,& 0---0 Azz"n’anf)(m)’ dh
te(0,00)" i1 i

Ly(R?)

Moreover (29) is an equivalent (quasi-)norm in S}  F (R9).
Proof The proof will be divided into 2 steps.

Step 1: We fix ¢ = (¢!, ...,¢%) € ®(R)?% The aim is to show that it exists a constant ¢ > 0
such that

1F1Sp oI < el f1Sp F 7
holds for every f € S'(R%) N L,(R%). The basic idea is to use (15) and proceed by estimating

the appearing differences by maximal functions via (22), Lemma 3.3.1 and Lemma 3.3.2. The
rest will be done by exploiting the maximal inequalities, Theorem 3.1.3 and Theorem 3.1.5.
We follow [Tr 2, 2.5.11] and apply the isotropic strategy in a certain sense to every direction.
Let us make some further preparation. We choose a tuple a = (aq,...,aq) > m and a
number 0 < A\ < min(p, ¢) such that 7 > (1 — A)a. It is easy to see that this is possible: As a
consequence of 7 > o, , we have in case min(p,q) <1

1
r; > )(1 —min(p,q)) , i=1,..,d.

min(p,
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In case min(p, q) > 1 we simply choose \ = 1.
Assume first ¢ < oo. We start by considering the expression AB(JU) defined by

- ~\dt
Lk 'Lq m ms,,
asw) = [ AT ([ AT oo alis N@lR) § e
(000 L1
where 3 with |3| = n > 0 (and corresponding 0) is fixed. In order to discretisise (31) we
obtain with elementary calculations

7 Lo L. m m, - q df
AB(.%‘) <c Z / oTkq <2k / ’(Ah;}l 0--+0 Ahné,%nf)(l‘)‘ dh> 27’;

keZg ijﬂg Q_rj
-7 7 m — q

<ec Z orka <2k / \(AZ‘}I oo AP f) ()| dh)

keZ; o

B Q—k,ﬁ . (32)

_ 7k ms me, 7
=c) 2 Q< / (A s 0 o B D@ dh)

k‘EZﬁ [7171}71

~ q

<cy ok | A% k5 5 1 (@)] dh)

kEZﬁ’ [7171}d

For the used notation we refer to (3). Recall the Fourier analytic decomposition of f in

fiz) = F ' @ .0 0 Ffl(x) , €N

See (15) for details. Obviously it holds for every k € Z 3

F=32" fisira (33)

leZzueNg
in S’'(RY), where we put @b =0,i=1,..,dif £ < 0. Hence we obtain for ¢ <1
. _ \¢
Ag(z) <ec Z Z Z 27“’“1( / ‘A;n"_“*ﬁﬁ f—+-+u(:v)}dh> . (34)
leZzueNs kez; [—1,1)d

Precisely, we used the unconditional L([—1,1]")-convergence (with respect to h) of the sum

Z Z Agiz%*ﬁvgfmﬁu(x) )

ZGZB ueNE

where x is fixed. This follows from their absolute Lj-convergence and (33). In some sense
the arguments are justified if one reads the estimates backwards.
If ¢ > 1 the triangle inequality in ¢, gives us the estimate

INEETS YD D SEL I \A%*h,ﬂfﬁzﬂ(m\dh)qr/q (3)

£€ZB 'EENB kEZB [—1,1]¢
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instead of (34). We continue estimating Az(x) in case ¢ < 1. For the moment we postpone
the case ¢ > 1. At next we decompose RHS(34) into the following blocks with respect to the

(-sum: .
% Z Z Z 2rkq< / A;ﬁ%*,—l’g Sizrra(@)| dﬁ) , (36)
ZEZ“ uENB kEZﬁ [—1,1)d
where a < 3,
Z§ = {(k1, . k) €27 (B =0 = k; =0)

A ((ag, 8;) = (0,1) = k;i 2 0)
((al, =(1,1) = k<0),i=1,...d}

and hence Z3 C U Zo‘ Consequently

a<p
5(z) < ey AG(x). (37)
a<p

We investigate the behavior of the integral

[ 180 s fea@ldi= [ 1850 o8 g frsnal@)|dh @9
[—1,1]4 [—1,1]4

inside RHS(36) for a fixed & < 3. To avoid technical difficulties we only consider the special
situation 3 = (1,...,1,0,...,0) and @ = (1,...,1,0,...,0), where |a| < |3|. All other cases can be
treated analogously. One only has to change the order of difference operators appropriately.
With the help of Lemma 3.3.2 and Remark 3.3.1, respectively, we get rid of the first part
Ag‘_ Fahia of the mixed difference in (38). Estimation by a maximal function of type (13) using

Lemma 3.3.2 and (28) yields

/ | Dy ks © ave Fxh, (B—a) Freyera(@)| dh
[7171](1
< ClA(|2€1+k:12—k1 ‘al’ |2€1+k12—k1 |m1) - A(|2€|a\+k|a\2—k\a| |a|547 |2€|0—4+k|&‘2—k‘a| |m‘a|) (39)

PB,&,&(ASKE*;;’(B_&)flé+2+a)(x> dh )

where a was chosen together with A right at the beginning. Additionally we put b =
(2t 2katta) - Recall the fact £1,...,05 < 0. In case |&| < |B| = n this simplifies
estimate (39) to

/ ‘ Angc*ﬁ,a © A;ﬁffc*ﬁ, (B—a) fl%+é+a($)‘ dh
[1,1]7

<20 208l al I (AN E*E’(B_d)fk-s-@-a)(ff) dh

[-1,1]¢



whereas we otherwise (in case |a| = |3|) end up with

‘ Am Fih.a o Am F-a) fk+K+u )| dh < 012£1m1 S et 2£nmn%,a,ﬁ(fl?:+l7+a)($)
[7171]d

instead of (40). To proceed with (40) we need a new strategy. The remaining difference
operator inside (40) acts on the components of f;, 7, ;(x), that correspond to the (-components
in Z%, which run over Ng. Of course it can be estimated in the same manner as done above.
We obtain by Lemma 3.3.2

%,a,a(A? ko, (G— fk+z+u)( x) < c2llals1®alia . QZnQnPB,a,B(fE+Z+ﬁ)($)- (41)
Let us first split the integrand in RHS(40) into the product
PE,&,&(AZEE*B, *_@)fl}-s-i-s—a)(x)
-\ A
= |f%,a,a(A§”_;;*,—l, ,@)fE+Z+a)|1 () - \Pz;,a,a(A?_E*E(B,d)fmﬁa)| (z).
In case min(p,q) > 1 there is no such splitting necessary, as A = 1 indicates. Moreover the

difference A2 Faii( fk +74q can be expanded to a sum with the help of (20). Using an

obvious subaddltlwty property of the operator I ; 5, we can write the sum in front of it.
This yields

Ea &(Am—k _d)fl?;+t7+a)($) < ¢ Z C@PB,a,a(flE+Z+a)(fE + w275 ]_1) ) (43)
Uf)EMde

(42)

where we refer to (6) for the index notation. Combining (41), (43) and (42) we obtain

/ } Agb—k*ﬁ,o? © A;h—f“*ﬁ, (B—a) fl_€+l7+ﬁ($)| dh

[~1,14
< e32tm . lamia Qla a1 (1m0 L gfean(1=X) ;2 (fk+€+u)’1_)\(x)><
x Y e / |p,;m(f,;+g+a)y*(x @ %27 F 5 F) dh.
IDEMg_a [,1,1]d
And finally Lemma 22 leads to
/ | A5 Fsh,a © A’;Z,;*E’ (B—a) frrira(@)| dh
[_1:1]d (44)
< 201l aifeta 0N g0V B (g )
“Migj410...0 Mn(|PE,a,d(fl_c+Z+ﬂ)|)\)($)-
We return to A@(:E). Together with (44) we obtain in our special situation
AG(x) <ex Y ofilmi=ri)a . . 9lia|(mia|="ia)d
KEZO‘
9latr[aa 1 (=N =riata]a . glnlan(1-XN)=rnlq (45)
o 45
D0 D 2R (frn) |V (@)
ueNg keZg

Mg 0 0 My(|By 4 5 (Frvina) )] (@)
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After modifying the sum over k such that it gets independent of ¢, the sum over £ is nothing
more than a geometric series and breaks down to a constant. This is a consequence of m > 7
and the second condition to A (and a). Hence we arrive at

A%(QU) <¢cs Z Z 2F'kq‘P2E,a,B(fl_c+a)’(17)\)(1(37) ’ ‘M|07|+1 0..0 Mn(|P2E,a,a(fl€+a)’/\)‘q(x)
aeNj keNg
=c5 Y 2TM Py o il V@) - Mo 1Py s fiI ) ()
keng

where My = M;, o...0 Ms_ and § belongs to 7 € {0,1}% as usual. Altogether we obtained
the following estimates for (C1) |a| < |3| and for (C2) |a| = ||

_Z 2(17*@.]“1‘]32/5@”@]0]5‘(17)\)61(:[;) ’ ‘Mﬁ—a(’PQE@’afI}’)\)‘q(x) G
keNd o

> 2(7’*5)%(1‘]32];,&75(]?];)|11<w) e
keNd

(46)

The case a = (0,...,0), i.e. |a| = 0, fits into (C1). One only has to replace Py . - f simply
by fz. With obvious modifications we obtain (46) for arbitrary 3 and a < (3. Inequality (46)
invites us to exploit the Theorems 3.1.3 and 3.1.5 for estimating ||A%(x)1/q]LpH. Hence we

obtain in case (C2)

- 1/q
( 2 2<r*ﬁ>"“q\P2k,a,ﬁ<fk>rqm) Ly
keng
= ¢5 || Pyt 0,527 ) | Lo ()| (47)
<o |27 £ Ly ()|
<er | £1S)F 7.

