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Abstract
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1 Introduction

Let (a ) X (a?)jo-‘;o be convergent sequences of complex numbers. The respective

limits are denoted by a',...,a? In addition we put a*, = 0, ¢ = 1,...,d. Then

a’ = Z;io(@? — a%_,) and hence

al- Z H le

Jiyeee3Ja=0 £€=1

It has been the idea of Smolyak [32] to use the sequence

Z H Ml m=0,1,...,

Jitetias<m (=1
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to approximate the product a' - ... - a?. Now, if
ajl-:a?:...:a;lzljf(x), xeT,

where I; denotes a sampling operator with respect to a certain set 7; of sample points,
then the suggested approximation procedure results in an operator which uses samples
from a sparse grid in T? only, cf. Section 3 for details. Furthermore, the sequence
of sampling operators constructed in such a way, should yield good approximations of
tensor products f; ® ... ® fy of functions f, : T — C. In this paper we investigate the
approximation power of these sampling operators for functions belonging to periodic
Sobolev and Besov spaces of dominating mixed smoothness, see the Appendix for
a definition. Let A(T?) be either a Sobolev or a Besov space of dominating mixed

smoothness on T¢. Then the norm in these classes is a cross-norm, i.e.

Ih®...ofal AT =T I f 1AM

=1

Hence, the function spaces under consideration here, are sufficiently close to the tensor
product of function spaces defined on T. Based on the approximation power of I; on
the torus T we shall derive sharp estimates for the order of convergence of Smolyak’s
algorithm on T¢.

The present article continues investigations of the approximation properties of trigono-
metric interpolation with respect to uniform grids, see [14, 15, 34, 36, 27|, where we now
study the d-variate situation with respect to a sparse grid. More precisely, we investi-
gate the rate of convergence of the Smolyak algorithm (applied to a sampling operator)
for functions belonging to a Besov space of dominating mixed smoothness. This con-
tinues earlier work of Smolyak [32], Temlyakov [34], Wasilkowski, Wozniakowski [42]
and one of the authors [28, 29]. It turns out that the Smolyak algorithm applied to
a sampling operator yields a worst case within a wider class of Smolyak algorithms.
In particular, the Smolyak algorithm applied to the partial sum of the Fourier series
behaves better in approximation order than the Smolyak algorithm with respect to a
sampling operator, see Subsection 3.2 for details. Let us mention that the algorithm
applied to the partial sum of the Fourier series results in approximation from dyadic
hyperbolic crosses, a subject, widely treated in the literature, see e.g. [2, 3], [1], [5],
[7], 19], [12], [17], [18], [20], [24], [25], [30], [32], [37], [36] and [42].

The paper is organised as follows. In Section 2 we deal with interpolation on the torus
including the discussion of some examples (de la Vallée-Poussin kernels, periodic spline
interpolation, and Dirichlet kernels). Then we switch to the d-dimensional case in Sec-

tion 3. To begin with we recall the construction of the Smolyak algorithm (Subsection
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3.1), discuss a few more or less elementary properties of it and then we formulate our
main results on the approximation power of this algorithm in a rather general frame
(Subsection 3.2). Also consequences of our estimates for the problem of optimal recov-
ery (sampling numbers) are discussed. Afterwards a few examples are presented based
on what has been done in Section 2. Section 4 contains the proofs. The definitions and
a few properties of Sobolev and Besov spaces of dominating mixed smoothness will be
recalled in the Appendix.

The symbol I is reserved for identity operators (we do not indicate the space where [ is
considered, hoping this will be clear from the context). I,, and I(A],-) denote special
sampling operators defined in Section 2. We also use the notation a =< b if there exists

a constant ¢ > 0 (independent of the context dependent relevant parameters) such that
clta<b<ca.

Constants will change their value from line to line, indicated by adding subscripts.
Sometimes a constant will represent a fixed value for the paper. This is indicated by
capital letters like C,Cy,.... Finally, if # € R? then || is used for the Euclidean

distance (norm in ¢¢) and |z|, denotes the norm in ¢4, respectively.

2 Interpolation on the Torus

In this first section we give a short survey about certain aspects of trigonometric

interpolation.

2.1 Periodic Fundamental Interpolants

As usual, N is reserved for the natural numbers, by Ny we denote the natural numbers
including 0 and by Z the set of all integers. Let T denote the torus, represented in
R by the interval T = [0, 27|, where opposite points are identified. The functions f
considered in this section will always be defined on the torus, i.e. they will be complex-

valued and 27-periodic. As usual, let
alf) = a7 [ foe ™, kez,
T
denote the Fourier coefficient of f € L;(T). Further, let

Dp(t) == Z ettt teT, meNg,
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be the Dirichlet kernel and let

th@ =t =T (1)

L f(t) = 2m + 1

2m+1

Then I, is the unique trlgonometrlc polynomial of degree less than or equal to m which
interpolates f at the nodes t,. This is the prototype for the class of sampling operators
on T we have in mind. To generalise this concept we proceed as follows.
Let n € N. We put

Kn::{KEZ:—E§€<E} and Jn::{tg— 2ml VS K} (2)

2 2 n

Obviously, the cardinality |J,,| of J, is equal to n. Here we are interested in periodic
fundamental interpolants with respect to this grid J,, i.e. we consider continuous

2m-periodic functions A,, such that

An(tg) = 50’47 (e K,.
Here ¢ is the Kronecker symbol. As in case of the trigonometric interpolation we
associate to such a fundamental interpolant a linear operator given by

I(Ap, F)(E) = > f(te) Au(t — ).

leKy,

In this section our aim consists in deriving some sufficient conditions on A,, such that
we can estimate the error f — I(A,, f) in the L,-norm for functions from Nikol’skij-
Besov spaces. For us it will be convenient to construct a sequence (A,,), from one given
function A : R — R. In this context the Fourier transform represents a tool with some

advantages. For A € Ly (R) we put

FA(E N dt, £ ER.

=vw .

Then the following lemma is known, cf. e.g. [30].
Lemma 1 Let A : R — R be a continuous function such that
(E1)  A@2wl) = dge, telZ,

(E2) Z |A(z + 27k)|  is uniformly convergent on [0, 27].
keZ

(i) Then, forn € N,
AT(t) =) A(nt+2rln), teR, (3)

LeZ

1s a continuous 2m-periodic fundamental interpolant with respect to the grid J,.

(ii) The Fourier coefficients of these functions are given by

co(AT) = FA(/n), teZ, neN.

1
n\/2m
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2.2 The Rate of Convergence

Given an appropriate function A we shall investigate the error f — I(A,, f) in the
L,-norm. For us it will be sufficient to manage this for functions f belonging to some
Nikol’skij-Besov space B] , (T), see Subsection 5.1.

By ¢ : R — R we denote a smooth cut-off function, i.e. » € C*(R), (t) = 1if |t| < 1,
and 1(t) = 0 if [¢t| > 2.

Proposition 1 Let A be a continuous function satisfying the hypothesis (E1) and (E2).
Let AT be defined as in (3). Further we assume that for some numbers 0 < 3 < « the
function FA satisfies:

(E3) FA(L) = 21600 , (ETZ;

(E4) the functions

ag = v(§) e (1-239).
Bie) = v(§)lrFacrn,  ez\o)
Cu§) = (1-v020) e FAE-0, (e,

belong to Ly (R),

(E5) the integrals
/ |F'A(w)|dw < oo,

Z/ |F'By(w)|dw < oo,

40 VY

and 2/ | F1Cy(w)]dw < oo

LETL

are finite.

If6<r<aandl <p<oo, then we have
| 1= 1(A7, ) |Byoo(T) = Ly(T)|| xn™". (4)

Remark 1 A proof of the estimate from above in (4) can be found in [30], at least if
1 < p < o0. The necessary modifications, to include the limiting cases, are straightfor-
ward. For full details we refer to [39]. For p = 2 the conditions can be simplified, see
[31]. The estimate from below can be deduced from the behaviour of the linear widths
(approzimation numbers) of the embeddings B) . (T) — L,(T), see Remark 2 below.
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Remark 2 Linear widths. For two Banach spaces X,Y such that X — Y we define
M(I,X,Y) = inf {H [—LILX,Y)| : LeLXY) rankL < n} .
Since our operator (AT, -) has rank < n we obtain
ML, By (1), Ly(T)) < || 1 = (A7, ) |£(B] (T), L,(T)) .
Since A\y(I, B} o (T), L,(T)) < n™", cf. e.g. [36, 1.4], it is clear that our interpolation

operators yield optimal in the order of approximation.

2.3 Interpolation with de la Vallée-Poussin Means

For 0 < 1 < 1/2 we consider the functions

_y sin(t/2) sin(ut)

Au(t) - e , teR. (5)
Then the Fourier transform is given by
FAE) =V2m § 5 (5 +p—[¢]) if §—n<lgl<s+u,
0 if 3 +p <],

i.e. a piecewise linear function.

Lemma 2 Let 0 < po < 1/2. Then the function A, satisfies the restrictions in Propo-
sition 1 with B =1 and o > 0 arbitrary.

Proof A proof has been given in [30]. u

Corollary 1 Let 0 < p < 1/2 and A, be defined as in (5). Let further 1 < p < oo
and r > 1/p. Then we have

11 = I(Af ) [ By (T) = Ly(T)[| = 07"

Proof The corollary becomes a consequence of Proposition 1, Lemma 2 and complex
interpolation for the estimate from above, cf. [30] for details, and Remark 2 for the

estimate from below. [ |
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Remark 3 Let

2n—1

1
vgn_l(t)::EZDj(t), teR, neN,
j=n

denote the de la Vallée-Poussin kernels of odd order. Then

1 if |k[<mn,
cr(van_1) = { 2(1— |k|/(2n)) if n<l|kl<2n,
0 if k| > 2n.

From Lemma 1(ii) we conclude the identity

Von—1
s B P
A - I :u -

13n ™ ne€N.

1
6 )
Hence

I N0 = 2 S vt =10, p=¢

fEK:;n 6
In contrast to our treatment Temlyakov [36, 1.6] considered the sequence of sampling

operators

Rof():= - 3 Flt)vnalt—t), € Jin,

LeEK4n

and proved that these operators also satisfy
|1 =R B (T) = Ly(T)l| = ™",

if 1 <p<ooandletr>1/p.

2.4 Periodic Spline Interpolation

There is no need to concentrate on operators I(A,,-) such that the range space is a
subset of the set of trigonometric polynomials. The cardinal centralized B—spline M,
of order A € N is defined as

Mi(z) = (Myix ... x My)(z), reR, MeN.
A-fold

Here M; denotes the characteristic function of the interval [—1/2,1/2]. The Fourier

transform is given by

FM\(§) = —=

5~
=)
VR
“.
o B
[\]72,%
~
>
ass
m
=
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To construct a fundamental interpolant on R, we follow a standard procedure, cf. e.g.

