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Abstract

We investigate the approximation of d-variate periodic functions in Sobolev spaces of
dominating mixed (fractional) smoothness s > 0 on the d-dimensional torus, where the
approximation error is measured in the Ly—norm. In other words, we study the approxi-
mation numbers a,, of the Sobolev embeddings H?. (T?) < Lo(T9), with particular em-
phasis on the dependence on the dimension d. For any fixed smoothness s > 0 we find
two-sided estimates for the approximation numbers as a function in n and d. We ob-
serve super-exponential decay of the constants in d, if n, the number of linear samples of
f, is large. In addition, motivated by numerical implementation issues, we also focus on
the error decay that can be achieved by approximations using only a few linear samples
(small n). We present some surprising results for the so-called “preasymptotic” decay and
point out connections to the recently introduced notion of quasi-polynomial tractability of
approximation problems.
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vergence - preasymptotics - d-dependence - quasi-polynomial tractability
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1 Introduction

In the present paper we investigate the behavior of the approximation numbers of the embed-

dings
Ij: HS (T — Ly(TY), s>0, deN,
where H3. (T?) is the periodic Sobolev space of dominating mixed fractional smoothness s

on the d-torus T? represented in R? by the cube [0, 27r}d. The approximation numbers of a
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bounded linear operator T : X — Y between two Banach spaces are defined as

an(T: X - Y):= inf sup || Tz — Ax|Y||
rank A<n 21 X<1 (1.1)
= inf |[T—-A:X—=Y|, neN.
rank A<n

They describe the best approximation of T by finite rank operators. If X and Y are Hilbert
spaces and T is compact, then a, (7)) is the nth singular number of 7. Moreover, it is well
known that for operators in Hilbert spaces the approximation numbers coincide with all other
s-numbers, like Kolmogorov or Gelfand numbers, see e.g. [23, section 11.3.].

The first result on the approximation of Sobolev embeddings is due to Kolmogorov [14].
He showed already in 1936 that in the univariate (homogeneous) case with integer smoothness
m € N the approximation numbers a, (I : H™(T) — L2(T)) are given exactly by n~"". Here we
are interested in the multivariate (inhomogeneous) situation, where d is large, and investigate
the approximation numbers a, (I : HS, (T?) — Ly(T?)) for arbitrary smoothness parameters
s> 0. The spaces H2. (T?) are much smaller than the isotropic spaces H*(T?), and often they
are considered as a reasonable model for reducing the computational effort in high-dimensional
approximation.

In recent years there has been an increasing interest in the approximation of multivariate
functions, since many problems, e.g. in finance or quantum chemistry, are modeled in associ-
ated function spaces on high-dimensional domains. It has been shown that the functions which
have to be approximated often possess a mixed Sobolev regularity, as for instance eigenfunc-
tions of certain Hamilton operators in quantum chemistry, see Yserentant’s lecture note [34]
and the references given there.

Mityagin [17] was the first who showed the two-sided estimate

cs(d)n™*(Inn) V% < a,(I; : H?

mix

(T?) — Lo(T?)) < Cy(d) n~*(Inn)d=Hs (1.2)

for n € N, n > 1, in a slightly more general setting. Here the constants cs(d) and Cs(d),
depending only on d and s, were not explicitly determined. Some more references and comments
to the history of (1.2) will be given in Subsection 4.5 below. Our main focus is to clarify, for
arbitrary but fixed s > 0, the dependence of these constants on d. In fact, it is necessary to
fix the norms on the spaces H?, (T¢) in advance, since the constants c(d) and Cs(d) in (1.2)
depend on the size of the respective unit balls. Surprisingly, for a collection of quite natural
norms (see the next subsection for details) it turns out that we can choose

Cy(d 7
@ = =gy
Note that Cs(d) decays super-exponentially in d. This observation can be compared to similar
results in Bungartz, Griebel [4], Griebel [11], Schwab et al. [26] and Dinh, Ullrich [8], where
the authors noticed at least exponential decay of the constants. A more detailed comparison
will be made in Subsection 4.5.

Let us ignore the constants cs(d) and Cs(d) for a moment, and fix s > 0. Then, for arbitrary
d € N, the function fy(t) := t=* (Int)*®~1 is increasing on [1, e*~!] and decreasing on [e~!, c0),

@) s(d—1)

- , which increases super-

hence its maximum on [1,00) is max fa(t) = fa(e®™1) = (

exponentially in d. That means, for large d we have to wait “exponentially long” until the



sequence n~*(In n)(d_l)S decays, and even longer until it becomes less than one. Note that for
all norms on H?. (T¢) to be considered in this paper, we have a, (I : H?. (T%) — Ly(T%)) < 1
for all n. Consequently, for small values of n the behavior of a,(Iy : H, (T%) — Ly(T9)) is
not properly reflected by the asymptotic rate n=*(In n)(dfl)s.