145 (@) 9| Ly ]| <es5

Let us now consider the case (C7). We begin using Holder’s inequality for sums with the
exponents % and ﬁ and obtain

A 1-X
a xB)-k A xB)-k
A560) < s 3 2 RING (1P @) ) (2P el )

keNg keNg
Applying the L,-(quasi-)norm to the previous inequality it follows
145 () /4| Ly |

Ap A=XN)p

(X 2 My 1Py oFi)) T (3 20 i)

kend kend

oy i)
( S oD Ra M (1P fil) <x>)

X
kend

< cs Ly

< cs Ly

1-N)/p
X

(5 #9000

kend
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Again we used Holder’s inequality with the same exponents, but this time for integrals.
Rewriting of the last inequality shows

HA%(l’)l/quH §C5HM575¢(’P215@@( r*ﬁ) kfk (z ‘Lp/)\ q//\ HX

g (48)
) Y
% |[Pys o 527D fp) (@) \L,, DI
The second factor can be estimated analogously to (47), i.e
* 1-A v F).E -
1By o 27 fi) @) Lo ()| < el 2797 f Ly ) o)

< erll 18] F I

Because of p/\, ¢/A > 1 and Theorem 3.1.3 the first part of the product (48) reduces to

| M5 1Pyt 0.0 7P )@ Liyyahan) | < s 1 1Pyt 0,0 27D )Py
= 08 | Pyr 5 5 (27 ) [ L (8|1
< o |27 ) Ly (81
< e1o 115 F I
This, combined with (48) and (49), yields
A5 @)/ Lyl < ext | £1S5.4F1%.
Hence (37) yields
SE(F) = 1A @) Lyll < ext | £1S5,4F 1%

The rest follows by Theorem 3.2.2/(ii). We finish the case ¢ < 1. To complete step 1 it
remains to describe the necessary modifications in case ¢ > 1. Let us start with (35).
The condition 7 > 0 allows the following estimation.

1/q <0222Fﬂfﬂ_1/q<czsupfﬂ.l/q22fﬂ

eezﬁ uEN@ EeZﬁ ueNﬁ
) o 1/q
oruqy,

> < 2 2 ]> (50)

ZEZB TLEN@

) Ronr B N\ Ve
=S (X ([ Akl a) )

leZz “keZgueNg (1,14

Next we decompose the sum over £ in the same way we did in (37) and put
. N\ 9\ Va
=S (2 ([ 1l a) )
KEZO‘ UENB keZﬁ, [—1,1]¢

From now on we can carry over the estimates given in case ¢ < 1 almost word by word.
The consequence are three cases for an upper bound for the expression A% (x)l/ 9 depending

on |@| and min(p,q) (i.e. A). We distinguish the case (C1) |a| < |B],A < 1 as well as (C3)
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la| < |B],A =1 and (C3) |a@| = |3|. Because of ¢ > 1 additionally the case min(p,q) > 1, i.e
A =1, is possible. See also (46). Altogether we obtain

_ 1/q
> 27M| Py 5 fr| V() - |Mﬁ—a(‘P2k,a,afk’/\)‘q(x)] : G
| keNg
. r ) 1/q
A%(aj)l/QSCH Z Zqu|M57&O Qk,a,a(fl_f)‘q(x)] Oy . (51)
| keNd
r ) 1/q
> 2rkq|P2E,a7g(fzz)!q(w)] 0 Cs
| LkeNg

The rest follows similar as above. The case ¢ = 0o can be treated with obvious modifications
and much more simpler arguments.

Step 2: We show the converse inequality using a classical construction by S. M. Nikol’skij,
cf. [Ni 3, 5.2.1]. The basic idea is to show

1F185 4 F 1% < cll f15; 4 FII" (52)

for every f € S'(R?) N Ly(RY), where ¢ = (¢',..., %) denotes an appropriate tuple from
@(R)d. These decompositions of unity are adapted to the order of differences used to compute
1 £1Sp ,FII%. For every i € {1,...,d} we put

mi—1

i () = (—1)mit] N Vg ((my — 1)
o) = (—1) ;}(M (s — p)a) (53)

where ¢ € C5°(R) such that

1z L1
1/’(””)_{ 0 @ |z|>3/2
Consequently ¢} € C§°(R) and moreover

der- {3 H o

(54) is clear in case |z| > 3/2. In the case |z| < 1/m; we have

po(z) = (—1)mi+1< i <m1> (—1)# — (_1)m¢)

pn=0
= (=1)™TH((1 = 1)™ — (=1)™)
1.

Therefore the function ¢f(z) is admissible in the sense of Definition 3.2.1 and the given
example to define via

p5(x) = p(2772) — gy (277 ), G221
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a decomposition of unity ¢’ := {gog (2)}520 € ®(R). Now formula (19) points out the connec-
tion to differences. Obviously it holds

pp(a) = (=1)™HH(ATY(0) — (=1)™)
and

i) = (1)U AYY, = AT L )9(0) for §>0,

2-Jx
respectively. Therefore the effect is the occurrence of differences on the Fourier side of f. We
consider the sequence { fz(z)} fengd » Where

folw) = F (' @ . @ ") ©Ffllx) , €N
It is necessary to divide the index-set Ng into 2% disjoint subsets in the following way
Ng= |J Iz .
pe{0,1}¢

where we refer to (5) for the notation. To avoid technical difficulties we again discuss only
the case g = (1,...,1,0,...,0) with [3| = n. Hence for £ € I5 we arrive at

|[fo(@)] = [FTH (A ) = 5%, )¥(0)

270¢ 2-htlg
! (Agnj@& - A;n—QZQqugz)w(O)

(B = B e JH(0)
n+1 d
40 (Eny1) - ‘Po(fd)}_f] (95)}
Together with (53) we obtain

anrl_l md—l

|fg($)|: Z Z C;'::rgl.m.CZ:ld.
Hn41=0 #a=0
Fo (O e, = D1 J0(0) oo (A = A7 () (5P)
P((Mp41 = pin1)€ns1) o Y((ma — pa)éa) F ] (2)]
where C)" := (—1)“(7}) for 0 < p < m. Since f is a regular distribution, elementary

calculations give us the following

F o (mén)-p(naéa) Ff)(x) = (27T)_d/2/f[(¢®--~®¢)(')](B)f(iﬁﬁmhla---a$d+?7dhd)dﬁ~
R4

The function g(h) := F[(¢ ® ... ® ¥)(-)] (h) belongs to S(R?). Consequently for every r > 0

there exists constant ¢, > 0 such that for every h € R?

(L [a )2 oo (L ha*) P g(R)] < e (56)
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holds. See also (7). Applied to (55), the differences on the right-hand side carry over to f,
precisely

|[fo(x (57)
/‘g A;nlzlh 1 A;nlelﬂh 1) (A;nnznhm A;n"/zn-uh )(Lﬁf)(x)‘dﬁ )

where

Mp1—1 mg—1
Lif(x) = Y - > Cpmat. O x (58)
Hn+1=0 Ha=0
X F(@1, ey Ty Tt + (M1 — Pt 1) Rt 15 o0y Ta + (M — pa) ha).-
With an eye on (19) we notice, that L f(x) is almost a mixed difference. Appropriate

decomposition of RHS(58) gives us precisely a sum of mixed differences. For technical reasons
we rewrite (58) in

Mn+41

Mn+1 X . mq
th< Z Z Cmn+1 —Hn+1 Cmd—#dx

Hnt1=1  pg=1
X f('rh ooy Ty Tyl + )unJrlthrl? ey Td ,U’dhd)'

(59)

See again (5) for our predefined index-sets. For abbreviation we define the quantity C7" :=
d

[T Cl'. Now it follows

i=1

Obviously

Together with (60) and (20) this implies

= > e AP fl@) (61)

dEEB
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where the 5 € {—1,1} were chosen suitable. Putting (61) into (57) and using A-inequality

we obtain the following
s <e 3 S0 [lo@l | A7 i ag o O f@)] b (62)
ﬁeEQ dGEB R4
We will write £,; instead of £, for some I C Ng. This makes clear, which index-set I belongs to