Jetter [16]. The symbol corresponding to M is given by
./\A/l/,\(ﬁ') = Z FM\(27€ +2m) EeR.
meEZ

For A being an even number these functions are known to be strictly positive. We

define a family of fundamental interpolants on R as follows:

P — var EMnCore)
A(6) M (©)

The function FAsy belongs to Li(R), hence Agy is at least continuous. It is easy to
check that these functions A,y satisfy the conditions (E1), (E2) in Lemma 1.

. £cR, )MeN.

Lemma 3 Let A € N. The function Asy satisfies the restrictions in Proposition 1 with
a <2\ and (B >1.

Proof A proof has been given in [30]. u

Now, similarly as in the previous subsection, one derives from Lemma 3 and Remark

2 consequences for periodic spline interpolation.
Corollary 2 Let A e N, 1 < p < o0, and suppose

1

—-<r <2\

p
Then periodic spline interpolation has the following property: it holds

[ 1 = I(AZy s ) [ By oo(T) = Ly(T)[| < 7"

Remark 4 Results as stated in the Corollary 2 are not new, cf. e.g. Oswald [23] and

/30].

2.5 Interpolation with the Dirichlet Kernel

The classical case of trigonometric interpolation requires some modifications. It is not
covered by Proposition 1, however well-known in the literature. Recall, I,, has been
defined in (1). Then the following is known, see [14, 15, 34, 36, 27].

Proposition 2 Let 1 < p < oo and let r > 1/p. Then we have

| = LB} (T) = L(T)| < 0"
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2.6 Some other Means

For better comparison we recall some well-known classical approximation properties of
the Fourier partial sums and de la Vallée-Poussin means, cf. e.g. [26, Chapt. 3] or 36,
Chapt. 1]. Let

1 if |t <1,
o(t) == 2 — |t it 1<t <2,
0 otherwise .

For f € L1(T) we put

n

Suf(t) = Y alf)e™, (6)

k=—n

Ve f(t) == ) olk/m)e(f)e™,  neNy.

Proposition 3 Let r > 0.
(i) Let 1 < p < co. Then we have

11— S0 By (T) = L)l = 07"
(i) Let 1 < p < oco. Then we have

1T = Va1 |B oo (T) = Ly(T)[ < n™".

3 Approximation on Sparse Grids

R? denotes the Euclidean d-space and Z¢ means those elements in R¢ having integer
components. The symbol T? is used for the d-dimensional torus represented in R? by
[0,27]¢. For f € Li(T?) and k € Z% we put

=— .
Ck(f) (27T)d Ta f(.f) € T
Then the Fourier series Sf of f is given by

Sf(x) =Y alf)e.

kezd

Here kx = 22:1 koxe, k= (ki,...  kq), 2 = (z1,... ,2q).
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3.1 The Smolyak Algorithm
3.1.1 The Definition and General Properties

Let d > 2. Let X and Y be Banach spaces such that X,Y — L(T). Further we
assume that Pp,...,P;: X — Y are continuous linear operators. Then we define its

tensor product P; ® ... ® P, to be the linear operator such that:

d
(PL® ... @ P)(e® . .. ey (ay, ..., 1q) = H Py(e™)(x)
=1
xe €T, k,eZ, ¢=1,...,d. Formally this operator is defined on trigonometric

polynomials only. If X is either L,(T), 1 < p < oo, or if X = C(T), then, because of
the density of trigonometric polynomials, there exists a unique continuous extension of
P, ® ... ® Py to either L,(T%) or C(T?), respectively. For this extension we shall use
the same symbol.

Let either L; : L,(T) — L,(T), 1 < p < o0, or L; : C(T) — L,(T), 1 < p < o0,

7 € Ny, be a sequence of continuous linear operators, denoted by L. Then we put

AL) = L;—L;, if jeN,
’ Lo if j=0.

Definition 1 Let m € Ny. The Smolyak-Algorithm A(m,d, L) relative to the d se-

quences L' := (L})%2,, ..., L* := (LY)%2, is the linear operator
Alm,d, L) = Y ALY ® ... @A, (LY.
Jit..Ajasm

Remark 5 Originally introduced in [32] there are now hundreds of references dealing
with this construction. A few basics and some references can be found in [22] and [42].

In particular the following formula is proved in [42]:

Am,d,L)= Y (—1)m—ljll( a=1 )L}1® LY (7)

m—d+1<|j1<m me |j|1

This will be used later on.

3.1.2 Some Properties of Sampling Operators

In this article we shall restrict ourselves to sequences (L,); of linear operators having
some additional properties. Recall, the symbol [ is reserved for identity operators.

Let 1 < p < oo and r > 0 be fixed. We suppose

(H1) For any j € Ny we have L; € L(L,(T), L,(T)).
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(H1’) For any j € Ny we have L; € L(C(T), L,(T)).
(H2) There exists a positive number A such that

Li(e™) ) =e*, teR, |k|<A2, k€Z, jeN;.

(H3) For all 0 < s < r there exists a positive constant Cy(s) such that

sup  27° || I — L; | B} o (T) — Ly(T)|| = Co(s) < 0. (8)

7=0,1,...
(H3’) For all 1/p < s < r there exists a positive constant Cy(s) such that

sup 2% [[ 1 = L; | By o (T) — Ly(T)|| = Co(s) < 0. (9)

7=0,1,...

We shall say that L satisfies the hypothesis (Hn) if each sequence L', i = 1,... ,d,
satisfies (Hn).

We collect some properties of related sequences A(m,d, E)

Lemma 4 Let
d
H(m,d,\) := {f €Z%: Juy,..,ug €Ny st || < 2"\ and Zuk = m} (10)
k=1

be a dyadic hyperbolic cross. Suppose that L satisfies (H2) for some A > 0. Then
A(m,d, E) ek =e* ke H(m,d,)\).
Remark 6 A special case of Lemma 4 can be found in [34].

Of particular interest for us are sampling operators. Here we shall work with the
following hypothesis:

(H4) For any j € Ny there exist a natural number N;, fixed functions ], ... ,wf\,j :
C(T) — C and sampling points #J, . .. tg\,j such that

N;

=> fE)vix), feC(T), z€eT

(=1

()

Furthermore, we assume the existence of two positive constants C'; and C5 such that

C127 < N; <Cy27 | jEN.
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Sometimes we also need the assumption (H5): let 7; := {t], ... t?vj }. Then we suppose

Tt G| > Cy2mtt neN,

j=0
with some constant 0 < C3 < (.

Let L consist of sequences of sampling operators. The set of sampling points used by
L% will be denoted by 7. Then we put

G(m,d, L) := U 7ix.xT (11)

m—d+1<|j|1<m

By (7) the operator A(m,d, E) uses only samples from the grid G(m,d, E) To begin
with we state a simple property of the standard grid induced by the choice ’];’ = Jys.

Lemma 5 Let L be a sequence of operators such that L; uses samples from the grid

T} = Jy, i =1,...,d, j € Ny (see (2)). Then the cardinality S(m,d) of the grid

G(m,d, E) is given by
d—1 "
S(m,d) = < )2"”(.), (12)
—0 J

where we put (Zn) =0 case m < j.

.

This Lemma can be generalised to the following assertion.

Lemma 6 (i) The hypothesis (H4) should be fulfilled. Then the cardinality |G(m,d, L)|
of the grid G(m,d, E) satisfies

G(m, d,L)| < (2C5)" S(m, d) .
(ii) If the hypothesis (H4) and (H5) are fulfilled then
min(Cy, C5)%S(m, d) < |G(m,d, L)| < (2C5)* S(m,d) , meN, . (13)
holds.

In addition we need the cardinality of certain subsets of Z¢, especially the hyperbolic
cross H(m,d, 1), defined in (10). For m € N we consider also the sets

d
Py(m,d) = {(nl, .yng) € N Zn, = m}
i=1

d
and  Pi(m,d) = {(nl,...,nd) ENd:Zni:m}.
i=1



3. Approximation on Sparse Grids 13

Lemma 7 For m € N 4t holds

(1)
m+d—1 m—1
namal= (") = (52,
(ii) and
2% S(m,d) < |H(m,d,1)| < 3%S(m,d).
Remark 7 (i) Obviously, for fized d we have

|Py(m,d)| =m®t | |Pym,d)| < m?" and S(m,d)=<2"m*", m € N.

We call the grids G(m,d, f/) sparse because their cardinality is growing only with a
logarithmic order with respect to d.
(ii) Estimates of the cardinality of grids related to Smolyak algorithms are given at

various places. What concerns the dependence on d we refer e.g. to [19].
Lemma 8 The hypothesis (H4) should be fulfilled. In addition to (6) we assume that
Lif(t) = f(t)), theT’, i=1,...,d,
forall j <m and all f € C(T). If the grids ’];Z are nested, i.e.
T C T\, i=1,2,...,d, jeN,,
then A(m,d, [_:) interpolates on G(m,d, E), more precisely

Am,d,L)f(z) = f(z), xe€G(m,d, L), feC(T.

3.1.3 Smolyak’s Algorithm and Convolution Operators

Two other examples of Smolyak algorithms are interesting for us. In the first case we

consider
L} =Sy, jJENy, i=1,...4d,

cf. (6). To indicate this special choice we write A(m,d,S) instead of A(m,d, E) In
the second case we choose 1 as in Subsection 5.4.3 and define for f € L(T)

Lif(t) =Y ¢Q7k)el(f)e™, teT, jeN,, i=1,...d
kEZ

We shall call them smooth de la Vallée-Poussin means. This time we write A(m, d, )
instead of A(m,d,L).
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Lemma 9 For f € L(T%) we have
A(m,d,S)f(@)= > alHe* and Am,dy)f(z)= Y fi(x), (14)
keH (m,d,1) l7l1<m

cf. (68). Furthermore
rank A(m,d, S), rank A(m,d,1p) =< mt2m, m € N. (15)

By investigating basic properties of A(m,d, ) we meet an interesting difference
between the univariate case and the d-dimensional situation, already observed in [36,
Lem. 3.1.2]. Recall, on the torus we have uniform boundedness of the operators S,

and V5, _1, l.e.

sup ISy : Lp(T) — L,(T)|| < o0, l<p<oo,
n=1,2,...

swp Vo LM = LM <3, 1<p<oo.
n=1,2,...

The picture is different for the multivariate situation.
Lemma 10 (i) Let 1 < p < co. Then
sup [ A(m, d,S) : Ly(T?) — Ly(T?)| < oo,
m=1,2,...

and
sup [[A(m, d,¢) : Ly(T?) — Ly(T?)| < oo.

m=1,2,...

(ii) For the limiting situations it holds
lA(m, d, ) = Ly(T) — Li(T)| =< | A(m, d, ) Loo(T?) — Loo(T)[| =< m*~".

Remark 8 The first part in (i) may be found in [21, 1.5.2]. The second one follows
from a Littlewood-Paley argument, see Lemma 22 below. However, a complete proof
has been given in [36, Lem. 3.1.2].