This is the reason why we split our investigations into three parts. First, we show that the
limit

s, . s d d d s
iy 2l (T L) 23
n—00 (]n n)(d_l)s (d — 1)'

exists, having the same value for various norms. Secondly, for exponentially large n, we
calculate some admissible constants c¢s(d) and Cs(d). Finally, we consider the situation for
small n in some detail. In the range 1 < n < 4% we observe

o= (L) 2roe(wtiath) < (1, HO#(T9)  Ly(1d)) < () 7000
% *an(d' mix( )_> 2( ))7 g R

see Theorems 4.9, 4.10 below. Here “#” stands for a specific (but natural) norm in H?, (T%).
For large d this might be relevant for computational issues, since 4¢ pieces of information is
already too much for any reasonable algorithm.

The paper is organized as follows. In Section 2 we introduce and investigate the Sobolev
spaces of interest. Here we are mainly interested in some assertions on equivalent norms and
embeddings. In Subsection 2.2 we add a few remarks to isotropic Sobolev spaces and their
relation to Sobolev spaces of dominating mixed smoothness. Subsection 2.3 in this section is
devoted to some basics on approximation numbers, in particular, in connection with diagonal
operators. In Section 3 we study some combinatorial identities and estimates. Section 4
contains our main results. The final Section 5 transfers our approximation results into the
recently introduced notion of quasi-poynomial tractability of the respective approximation
problems.

Notation. As usual, N denotes the natural numbers, Ny the non-negative integers, Z the
integers and R the real numbers. By T we denote the torus, represented by the interval [0, 27],
where the end points of the interval are identified. For a real number a we put a := max{a,0}
and denote by [a] its greatest integer part. The letter d is always reserved for the dimension
in Z¢, R4, N and T?. For 0 < p < co and x € R? we denote |z|, = (Z?Zl |;|P)Y/P with the
usual modification for p = co. If o € Nd and 2 € R? we use 7 := Hle z;*. The symbol
#) stands for the cardinality of the set 2. If X and Y are two Banach spaces, the norm of
an element x in X will be denoted by ||z|X] and the norm of an operator A : X — Y by
|A: X — Y|. The symbol X — Y indicates that there is a continuous embedding from X
into Y. The equivalence a,, ~ b, means that there are constants 0 < ¢; < ¢y < oo such that
cra, < b, < csa, for all n € N.

2 Preliminaries

2.1 Sobolev spaces of dominating mixed smoothness on the d-torus

All results in this paper are stated for function spaces on the d-torus T¢, which is represented
in the Euclidean space R? by the cube T¢ = [0, 27r]d, where opposite faces are identified. In
particular, for functions f on T, we have f(z) = f(y) whenever 2 — y = 27k for some k € Z<.
These functions can be viewed as 27-periodic in each component.



The space Ly(T?) consists of all (equivalence classes of) measurable functions f on T? such

Wgareh o= ([ ef as) ™

is finite. All information on a function f € Lo(T?) is encoded in the sequence (cx(f))x of its
Fourier coefficients, given by

that norm

1

W f(x) eiik‘x dx y k (S Zd .

ck(f) =

Indeed, we have Parseval’s identity

IFIL2(TH)? = D len(f (2.1)
kezd
as well as )
F@) = oy 3 exl)e
kezd

with convergence in Ly(T?).
The mixed Sobolev space HH"le(Td) of integer smoothness m € N is the collection of all
f € La(T%) such that all distributional derivatives Df of order a = (a1, ..., ag) With aj < m,

j=1,...,d, belong to Ly(T%). It is usually normed by
« d\ (|2 1/2
£ (T = (32 11D F a(Th)2) (2:2)
o] oo <

One can rewrite this definition in terms of Fourier coefficients. Taking ci (D f) = (ik)“ck(f)
into account, Parseval’s identity (2.1) implies (using the convention 0° = 1)

1A = Y e i Z ex (1) (i)™ | Lo(r) | (2.3)
|atfoo <m
= Y lanlP( X H\ku-l?“ﬂ')
kezd Ia\ooﬁmJ':l
m d
= > lalf |2(H21kj\2“)=Zrckmrzﬂvm(kj)%
kezd j=1a=0 kezd j=1

where .
=> [P, (2.4)
n=0

Due to our convention 0° = 1 we have w,,(0) = 1, moreover w,,(&1) = m + 1. Defining

= [[wmky)  for k= (ky,.... kq) € 2%, (2.5)



we obtain 1/2
1 (T = [ 3 el Pum (k)]

kezd

We could also have started with the equivalent norm

A= (X oos zatR) (26)

ac{0,m}?