¢, in the present formula. Altogether this gives an estimate for ||27 f7(z)|Ly( qlNg)H namely

127 fo(@) | Ly (L)

e Y 127 @)Ly,
5e{0,1}4d (63)
2 2 3 B i eficnnge ot sl |

66{0 1}d u€Ej acEj

RHS(63) can be increased if we use the index-set N5 instead of I5 in the £;-norm and replace

¢ — 4 by £. We obtain

H2f'£fg(:n)|Lp(£q‘Nd)||
7l M .
Z Z Z H2 / ‘ AQ*Z*}’LB o A27Z*E,O_z f(l')‘ dh|L (€q|Nﬁ)
ﬁe{o 1}d u€Es acEy fa
Z Z Z H2T€/|g g" 750 A;ﬂ_z*E& f(z)|dn LP(EQIN—W)

56{0 1}d u€Ej ackEjy

Because of . . .
By ng 50 Do el (1) = Bole g o 57 (@)
for o € EB it holds
£S5 NP <es > > |27 ATt ans T @R Loty )
Be{0,1}¢ ack;
— s o7t / l9(h 5 F@]dh|Ly(tn)
Be{o, 1}d
It remains to estimate the summand
ot / 9| | A7 15 5 £(@)] d| Ly(Eyp)

for every 3 € {0,1}%. In case | 3| = 0 it breaks down to
st [t aiz
R4
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which equals || g|L1(RY)|| - || f|L,(R?)|. We will finish the proof by estimating (65) from above
by ¢ - SR( f) in case |3| > 0. For this purpose we want to discretisise the integral appearing

in (65) sunilar to step 1. For the used notation we refer to (3) and (4). Obviously

Jla®1- 187 f@lab= 3 [ lg®]-| A7 5.5 £(a)] dh

d neENd A
R =R Q4

Together with (56) we obtain for any s > 0

[l | AL f < e 3 2 [ 5 g d
Rd peNg Q2
<oy Y alilsgls / | A f(x)] dh
ﬂENg Qﬁ—ﬁ*@
— ¢ Z olil(1=s5)9—B(i—0) 9 —f(1-7) / ‘A?B f(z)| dh
ENG Qp_jg«i

Consequently we obtain for (65) in case ¢ <1

5 5 s (o)

feNg peNg

<cs

Q/]—E*Z

The next step is to rediscretisise the sum over £ to an integral over . Having an arbitrary

tuple t € Q+ hagy1 WE can rewrite the previous estimate to

[ S 2”(12|ﬁ|(1—5)‘I< % / | A f }dh) ]l/q

ZEN ENd [—t17t1}><...><[—td,td]

Ly

We use 27 = 28+(U=m)7 . 9(B+p)7  g=7+8 . 9(B*)T and obtain

o o N\ 111/4
1 [Z Z 2(ﬁ*u).rqglul(l—s)qt—(r*ﬂ)q< / ‘At*hﬁ (:E)‘dh) }

/e _— d
ZEN/@ peNG [—1,1]¢

) - o N\ q71/4q
/ [ Z ofi-(1=s+Px7)q Z g(r*ﬁ)q( / ‘At*hﬁ f(@)) dh> }

,L_LGNg ZGNB [_1’1]

Ly

(66)

Ly|l.

It should be mentioned that the chosen ¢ depends on the summation index ¢. Because of
measure theoretical reasons there must be a (z,£) € Q+ i such that the integral average

ha(f) = t_(F*_)q< / ’ At*hﬁ (CC)‘ dﬁ)q

[_171]

of the function
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with respect to the rectangle Q+ is greater than or equal h,(t). It is also remarkable

Brl+1
that h, is invariant in that components t;, which correspond to §; = 0. We will need this fact

later on. Hence we can replace h, () in (66) by

! / he(df

’Qp @*z+1’

p, ﬁ*[+l

which can be estimated from above by

where c is independent of x and £. This yields

1 1/q
I: Z 2u (1—s+p5*7)q / f%(ﬂ Ci_t:|
A

GNd leNz +
Q —Bit

l//

L.

(67)

Obviously the integration over the ”invariance”-components of h, breaks down to a constant.
Finally it holds

> [ n0%<e [ AL( [ oo ot nwla) Y

leNy QA (0,00)™ i=1 (-1,

a—pBxl+1

Thus we lost the pi-dependence. Putting this into (67), the g-sum is nothing more than a
convergent geometric series for sufficiently large s. This finishes the proof in case ¢ < 1. In
case 1 < g < oo we use the triangle inequality in ¢, to interchange ji- and /-sum. Finally the
modifications in case ¢ = oo are clear and make the estimates much simpler. (|

Remark 3.4.1 Let us give a remark concerning step 1 of the proof. If we would not exploit
the integral structure of the rectangle means after (42) and continue similar as before, the
method works only in case 7 > 1/ min(p, q). At exactly this point one gets an idea, why the
integral means are more powerful than classical difference constructions (which we will discuss
later in this paper). Namely, the integral in RHS(40) allows the use of Hardy-Littlewood
maximal functions. Here we need the chosen quantities A and a. On the one hand A and a
force the convergence of the f-series in (45) and on the other hand A < min(p, q) is used to
apply the corresponding maximal inequalities in (48). O

Remark 3.4.2 It has been proved recently by Christ and Seeger, cf. [CS], that 7 > 0,4 is a
necessary condition. See also [Tr 3, 1.11.9] for the isotropic case. (|

3.5 Localization

As we have already seen, the philosophy of difference characterization is to test the smoothness
of a function, checking the behavior of differences with small step lengths. Now the question
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arises, whether one can replace in (30) the (0, co)-integrals by (0,1)- or (what is essentially
the same) by (0,¢)-integrals, where ¢ > 0. This would be a certain type of localization
property, which works unrestricted in the isotropic case, cf. [Tr 2, 2.5.11]. We present a
partial result in the case of Banach spaces, except the constellation 1 = p < ¢ < oo, using
complex interpolation.

Let 0 <p < o00,0< g<ocand7 >0. For f € L,(R?%). Similar to (29) we define the quantity

17155 PR PB5 = I FIL, R+ D S5 (68)

1B1>1

where (modification in case ¢ = 00)

Taq ms, ms, N\9q7F 1V/4
Ht ‘(Atlhl,dl RRAYS ont (x)‘dh 7

© 1) [—1,1]»

Ly(R?)

for || > 1. We want to compare this to the quantity || f|S] ,F(R?)[|¥, cf. Theorem 3.4.1,
(29).

Proposition 3.5.1 Let 1 < ¢ < p < oo and ¥ > 0. Then there exists a constant ¢ > 0 such
that
s 7 d
1£1Sp FROIT < ]| £S5, o F (RY)||H*

for all f € L,(RY).

Proof We fix without loss of generality 3 = (1, ..., 1,0, ...,0) and estimate the quantity Sg(f).

Obviously it holds
dt,  dt,]"
[ [~ [ diemerse.]
t th

5(f) <a Z Ly
t1€Aa1 tnEAan

)

@EE@

where Ag = (0,1), A1 =[1,00) and

1 1
jogf(x):/.../m;’fglhél o AT o )(@)| dh - -
B

Let us only discuss the case a5, < ag, < ... < ag,. Changing the order of the ¢-integration
appropriately we obtain for such an & with |a| =n—m > 1

At dty 1/a
t. TR L.
H [ / H R ’Bf( z)! t1 ln ]

Ly

Aaq XX Aay,

|

Together with (20) it is possible to estimate R f () in the following way

. —r; . —T; m dtl dtn Y
H 2 q) / (Zl_Iltz q)Rt,Bf(ﬂf)qtl'”tn]

i=mtl (0,1)m

[1,00)7‘_’"

R?Bf( ) < C3T (R( ,),8— f())(xatlv 7tn) >
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where Trg(z, 11, ..., t,) acting on a function g : R xR™ — C, m < n is defined in the following
way:

ng(x)tlv 7tn)

L\H

1
/g $+d 7ﬁ7ﬂ’t177tm)dhm+l dh’n ) (70)
-1

e ,
with h = (0,...,0, hypt1, -, hyp) € R™ and moreover
d(avla7haf)5i:/~‘5i'hi'ti , t=m+1,..n

with 0 in all remaining components. Later we will use the translation invariance of the
Lebesegue measure and drop the quantity d(@, fi, h, t). Recalling (69) and using (70) together
with p > ¢ > 1 we obtain

dt,  dt, ]
L/t 2
1 n

Aqq XX Aay,

- dtq dt
Tzq m q n
[ / Ht (. ‘.,-),5_@f(')) (z,t1, ~-7tn)f T

Aaq XX Aay,

dtm dt, .
SC5Z< / H"'T(,H £ / dhmsr -+ - dhp X

<y

1/q
Lp]

tm—f—l n

peEMa ooy i=mtl [1,1]n-m (71)
T m _ _ dtq dtm, 1/q
Ht q R(tl,.“,tm),,@—&f(x+d(aa/~/47ha£>)q?"' n Lp/q >

(0,1)m
- dt,  dt,, 1"
TLq m

(0,1) l 1

:C6S§LL@(f)-

Because of the translation invariance of the Lebesgue measure we can leave out the quantity
d(a, f, h ,t) in (71). Hence the L, ,-norm gets independent of the outer integration over h

and tp41,...,tn. Since 7 > 0, the integral over [1,00)" ™ exists. Consequently we have
R,L 7
5(f) <cs Z S5 a(f) < cell f194F fLh
&EEB
which finishes the proof. O

At next we consider the case ¢ = 0o and 1 < p < oc.