3.2 Approximation on Sparse Grids and Besov Spaces of Dom-

inating Mixed Smoothness

This section contains the main results of this paper. As mentioned in the Introduction
we will study the approximation power of the Smolyak algorithm for functions taken
from Besov spaces of dominating mixed smoothness S7  B(T?), see Subsection 5.4 for
a definition. Our first result is the following general estimate for sampling operators.
Here we shall use that functions from S B(T?) with r > 1/p have a continuous

representative, see Lemma 20.
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Theorem 1 Let1 < p,q < oo andr > 1/p. Let further L satisfy the hypotheses (H1),
(H2), and (H3’). Then there exists a constant ¢ > 0 such that

11— A(m,d, L) |S;,,B(T) — L(T*)| < cm(@ D010 g7mr (16)
holds for all m € Ng.

However, in the case of convolution operators the additional assumption r > 1/p

is not necessary.

Theorem 2 Let 1 < p,g < oo and r > 0. Let further L satisfy the hypotheses (H1),
(H2), and (H3). Then there exists a constant ¢ > 0 such that

Remark 9 Theorems 1 and 2 generalise the results obtained in [28] in various di-
rections. In [28] we have investigated only the bivariate case and restricted us to

1 < p < oo. In addition the admissible operators A(m,d, f/) are more general now.

In case of specific sampling operators with respect to uniform grids the obtained esti-

mates are unimprovable.

Theorem 3 Let 1 <p,q < oo andr > 1/p. Let L satisfy the hypothesis (H1’), (H2),
(H3’) and (H{). Furthermore we assume that L has the following structure

Lifty= Y fE)A(t—t), i=1,....d feC(T),

ZEKNj

with some sequence of functions A; € C(T), and ti € Jn,, L € Ky;, j € Ny, see (2).
Finally, we assume that 1 < M e N for all 3 € Ny. Then

Nj
|1 — A(m,d, L) |Ss B(T?) — Ly(T%)| = ml@ D=1/ g=mr
holds.
Remark 10 Let L be given by

L) =Ry, jeENy, i=1,....,d,

cf. Remark 3. For the corresponding algorithm A(m,d, E) and q = oo Theorem 3 has
been proved by Temlyakov in [36, Chapt. 4, Thm. 5.1].
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Using a simple bump function argument we can show that starting with sampling on
non equidistant points does not help to improve the approximation properties of the

related Smolyak algorithm, at least if ¢ = 1.

Theorem 4 Let 1 < p < oo andr > 1/p. Let L satisfy the hypothesis (H1’), (H2),
(H3’), (H4) and (H5). Then

I = A(m.d, L)|Sp, B(T?) — Ly(T*)|| = 27"

However, for the operators of convolution type A(m,d, S) as well as A(m,d, ) we

have better results.
Theorem 5 Letl <p<oo, 1 <qg<ooandr >0. Then

11— A(m, d, S)[S; ,B(T) — Ly(T)]

m VG gmm i 1< p<2and p<q < oo,

i @=DGE=1) 5—mr

)

if 2<p<ooand 2<q< o0,

2-mr otherwise,

mGNo.

Remark 11 In the periodic setting Theorem 5 with ¢ = oo was known for a long time,
cf. Bugrov [5] (p = 2), Nikol’skaya [20] and Temlyakov [36, Thm. 3.3.3]. The case
q # oo has been treated in Dinh Dung [9], Galeev [12] and Romanyuk [24]. For the
nonperiodic case we refer to Lizorkin, Nikol’skij [18], Bazarkhanov [2, 3], and [25].
The analogous problem for spaces defined on the unit cube and spline approximation
has been treated by Kamont [17]. Many times the problem has been investigated in
connection with best approzimation from hyperbolic crosses. So this remark applies

also with respect to Corollary 3 below.

Theorem 5 can be extended to the limiting cases p = 1 and p = oo by switching from
A(m,d,S) to A(m,d, ).

Theorem 6 Let 1 <p<oo,1<qg< o0 andr >0. Then

|1 = A(m, d, )|}, B(T?) — Ly(T?)]|

m@ VG D g 1< p<2and p<q< oo,
m DG ommrif 9 < p < oo and 2< g < oo,
m(dfl)(l—%) 9—mr Zf p =00 and 1 § q S o0,

2-mr otherwise,

mGNO.
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Remark 12 We compare the multi-dimensional situation with the univariate one by

considering the quantities

En(r,p,q) = |l = A(m.d, S) : S} ,B(T?) = Ly(T%)|
By (r,p,q) = |l = A(m,d, ) : S}, B(T) = Ly(T)]-
Ei(r,p,q) == |l = A(m,d, L) : S B(T?) = L,(T%)]

There are at least three new phenomena in the multi-dimensional case.

e The sampling operators A(m,d, I_;), where L is as in Theorem 3, and the Fourier
partial sum operator A(m,d,S) do not have the same approzimation power. This

has to be compared with Remark 2 and Propositions 1, 2, 3.

o (Observe that the case p = oo plays a particular role. Obuviously, for fized p > 2

and m sufficiently large we have

E}fl(r,oo,q)v m'T if 2<q< o0,
En(rp.q) | mh0D) if 1<q¢<2.

So if p is approaching infinity we have a jump in the order of convergence except

qg=1.

e Let1l < p < oo. The microscopic index q of the Besov space enters the order of
approzimation for all operators we have considered here. Let L be as in Theorem

3. Then also the ratio

o D0 if 1<p<2and p<q< oo,
r? Y — .

E?Ericqzix m'? if 2<p<ooand 2<q<oo,
e m D03 if 1<p<ooand 1<qg<min(2,p),

depends on q. For the limiting situations we replace A(m,d, S) by A(m,d,v) and

obtain B .
EL(r 1 EL
Mxl as well as Mxl.

Best Approximation with Respect to Hyperbolic Crosses
We define for 1 < p,q < ocand r > 0

En(S) B(TY), = sup inf {H f—glL,(TY| : g is a trigonometric
I£155,4 BlI=1

polynomial s.t. c¢x(g) =0 forall k¢& H(m,d, 1)}

As an immediate consequence of Theorem 6 we obtain the following.
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Corollary 3 Let 1 <p<oo,1<qg<o0 andr > 0. Then

m @G o=mr i 1< p<2and p<q<oo,
En(ST B(T)), = m{VEmD T f 2 < p<ooand 2<q< oo, 17
m( D,q ( ))p - (d*l)(l*l) —mr : — ( )
m a’ ) Zf p—OOdndlﬁCISOCM

2-mr otherwise,

holds for m € Nj.

Remark 13 The given estimates for E,(f, L,(T%)) do not characterise the classes
Sy B(T?) in L,(T?), see [25] for more details in this direction. Function spaces defined

by best approximation from hyperbolic crosses have been investigated in [8], [18] and

[25].

3.3 Examples

First we consider interpolation with de la Vallée-Poussin means, cf. Subsection 2.3.
We put

A(m,d, p) == A(m,d, L), L :=1I(AT,,-),i=1,...d,j € Ng. (18)

J 1,27

As an immediate consequence of Corollary 1 we obtain that L satisfies (H3’). A simple
calculation shows that (H2) is satisfied with A = 1/2—pu. Since I(A] ,;, - ) uses function
values from the standard grid Jo; also (H4) and (H5) are fulfilled. Altogether Theorem
3 and Lemma 8 yield the following.

Corollary 4 Let 1 < p,q<oo,r>1/p, and 0 < u < 1/2. Then
11— A, d, 1) 1Sy BT — Ly(T)| < m@-D0-197mr e N,

Furthermore, with

G(m,d) := {(2;?1,..., 2;?) :

ol << =1, d, m—d+1<|j|i < m}
the operator A(m,d, u) interpolates on G(m,d), i.e.
A(m,d, p)f(x) = f(z), 2 e€G(md),

for all f € C(T?).
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As a second example we consider interpolation by means of the Dirichlet kernel, i.e.

we put
A(m,d,D) == A(m,d,L),  Li:=1Iy, i=1,..d, jeEN,,

cf. (1). Here Theorem 3 is not applicable in the stated form. With specific modi-
fications of the family of testfunctions used in the proof, see (49), it is also possible
to obtain a sharp estimate from below, see [29] for the bivariate case. Nevertheless

Theorem 1 gives the following.

Corollary 5 Let 1 < p < o0, 1 < q < o0, andr > 1/p. Then there is a constant
¢ > 0 such that

|1 — A(m,d,D)|S; ,B(T%) — L,(T%)| < cmdDU=Vag=mr =y e N,.
Furthermore, with

G*(m,d) := {(

27l 27l '
2j1+1+1""’2jd+1+1> )
0<<27 i—1....d m-d+1< |j|1§m}

the operator A(m,d, D) uses function values from G*(m,d), but in general A(m,d, D)

15 not interpolating.

Remark 14 (i) From Lemma 6 and Lemma 9 it follows that A(m,d,u), A(m,d, D)
as well as A(m,d,S) and A(m,d,) are all of the same complexity. However, from
Theorems 3, 5, 6 it follows that they are not of the same efficiency.

(ii) To see that A(m,d, D) is not interpolating it is sufficient to consider the operator
A(1,2,D) applied to the function f(xq,x2) = €™ at the point (27/3,0) € G*(1,2). Of
course, the reason for this consists in

2 gcp<coaml g [0 o<
20+ 4+ 1 21+ 1

3.4 Optimal Recovery of Functions from Besov Spaces of Dom-

inating Mixed Smoothness

Let
M

Va(f,€)(@) =3 FE) vy(x)

denote a general sampling operator for a class F' of continuous, periodic functions

defined on T¢, where

¢ = {gl,...,gM}, feT, i=12,... M,
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is a fixed set of sampling points and ¢; : T* — C, j = 1,... , M, are fixed, continuous,
periodic functions. Then the quantity

par(F, Ly(T?)) :=inf inf  sup || f = Was(f, &) |Ly(TY)]|
& V¥ |f|p|<1

measures the optimal rate of approximate recovery of the functions taken from F. We
are interested in the case, when F = S;’qB(Td), 1 <p,qg < oo, >1/p. Observe that
the operator A(m,d, 1), see (18), uses M = M(m,d) < 2™ m¢1 function values from
its argument, see Remark 7. Therefore m < ¢ log M with some ¢ independent of m

and hence
2frmm(d71)(171/q) < M*T(C lOg M)(d*l)(rJrlfl/q).

In view of Theorem 3 this implies the upper bound given below.

Corollary 6 Let 1 < p < 00, 1 < q < 00 and r > 1/p. Then there exist positive
constants ¢y and co such that for all M € N

c1 M7 (log M)\ V(M. d, p, q)

IN

pur () B(T?), L(T?))
< e M_T(log M)(d—l)(r—i—l—l/q) 7

where

(log M) DG=0)  if 2<pq,
n(M,d,p,q) =1 (logM)“4 VG0 if 1<p<2 and p<q,  (19)

1 otherwise.

Remark 15 (i) The Smolyak algorithm uses samples of a very specific structure. Corol-
lary 6 tells us that allowing arbitrary sets of sampling points of the same cardinality we
can not do much better. The difference is at most (log M)=D/2 4f 1 < p < 00,

(i) In case ¢ = oo Temlyakov proved the estimate from above in Corollary 6, cf. [34]
and [36, 4.5]. The given estimates from below are a consequence of the known behaviour

of related Kolmogorov numbers, cf. e.g. Galeev [13].