Similarly as above, a reformulation of (2.6) in terms of Fourier coefficients yields

d 1/2
£ (T = [ 3 Jen(f)] H1+\k|2m} . (2.7)

kezd

Inspired by (2.3) and (2.7) we define Sobolev spaces of dominating mixed smoothness of
fractional order s > 0 as follows.

Definition 2.1. Let s > 0. The periodic Sobolev space Hrfmx('ll‘d) s the collection of all
f € Lao(T%) such that | f| T?)|| < oo. Consider the following equivalent norms.
(i) The classical norm || f|H,

(Th)||* is defined as

n’llX(

le

d
15T = [ 3 1t/ I+ 160 " (28)

kezd
(ii) the modified classical norm | f|HS, (T?)||* is defined as
d b 11/2
| 1T = [ S el NPT 0+ h529)] (2.9)
kezd J=1
(iii) and the norm ||f|HS, (T||# is a further modification defined by
o d 1/2
| V(PO o= [ D el H L+ k)]

kezd

In the sequel we will often use the notation H*:"(T4), H®* (T?), and H>7 (T%) to indicate
which of these equivalent norms on H;;lx(Td) we are considering. For integer smoothness
s =m € N all three norms are also equivalent to the norm given in (2.2). Moreover, in some

special cases we do not only have equivalence, but even equality of the norms, namely

I i (T = 1 [ i (TDI* = - | Hi (T

and 1/2 1/2
|- [HYZT)|F = | - [HE2(T)1#

mix mix

Clearly, the size of the unit balls with respect to equivalent norms can be significantly
different. Or, in other words, switching from one to another equivalent norm might produce
equivalence constants which badly depend on the dimension d. Since we are interested in



situations where d is large or even d — 0o, we have to be very careful with these equivalence
constants. Therefore, in this context, norm one embeddings are of particular interest and will
be very useful. The embeddings given in the next lemma are due the monotonicity of the
norms | - |,, where 0 < p < 0o, except (v), which is a simple consequence of the fact that the
square of an integer is larger than its absolute value.

Lemma 2.2. Let s > 0. The following embeddings have norm one.
(i) If s > 1, then
HE(TY) = H(T9) = i (T9),
(i) if 1/2 < s < 1, then
HE(TY) = H (T9) = Hy (1Y),
(iii) if s < 1/2, then
HE? (TY) — HS(T9) — HSH(TY),

mix mix mix

(iv) if s > t, then

oS +(Td) N Ht ,+ (Td)

mix mix

. HZE (T — HYE (T

mix mix

. HIE(TY) — HLE(TY),

mix mix

(v) and finally,
HS -‘r(Td) N H5/2 #(Td)

mix mix

We also have embeddings where H™_ (T%) is involved.

mix

Lemma 2.3. Let m € N. Then for all f € le(Td) the following chain of inequalities holds.

2m
m—+1

d/2
VT < VT < VA < () I (T 210)
Proof. The first inequality in (2.10) is obvious. The second one is a consequence of (2.3) and
(2.4), together with the fact that v, (€)% < (1 + |[¢|?)™ for all £ € Z and m € N. For the third
inequality, it is enough to notice that

@%—+Hmwww2$min+“m%m—(wp (14 k)" )d

1
H d: mx kezd 5 Um(kj) ken 1+ k2 + ...+ k2m

le

and that the function f(z) = D™ g decreasing on [1,00), hence f(z) > f(1) = -2 [ |

14+x+...4ax™ m—+1"

The most convenient norm for our purposes is || - |HS, (T¢)||#. In almost all combinatorial

estimates given below we use this specific norm. Afterwards, with some additional eﬂ'ort, the
results are carried over to the less convenient but more important norms || - T+,

I+ [ Hix (T and || - TH|I.

‘ mix (

| le(



2.2 Isotropic Sobolev spaces on the d-torus

Let m € N. Then the isotropic Sobolev space H™(T%) is the collection of all f € La(T?) such
that all distributional derivatives D®f up to order m belong to La(T?), i.e., let

/
L= (30 1D Lo ) < oo
|l <m

Fractional versions for s > 0 can be introduced by using Fourier coefficients and the norm

d

/

|1 = (3 NP+ Y k)
j=1

kezd

Based on these norms it is easy to compare the isotropic Sobolev spaces with the Sobolev
spaces of dominating mixed smoothness.