Proposition 3.5.2 For 1 < p < oo and 7 > 0 there exists a constant ¢ > 0 such that
F dy|R P dy(|R,L
[F15p,00 F(RO™ < e ]| 15,00 F(RY)]]

for all f € L,(RY).
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Proof We fix again 3 = (1,...,1,0,...,0) and estimate the quantity Sg(f). With the same
notations used above we obtain

sup ( H t;”)R%f(ac)
=1

Ly|. (72)

Sg(f)ﬁq Z

acks

Aay XX Aay,

Again we only discuss the case a5, < a5, < ... < ag,, |&] = n —m > 1. Similar to (71) it
turns out that

n

sup YR f(x)| L

AA([[ )Ry (@) |Ly
n

<cy sup )T (R 2 f()) (2t tn)| L

AalX---XAan(Zzl ' ) Oé( Crer)fmas ())( ") 8

n (73)

< co Z sup ( H ti_”) sup / dhpyq - - dhy

feMa 1251[—41-100}11 t=m+l ztﬁ(()ln)m ~1,1]n—m

Ly|.

((IIt;”)thwngﬁaf@“+dgkﬁwh5»>
=1

Recall the maximal operator Mg, consisting of Hardy-Littlewood maximal operators corre-
sponding to &, defined in Theorem 3.4.1, step 1, (46). Using (22) and the scalar version of
Theorem 3.1.3 we have

n

sup H ti_”)R%f(x)

Aay XX Aan ;4

Ly

n

<c sup ( t;”)T& (R?7)’B,@f())(m‘7 i, sy tN)
1

Aaq XX Aap

1=

< csg|| sup Ma<(Ht;Ti)R?Zl,...,tm),ﬁ—&f) (x)
=1

}516(0,1) _
i=1,....m (74)

=c3||Mg| su ¢ RM - .
3 <.tiel(01,)1) (E VRt af)( )

Ly

m

<es| swp ([T67)RE 1 5oaf (@)
}52‘61(0,1) i=1
i=1,....m

= cs S5 (f)-

Together with (72) this completes the proof. O
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Let us finally consider the case 1 < p < ¢ < co. Recall (71) and (70). Also for p < g we show
the estimate
1/q
Lp]

W . dty  dty
H[ / (L[ltz q)T@(R(~,...,.),B—af('))q(ffvtla---atn)tTl“'Z

Aay XX Aan,

T —riay dt dt,, 144
[ / (1167)RE,.. tm)”@—&f(x)qtll"']
i=1

(75)
<c

|-

tm

It suffices to show the boundedness of the operator T; as a mapping between two weighted
L, (Lg)-spaces, i.e.
T& : Lp(quwq,m) - LP(LQ7wq,n) ’

where

k
Wep(t,nte) = [[ 77", 002 8>0, t;>0, i=1,...k <d.
=1

The function g(-,-) : RY x R™ — C belongs to the space L,(Lg.), w(t) > 0, if and only if

lg(, 8) - w(®)[Lq(8)| Lp()]] < o0.

The definition of the weighted Lebesgue spaces is borrowed from [Tr 1, 1.18.5]. We do not go
into detail. The usage in our situation is more or less obvious.

With the techniques from (71) and (74) we are able to prove the boundedness of T in the
situations

T& : Lp(Lpawp,m) - Lp(prwp,n) and T@ : LP(LOOﬂUoo,m) - LP(LOO,woo,n) : (76)

Recall that p > 1 is important for the second mapping. At next we use complex interpolation
and refer mainly to H. Triebel and [Tr 1]. The corners are defined by (76). Let J € (0,1)
such that

1 1-9 9 1 1-9 9

g p o ¢ P 1
where 1/p+1/p’ =1 and 1/q+1/¢' = 1. Using Theorem [Tr 1, 1.18.4] we obtain for k = m, n:

[Lp(Lp,wp,k)’ L:D<L00,woo,k)]19 = LP([LPfLUp,kv LOO,woo,k]ﬂ) = LP([(Lp’ #)/’ (Ll #)/] 19)'

Now Theorem [Tr 1, 1.11.3] gives us

L1ty ) (a2 )]) = B[y L 1))

D,k TWes |

and finally Theorem [Tr 1, 1.18.5] leads to

Lp<[L

L 1)) = Bl 1) = ol

/ /
p’”p,k‘ ,woo,k q’wq,k

Hence it holds
[Lp(vawp,k )v Lp(Loozwoo,k )]19 = LP(Lq,wq,k)

Thus (75) holds also in the case 1 < p < ¢ < 0.
Altogether we can state the following theorem.
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Theorem 3.5.1 Let p=g=1or1<p< oo, 1<q<oo. Let further 7 = (71, ...,7q) € R?
and m = (my,...,mq) € N* with m > 7 > 0,5 Then S} F(R?) is the collection of all
functions f € L,(RY) such that

1155, F R < oo,

Moreover || S5 F(R?)||%L is an equivalent (quasi-)norm in S7 F(R?).

Proof As we have seen, this is a consequence of Theorem 3.4.1, Proposition 3.5.1, 3.5.2 and
complex interpolation. O

3.6 Further characterizations

This paragraph deals with equivalent (quasi-)norms for Szqu (R%) using moduli of smoothness
and differences itself. The price one has to pay are stricter conditions to 7, namely 7 >
1/ min(p, q), which cannot be essentially relaxed. The aim is to derive the results from [ST,
2.3.3] for arbitrary d. Our proof is based on the characterization by integral means, cf Theorem
3.4.1.

The first step is a small modification of the integral means.

Proposition 3.6.1 Let p, g, 7 be given as in Theorem 3.4.1. In the sense of equivalent
(quasi-)norms the integral means

Rizf(x) = /'MAng ogzmﬁfx@hm (77)
[,1’1]n
in (30) can be replaced by
Rpsta) = [ | oo Al s @) b (78)
1> >1/2
i=1,...,n

Proof Let us recall the abbreviating symbol defined in (21). Assume ¢ < co. We consider
for fixed |3| > 0, z € R? and t4, ...,t,_1 > 0 the integral

(e o]

L= [ &R

tn=0

e ) 1

(]

tn=0

dtn

n

a dty
tn

thl,(s)f(x) 0t ),

R I

o0 tn/2 n—1
ng/tJ”{f/ /i‘(Ilﬂﬁhooﬁm"ﬂ)

=0 " =1

=0 (

1dt,,
(hl,...,hn_l)dhn> —

n

—tn/2[-11"1 T

L | (e)-ema

tn>|ha|>22 [-1,1]7 71

n=

t
q
+ 2q / tT_lrénq % X
tn=

n

(hlw“,hnl)dhn>
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An elementary substitution leads to

I, <27"n®. ],

] ] (e

tn=0 1>|hn|>1 111

1dt,,
d(hl,...,hn_l)dhn> ==, (79)

n

Hence we have

wee Ji( [ [ |

tn=0 1>|hn|>3 [1,1]7 !

q
th“5>f(x) d(h17"'7hn—1)dhn) -\
1

=

and iteration of this procedure gives us

- N\9qf 114
SH(f) < [/ H’f Q< / ’(Hﬁthm) dh>t] L,
(0,00)™ 1>\h1|>1/2 i=1
= "S¥(f).

The usual modifications lead to the same result in case ¢ = co. So let us define the quantity

17155 F RO = I FIL@®E + D SF ()

B1>1

O

Remark 3.6.1 Let us mention one important problem. It is clear, that the argument used
in (79) can only be applied if I,, < co. Assume f belongs to the space S;qF(Rd). Then one
only considers such points z where Az(x) < oo (see (31)). Fubini’s theorem then tells us, that
Ly(t1,....,tn—1) < 0o for almost all (t1,...,t,—1) € (0,00)" L. So the exception set has measure
zero and does not play any role for the integration with respect to t1,...,t,—1. On the other
hand, this argument causes problems, if f does not belong to the space S;qF(]Rd). Because
of || 1S5 FIF < | £S5 FIIF for f € Ly(RY) N S'(RY), it is not clear, that || f|S] F||f = oo
implies Hf|S;7qF||RI = o0o. In that sense Hf|S;7qF||RI can only be used as an equivalent norm
and not as a characterization. g

The following theorem is in some sense the counterpart of [Tr 2, Th. 2.5.10] and [ST, Th.
2.3.3], respectively.