3.5 Sobolev Spaces of Dominating Mixed Smoothness and the
Problem of Best Recovery
By using (60) one can derive immediately some consequences for the quality of the

approximation by A(m,d, E) The conclusions, obtained in that way, turn out to be

unimprovable if 1 < p < 2.
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Theorem 7 Let 1 < p <2 andr > 1/p. Let further L satisfy the hypothesis (H1),
(H2), (H3’) and (H4). Furthermore we assume that L’ has the following structure

ZEKNj

with some sequence of functions A; € C(T), and ti € Jn,, L € Ky;, j € Ny, see (2).
Finally, we assume that 1 < N e N for all j € Ng. Then

N;j
| T — A(m,d, L) |SsW(T4) — Ly(TY)| < m@D/227m  meN,
holds.
Theorem 8 Let 1 <p < oo andr > 0. Then
11— A(m, d, ) |S;W(T?) — Ly(TY)[| < 27, m e N,

holds.

Remark 16 In a forthcoming paper one of the authors will prove optimal estimates
in case 2 < p < oo. This approach will be based on a different method, see [29] for the

bivariate situation.
A consequence of Theorem 1, applied to the algorithm A(m,d, D), is

Corollary 7 Let 1 < p < 2 and r > 1/p. Then there exist positive constants ci, ¢z
such that

c1 M7 (log M) D7 < par(SEW(T?), Ly(T?)) < ca M (log M) @=D+1/2) MeN.

holds.

4 Proofs

To begin with we discuss several types of test functions which will be used later on.
Then we continue with proofs of the statements in Subsections 3.1.2 and 3.1.3. After

these preparations we shall proof our main results stated in Subsection 3.2.



4. Proofs 22

4.1 Test Functions

We shall investigate different types of test functions. On the one hand we study Dirich-

let kernels with respect to the hyperbolic annuli
H(m) == H(m+1,d,1) \ H(m,d, 1)

and some modifications by using de la Vallée-Poussin kernels instead of the Dirichlet
kernels, on the other hand lacunary series and bump functions. In addition to that we

introduce special kinds of test functions for treating the limiting cases in Corollary 3.

Lemma 11 Suppose 1 < p < oo. Then

(i)

e e,
kEPj
(i)
| 5 ol meeren, men.
keH (m,d,1)
(iii) and
R e ——
keH(m)
hold.

Proof Step 1. Proof of (i). The function in part (i) is a tensor product. So the needed
estimates can be traced from the well-known behaviour of the Dirichlet kernel in the
one-dimensional setting.
Step 2. Proof of (ii) and (iii). In (21) the estimate from above follows from Lemma 1.1
in Chapter 3 in [36]. For the estimate from below we derive with the help of Lemma 7
and Remark 7

H Z pike

keH(m,d,1)

2
Lo(T%) H = m(d-1 gm

and use

11
1f 1Lal* < 1Ll 1L ]l where sty (22)

in connection with the estimates from above. By means of the same arguments one

can prove also (iii). |

Remark 17 The main ideas of the proof are taken from [36, Lem. 3.1.1].
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Based on this lemma it is relatively easy to obtain some more sophisticated esti-
mates. Recall, the rectangles P; have been defined in (62). Then

Hm) = |J P
li[1=m~+1

Lemma 12 Suppose 1 <p < oo and 1 < q < o0.

(i) There exist positive constants ¢; and ¢y such that

sup ’ E :ezkx
kEP;

l7l1=m

lili=m  keP;

Ly(T)|

IN

L] < s

holds for all m € N.

(i) Define
gm(z) = Z Z ek m € N. (23)
ljli=m k€EP;
Then, if r > 0,
| g |5, B(TY)|| = m*a 2n-Ymgrm e N, (24)
and for all r > 0
| Gon |STW (T = m 5 2m(-WP grm oy e N, (25)

hold.

Proof Step 1. Let us first prove the third inequality in part (i). Let 1 < ¢ < p. By
means of [36, Lem. 2.2.1] and (20) we obtain
p) 1/p
(26)

H 3 ‘ Y et Lp(Td)H < ( S gnttfatmm|| $7 ke
ljli=m KkEP; [il1=m keP;

Here we have to mention that Temlyakov stated a weaker result than he had proved.

Although we start with

Z ‘ Z etk instead of Z Z etk

lili=m  k€EP; ljli=m kEP;

Ly(T?)
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on the left-hand side, the relation remains valid.

The first inequality in (i) becomes a consequence of (26) and

| £ S el

|7l1=m kEP;

-y H > e"’“””\L2<Td>H2

lili=m keP;

— zkx ’Z ik
Td \]\1 m kEP
S/sup‘ ~Z‘Zeikxdm
2o =M kep, ljh=m keP;
<[ e | 2 e w32 | 3] |rvm)]
lili=m lili=m
d7
<cm? 2m(1—1/17) sup ‘ Z ikx Lp Td H

‘]‘1 m ke

Step 2. Let us turn to part (ii). Together with Lemma 23 and Remark 7 we derive

, a\ 1/q
I g 195, BT = (2 2] ST e )

jlhi=m €P;

L,(T7)

— m(dfl)/q grm 2m(171/p)

(modification if ¢ = co) and

lgm IS (T =< || (32 22 37 e 2)”?

lili=m heP;
— (@=D/p grm gm(1-1/p)

Ly(T)|

which completes our proof. [

Remark 18 In the bivariate nonperiodic situation a proof of Lemma 12(i) has been
given in [25]. However, the main ideas are taken from [36, Lem. 3.1.1].

Recall, ©; has been defined in (66).

Lemma 13 Suppose 1 < p < oo.

(i) We have
H Z 0, (k) e

kezd

Lp(qrd)H = olih(-1p) ;e Ng (27)
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(ii) Suppose 1 < p < oco. Then

H S 6k) et Td)” — mp(d=1/p gm(1-1/p) (28)
|jl1=m kezd
and
| > 3 etk e| L, ()| =< mee-Dir gt (29)
lili<m kez?
holds for m € N.
(iii) We have for m € N
H Z Z @ ik (Td)H ~ mi-lom (30)
lil1=m kezd
and
H Z Z @ otk (Td)H ~ mi-lom (31)

|7]1<m kezd
Proof Step 1. We show (27) and deal with p = oo and p = 1 first. For p = 0o we have

HZ@ ik ']I‘dH—ZG = |P,| < 2.

kezd keZd

Let us turn to p = 1. Poisson’s summation formula, cf. [33, Cor. 7.2.6], yields

Y 0;(k) et = (2m)? Y " FO;(z + 2ml).

kezd ez

From this identity we conclude

|5 eme

LT < @n¥2Fe; LyRY)

= (2m)"|F'eu,

,,,,,,

with an obvious modification if min; j; = 0. In the case 1 < p < oo we shall use the
representation (cf. |26, 3.3.4])

Z@ e'*r = (21) d/2/.7: '0;(y —y)dy, D, () ::Zeikm.

keZ kep;

Clearly,

H Z 0, (k) e

kezZd

Ly(T)| < @m) 2 || 77205 |La (R | 11D5 1 L,(T)])

Applying (20) and a homogeneity argument we obtain the desired estimate from above.

The estimates from below follow as in proof of Lemma 12 from the Ls result, (22), and
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the estimate from above.
Step 2. We show (28) and (30). Obviously

| 3 % emer |ram = 3 040 = [ptm)] < 2.

lili=m kez? lil1=m kezd

The argument used in case p = 1 is a little bit different from this one. The estimate

from above follows by triangle inequality and (27)

H > ) (k) et [ Ly(T) H <y H 3 0k et

‘]‘1:m kezd .7|1 m  keZa

’]I‘d)H <emt.

The estimate from below uses a Bernstein-Nikol’skij inequality with respect to the
hyperbolic cross. We are going to apply Theorem 3.2.2 in [36]. But this needs a
further comment, since we are going to use this result with » = 0 which is excluded in
the conditions of this theorem. However the estimate of the L,.-norm by the L;-norm
requires an application of Lemma 2.4 in [36] which is true for r = 0. Taking this into

account we find

mi < | ST ik e ()| < c2m || 30N o5k e

lili=m kezd [7li=m keZd

Ly(T)|.

For the case 1 < p < oo we can argue as in proof of (26).

Step 3. It remains to verify (29) and (31). The estimates from above (except the case
p = 1) are a simple consequence of the triangle inequality and the results of Step 2. In
case p = 1 we use (14), (66), as well as (7) and obtain

| 33 estiye |y

|7l1<m kezd

: d—1 . , )
= H Z (_1)m—|J|1 (m Ry ) Z @(0 ..... 0)(2—J1]€17 ”'72—jdkd)ezkx

m—d+1<|j[1<m |‘7|1 kezd

Ll(Td)H .

This identity, the triangle inequality and a homogeneity argument imply the upper
bound in (29). To prove the lower bound we proceed as in Step 2. |

Remark 19  Replacing our differences of smooth de la Vallée-Poussin kernels, see
(66), by differences of the classical de la Vallée-Poussin kernels, see Remark 3, analo-

gous estimates have been proved in [36, Lem. 3.1.2].

Lemma 14 Suppose 1 < p,q < co. Define

= > ) 6ik)e*,  meN. (33)

|7]1=m kezd
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Then, if r > 0,

| hin |85 B(TD)|| =< mtd=1/agrm om=1/p) =y € N, (34)
and, if 1 <p < oo andr >0,

| he | Sy W (T = m(d=1/p grm gm=1/e) =y € N, (35)
hold.

Proof To prove (34) we apply the Fourier multiplier assertion

>0 0;(k) et

Ly it e jh <,

" d kezd
| 3" ety ok e |L,(1%)| < ¢
d
ket 0 otherwise .
For the proof of (35) we refer to the proof of (28) in case 1 < p < oc. |

Even more simple are the following lacunary series. Let

3. 3 .
R e ]1_1 Jd_l . . -
p].—(22 ,...,—22 ) if Z‘:r?}_r.17djl>0.

If j; = 0 then 327~! has to be replaced by 0. We define

falz) =) a;eP® (36)

jeNd
for a given sequence a = {Ozj }j of complex numbers.

Lemma 15 (i) Let 1 < p,q < 0o and r > 0. We have
A 1/q
I 5alsp B = (X 29 lalr)
jeNd
(i) Let 1 < p < oo andr > 0. We have
‘ 1/2
I alsyw(ml = (3 22jat)
jeNd
Proof Since p; is the centre of P; we may select a system ¢ € ® (see Subsections 5.2,

5.4 and (66), (67)) such that

©0i(pe) =60, j. € N.
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From this the claim follows. |
Two further types of test functions are needed for treating the limiting cases in Theorem
6 and Corollary 3. Again we make use of ideas of Temlyakov, see |36, Sect. 3.3].

The construction of the first family (up to a small modification) can be found in the

proof of Theorem 3.3.3 on pages 247/248. The Fejer - kernel of order n is given by

_ sin(nt/2)

=S5 e,
nsin®(t/2)

For fixed m we define the set

Mm:{éeNgz |€|1:m,£i2%,i:1,...,d}.