Lemma 2.4. Let s > 0. Then we have the chain of continuous norm one embeddings

H*Y(T7) < Hy,

(T9) — H*(T?), (2.11)
and this is best possible, i.e., for all € > 0,

H*"75(TY) ¢ Hpyun(TY) ¢ HYH(TY).
Proof. The proof is elementary, so we will omit the details. However, it is of certain interest
to note that the embedding operators in (2.11) are always of norm one, i.e.

Ha « HYH(TY) — Hyp (T = [ = Hyp (TY) = H (T4 = 1

mix mix

for all s > 0, and

la - H™(T) — Hio (T = | 1a T — H™(T%)| =

Ian (

for all m € N. |

. (T%) is much closer to the space on the left-hand side in (2.11) than
to the space on the right-hand side. This is indicated by a short look at the behavior of the
approximation numbers. It is known, see, e.g., [33, Chapter 2, Theorems 4.1 and 4.2], that

The mixed space H?

as(d)n™/4 < a,(Ig: H3(TY) — Ly(T?) < As(d)n™*/*,  neN, (2.12)
holds for all n with constants as(d) and As(d), only depending on d and s, and hence
an(Iy : HY(T?) — Ly(Th)) ~n=°.

This coincides up to a logarithmic perturbation with the behavior of a,(I; : H3, (T?%) —
L2(T9)), see (1.2). Roughly speaking, the mixed Sobolev spaces HS, (T%) are much smaller
than their isotropic counterparts H*(T?). The behavior of the associated approximation num-
bers is almost the same as in the one-dimensional isotropic case H*(T). From the very be-
ginning this has been a major motivation to consider spaces of dominating mixed smoothness

in approximation theory as well as in the field of information based complexity (IBC). We



refer to Babenko [1], Mityagin [17] and Smolyak [31] for early contributions in the framework
of approximation theory (these references are also of relevance with respect to (1.2)). More
recent results may be found in Temlyakov’s monograph [33]. The role of the spaces H?. (T%)
in IBC is summarized in the recent series of books by Novak and Wozniakowski [19, 21, 22].
Observe that in IBC the spaces are sometimes called Korobov spaces, see, e.g., [19, pp. 341].

Remark 2.5. In [16] we gave a proof of (2.12) with explicit constants as(d) and As(d) for
various equivalent norms.

2.3 Approximation numbers

If 7 = (7,)52, is a sequence of real numbers with 71 > 7 > ... > 0, we define the diagonal
operator D, : lo — ly by D, (&) = (1p6n)22,. Recall the definition of the approximation
numbers (1.1) already given in the introduction. The following fact concerning approximation
numbers of diagonal operators is well-known, see e.g. Pietsch [23, Theorem 11.3.2.], Ko6nig [15,
Section 1.b], Pinkus [25, Theorem IV.2.2], or Novak and WozZniakowski [19, Corollary 4.12].
Comments on the history may be found in Pietsch [24, 6.2.1.3].

Lemma 2.6. Let 7 and D, be as above. Then
an(Dy : by — ly) = T, n € N.

Here the index set of f5 is N. We need a modification for arbitrary countable index sets J.
Then the space ¢»(J) is the collection of all £ = (§;);es such that the norm

€162 ()| = (Z |€j|2)1/2

jed

is finite. Let w = (wj);jes with w; > 0 for all j € J, and assume that for every 6 > 0 there
are only finitely many j € J with w; > §. Then the non-increasing rearrangement (7, )nen of
(wj)jes exists, and limy, o0 7, = 0. Defining D,, : lo(J) — €2(J) by Dy (&) = (w;;)jes for
& € ly(J), Lemma 2.6 gives

an(Dy : o (J) = la(J)) =Ty .
The preceding identity is scalable in the following sense.

Lemma 2.7. Let J be a countable index set, let w = (wj)jcs and (Tp)nen be as above. Then,
setting w® = (wj-)jej, one has for any s > 0

an(Dus : Uo(J) = Lo(J)) = an(D : la(J) — lo(J))* = 75.

Now we can reduce our problem on embedding operators in function spaces to the consid-
erably simpler context of diagonal operators in sequence spaces, where the index set is J = Z¢ .
To this end, we consider the operators

Ay HYE(TY) = 6(2%)  and By : £o(Z4) — HY(TY)

mix mix

defined by

Asf = (Wi (R)er(P)geze  and  BE = (2n) 72 Y wfIZk) gika

kezd ¢



where the weights are w] (k) := H;l (1+ |kj]2)s/2. Note the semigroup property of these
weights, i.e., wi (k) - w;r( ) = w, (k). Furthermore, we put for k € Z?
_ Wi, (k)
w(k) == —
ws, (k)

and make use of the associated diagonal operator D,,. Then the following commutative diagram
illustrates the situation quite well in case sg > s; > 0:

1,
HSO’ (Td) H317 (Td)

mix mix

Asg, B,

0o(Z8) ——2— 0,(79)

By the definition of the norm || - | mlx(']l‘d)H“' it is clear that A; and Bs are isometries
and By = A'. For the embedding I : H>%F(T?) — HZT(TY) if so > s; > 0 we obtain the
factorization

I;= Bs, 0Dy 0 A, . (2.13)

The multiplicativity of the approximation numbers applied to (2.13) implies
an(la) < || Asollan(Dw)||Bs, || = an(Dw) = T,

where (7,,)72; is the non-increasing rearrangement of (w(k))czae . The reverse inequality can
be shown analogously. This gives the important identity

an(Ig) = an(Dy) = 7 . (2.14)

Of course, (2.14) also holds for Iy : H2%# (T4) — HE#(T) and for Iy : H2% (T) — HL* (T4)
with the obvious adaption of the weights. Due to the semigroup property mentioned above

and Lemma 2.7 we have in particular the nice properties

an(Ig : H5E (T4 = HIVH(TY) = an(Iy : Hob ™ (TY) — Ly(T7))

- B AR T R D
and
an(La s Hp¥ (1) = Hfr;;#mrd» an(la s Hop " (T) = La(T%)
an(Ig s Hyfte (T = Ly(T%))*0~ .
For the norm || - ||* the corresponding weights are

d
H 1—|—|k‘ ’25 1/2‘

Note, that they do not satisfy the semigroup property, whence a counterpart of (2.15) does
not hold.



3 Some combinatorics

In most considerations below, a crucial role will be played by the cardinality C(r,d) of the set

d
N(r,d) = {keZd: H(l—l—\kﬂ)gr}, r>1.

j=1
Lemma 3.1. Forr > 1 we have
min{d,log, r} d
Clrd)=1+ ) 24(£>A<7~, 0), (3.1)
(=1
where A(r, ) == #M(r,{) with
14
M(r,l) = {k € N¢: H(l +kj) <r}.
j=1

Proof. The proof is straightforward. The first summand 1 in (3.1) represents the case
ki1 = ... = kg = 0. Next we group together those vectors k having exactly ¢ non-zero com-
ponents. This explains why the summation is running from 1 to min{d,log,r}. Of course,
we may concentrate on those k € Z¢ with nonnegative components. Since we have £ non-zero
components, this leads to the factor 2¢. Finally, the binomial coefficient (Zl) is just the number
of subsets of {1,...,d} of cardinality ¢. [ |

Later on we need estimates of the quantities A(r,d) for all » € N. Obviously we have
A(r,d) = 0 for 1 < r < 2% and A(2¢,d) = 1. We intend to relate the number A(r,¢) to the
¢-dimensional Lebesgue measure of the set

which denotes the first orthant part of a so-called hyperbolic cross type set in R. In the sequel
we will compute its volume denoted by w,(r) := vol,(HY).

Lemma 3.2. Let {,r € N and r > 2¢. Then we have
(i)
2 wy(r/2°) < A(r, €) < vy(r) (3.2)

and (ii)

-1 £—2 -1
T((lnr) (Inr) (Inr) (=93,

_ < < p 7
(¢ — 1) (e_z)!)*”f(r)*r(z_m ’
Moreover, the upper estimate in (ii) holds as well in case ¢ = 1.

Proof. For k € N’ put Qy, := k + [0, 1]*. Then it holds on the one hand

l
{xERg : xj22,ij§r}C U Qra1 (3.3)
j=1

keM(r,0)

10



with k+1:= (k1 +1,...,k/+ 1), and

l
U ch{xeRE c ;> 1L [[ay <} (3.4)
j=1

keM(r,0)

on the other hand. Taking vol, in (3.3) and (3.4) together with a change of variable gives (i).
Let us prove (ii) by induction on ¢. We first define the function

 (lnr)tt
fo(r) = i
and rewrite (ii) as
fo(r) = fea(r) < we(r) < fo(r). (3.5)

We consider the upper bound first. One easily verifies the right-hand side in (3.5) in case ¢ = 1.
For ¢ > 1 we use the recurrence relation

vep1(r) = /; ve(r/t) dt,

which is a consequence of Fubini’s theorem. By a change of variable this can be rewritten as

ver1(r) = r/lr ve(s) g : (3.6)

This implies
" ds " ds
wir(r) =7 [ o) G < v [ 195 = ).
Indeed, the substitution v = In s yields

T d T (] Efld Inr B 1 V4
R A e e A e I

For the lower bound we first verify the left-hand side in (3.5) in case ¢ = 2 by using va(r) =
rlnr —r + 1. The recurrence relation (3.6) together with the induction hypothesis yields

vea) = [0 G 2 [ (506) = Fima(6)) 5 = ) = fulr).