Theorem 3.6.1 Let 0<p<oo,0<q<o0,7=(ry,..ry € RTand m = (my,...,mq) € Ng

with m > 7 > qu) Then the quantities

7 A
IF1S5 F@®DIMA = IFIL,RDI+ > 5720
pe{0,134,|81>1

are equivalent (quasi-)norms in S;qF(]Rd), where for |3| =n > 1
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g, m dt 1M
SgJ(f) = H[ / (Ht’L 5#1) |hs_l‘lft_ |(Ah16,}51 Ahf,"n “1 ] Lp(Rd) and
(0,00 i=1,.n
(i)
A —Ts, q m51 Mgy, q dh‘ /e d

SE(f) H |l NS oo AN f \ Ly(RY) (80)

with i = (|h1], ..., |hn|) and & as above. In case ¢ = oo one modifies in both cases

M/A m m
S A ) = || sup H Ih| ™" w00 AR ) ()| [Ly(RY).
he;éRO Pl

Proof Step 1: We show || f|S7  F||M < ¢|| f| S5 ,F||? following step 1 of the proof of Theorem
3.4.1. First we descretisise the t-integration and obtain (with the same notations used in
Theorem 3.4.1)

L —=Ts. m m, dt—
A = [ (™) s (8705, 00805, )@ F
(RSLE. S
<c Z orkq sup \Am Fuh 3 f(x)]9.

keZs he[-1,1]4

Now we use again (33) and obtain in case ¢ < 1

< C2 Z Z Z 2rkq sup |A2 k*hﬁkarZJru( )|q

d
leZ; ueN; ke Zg he[-1,1]

In case ¢ > 1 it holds an estimate similar to (35). What follows is much simpler on the one
hand, but much more restrictive on the other hand. Having no integral means for estimating
them by Hardy-Littlewood maximal functions we argue as follows. Z3 is decomposed as done
before, but now we directly combine the modified estimates (39) and (41), i.e

_ sup | A;ﬂ—l}*ﬁ fE+Z+ﬁ(~’U)| = _Sup | Am Fxh,3 A;ﬁ_;’c*ﬁ 3—a fl%+t7+ﬁ(l‘)|
he[-1,1]4 he[-1,1]d ’
< g2 lemialgliantal L gtan Py (o) ().

Recall that § = (1,...,1,0,...,0) with |3| = n, @ = (1,...,1,0,...,0) with @ < § and b =
(2kt6 | 2katla) Now the stronger condition 7 > 1/min(p, ¢) is required. In this case it is
possible to choose a tuple a = (ay, ..., aq) such that 7 > a > 1/ min(p, ¢). Proceeding similar
to Theorem 3.4.1 we get the estimate

%‘ <cy Z oti(mi—ri)g . ola|(mia—ra)q . 9lal+1(9aj+177a+1)d . . 9fnlan—Tn)q
EEZO‘
F(k+0
) Z Z 27kt )q|PB,a,B(fE+Z+a)’q(x)
aeNj keZg
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instead of (45). The rest is strait forward and essentially a consequence of Theorem 3.1.5

Step 2: It is sufficient to show Hf|S;qF||R/ < || f]S)  F|* for all f € 8], F(RY).
The case ¢ = oo is trivial. Let us first consider the case 1 < ¢ < oco. We again refer to (21)

For fixed z € R?, Fubini’s theorem and Ly — Ly on compact domains give

R 1dt
/ (1% azq)< / ‘(HAW(;) dh) 5
0oy =1 i=1

1>|hi|>1/2
i=1,...,n
e a e 1 dt (81)
ms, —rs; 4 7
SCI/KHAWSZ,)J@(@’ . / (11t )?7 dh
Rn =1 lhi|<ti<2|hs| =1
i=1,....,n
where
n
~ h;| T84
ntar AL
(Hti ' )iT < e n
5 t t
haj<ti<ofy = [T [hil
i=1,...,n i=1
It remains to discuss the case 0 < g < 1. We have
q(1—q)

dh> < sup

A
‘ <H s ) |hi| <ti

1 g (T o

1 - .
(G [ |(Tans )
ti2|hi‘>ti/2 =1
i=1,...,n

1>]hi|>1/2
i=1,...,n

a N4
dh).

Now we apply Holder’s inequality with the exponents and S and obtain

[ ([ [(em)ele)e]

(000)n =1 1>|h;|>1/2
i=1,...,n
[ dter [ [(fe) e a4
= J i n J hi6; t
(0,00)n =1 t>|h\>t/2 =1
1= 17 T
n n q 1-q
—r q
| ALer s (1805 )] ]
i=1 |hs|<ti i=1
(07oo)n 1= 1, YL

Using Fubini and Holder’s inequality again, we obtain the estimate

SE) < (11185, FII%) - (17185, FIIM) .

Having additionally
IFILpll < LFIZpNT - ILFILp ]

< (17185 I - (I1£1S  F M) 1
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it turns out, that
_ , ~ - 1—
1£1S. FII < es(I1F155F 1) - (1155, FIM)
With the help of step 1 and Proposition 3.6.1 we can use
1F1Sp g FIM < 11 £15,4F I
to finish the proof. O

Remark 3.6.2 Step 2 proves || f|S7  F(RY)||7 < ¢|| ]S ,F(R?)||M on the basis of
Hf]S;’qF(Rd)HR/ < c||f\S;’qF(Rd)HA. Of course this can also be proven directly by using
the A-inequality for integrals starting with || f|S) F (R%)||®. Hence we showed even more

than stated in the theorem. Under the given conditions S;qF(Rd) is the collection of all
f € S (RY) N Ly(R?) such that || £S5 F(R?)||M is finite. O

Remark 3.6.3 With a strategy similar to the proof of Proposition 3.5.1 one can replace
S2(/). |3] > 1, by

n nl/a
AL - m . dh
ssrn=|[ [ ADmolers, o oaps nwl F] e
i=1
[_171]1'1,
in the case 0 < ¢ < p < oo. Hence the corresponding quantity | - |S;qF(Rd)HA’L is an
equivalent (quasi-)norm in S}  F(R?) for 7 > (% - 1)+. O

3.7 Integral means of differences for S) B(RY)

This paragraph deals with Besov spaces of dominating mixed smoothness property. We give
a characterization of S;,qB(Rd), 0<p<oo 0<qg<ooandr > oy using integral means
of differences. Our main theorem is the counterpart of Theorem 3.4.1. In fact, it is not
surprising, that our techniques work in B-case too. The situation is much simpler. We use
scalar maximal inequalities instead of corresponding inequalities for the vector-valued case,
cf. Paragraph 3.1. Consequently the condition to 7 gets independent of ¢ and therefore it is
possible to give a characterization for 7 > o.

Our main result reads as follows.

Theorem 3.7.1 Let 0 < p < 00,0 < ¢ < 00, 7 = (71, ...,7q) € R? and m = (my, ..., my) € Nd
with /m > 7 > op,. Under these conditions the space Sy ,B (R9) is the collection of all functions
f € Ly(RY) N S'(RY) such that

IF1Sy . BROIF = [AL,RDI+ > SE(f)<eo
pe{0,134,181>1
where for [3| =n > 1

ssco=[ [ (e

(O,00) =1

[ 1@l oo 8T s N
[,1,1]'n

di '/
F e
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with & in the sense of (2). In case ¢ = oo one has to replace (82) by

n

s = s ([Tt:"™)

Ly(RY ||

[ @i oo AT @) b
[—1,1]"

Moreover || - [S5  B(R?)||# is an equivalent (quasi-)norm in S7  B(T%).

Proof Step 1: We follow the first step of the proof of Theorem 3.4.1. At the point, where A
and a were chosen, we modify in the following way. Choose a > 1% and 0 < A < p such that

7> a(l —\). In case p > 1 we simply choose A = 1. Let us fix a |3| > 1. We continue using
the methods from Theorem 3.4.1 with the obvious modifications to discretisise the quantity

Sg(f). This leads to
B B a\ a
[ 183 @)z ) |

R f) < < Z orkq
%GZB [—1,1)¢
If p > 1 we use (33) and the A-inequality in L,(T%) to obtain similar estimates as given in
(34) and (35). In case p < 1 we have to modify a bit. It is necessary to use the p-Banach-/A-
inequality to get the sums out of the Ly,-norm. That means

H / |Ami’35 (x)‘dBL Z Z / 2k*E,BfE+E+a(9C)‘dB

[,171]d EEZﬁ ”ENB[fl,l]d

<Z 2 H / AT i 5 Forira(®)] dh

ZEZB UGNE [_171]

Ly

p>1/p

Ly

And therefore it holds

Sé%(f)Sc(Zz”“f[ZZH | 180 feveata)| dh

kEZB EEZB ueNg [—1,1]d

Ly

P ] q/p> 1/q. (83)

In case ¢ < p the usual trick leads to

- B a\ 1/q

C<Z Z Z orkq / | AT b g SR tra(® z)|dh|L ) . (84)
EEZB EEZB ’EENB [_171}
If ¢ > p the triangle-inequality in ¢/, applied to (83) gives us
: B p 1/p
)<e Z Z HQT Ayl k*hgfk+£+u )| dh|Ly|| |lg

KEZB ueNﬁ [-1 1]d 85
. B B a\ p/ay1l/p (85)

Sq[ZZ( 27“q / AT 5h 3 fitira(x)| dh|Ly ) } .