Clearly, |M,,| < m?~t. Next we define a natural number n by
n = [}Mm+1|1/d} = mil/d ([-] integer part) .

Now we divide the cube [—,7|? into n? subcubes with sidelength 27/n. Let N,, C
M,,+1 be a subset which contains n? elements. Obviously, there is a bijection between
the set N,, and the set of subcubes. Let {z°: ¢ € N,,} denote the collection of the
centres of them. Next we introduce a particular subset of N,,. Let N, be a large
subset of NV,, such that

gooo

There exist subsets N,, satisfying |[N,,| =< |N,|. Such a sequence of subset will be

taken to define our family of test functions:

d
Ym(x) = Z Heﬂzjxﬂ' Folz; — xf) , reT?. (37)

Lemma 16 (i) There exist positive constants c1,ca such that
[om Lo (T < crm®™ and bl La(TY) | = c3me?

holds for all m € N.
(ii) Forr >0 and 1 < ¢ < 0o we have

d—1
[ |57 BT = 2™ m .
(iii) For sufficiently large m € N we have

ck(Ym) =0 for all ke H(m,d,1).
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Proof Step 1. Parts (i) and (iii) are proved in [36, pp. 247/248] (up to the small
modification that Temlyakov works with IV, instead of N,,; but this does not influence
the argument).

Step 2. Proof of (ii). For m sufficiently large we have 2%~ > n, j = 1,...,d.

Concerning the spectra of the functions ei2e; Folz; — xﬁj ) it follows
ck(eﬂ% Fula —ﬁj)) —0 if k¢ [24'—1,2%‘“] =1, .d.

Let (¢;); be a properly chosen smooth dyadic decomposition of unity, see (59). For
given j € N,, we have then

| S et e

kezd

d
B H Z 90j<k) Ck(H ei2juyu Fn(yu - Ii)) et

kezd u=1
d

= | TL e Fat = 2i)
u=1

= | FalL(T)II,

1o

o)

1|

whereas in case j € N,

| > et ) e

kezd

Ll(’]I‘d)H —0

follows. Hence
d

| 1T, BT = (D0 207 | TT e Falya — 4 | Ea(T?)
LENm u=1
d—1
= 2"Mm

q> 1/q

which completes the proof. |

As mentioned above also the next example is taken from [36], see formula (3.47) on

page 251 for the bivariate case. We consider two families of periodic functions:

f(@1, oy g) == Z cos(2¥1ay) - ... - cos(2%any), (38)
[lli=m
and
D) = 14 [ (1 +eos@a) - cos@ag)) . (39)
[€[1=m

The f,, are lacunary series but it is the combination with the functions ®,, which

makes them interesting.
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Lemma 17 (i) The Fourier coefficients of f., satisfy
cx(fm) =0 if k¢ H(dm,d, 1)\ H(dm —1,d,1).

(i) We have || f |Lo(T9)||> < m?t.
(iii) Forr>0,1<p<oo and1 < g < oo we have

| £ 85, BT = 274 (@D,
(iv) The functions t,, := ®,, — f, are trigonometric polynomials such that
cx(tm) =0 if ke H(dm,d,1).
v) The Li-norms of the functions ®,, is uniformly bounded. It holds
Y
1 @5 [ L1 (T < 2(2m)°.

Proof The parts (i)-(iv) are more or less obvious. We make a short comment to (v).

In view of

19 Lo (T < 12 Lal +

H (14 cos(2¥12y) - ... cos(2%2y)) ’Ll('l[‘d)H

[el1=m

Td [tli=m

= 2(2n)?,

it is enough to notice that the fo% cosnt dt = 0 for any natural number n. |

The last concept of test functions we want to introduce, are so called bump functions.
Let B be a Cs°(R?) function such that supp B C {z € R%: |z| < 1}. Its 2m-periodic
extension is denoted by B. Obviously, B € S;qB(']I‘d) foralll <p<oo,1<q¢g<
and r > 0. Furthermore, if A = (A,... ,Ag), Ay >0,i=1,... ,d, is given then B(\")

denotes the 2r-periodic extension of B(\:).

Lemma 18 Let 1 <p<oo, 1 <g<ooand A= (\,....,\q). Letr > 1/p. Then there

exists a positive constant ¢ such that
r r—1 r—1 T
| B 1S BTN < e ™7 - A7 P || BS; , B(TY)| (40)

and
I BOV) LT = A7 A7 | BC) Ly (T

holds for all \, 1< \;<oo,i=1,...,d. If 1 <p < o0, then also
I BOV) Sy (T < e X777 X7 | BC) | Spw (T4

holds for all A, 1 < \; <00, i=1,...,d (with ¢ independent of \).
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Proof Both parts are simple consequences of characterisations of S} . B(T%) and S} W (T%)
by differences. For this subject we refer to [40, Thm. 4.6.1] as well as [26, Thm. 2.3.4/2]
(d =2). By A}, we denote the m-th order difference with respect to the (-th variable
and translation h, see also Subsection 5.1. For m € N, m > r, the following expression

is an equivalent norm in S} B(T?):

1 £S5 BTONS = ]I f [ Ly(T) H+Z Y. S5,

n=1 3c{0,1}4,|3]1=n

where for |5y =n > 1

dhy  dh,)
Sg(f [/ H|h|‘r [(Af s 000 A 5 f) (@) Ly(TH||* |h11\”'|hn\ ’

R
and 6 = (d1,...,0d,) is defined by means of 5, =1, i =1,....,n
For abbreviation we put By(x) = B(Az). It is not difficult to recognize

( A;Z,al ©---0 A%,adB/\)(I) = ( Ai\zlvhl,al ©--+0 Ai\zd-hd,adB) (M1, ..o, Aaa)

which corresponds to the well-known formula (AM f(X-)(t) = A f(At), t € R. Finally,

a change of variable yields
SE(BY) = Ny, PN PSE(BY)

Now (40) is a consequence of A\; > 1 and r > 1/p. |

4.2 Proof of the Lemmata in Subsection 3.1
4.2.1 Proof of Lemma 4

We consider the linear operators

T Y @A ad A Y @AL.

0<ji<m  0<jg<m k=1 il >mt1 k=1

where we put A¥ = A, (L¥). Then A(m,d, L) = T — R. Since Z A¥ = L¥, we obtain

7=0
d
T=Q Lk, meN,.
k=1
Obviously, if £ € H(m,d, \), i.e. [{,| < A2™ for all 1 < u < d, then
d

(Te"") (z) = H(L;‘lew“')(xu) = el" zeT,

u=1
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because of (H2). It remains to prove Re® = 0. Let j = (ji,...,ja) be such that
|71 > m+1. Because of £ € H(m,d, \) there exist nonnegative integers uy, k =1, ..., d
satisfying ZZ:1 ur = m and £ < 2"\, Thanks to |j]; > m + 1 > m there is at least

one component j; of j with 75 > wuy. It follows
0] < 2uk X < 20671\ < 20k )\
Hence, using again (H2), we find
Aﬁkeiekt _ L;?keifkt Lk ekt = gifst _ gilit — teT.

By definition of R this proves the claim. |

4.2.2 Proof of Lemma 5

Step 1. For abbreviation we write G(m,d) instead of G(m, d, E) By using the nested-
ness of the sequence Jo» we obtain the following recursion formula (see also [19])

G(m,d+1) = U Join X oo X iy

0<j1+ FJar1<m

:Ug —nd ><J2n

— (G(m,d) x J,) U (Ug —n,d) (JQn\JQH_I)),

where G(m,1) = Jom. Therefore G(m,d + 1) is decomposed into a disjoint union of

subsets. This yields

S(m,d+1) = S(m,d) + Y S(m —n,d)2"",

n=1
with S(m, 1) = 2™.
Step 2. We proceed by induction with respect to d. From the induction hypothesis

(12) and our recursion formula we derive

d—1 m d—1 d—1 m m—n
s =3 (4 ) (1)« (7 ) e ()
— i) =N d ) e j
1 . 1

_l_

I
gw
o
7N
S
<
—_
N———
[\
3
d
VRS
<. 3
N———"
+
Q<
L |
VR
QU
<L
—_
N———
[\
3
<
|
—
NE
VR
3
=
3
N———

Using the identity
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we obtain
d—1 d
d—1 (m d—1 m
stndsn=3 (1) () e (G70)7 ()
( ) jZO J J ]Zl J—1 J
d
() ()
=\ J
which proves our claim. [ |

4.2.3 Proof of Lemma 6

The same arguments as used in Step 1 of the proof of Lemma 5 lead to a decomposition
of G(m,d + 1) into disjoint subsets

m n—1

G(m,d+1) = (G(m,d) x =) U ({JGlm—n.a) x (T [J 7).
n=1 =0
In view of (H4) and (H5) this yields
min(Cy, Cs) (I (m Z\g m—n,d)| 2" ) <|G(m.d+ 1)

< 20, (|g(m, D+ (6(m —n,d)| 2"—1) .

Induction with respect to d by taking (13) as induction hypothesis yields the desired
result. [

4.2.4 Proof of Lemma 7

Part (i) is an easy consequence of the recursion formulas

m m—d
|Po(m,d+1)] =Y |Po(m—n,d)| and [Py(m,d+1)| = |Py(m—mn,d)|
n=0 n=1

with Py(m,1) = Py(m,1) = 1, m € N and induction with respect to d using (41).

The same arguments as used in the proof of the Lemmata 5, 6 imply

<|Hmd Z|H —n,d)| 2 1)<|H(md+1)|

< 3 ((HOm. ) + 3 [Hm —n.0]2)

with 2-2™ < H(m, 1) < 3-2™. Induction with respect to d yields the result.
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4.2.5 Proof of Lemma 8

The proof is similar to the proof of Lemma 4. Observe that the nestedness of the grids
’]}i implies

G(m,d, L) U x...x?}ff:U’Z;ix...de.

Jd
[il1<m lil1=m

We employ the same notation and decomposition of A(m,d, E) =T — R as in proof of
Lemma 4. Since L{, interpolates on 7% the operator T interpolates on 7,} x ... x 72

Hence, it is enough to prove
Rf(z)=0 forall z€7} x ... x T¢, |kl; =m
and all f € C(T?). We shall prove even more, namely
(A}1® ®A§ld>f(x):0, TET x . x T, |kl =m

f € (T and |j]; > m.

Let j, |jl1 > m, k, |k|; = m and 2 € G(m,d, L) be given. For f € C(T%) and 1 < u < d
we put g,(t) == f(x1,...,Tu_1,t,Tys1,...,24), t € T. Furthermore, there exists at
least one component u such that k, < j,. But this implies L% Gu(Ty) = Ly Gu(Ty)

which proves the claim. [

4.2.6 Proof of Lemma 9

Step 1. We prove (14) for A(m,d,S). Since for j € Ng
(A, ®@...@ A, f(z) = ch(f)eikx and H(m,d,1) U P;,
keP; l7l1<m
Definition 1 leads to the desired representation. For the second identity observe
(B)ft) =Y (V@R —v@ k) a(f)e™,  teT, (eN.
keZ

Step 2. Proof of (15). Step 1 yields that both operators map their arguments to trigono-
metric polynomials with respect to the hyperbolic cross H(m,d, 1) and H(m+d,d, 1),

respectively. Hence (15) is a consequence of Lemma 7. H
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4.2.7 Proof of Lemma 10

Let

- Y Y ek, meN,

lilhi<m kezd

then A(m,d,v)f = 1/(2m)% g * f. Consequently
I A(m, d, ) | Li(T?) — Ly(TY)|| = || A(m,d,¢) | Loo(T) — Loo(T)]]
= 1/2m)" || gm | L2 (T .