52

where the last identity is a consequence of (3.7). The proof is complete. |

Remark 3.3. (i) One of the referees brought to our attention that Lemma 3.2,(i) is equivalent
to [5, Lem. 2.1, (2.5)] in the special case a = 2.
(i1) Lemma 3.2,(ii) above shows

_ —1)!
Inr—/¢+1 < ve(r) (€ —1)! <1
Inr ~— r(lnr)t-t —

, (3.8)

whereas [5, Cor. 3.3] shows
Inr < ve(r)(€ — 1)! < Inr .
Inr+¢~ r(lnr)=! ~lnr4+¢-1

(3.9)

One observes that the upper bound in (3.9) is always sharper than the upper bound in (3.8),
whereas the lower bound in (3.8) is sharper than the lower bound in (3.9) if Inr > ¢(¢ — 1)
(i.e. in the asymptotic regime). The lower bound in (3.9) is sharper otherwise (i.e. in the
preasymptotic regime). These results are close and complementary.

11



4 Approximation numbers of Sobolev embeddings

In this section we will compute, or at least estimate, the approximation numbers of the em-

bedding I : H?. (T%) — Ly(T%). The main aim is to prove (1.2) with explicit constants c,(d)

mix
and Cs(d). First we deal with the norm || - T4)||#.

‘ mix (

4.1 The approximation numbers a,(I; : H>#(T%) — L,(T%)) for large n

mix
For s > 0 we put
d
=[]0+ %) kez?.
j=1
Due to Lemma 2.6 and (2.14) we have

an(Iy: HZE(TY = Ly(TY) = oy, neN,

where (0, )nen denotes the non-increasing rearrangement of (1/w¥ (k) pezd. We have
{on:neN}y = {1/wf(k): ke 2} ={r—°:reNy},

that means (o, )nen is @ piecewise constant sequence. Recall the notation

C(r,d) = #{k c7d: ﬁu + k) < 7“} - #{k ez wh(k) < rS} :

i=1
These observations imply the following result.

Lemma 4.1. Let s >0 and r € N. Then

an(Ig: HSE(TY = Ly(TH) =+,  if C(r—1,d) <n<C(r.d).

mix

Remark 4.2. Of course, without precise information on the behavior of the quantities C(r,d),
Lemma 4.1 is not very useful for practical purposes. But it provides, at least in principle,
complete knowledge on the sequence of approximation numbers ay, (I : H;ﬁ(’]l‘d) — La(T%)).
In particular,

a1 =1>a9=... =agq+1 =275
>a9d42 = ... = Q4d+1 = 37°
>4t = ... = Apgeigqy1 =47 >

Furthermore, for any n € N, we can easily construct optimal algorithms S, of rank less
than n. If C(r —1,d) < n < C(r,d), we choose

1 ik-x
Snf(x) = (@) S a(pet.
keN (r—1,d)
In fact, by this construction we get
sup || = SufILa(TH] = v~ = an(ly - HyZ (T?) = Lo(T)).

mix
[ 1H 5 (T |7 <1
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In a next step we determine the asymptotic behavior of the approximation numbers as
n — o0, including the exact dependence on the smoothness parameter s and the dimension d.
Note that the existence of the limit in the following result is not at all obvious a priori.

Theorem 4.3. Let s >0 and d € N. Then

oy ™ an(la Haf (T4) = Lo(T%)) _ [ 2d ]
n—00 (Inn)(d-1)s (d—1) -

Proof. Fix d € N. By Lemma 2.7 it is enough to deal with the case s = 1. For simplicity
of notation we write a,, = a,(Ig : Hil’i(’]l‘d) — Ly(T%)). We have a,, = 1/r if r € N and
C(r—1,d) <n < C(r,d), see Lemma 4.1. Clearly lim,_,, C(r,d) = oo, moreover the sequence
n(lnn)~@1) is increasing for n > e%!. Hence we obtain for sufficiently large r € N the

two-sided inequality

C(r—1,4d) nan C(r,d)
r(lnC(r —1,d))d-1 = (Inn)?L = r(InC(r,d))+ L (4.1)

By (3.1) and (3.2) we have for r > 24

d
Clr,d) <14 <Z) 2Ly (r) . (4.2)