@GZB EENE kEZﬁ 1
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Let us handle (84) and (85) in the same manner as we did it with (34) and (35), respectlvely
The rest follows analogously to the F-case. We decompose Sg( f) into the summands S ()

by dividing the index-set Z5 into the subsets Zg‘ (see (37) for details). Hence instead of (46)
and (51), respectively, the estimates (depending on |&| and p) look like

1/q
erkqm ’“&,Bfﬂ(lﬂ\)(x)'MB—a“ k“fk‘ x)‘Lqu
L kenNd
R.a [ _r q 1/q
SN e | X 2MMs o0 zk,a,au,;)(x)!LpH]
-kzeNd

1/q
5 2% Py 5000 ||

L keNg

In the first case we continue using Holder’s inequality for integrals with respect to % and
ﬁ. The effect is, that we are able to use the scalar Hardy-Littlewood maximal inequality,
cf. Theorem 3.1.3, for the space L/, where p/A > 1. In the second case we do this directly
because of A = 11i.e. p > 1. We finish step 1 by applying the scalar version of Theorem 3.1.5.

The case p = oo is included there.

Step 2: We follow step 2 in the proof of Theorem 3.4.1 until we arrive at (62). From now on

we replace || -+ |L, (¢ by || ---|€q(Lp)|| and obtain similar to (64
p p\Lq y
1£1],BIP < c 27 [ 1901 A7 1135 5@ b, (L)
ﬁE{O l}d R4

The rest of the proof can again be copied almost word by word from the F-case. We obtain

for
1) i= 277 [ lo(] | A7 5 10| Bty (L)
Rd
in the case |3| > 1 for every s > 0 the estimate
T5(f) <ecs Z oTlg|fil(1=s)9—B(A—E) 9—a(1-f) / ‘A%ﬁ ‘dh |NB( L,)
RENG Qu et
fi-(1—s+3%7) || 7—7*3 7
< 3 oplimstien| e / | AT 5 £ (@)] dR|ty i, (L) (56)
RENG [—1,1)¢
B _ o B a\ 1/aq
_ c; Z Qu.(ls+ﬁ*r)< Z 7—(xB)q / ‘ At*hﬁ (gc)‘ dh|L > ,
ﬂENg ZENB [—1,1)4

for all t € Q+ Bl Choosing s large enough and replacing the /-sum by an integral over

(0,00)™ by standard arguments one obtains

mn<a( [ AL [ @l ono Al s @] di

(O,oo)" =1 [_171]71
This finishes the proof. O

4 qf 1/q
L, t) . (87)
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Remark 3.7.1 (Localization) As already done in the F-case we consider the question, whether
one can replace the (0, 00)-integrals in (82) by (0, 1)-integrals. We obtain a positive answer
for 1 <p <ooand 0 < g < oo. The restriction p > 1 has only technical reasons (generalized
Minkowski’s inequality) and does not seem to be a natural condition. In particular for p < 1
the problem is open. O

3.8 Further characterizations

The aim of the present paragraph is to prove the results from [ST, 2.3.4] for arbitrary d with
help of Theorem 3.7.1. First of all we modify the integral means appropriately. See also
Proposition 3.6.1.

Proposition 3.8.1 Let p,q,7 be given as in Theorem 3.7.1. In the sense of equivalent
(quasi-)norms the integral mean R}" 5/ (x) in (82) can be replaced by R 5/ (x), cf. (77), (78).
We consider for p < 1 and ¢ < oo the integral

[”:7”" H]( BT, ) o)
[”"(H/ [ |(TTam) e

—1/2 =111

| ] (e e

hnl>1/2[-1,0n-1 =1

1dt,,

n

d(hy, ... hn1) dhy|L,

p
d(h1, ..., hp—1) dhn|L

P\ 4/p dt,,
)
In case ¢/p < 1 we immediately obtain by the same trick used in the F-case

I, <c / ty o9 '(HAtth)

tn=0 hn|>1/2 [~1,1]n—1
In case ¢/p > 1 we apply the A-inequality for the space L, /p and obtain

wel(Jel [ J (it

n* 71/2[ 11”7
(i)

oo
(]

tn=0 |hn|>1/2 [~1,1]7—1

N d(hi, ... hne1) dhn|L

9dt,,
. (88)

n

) d(hi, .., 1) dhn|L

d(hi, ... hn_1) dhn,

9 dt, p/q
o s

9 dt, p/q 149/p
Lp Z .

W d(Ry, ..o ho1) dhi

Consequently it holds

oo
Iﬁ/q§c< / tr—Lrénq

tn=0 |hn|>1/2 [-1,1]n—1

9 dt, p/q
d(hi,...;hn—1) dhy,|L, i) ,

which implies (88). The case p > 1 can be carried over almost word by word from the F-case.
We denote the corresponding (quasi-)norm by ]\f|S;qB(]Rd)|]R/. O

(TT25) @)

=1
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Let us now prove the dominating mixed counterpart of the classical difference characterization
for Besov spaces, cf. [Tr 2, 2.5.12]. We need to compute moduli of smoothness with respect
to a rectangle, given by

n

(11" S (AR oo A £)(@)|LpRY)|, t: >0, i=1,..,n.
=1 1:71_1n

The following theorem points out especially the situation 1 < p < oco. Having powerful
techniques in this case (generalized Minkowski’s inequality), we are able to cover all spaces
with 7 > 0.

Theorem 3.8.1 Let 1 <p <00, 0< q<o0,7=(r,..,1rq) € R and m = (my,...,myq) € Ng
with m > 7 > 0. The following quantities describe equivalent norms in the space S;qu (Rd):

- M/A
1£1S5, BROIMA = AL+ Y S7720h ,
Be{0,1}4,]8/=1
where for |3| = n > 1 (modification if ¢ = o0)
(i)
- —Ts. m, m, dt /
svn=( [ (AT s IA7, oosf N @Y )

i— |hi| <t
(0,00 =1 =1,

o [ A m dn1"
SBA(f) = [/(H\hzy 59)[| (A hj}h oAhf’"n )| Lp( (R%) )|* = ] )
i=1

Rn
with i = (|h1], ..., |hn|) and & as usual.

Proof Step 1: We follow [Tr 2, 2.5.12] to show
£S5 BI™ < cllf1Sp 4 BII?
for f € S'(RY) N L,(RY). With the same arguments used several times it follows in case ¢ < 1
7k q Ha
Nea( L X L2 sn |68 fnna@lbl?) -
leZzueNykezy; — Mel-LA

Because of p > 1 we exploited the usual A-inequality in L,. The supremum is applied after
taking the Ly-norm. Hence we can use the translation invariance of the Lebesgue measure.
We obtain on the one hand

| A% 45 5 TrazralLoll < emll frizpal Lol (90)

On the other hand Lemma 3.3.2 and Remark 3.3.1 give us for the special case 5 = (1, ..., 1,0, ..., 0)
the following (see also (27))

6 ot b olama\|| P £ -
| A 5 h 5 Frriral Lol <A@, 20m0) - AR5, 2 ) | Py 1 fry gyl Lol
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Hence the scalar versions of Theorem 3.1.5 leads to the estimate

| A7 i 5 Frsival Lol| < c2A(20,20m0) o A@S 2™ ol Lol (91)

We combine (90) and (91) in order to get

7 3 14 3 en n _
| A5 k5 5 ferzealLoll < camin(1,2970) - min(1, 27) - || fr gl Ll

Putting this into (89) we derive

SY(f) < C4< Z 2~amd min(1,200m9) . 27Tl pin (1, 260
ZEZB
i 1/q

x Z Z 2r(k+£)quk+e+u‘Lqu) .

ue 6k€ZB

Let us increase RHS(92) by putting 2"%¢ into the #-sum. Hence it holds

SE () §C5< > 27hmimin(1,20m9) - 27 in (1, 29 x
ZGZE

o 1/q
DID I TN

ﬂGNB E‘EZB
_ 1/q
=c5 <”f|S;,qBHq : Z 27 i (1, 209y . 97Tl min (1, anmnq)> ’
ZEZE

where the /-sum is a convergent geometric series, that breaks down to a constant. With
obvious modifications done several times one can also treat the case g > 1.