Now Lemma 10(ii) follows from Lemma 13(ii). |

4.3 Proof of Theorems 1 and 2
4.3.1 Tensor Products of Operators
One of our tools consists in the following estimate for tensor product operators.

Lemma 19 Let 1 <p < oo andr > 0. Suppose P; € L(B, ,(T), L,(T)), j =1,...,d.
Then

d
| P& . @ Paf L) < (T2 1By,(T) = L(DI) I £ 1S5, B(T)
j=1

holds for all trigonometric polynomials f.

Proof Let f =", _a ck(f) €** be a trigonometric polynomial. We define k = (ki, k'),
ky€Z, K eZ¥7 v = (x1,2'), 21 €T, 2/ € T, and

d
g, (') == Z cx(f) (HPn(eik"')(xn)) ) o Rk €Z.

k' ezd—1

Then

I(Po ..o PASILEP = [ [A(3E st
<12l [ (3 anre ) B (42)

Now, let (¢;); € ® be an appropriate decomposition of unity, see Subsection 5.2. Then

(5 i) ol = 527 3 tbmires
=S 2 (3 el Z’W(HP ) () ) €) ()

Jj1=0 kezd

p

LP(T, .fl)

p

p(T7 331>
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This identity will be inserted into (42). Then we interchange the order of integration

and proceed as above:

o0 27
(P @ ... @ P)fIL,(TYIP < || PP Y- 277 / ’ /
Td=1 J0o

j1=0
d P
’ Pg( Z cx(f) pj, (ky) et ( H Pn(eZk"')(xn)> e’k2'> (x9) | drydxydxs ... drg
kezd n=3
< Iedr APl
, . . p
X Z orlilp /Td ‘ Z cr(f) i (ky) €™ g (ka) €™ | day ... dug
jeNg kezd
= N2l NPl N f 1S5, BT
This proves the claim. |

4.3.2 Proof of Theorems 1 and 2

The proofs of Theorem 1 and Theorem 2 do not differ very much. So we shall prove
both theorems simultaneously. For later use we will take care of the constants and
their dependence on the dimension d in all inequalities.

Step 1. The aim of this first step consists in a description of the decomposition we
are going to use. It will a be bit more sophisticated than the one used in the proof of
Theorem 5, cf. (53) and (54). The main difference will be the necessity of a further
decomposition of the set Q7". In addition one has to modify in order of taking A into
account, see (H2).

First of all recall the decomposition (58) of f € S B(T?) into the pieces f;. Because
of r > 0 (r > 1/p) we have convergence in L,(T9) (C(T?)), see Lemma 20. Next we
need to fix a natural number n, such that 27" < \. Now we suppose that m is larger
than d(ny + 1). Further we put s, := m — d(ny + 1) > 0 (we drop the parameter
A in all other notations). Let I* := [0, s,,] and I]" := (s,,,00), respectively. For
b= (by,...bq), b €{0,1}, i =1,... ,d, we define

Qr:={lecN:: bhely',n=1,....d, |l]; > sy},
This leads to the decomposition

fl@)=h(z)+ > f(z),

be{0,1}4
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where

"():= ) folw)

eQm
The function h(z) is a trigonometric polynomial given by

> folw)

‘e‘lgsm

Observe c(h) # 0 implies cx(f;) # 0 for some ¢ € Z< satisfying |¢|; < s,,. Hence
k| < 2600 < bt ) for m = 1,...,d. Therefore k € H(m,d,\) and consequently
A(m, d, E) h = h follows, see Lemma 4.

Step 2. Estimation (first part). By means of the invariance of h under the application
of A(m,d, L) we find

If = A(m, d, L) fILy(TY < > (1Lf" = Alm,d, L) f* | L (T4
be{0,1}4¢
Obviously, there exists a number M, € N, such that the trigonometric polynomial f,

has all its harmonics in the hyperbolic cross H(My,d, X). For M, > |¢|; + d(1 + ny)

Lemma 4 implies

| fo — A(m, d, L) fo | Ly(TH| = | A(My, d, L) fo — A(m, d, L) fe | L,(T%)|

3> <éAza>fe L

m<|j|1<Me n=1

-3 (®a3)au

JEAT n=1

™)

where

AT = {j = Gryoda) i >m, u <ot 14my,n= 1,...,d}.

In order to keep the notation simple we used again A instead of A; (L"), n =1,....d,
Jn=0,1,2,.... The last step here is a consequence of (H2), the definition of the tensor
product and the choice of M,. We continue by using Lemma 19. Let us choose ry such
that 0 < rg < r (this condition has to be replaced by 1/p < 1o < r in the case of
Theorem 1). Then

| (@ a5.) ]

Using hypothesis (H3), the triangle inequality and (57) this gives

(@)1

)| < Il fe IS5, BT H | A7 1By(T) = Ly(T)]|.

Ly(T)| < e | £y, BT,
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where Cy := Cy(rp) - (14 27), see (8) and (9). Furthermore

j _ _ 1/p
| FelSp B < (30 207 sup [|(2m) =2 gy Lu R - | £l Lp(T)]?)
i—til<1 JeNg

d

77777

< G20l || £y L (T
where
Cy o= 27093%P(27r) =42 max | F~ o | La(R)||™ | F~ o [ Ly (R)| 7.

Here we used the standard convolution inequality and an argument like in (32). Alto-

gether we obtain

1 f* = A(m, d, L) f* [Ly (T < Cf G5 Y 200 |AP| || fo | Ly (TY)]

eQr

= CiCs27om Y 20l A | 2 || £y | L, (T (43)
eQp

Of course, |A}*| denotes the cardinality of the set A}*. We need to estimate this quantity.

Obviously
d d
MﬁcPn—}jmfkhmh%&+1+nJx-~xPn—§:wn+1+nQJw+1+n%.
n=1 n=1
n#l n#d

This implies

d
A7) < min (€ +d+na) + T=m), T+ 2+m). (44)
n=1
Step 3. Estimation (second part). Depending on the size of |b|; we continue.
Step 3.1. Let |bl; < 1. Without loss of generality we may assume that b, = |b|;. For
given ¢ let ¢’ be such that (1/¢) 4+ (1/¢') = 1. Then we find

, N 1/d
9-mro ( Z 0 (ro=r)tls | Am|a )
LeQy

/ /| ! 1/q,
< 27 (30 200 ()t d(na 4+ 1) 41— )™ )

eQy

Sm o0 /
< Q*mm( ) 22‘1’(T0T)(U+md(m+1)UudtI')l/q
loy. fq=0 u=0
< 27 (i ZQq'(ro—r)(u—d(mﬂ)—l)udq')1/ !
u=0
< Cgo-mr pld-D0-1/) (45)
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where

Cﬁ = 2(T_T0)(d(n>\+1)+1) ( Z 2ql(ro—r)u udq’) /g

u=0
In this case Holder’s inequality and (45) lead to

I £ = A(m,d, L) f*) |L,(T)|
’ ’ 1/q' 1/q
< i, 2*m7’0< Z o' (ro=7)|th |Avgz’q> ( Z orltha || , ]Lp(Td)Hq)

LeQM eQm
< CY{CsCg27m DOV pisr B(TY)| . (46)

Step 3.2. Let |b|; > 2. In this case the estimate becomes easier. We use
d
2—m7‘0 Z 2(7‘0—7’)M|1 |A7ZL| S 2—77’17‘0 H ( Z 2(7’0—7‘)471 (én _|_ 2 + n)\)) ,

eQr n=1 el

see (44), as well as

o0

Z 2(ro=mn (0 4+ 2 4 ny)
lp=8m+1
2m(T0—T)2(T—T0)(d(n)\+1)_1) Z 2(TO_T)u (u + m — d(n)\ + ]-) + 3)
u=0
< o) Q=) (dmt =D 3™ 9o (4 4y 4 3)
u=0

< C7 2m(r077") m

with
07 = 22(7‘ 7'0 'f'LA-‘rl <Z 2 r0— T u u _|_ 3))
and .
Z2T0T g +2+n>\ S Z TO T)U§C7m.
£rn=0 u=0

Altogether this leads to

|| fb - A(m7 d) E)fb |Lp(']rd)|| S Oz 05 || f |S;7OOB(']I‘d)|| 9—mro Z 2(T0—r)|é‘1 |A2n|
teQm
< CICsCL | £S5 BT 2 madmiro=n) (=)

< C{GsCFCs27™ || f1S) . BTl (47)

where

Cs:= max sup md2mro—mn
n=1,..., d—1 meN

see (43). It remains to sum up over |bl; < 1 in (46) and over 2 < |b|; < d in (47),
respectively. This completes the proof of Theorem 1 and Theorem 2. [
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4.4 Proof of Theorem 3

Step 1. Preliminaries. Let

Lf(t):= Y fltoAt—t), ti€y.
leKn
If f belongs to the Wiener algebra A(T), then the Fourier coefficients of Lf are given
by the formula

cr(Lf) =New(A) Y erren(f),  keZ.

LeZ

In particular, if f(t) = ¢"™ one obtains

1 itmez,

(48)
0 otherwise .

co(L(e™)) = N eo(A) - {

The admissible operators L reproduce the function f(¢) = 1. Hence
1= C()(Lf) = NCO(A) .

Step 2. Test functions. Only the estimate from below is of interest. For this reason we
construct a sequence of test function which are similar to the lacunary series studied
in (36). For m > d? we put

f(@1, oy g) = Z NP1t tiNugta (49)

ug>d
[ul1=m

where N;, j € Ny, is the given sequence of natural numbers appearing in hypothesis

(H4). Minor modifications of the arguments used in Lemma 15 yield
| fn 1S} BT = 27 @/, (50)

Again we refer to Remark 7.

.....

Putting

dM(N) - 1 M . )
0 otherwise
we derive from (48)
CO(A?,C (eiN“k')) = dek (N“k) dNkal(Nuk) if jp>1
dNo(Nuk) if jk =0
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Now we employ our assumption N;1/N; € N, j =0,1,..., and obtain

-1 if jp=ur+1
co( A () = ¢ 1 it =0 . (51)
0 otherwise

This yields

co(A(m,d, L) fn) = > co[Alm,d, L)(e™Nn++Nea)]

up>d
lul1=m

_ Z Z CO[(®A§,€> (eiNuk--l-...-HNud)] (52)

d
up>d jETy k=1
lul1=m

= 30 S ol ()] A (V)
|u|k2d JET,

where

T, = {(jl,...,jd)ENg: |7l1 < m and either jp=wux+1 or j;=0,

k=1, .., d} .
Clearly, T, does not contain (u;+1,... ,us+1) because of |u|; = m. Let us decompose
d
the index set T, into the disjoint subsets T,, = |J T , where
=1
T' = {(j1,....,Ja) € T, : exactly £ components of j vanish}, (=1,..,d.