JFrom C(r,d) > C(r,1) =2r —1 > r for all r € N, we get InC(r,d) > Inr. Taking Lemma
3.2/(ii) into account, we arrive at

d
d\or . (Inr)e—1
C(T, d) _ L+ Z; (Z)z r (e—1n! od
r(InC(r,d))4-1 = r(lnr)d-1 r—oo (d—1)!"

since only the last summand contributes to the limit. Together with (4.1) this gives

lims nan 2!
P )T = @ -1

Now let us pass to the estimate from below. By (3.1) and Lemma 3.2/(i),(ii) we have

C(r,d) >2%r

(Inr — dln2)4 ! ( d—1 ) (4.3)

(d—1)! Inr—dln2

for r > 29, Next we need a proper upper estimate for In C(r,d). In fact, if r > e~ > ef we

have
(In T)e_l (In r)d

<
(-0 = 4
Hence, using Stirling’s formula, we can estimate

d d

Inr)? Inr)? 1

Clrd) <1+ <j)2fr(nd"“) :3dr(nd7;) 9(36 m) . (4.4)
— . !

13



This gives, for r > ¢4~ 1,
InC(r,d) <Inr+dlnlnr + dln(3e/d) . (4.5)

Let now C(r,d) <n < C(r+1,d). Then we have a,, =
in (4.3) yields

1 . . . oy
77> and inserting the above inequalities

nan_ > C(r,d) _
(In7)d=1 = (r + 1)(InC(r,d))d-1

S 24 r Inr —dln2 -1 1 d—1
“(d-1)! r+1 \lnr+dlnlnr+dIn(3e/d) Inr —dln2

2d
r—00 (d — 1)' '
This implies
- na, 2d
>
B it T = @11
and the proof is complete. |

Remark 4.4. (i) For d = 1, the mixed space anﬁ(?l‘) coincides with the isotropic space
H*#(T), with equality of the corresponding norms. Then

lim n®ay(Iy: H*"(T) — Lo(T)) = 2°

n—oo

follows, a result, already proved in [16].
(ii) As a consequence of Stirling’s formula we observe for fixed s that

d 1 5/2 /96 ds
) =G G

where ag =< by means limg_, o a4/bg = 1. This shows a super-exponential decay of the constant.

Being interested in explicit constants c5(d), Cs(d) in (1.2), we can learn something from Theo-
rem 4.3. Fix d € N and s > 0. Then for any given € > 0 there exists ng = no(e, d, s) € N such
that

2¢  qs n®an(ly s HEE(TY) — Ly(T)) 9d s
[m] —e< (nn) @1 < [(d—l)!} +e for all n > ng .

Equivalently, for any given n; € N there is a constant A = A(n;), 1 < A < oo, such that

1r 20 95 nfan(ly: HEZ(TY) — Ly(T?)) 9d s
— < mix < > '
)\[(d—l)'] - (hln)s(d—l) _)\|:(d—1)!] for all n > ny

We now aim at controlling the constant A(n;) for certain (large) values of n;.

Theorem 4.5. Let s > 0 and d € N.
(i) Then

if n>271¢.

an(1a : H;t(']rd) — Ly(T) < { 3d )‘r (Inn)(@d=Ds

d—1

nS

14



(i) On the other hand,
3 2 41° (Inn)(d=1)s
. S d : 2y\d
an(Ig: H2T(TY) — Lo(T?)) > [d' (2—|—ln12> ] " if n> (1247,

Proof. Again, it is enough to deal with the case s = 1.
For r e Nand C(r — 1,d) < n < C(r,d) we have a, = 1/r, whence a,, <1 for all n.

Step 1. Proof of (i). First recall that C(r,d) > C(r,1) > r (see the previous proof), and that

n/(Inn)?~1 is increasing for n > e4~!. Similarly as above in (4.4) we have, for all n > e~

)Z—l

d d
d d\ (In
na, Clrd 1+ ; 26(Pve(r) 1+ ; 2 (§) ((67;1)!
< 5 < /=1 < /=1
(Inn)d=1 = r(InC(r,d))d-1 — r(Inr)d-1 - (Inr)d-1

Since (l&i)f;!l < (1&T)1), , we have

d
nay, 1 o(d 3d
sup — < 2 < > =
)(lnn)d 1 (d—l)!; { (d—1)!

n>C(ed,d

Next we give a precise range for n in which this estimate holds. To this end, we estimate
C(r,d) with r = e? from above. The obvious inequality z*/k! < e* applied to z = Inr = d
gives

-1

y<r+ Z#( > lzli o <317 = (). (4.6)

This shows that (i) holds for all n > (3¢?)<.