Step 2: We see immediately Sg( < Sg/[ (f) for all f € L,(R?) using generalized Minkowski’s

inequality. It remains to prove ||f\S;7qB||R/ < c||f]5’;7qB||A. We postpone it to the proof of
the next theorem. O

Remark 3.8.1 Under the assumptions of the last theorem one can characterize the space
Sy BRY) by || -5 F(RY)|M. See also Remark 3.6.2. O

Our last theorem deals with the case 0 < p < 1. We were able to give a result for 7 > 1/p,
but not for 7 > 0, = 1/p — 1, as it is possible in the isotropic case, cf. [Tr 2, 2.5.12]. This
problem still remains open, cf. also [ST, Remark 2.3.4/2].

Theorem 3.8.2 Let 0 < p,q < 00, 7 = (71, ...,74) € R? and m = (my, ..., mg) € N& with m >
7 > 1/p. The following quantities describe equivalent (quasi-)norms in the space S; B (R%):
| £S5 BRI = | FL,@D)+ > SR

pe{0,1}4,|8/=1
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where additionally to Theorem 3.8.1/(i)/(ii) for |3| = n > 1 (modification if ¢ = co)

/ L —Trs. m, m, d{ 1/q
Séw (f) = < / (th élq)H |hsl|1£t |( Ahl‘ilél 0...0 Ahjznf)(a:)HLp(Rd)Hq = )
(0,00)n =1 i=1rm

with § as usual.

Proof The same techniques we used in the proof of Theorem 3.6.1 combined with corre-
sponding arguments out of Theorem 3.7.1 lead us to

17155 BIM™M < cll£1S;,BII?. (93)

It remains to show || f[S]  B||IF < ¢[| f|S]  B|® by estimating

- q
H / ’(Atlzll,(sl o Atn‘;z"m(snf)(x)‘dh Ly|| - (94)
1>|hi[>1/2
1=1,....n

Assume p < 1. With the usual trick and Holder’s inequality with respect to ]lj and —— we have

1-p
q
| vl ] [ ra
|hil<1
1>[hi[>1/2 1>[hi[>1/2 i=1,...n
i=1,...,n i=1,...,n
P g7 Vpap a(1-p)
<( [ lelmlran) T T s s
|hil<1
1>]hi|>1/2 i=1,..,n
i=1,...,n
A\ 7 a(1-p)
<o [ e lmlldn) s
hi|<1
1>|hs|>1/2 i=1,..,n
i=1,...,n

Using again Holder’s inequality for the ¢-integral (see Theorem 3.6.1) with respect to 119’ 4

1-p
we obtain

sﬁl(f)ga(sgf(f))l-px{/(ﬁt;miq)< / H“"Lpudh)qcff]l/q.p

(0,00)n =1 12|hi|>1/2
i=1,...,n

(95)

Now we proceed exactly as in step 2 of Theorem 3.6.1. This gives us in case ¢ > 1

S§ () < ea(S57(N) - (S5 ()

and in case ¢ < 1

/ ’ 1— 1—
SE(f) < ea(SY() - (S5 P (SH ().
Finally we use (93) and Proposition 3.8.1 to obtain in both cases

171854 BI < esll f15,4BI>.
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It remains the case p > 1. Here we use generalized Minkowski’s inequality to estimate (94) by
putting the L,-(quasi-)norm inside the integral. Afterwards we proceed as above and obtain
in case g < 1.

/ 1—
ST (F) < ea(SA(H) (Y () (96)
Obviously (96) also completes step 2 in the proof of Theorem 3.8.1. O

Remark 3.8.2 We showed even more. Similar to Sy , F(RY), cf. also Remark 3.6.2, the space
S;qB(]Rd) can be characterized by || - ‘SZ,qB(Rd)HM'_ -

Remark 3.8.3 The proof for the isotropic case in [Tr 2, 2.5.12] is based on Jackson type
inequalities and characterization by approximation. It is not possible to carry over this idea
to the dominating mixed scale, since we even do not have a corresponding characterization
by quantities of best approximation. ]

Remark 3.8.4 The localized versions ||-|S5 . B(R®)[|M:L||-|S7  B(R?)[|AF of ||-|S5  B(RY)[|M
and | - S} ,B (R%)||A are equivalent (quasi-)norms in any case. One estimates the

L,-(quasi-)norm of the differences of f according to the (1, 0co)-integrals simply by the norm
of f using the translation invariance. Consequently these integrals vanish. Recall also Propo-
sition 3.5.1. ]

4 Spaces on T¢

4.1 Preliminaries
Distributions on the torus, periodic distributions

Let T¢ denote the d-torus, represented in the Euclidean space R¢ by the cube T¢ = [0, 27T]d,
where opposite points are identified. That means, that z,y € T¢ are identified if and only
if z —y = 27k, where k = (ki,...,kq) € Z%. Let further D(T?) denote the collection of all
complex-valued infinitely differentiable functions on T¢. In particular one has f(x) = f(y) if
x —y = 27wk and f € D(T?). A linear functional f : D(T?) — C belongs to D'(T%), if and
only if there is a constant ¢y > 0 such that

[f(p)| <en D sup [D¥f()|

d
< €T

holds for all ¢ € D(T¢) and for some natural number N. T' € D'(T%) is said to be a regular
distribution, if there exists a measurable function f : T — C such that

T(p) = / f(z) p(z)dz , e DT,
Td

d
Recall that z-y = > x;y; for z,y € R?. The Fourier coefficients of a distribution f € D’(T%)
j=1
are the complex numbers given by

fk)y=@m)~f(e7™*) . keZ’.
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In the sense of convergence in D'(T¢) it holds
f= fk)ete.
kezd

See [ST, Ch. 3] for details. Furthermore T» C D(T¢) denotes the collection of all trigono-
metric polynomials with harmonics in A, precisely

T = {t(m) = ape®”

keA

akE(C},

where A C Z¢ is a finite set. Of course every trigonometric polynomial ¢(z) € T can also be
interpreted as a distribution from S’(R%) in the usual sense

o / Ha)p(@)de , oeSERY . (97)
Rd

with supp Ft C A. In that context it is called periodic distribution.

Vector-valued Lebesgue spaces

Let us define the periodic counterparts of L;} (R%,¢,). We follow [ST, 3.4.1]. L,(T%) denotes
the space of all measurable functions f : T¢ — C (that means f is 27-periodic in each

direction) such that
1/p

1 £1L,(T9)]| = / Fa@)Pde| <o
Td

with the usual modification in case p = co. Also in this situation we have for 1 < p < oo the
embeddings
D(T?%) ¢ L,(T%) ¢ D'(T%).

Furthermore we define for 0 < p < 0o and 0 < ¢ < oo the quantity

1/p

p/q
I{ feteer| Lp(T% £g)|| = /(Z\fk(xﬂq) dx

Td kel

(modification if ¢ = co) where the f; : T — C are Lebesgue-measurable. L,(T%, ¢,) denotes
the corresponding (quasi-)Banach-space. Again we have fi € L,(T¢) for k € I if {fx}res €
L,(T?,¢,). Finally we define the spaces LQ(Td, q), where A = {A;} er denotes a sequence of
finite subsets of Z%. We define for 0 < p < 0o and 0 < ¢ < oo

Ly (T4 bg) = {t = {t;(@)}jer : t; € TV, j € I |It;| Lp(T% £;)]] < oo}
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Maximal functions and maximal inequalities

The maximal functions M f, M;f as well as P, f and Py 5f are defined by (8), (10), (11)
and (13). Of course these definitions also make sense in the periodic setting. Therefore
the existence of periodic counterparts of the Theorems 3.1.2, 3.1.3, 3.1.4 and 3.1.5 is not
surprising. Consider for instance [ST, 3.2.4].

Theorem 4.1.1 Let 1 < p < oo and 1 < ¢ < co. Then there exists a positive constant ¢ > 0
such that
||Mfk’Lp(Tda€q)” < ||fk|Lp(Tda£q)”

holds for all {fx}rer € Ly(TY, £,).

Proof Let g € Lp(']I‘d). Because of the periodicity of g one obtains the inequality
Mg(z) < cMg(z) for zeTd |

where §(z) is the restriction of g(z) on [~3m,37]? and in particular not longer a periodic
function. Theorem 3.1.2 then implies

M fie| Ly (T, £g) || < cx|| M firo| Lp(R?, £,)]]
< ol il Lp(RY, £)
< CS”fk’Lp(Tdvgq)H-

O

Using the same arguments like in the proof of Theorem 3.1.3 we derive its periodic version
directly from the last theorem. We obtain

Theorem 4.1.2 For 1 < p < oo and 1 < g < oo there exists a constant ¢ > 0 such that
||Mifk|Lp(Td»€q)|| < C||fk|Lp(Tda£q)|| , t=1,...d.

holds for all sequences {fy }xer € Lp(T%, ¢,) on R, O

Finally we translate also Theorem 3.1.4 into the periodic setting.