The set T contains exactly (‘Z) elements for every u and because of (51) we have
CO[A;(@"N“I')] Cet CO[A?d(eiN“d')] = (=1)%*, jeTt.

This together with (52) yields

co(A(m,d, L) fn) = Z Z Z(_l)d—e
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Because of
(D)= (5 ) B () = (1)

we conclude in view of Remark 7

Since we know the behaviour of || f, |S}, ,B(T?)|, see (50), we finally get

I — A(m,d,L)|S" B(T% — L(T¢ | fm — A(m, d) fin | Lp(T9)]]
1= Alm,d, 155, BT = L)) = e 20e S

> cQTTm m(d—l)(l—l/q)

with some positive constant ¢ independent of m € N. [

4.5 Proof of Theorem 4

Only the estimate from below is of interest. Associated to L = (L!,...,L%) is the
sequence of grids G(m,d, E), m € Ny, see (11). For simplicity we concentrate on the

first component for a moment. Because of (H4) we find

Uz
=0

Consequently, for every m € Ny there exists an open interval Z,, C [—m, 7|, |Z,,] =

0%2_(7”“), such that

S 02 2m+1 )

Therefore we can find a rectangle R, :=Z,, x [—m, 7| X ... X [—m, 7] such that
RynNG(m,d,L)=0.

Let B denote the function investigated in Lemma 18. We choose \; = C52™*! and
Ay = ... = Ag = 1. If 2™ denotes the centre of R, the function B(A(- — 2™)) vanishes
in G(m,d, L). In view of Lemma 18 this implies

I BO(- — ™) = A(m, d, L)(BO(- — ™)) |L,(T)|
I B —2m)) S, B(TY)

> e

where the corresponding constants do not depend on m. [
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4.6 Proof of Theorems 5, 6 and Corollary 3
4.6.1 The Estimates from Above

The proof will be subdivided into several steps. Step 1-4 is devoted to the corresponding
part of the proof of Theorem 5. Further, in Step 5 we deal with the upper estimate in
Theorem 6 and finally, Step 6 covers the upper estimate in Corollary 3.

For m € N& we put

QT = {é € Ng o dk st 4 > m} , (53)

Qr = {eeNg: to<m,k=1,...,d, and wyl>m}. (54)

Let f, be defined as in (63). Then the following identities will play the major role in
our estimates
Am,d,S)f = > F,
[€li<m
cf. Lemma 9, and
F=Amd,S)f =Y fit Y fo.
teQm teQm
They hold for all periodic distributions f, at least in the weak sense.
Step 1. Estimate of || ZZGQ;" fe |L,(T%)||. The triangle inequality and (65) yield

1Y FlLy (T < D0 1 felLy(T)]]
LeQT LeQ

|| £S5 B (D 27).

eQm

IN

Since

Z 2—r|€|1 <com

teQy

with ¢ independent of m and S, B(T?) < S} _ B(T¢) the desired inequality follows in
all three cases.

Step 2. Estimate in case ¢ < min(2,p). By Step 1 it is enough to deal with

[ ZEEQ{)" fe |L,(T%)||. Our assumptions imply S7, B(T%) < S;W (T?), see (60). Hence

IS i@l < [[(X @r)” |
eQp leQy
< ¢ 9—rm H ( Z 22r|€\1 |ﬁ(l’)|2> 1/2 Lp(Td)H

eQm
< 27| f1S),B(TY).



4. Proofs 44

Step 3. Estimate in case 1 < p <2 and p < ¢ < oco. Let (1/p) = (1/q) + (1/u). The
monotonicity of the £,-norms, the Littlewood-Paley characterisation (64), and Holder’s

inequality yield

~ ~ 1/2
IS FAnml = | (3 1Fe@)R) |z
LeQm LeQq’
~ A\ [1p 1/p
< o (X WL (mhP)
eQy
< ( Z 2r|f\1q Hf”[’ Td H ) < Z 2~ Tlf\lu)
eQm eQm
Next we observe that
1/u
( Z 2—7’|£|1u> < Cm(d—l)/u 9—rm (55>

teQm
holds with a constant ¢ independent of m. Altogether we have found
| FelLp(M)] < em 0G0 27| £185 BT
eQr

Step 4. Estimate in case 2 < p < oo and 2 < ¢ < oo. Let (1/2) = (1/q) + (1/u).
Similarly to Step 3 we obtain

I FLml = (X 1F@PE) L)
LeQm LeQq’
< a3 1T mP)”
eQy
< o (X 2Rz, mhe) (3 o)
ZGQO ZGQQ

< emVGETD 2 Flsr BT,

where ¢y does not depend on m.
Step 5. By replacing the pieces ﬁ by fgp , see Lemma 22, the upper estimate in Theorem
6 is derived. So it remains to deal with p =1 and p = cc.

First of all we proceed as in Step 1 and obtain

1> LT < D I (T

reqQp reqQrp
< 27| f1S, 0 BT,
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which remains true for the limiting cases. Next we deal with Zengl flfp . For any

1 < p < oo we have

1Y LT < D I LT

eQr eQr

< eml V=D o £15T B(TY)|,

where we used (55).

Step 6. Because of
ck(A(m,d, ) f) =0 if k¢ H(m,d,2)

the upper estimate in Corollary 3 is a direct consequence of Theorem 6. H

4.6.2 The Estimates from Below

Step 1. Let gm+1 be the function defined in (23). Since A(m,d, S)g,, = 0 we obtain

10— A4, 8)) g 1T gmer IL(PY) om0
[ gm+1 155 B(TY)]| [ gm1 [y BT~ 2rm mle=n/a” ’
see Lemmata 11, 12(ii). Next we shall use the functions
fmp1(x) = Z e (see (36)).
[7]1=m+1
Again A(m,d, S)fm+1 = 0 and hence
— d d (d—1)/2
(L — A(m, d, S))fm+Z|Lp(T I o [Lp(T )dll > M  men,
| frnt1 |55 B(TY)]| | frms1 |5 BT~ mle=D/a2rm

see Lemma 15. Finally we test with the functions e®(m+1.0...0%1  Then
A(m’ d7 S)eip(m+1,0 ,,,,, 0)T1 — 0’ H 6ip(m+1,o ,,,,, 0)T1 |Lp(Td)|| — (271-)1/177

and || ePomsro..0 ]St B(TY)|| =< 2", where we used Lemma 15. This proves the
claim.

Step 2. Let us turn to A(m,d, ). In case 1 < p < 0o we can argue more or less as in
Step 1. Let h,,124 be a function defined in (33). Since A(m,d, 1)k 124 = 0 we obtain

| (I = A, d, 9)) b IL(T) | om0
[hsaa S, BTO] = 2@/

meN, (56)

see Lemma 14. Next we shall use the functions

fmt2a(x) = Z e (see (36)).

ljl1=m+2d
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Again A(m,d, ) fims2qa = 0, see (67), and hence

- d (d—1)/2
|| (I A(mvdaw)) fm+2d|Lp(T )H > ¢ m ’ m e N’
| frni2a ISy B(TY]| = " mld=1)/q 9rm

see Lemma 15. Finally we test with the functions e®(m+20...0%1  Then

A(m, d, w)eip(erz,o ..... 0T = (), || eP(m+2,0,...,0)1 |Lp(']l‘d)|| _ (2,”)1/10’

and || ePem+z0..0%1 | S8 B(TY)|| < 2", see Lemma 15.
Step 3. Let p = 1. The inequality (56) is still applicable and that is enough here.
Step 4. Let p = co. Instead of (56) we have
(7~ Al d,6)) b Lo (T m
| hnt2 |55,  B(TY) | — 2t/

see Lemmata 13(iii) and 14. This proves the claim.

m €N,

Step 5. Let g be a trigonometric polynomial with frequencies in the hyperbolic cross
H(m,d,1). For 1 < p < oo we use A(m,d,S)g = g, the inequality

I f = A(m, d, S)FIL,(T)| < (1+ | A(m.d, S) « LILy(T)) | f — g [Lp(T]
and the uniform boundedness of || A(m,d,S) : L(L,(T%)| (see e.g. [21, 1.5.2]) to

prove the desired estimate from below in (17).

Step 6. Finally we turn to the estimates from below in case p =1 and p = co. As it is
obvious from Lemma 10(ii) the previous argument is not applicable.

Substep 6.1. For p = 1 we use the functions defined in (37). For g being as in Step 5

and m large enough we conclude by Lemma 16
cam* Y < [ La(T P = (¥, ¥m)
= (Ym — 9, ¥m)
< [t = gILA (T - [[$m] Loo (T |
< em®H W — gLy (T
The claim follows from Lemma 16(iii).
Substep 6.2. In case p = oo we argue as follows. Let g be a trigonometric polynomial
such that ¢x(g9) = 0if k ¢ H(dm — 1,d,1). Let f,, and ®,, be the functions defined in
(38) and (39), respectively. Then Lemma 17 implies
crm®™ < | ful La(T* = (frns frn) = (fins @)
= (fm = 9, Pm)
< N fin = 9l Loo (T - || Ly (T
< 22m) || frn — gl Leo (T

Taking into account Lemma 17(iii) we have finished. |
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4.7 Proof of Corollary 6

The estimate from above follows from Corollary 4. For the estimate from below we shall
use some well-known results about Kolmogorov numbers of those embedding operators.

Recall, for a Banach space F' — L,(T?) we put

M
dyr(F, Ly(T%) := inf sup  inf H f— Z Ci Uy
i=1

{ui L CLy(TY) || f|F||<1 CLrCM

Lp(']l‘d)H .

Hence dy < py. In case of F = 57 B(TY) one has the convenient references [38,

11.4.11] and [36, Thm. 3.4.5], but with some additional restrictions what concerns r

and p. For the general case we refer to [13]. Galeev considered a bit different spaces.

However, by some standard arguments his estimates carry over to our situation, see

e.g. [36, Introduction to Chapt. 3|. For 1 < p < 00, 1 < ¢ < 0o and r > 0 this leads to
du(1, Sy, B(T), Ly(T*) = M~"(log M) (M, d, p.q),

7T Ppg

where n(M,d, p, q) is defined in (19). |

Remark 20 For the estimate from below one can also use entropy and approrimation
numbers. For a definition of these quantities we refer, e.g., to [11], [38] or [41]. Let
en(I,X,Y) denote the n-th dyadic entropy number of the embedding operator I which
maps the Banach space X into the Banach space Y and let \,,(I, X,Y’) denote the n-th
approzimation number (linear width, see Remark 2) of this embedding. Then trivially
A < pyoand furthermore e, < ¢\, under certain weak conditions on X and 'Y which

are satisfied in our context, see Theorem 1.3.8 in [11]. So, entropy numbers can be

used as well for deriving lower bounds of pyr. The estimates

M~ (log .M)(d_l)(“%_%)+ if 1<p<oo,

r d d
eM([’SMB(T ), Lp(T)) = ¢ { M~ (log M)d=Dr=1/a)+ if p=1,00,

with some positive constant ¢ (independent of M ) are known, at least in a situation very
close to ours. For (non-periodic) function spaces on domains it has been proved in [41,
Thm. 4.11]. This can be transferred to the periodic situation. In our case it is enough
to construct a bounded linear extension operator from Sy B((—1,1)%) to S B(T?) and
to apply the multiplicativity of the entropy numbers, see [11, 1.5.1]. We omit details
and refer to [6] where a similar situation is investigated. Under additional restrictions

on p and q entropy numbers of the embeddings I : S;qu(']I‘d) — L,(T%)) are studied in

[4], [10] and [35].
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4.8 Proof of Theorems 7 and 8

The estimate from above in Theorem 7 follows from S;W(T?) — S} ,B(T%), see (60),
in combination with Theorem 1. For Theorem 8 it is contained in the proof of Theorem
5, see Subsection, 4.6.1 Step 1/2.

Step 1. Estimate from below in Theorem 8. We proceed as in proof of Theorem 5, cf.
Subsection 4.6.2, Step 1, and observe that

| frnt [SEW (T < 27mm @D - m e N,

see (36) and Lemma 15(ii).
Step 2. Estimate from below in Theorem 7. We employ the same strategy as in proof
of Theorem 3, see Subsection 4.4. The test functions, defined in (49), satisfy

T d - orm d—1)/2
| fon | SpW (T = 27 ml4=072,

see Lemma 15(ii). |

4.9 Proof of Corollary 7

The estimate from above follows from Corollary 6. For the estimate from below we

argue as there. It is enough to use
ex(I: SW(T?) — L,(T%) > ¢ M~ (log M)~V

with some positive constant ¢ (independent of M), see [4] and [41].

5 Appendix - Function Spaces

Let D(T?) denote the collection of all infinitely differentiable, complex-valued and in
each component 27-periodic functions equipped with the topology generated by

[ flla:=sup [D*f(z)],  «aecNg.
xzeTd
The elements of the topological dual D'(T¢) (equipped with the weak topology) are
called periodic distributions. All function spaces considered here in this paper will be
continuously embedded into D'(T¢).
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5.1 Nikol’skij-Besov Spaces on the Torus
Let 1 <p <ooandr>0. Let M be a natural number such that M —1 <r < M. A
function f € L,(T) belongs to the Nikol'skij-Besov space B, . (T) if

1 1By (M= [1f | Lp(T)]] +sup WM (f 1), < o0,

Here

wM(f, t), = sup
|h|<t

; Ly(T)||.

é <M)(—1)j f(x+ (M — j)h)

Our general references for these spaces are [21, 26]. Of certain interest is the following

property: we have
By (T) — C(T) — r>1/p,

of. [21, 6.3, 6.10.1] or [26, Rem. 3.5.5/3].

5.2 Besov Spaces on the Torus

For us it is convenient to introduce Besov spaces by making use of a smooth dyadic
decomposition of unity. Let C§°(R) denote the set of all compactly supported, complex-
valued and infinite differentiable functions on the real line and ® the collection of all
systems ¢ = {¢;(z)}32, C C5°(R) satisfying

(i) supp ¢o C {x: |z| <2},

(ii) supp ¢; C {z: 277t < |z| <27F'} | j=1,2,..,

(iii) V¢ € Ny we have S;lgp 27t \cpg»e) ()] < e < oo,

(iv) > ¢;(z) =1 for all z € R.
=0

Let 1 <p <ooandr > 0. Then f € L,(T) belongs to B; (T) if
< . 1/p
1£1B,,(DI = (32710 ek () e [Ly()F) < oo
=0 keZ

Different elements of ® lead to equivalent norms. For this and other properties, for

instance

By (T) — B, (T), (57)

we refer e.g. to [21] and [26, Chapt. 3].



5. Appendix - Function Spaces 50

5.3 Sobolev Spaces of Dominating Mixed Smoothness

If r is a natural number and 1 < p < oo, then the Sobolev space S;W(Td) of dominating

mixed smoothness of order r is defined as the collection of all f € L,(T?) such that
DafELp(TQ), a:(al,...,ad), 0<a<r, (=1,...,d.

Derivatives have to be understood in the weak sense. For general » > 0 and 1 < p < 0o

one may use
S el HL+ )77 (L [kal?) 2 €™ € Ly(T).
kezd

In case r € N this leads to an equivalent characterisation. For r € N we endow these

classes with the norm

£ ISy (T = 1 D f [ Lyp(T)]]
a<r
For r > 0,r ¢ N, and 1 < p < oo we shall use

|FISEWTD] = || 30 )+ )72 o (1 )72 e

kezd

Ly(T).
Sometimes we use the symbol SYW (T?) instead of L,(T?).

5.4 Besov Spaces of Dominating Mixed Smoothness

These smooth dyadic decompositions of unity on R can be used to construct decom-

positions on R? by means of tensor products. Let ¢ = (f1,... {3) € N&. Then we
put

pe() = (1) - ... - pyy(Ta).
Hence

Z we(z) =1 for all x € R?.
¢end

As an abbreviation we shall use
fl@) =) alf)pe(k)e®™, €T’ (NG, (58)
kezd

which results in

f:foa

¢eNd
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at least in the sense of periodic distributions.
Let p e @, 1 <p<o0,1<¢q<o0,and r > 0. Then the Besov space S;’qB(’IFd) of

dominating mixed smoothness is the collection of all functions f € L,(T?) such that

1/q
7185, B = (3 2199 flLy(Th 7)< oo. (59)

¢eNd
These classes are Banach spaces independent of the chosen system @ (in the sense of
equivalent norms), cf. [26, Chapt. 2,3] for d = 2. Below we shall recall a few facts
about these classes. Let 1 < p < oo. Then

S;vmin(m)B(’]I‘d) < S;W(Td) — S )B(']I‘d) , (60)

7max(p,2

see [36, pp. 20/21] or |26, 2.2.3].
Lemma 20 Let 1 <p< oo and 1< qg<oo. Let r > 1/p. Then
, 1

St B(TY) — SYPB(TY) — C(T?)
holds. Furthermore, if f € S;’/IPB(TCZ) then
lim H -3 5 ‘O(’]I‘d)H —0.
m—oo i
Proof Step 1. The embedding S;  B(T¢) — S;{lpB(Td) is obvious. Using the Nikol’skij
inequality, cf. e.g. [26, 3.3.2|, we find

1F1E(T = || D2 o] Bl

£eNd

< Y el Lao(TY)]

0eNd

< ey 297 f|Ly(T)|

¢eNd
= cllfIS,¥B(T. (61)

This proves the boundedness of the elements in S;flp B(T%). The continuity follows from
the continuity of the pieces fy, the convergence of Z‘ th<m fe in C(T4), employing the

same arguments as in (61), and

nll_r)r})o Z fe=1r (convergence in  D'(T9)).

Remark 21 A proof of the nonperiodic counterpart to S;ﬁpB(TQ) — C(T?) can be
found in [26, 2.4.1].
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5.4.1 Fourier Multipliers

First of all we need some spaces of functions on RY. By F and F~! we denote the

Fourier transform and its inverse on Ly(RY), respectively. Let x > 0. Then a function
[ € Ly(R?) belongs to S5 H(RY) if

1/2

IFISsHE| = ([ @il .. 0+ Py iF©P ) < oo

R
Let (V); be a sequence in (0,00)? and let A = (A;); be a sequence of subsets of Z% s.t.

Ac{tezt . |4 <y, i=1,...,d}, jeENI.

We say that a sequence (g;); of trigonometric polynomials belongs to L;}(']Td, ¢,) if

(LS o) o) <

| ()3 12T 0,)

and
ck(gj) =0  forall k¢gA;, jeNI.

Lemma 21 Let1 <p<oo,1<qg<o00 and let
- 1 n 1

K> — =

min(p,q) 2

If (M;); is a sequence in S5 H(R?), then there exists a constant ¢ such that

H Z M; (k) Ck(gj)eikx Lp(Tdvgq) < ¢ sup HMJ(bj) |85H(Rd)|’ 95 |Lp(Td7£q)||
kezd

- ~Nd
]ENO

holds for all (g;); € L5 (T ¢,). Here ¢ neither depends on (g;); nor on (M;);.

Remark 22 A nonperiodic counterpart to Lemma 21 is proved in [26, 1.8.3]. The

proof in the periodic situation is similar. Details will be published elsewhere.

5.4.2 Further Littlewood-Paley Characterizations

Similar to isotropic Sobolev spaces also the classes S} W (T) allow a Littlewood-Paley

characterisation.

Lemma 22 Let 1 <p < oo andr > 0. Let f; be as in (58). Then

I f|S;W(Td)H = H (Z 227"|€|1‘f4(x)‘2)1/2

¢eNd

Ly(T)|

holds for all f € L,(T?).
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Remark 23 Forr =0 this can be found in Nikol’skij [21, 1.5.2/(13)]. For r > 0 one
has to use a lifting property, we refer to [26, 2.2.6] for the nonperiodic counterpart.

Now we turn to the Lizorkin representation of Besov as well as Sobolev spaces. We

need a special covering of R?. Let

Poo= [-11],  Pi={zrcR: 27 <[ <P}, jeN,
P; == Py, x...xP,, jeNL (62)
Then
Rd:UPj and  P;NP, =0 if j#L.
JENG
Hence, with
folz) = Z cn(f) ek reT? (eNg, (63)

keP,
we find

F=> 1
0eNd

(convergence in the sense of periodic distributions), compare with (58).

Lemma 23 Letl <p< oo, 1 <qg<oo0. Then, ifr >0

~ 1/2
LA 1sw )= | (3 221 1@ ) Lo (64)
¢eNd
and if r >0 /
I 185, BT = (3 270 | Jo |, (Te) (65)
¢eNd

holds for all f € L,(T?).

Remark 24 The Lemma can be proved by making use of a periodic version of a vector-
valued Fourier multiplier theorem of Lizorkin, see [26, Thm. 3.4.3/3], in combination

with Lemma 21 and Lemma 22.

5.4.3 Smooth de la Vallée-Poussin Means

Finally we consider a special decomposition of unity. Let ¢ € C§°(R) be an even
function such that ¢(t) = 1 if [{| < 1 and suppy C [-3/2,3/2]. Furthermore we

assume that 1) is nonincreasing on [0, c0). Then we put
do(t) = (),
9;(t) = P27 —(277),  jJEN,
O,(x) = Vj(x1)- ... V,(xa), reT? jeNI. (66)
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Clearly, (¥;); € ®. It holds
' 3 . _
() =1 if §2J < |t <2 (67)
as well as
Y Ojz)=1 forall zeR”.
JENE
In addition we have ©; > 0 and
>_ Ok <[P, jeENG.
kezd
For f € L;(T?) we introduce the decomposition
@)=Y Ouk)c(f)e™, xeT!, (eNj. (68)

kezd
As a particular case of the definition we obtain
1/q

1 £185, BT =< (0 210 £ L, (T)]))

£eNd
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