Theorem 4.1.3 Let 0 < p < 0o and 0 < ¢ < oo. Let further b* = (b¢, ...,bfl) >0forl el
and A = {A;}se; a sequence of finite subsets of Z¢ such that

Apc{eeR? g <bf,i=1,..,d} , (el

1
min(p,q)

Finally assume § = (s1,...,84) > . Then there exists a constant ¢ > 0 (independently

of t and b*) such that
H%‘-’,gtf,l;p(jrdveqw <c Htﬁ‘Lp(TdaEq)H

holds for all systems of trigonometric polynomials ¢ = {t;}scs C L{D\(Rd,ﬁq).

Proof The assertion is a direct consequence of Lemma 3.1.1 and Theorem 4.1.2. The argu-
ments in the proof of Theorem 3.1.4 carry over literally. U
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Of course also Theorem 3.1.5 has a periodic counterpart. It reads as follows.

Theorem 4.1.4 Assume p,q,b",5 and A = {Ay}ycs as in Theorem 4.1.3. Let further a €
{0,1}?. Then there exists a constant ¢ > 0 (independently of ¢ and ) such that

|| Py 5.5t Lp( (T%, £g)|| < e[te| Lp(T?, £9)]|

holds for all systems of trigonometric polynomials ¢t = {ty}sc; C L;}(']I‘d, ly). O

4.2 Definitions and basic properties

This paragraph deals with the Fourier-analytic definition of the spaces S;’qB and S;’qF on
the d-torus. One has to combine the techniques in [ST, Ch. 1] with the periodic versions of
the stated maximal inequalities to collect all necessary tools. Analogously to the methods in
[ST, Ch. 3] introducing the scales F5 (T¢) and B (T%), we define S}  B(T?) and S  F(T%).
Recall Definition 3.2.1 (decomposition of unity) and Definition 3.2.2 (spaces on R%). For the
periodic case the building blocks, cf. (15), are given by

fo(z) = Z (901 RX..® Sod)z(k)f(k,)eik-ac

kezd

and obviously it holds

f= Z fs(z) , convergence in D'(T9).
ZeNg

Definition 4.2.1 Let 7 = (r1,...,74) € R 0 < ¢ < oo and ¢’ = {cp;(x) 2o € 2(R),
i=1,..,d.

(i) Let 0 < p < co. Then S;’qB(Td) is the collection of all f € D'(T%) such that

LFISE BT |7 = (Z o7l

feNgd

Y (p' @ @eM)gk) f (k)™ | Ly(T)

kezd

q> 1/q

is finite (modification in case ¢ = 00).

(ii) Let 0 < p < co. Then S;qF(']I‘d) is the collection of all f € D'(T¢) such that
. p . el 1/q
S 0! @ ()| )

kezd

|F1ST P (T w—H( Yo

2eNd

L, ()|

is finite (modification in case ¢ = 00).

O

Remark 4.2.1 All properties of the corresponding spaces on R?, i.e. Remark 3.2.2, Lemma
3.2.1 and Lemma 3.2.2, carry over almost literally. Only R? has to be replaced by T¢. O
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4.3 Integral means of differences for S; F(T7)

We are now in a situation similar to Section 3. Because of (97) all techniques developed
in Paragraph 3.3 apply in the periodic case as well. In addition, with Theorem 4.1.2 and
Theorem 4.1.4, we have analogous maximal inequalities. It is clear, how to modify the proof
of Theorem 3.4.1 to obtain the following main characterization.

Theorem 4.3.1 Let 0 < p < 00, 0 < ¢ < 00, 7 = (11, ...,74) € R and m = (my, ..., myq) € N¢
with m > 7 > op,. Under these conditions the space S;’qF(’]I‘d) is the collection of all
functions f € L,(T?) N D'(T%) such that

ISy TN = I ILp(TH+ D> SE(f) <o, (98)
pe{0,13,]8]>1

where for [3| =n > 1

T ms ms “di ' d
n=ll [ e ([ e o nmn nwlan) § o
(0,00)™ [-1,1]™
with & assigned to 3 in the sense of (2). In case ¢ = co we put
SEG) = | s (T4 | @ls oo 80 5. 1)) dh (T
00" izt (1,1
Moreover (98) is an equivalent (quasi-)norm in Sj F(T%). O

By the same reasons we can carry over Theorem 3.5.1 and obtain its periodic version.

Theorem 4.3.2 Let p=g=1or1<p< oo, 1<¢q<oo. Let further ¥ = (r1,...,7q) € R?
and m = (my,...,mq) € N? with m > 7 > 0,4 Then S F(T?) is the collection of all
functions f € L,(T?) such that

1S (XD = I FILy(TH] + D S5 (f) < oo
1811

where for |3| = n > 1 (modification in case ¢ = o)

s ms, ms,, AL d
- (e ( [ Vs eoari s n@ldn) L] |z
o -1
with 0 as usual.
Moreover || f|S], F(T9)||®% is an equivalent (quasi-)norm in Sp . F (T%). O
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4.4 Further characterizations
Let us confine on the main result and state the periodic version of Theorem 3.6.1.

Theorem 4.4.1 Let0<p<oo,0<q§oo,f:(7“1,..
with m > 7 > Then the quantities

,1q) € RTand m = (my, ...,mq) € Ng

mm(p a)’

IAIS; FXDIMA = IFL, )+ > s¥A)
Be{0,1}4,31>1

are equivalent (quasi-)norms in S} F(T?), where for 3] =n > 1

(i)
M i —Tgiq mg 1 m5n qdf 1/q d
SB (f) = (th ) |hS-l\1£t- |(Ah1,51 OAhn,én (a:)‘ ¥ L,(T%)| and
(000)r =1 i=1,..n
(i)
A . —7s5.q m51 msy, q dﬁ /e d
Sg (f) = (H|hz| i )‘( h1,01 ’OAhm(snf)(ﬁ)‘ f Ly(T7)
B i=1
with h = (|h1], ..., |hn|) and § as usual. In case ¢ = oo one modifies in (i) and (i) to
M/A - _r m mg,
S50 = || sup (TL1hal 7o) [(A57%, 00 A% )(@)]|Zp(T?)]
hhéfo i=1
(|

Remark 4.4.1 All results and remarks concerning characterization and localization keep
valid. 0
4.5 Integral means of differences for S; B(T?)

Let us state here and in the next paragraph the corresponding results for the periodic B-scale.
The main characterization by integral means reads as follows.

Theorem 4.5.1 Let 0 < p < 00,0 < ¢ < 00, 7 = (71, ...,7q) € R and m = (my, ..., my) € Nd
with m > 7 > 05,. Under these conditions the space quB(Td) is the collection of all functions
f € Ly(T%) N D'(T?) such that

1F1Sp g BTN = IAIL(THI+ > SE(f) <o,
Be{0,1}4,8/>1

where for [3| =n > 1

sto=[ [ e

| [ Cam oo a s @l

[,1’1]n
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with ¢ as usual. In case ¢ = 0o one modifies as follows

n

77'1. m, n T d
st g (1] ] 5o o ol
’ =1 [7171}71
= d R : . . . = d
Moreover || - Sy, ,B(T?)[|"* is an equivalent (quasi-)norm in Sy  B(T?). O

4.6 Further characterizations

And finally also the classical characterization can be applied for the periodic B-scale. Let us
finish with the following two theorems.

Theorem 4.6.1 Let 1 <p<00,0<q<o00,7=(r1,..,r4) € R and m = (my, ...,my) € Nd
with m > 7 > 0. Then the following quantities describe equivalent (quasi-)norms in the space
S5 B(T)
7 A M/A
IF1S5 BTMA = LT+ Y S350
pe{0,1}4,]5]>1

where for |3| = n > 1 (modification if ¢ = co)

(i)
e —Ts; m m df 1/q
Séw(f) - < / (Htl 6Zq) ‘:TE H(Ahlﬁh O"'OAhna,%nf) (x)‘LP(Td)”q ? ) and
(000 i=1,mm
(i)
z —7r m m dil 1/(]
S5(f) = [/(H (Rl o) [[( A5, 000 Ahj,%nf)(x)}Lp(qrd)HqB] ,
Bn i=1
with & = (|h1], ..., |hn|) and & as usual. O

Theorem 4.6.2 Let 0 < p,q < 00, 7 = (r1,...,7q) € R and m = (my, ..., mg) € N¢ with
m > 7 > 1/p. Then the following quantities describe equivalent (quasi-)norms in the space
St B(T9):

P

7 ! /A
IS BEYMACA = L@+ S SR
Be{0,1}4,5>1

where additional to Theorem 4.6.1/(i)/(ii) for || = n > 1 (modification if ¢ = 00)

n

’ —Ts. m, m, dt_ 1/q
Sg/[ (f) = ( / (th 6#1)” |hSl‘l£t ‘(Ah;}l o...oAhné%nf)(x)HLp(’]I‘d)Hq? )
(0,00)r =1 =1y

with § as usual. OJ

For sake of completeness we again refer to Remark 4.4.1.
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