Finally we show that for n > 27¢ the upper bound in (i) is non-trivial (i.e < 1). To see this,
we use (Inn)?1/(d —1)! < (Inn)?/d! for n > e?, recall that the function fy(t) = ¢~* (Int)??
is decreasing on [e9~!,00). Applying Stirling’s formula and these monotonicity assertions,

estimate (i) yields
o < (3Inn)? < 3edIn 27 d_ eln3\?
" odn T\ 27d IRE

Since (eIln3)/3 = 0.99544... < 1, we see that indeed a,, < 1.

Step 2. Let us turn to the estimate from below. Arguing as in (4.6) we find
InC(r,d) < In(3%7?), r>et. (4.7)
Next we estimate of C(r,d) from below. We start with formula (4.3)

C(r,d) > (d2j7'1)! (ln(r/2d)>d_1 (1 - hfér_/;d)) :

For r > rg := (2¢)? and C(r,d) < n < C(r + 1,d), using again the monotonicity of fy, this
implies
nap S C(r,d)
(Inn)d=1 = (r+1)(InC(r,d))4!

> (B (- )

15
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Concerning the different factors we have, for all r > rq,

r 54 5
] > 5d+126’ since 2e > 5,
In(r/24) S In(e?) 1
In(3¢7r2) ~ In(124e2d) 24+ 1n12
d—1 d—1 1
- > -2
In(r/24) — d

Hence, taking 2 (2 4+ In12) > 3 into account, we arrive at

w32 N
nzc(ql?o,d) (111 n)d_l —d \2+4+1n12 ’
Since C(rg,d) < 3%r3 = (12¢€)?, the proof of (ii) is finished. -

Remark 4.6. (i) We can improve on the bound in (ii), if we choose a larger value of ry.
But then the range of n for which (ii) holds becomes smaller. Here is an example. Taking
r = 4842 > 9, We get

1 24y 1 48 41 d—1 1 3
%:77 d 2 V48 > — and 1_7d >1—-—==0.766173... > —.
In(39r2) 47 r4+17 A8+ 1 47 In(r/24) In/12 1
Since 4 . 4 > 1, we obtain

47 3

an(Id . Hs,#(Td) N Lg(Td)) > |:3d(lnn)d—1

mix = 2d(d_1)'n:| if n > (48)d/2 .

(ii) Conversely, one can extend the range of n in (ii) by making ro smaller. However, this
strategy is limited by our method. Indeed, if r < 2% %=1, then for the last factor in (4.8) we
have

m(r28) =17 nged

and our estimate (4.8) becomes useless.

d—1 < d—1 —0

Some “local” improvements

We do not claim that the estimates obtained in Theorem 4.5 are optimal in d and n. They
can be improved in various ways. But these improvements take place only locally, i.e., for n
taken from a finite interval.

Let d € N, and let (0y,)nen be the non-increasing rearrangement of (1/ws#(k)>k i Now we
estimate o, by a tensor trick. This method is very simple and works for any d GEN. The best
result that can be obtained in this way differs by a log-factor from the exact asymptotic order
of 0,,. However, since the resulting constants are quite explicit, it improves on Theorem 4.5,

(i) if 15% < n < exp(\/d/(27) - 1.5%), see Remark 4.8 below.
Lemma 4.7. For every d € N, every s > 0 and all n > 15% it holds

an(I: BT = L(Th) < — (26 1“”)Sd | (4.9)

mix d
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Proof. Again we concentrate on s = 1. For arbitrary p > 1 we have

0o d 00 d
p p p_ 1 _ 1 _ 1
<320 <520 = 5 g = (S ey = (125 )

me7Z
Ood d 2 d 1 d

< 1+2/ N 1y 2} = (2
1 P p—1 p—1

d d
on < n- /P <p+1> & <n- P (p+1> )
< < 1

.. . p+1
Now we optimize, for given n € N, over the free parameter p > 1. Note that the map p — Py

is a bijection from the interval (1,00) onto itself. If n > e%?  we have (2Inn)/d > 1, and so
we can choose p > 1 such that

p+1 2Inn
— . 4.10
p—1 d (4.10)
It remains to estimate the exponent in n=1/?. We have
1 -1 1 d
1y p-lopdt o d
P p+1 P Inn
and hence
This implies the desired estimate
1 (2elnn\*
an<< enn> for all n > e¥/? .
n d
This bound is non-trivial (i.e. < 1) for n > 15%. [ |

Remark 4.8. (i) In our Theorem 4.5 we got the upper bound (in slightly rewritten form)

an(Iy: HS7(TY) = Ly(T%) <

mix —

1 ( 262W>8‘

nsln®n

This bound is larger than the bound obtained in (4.9), if and only if

n < exp(y/d/2m - 1.5%)

which is doubly exponential in d and therefore already huge for mild dimensions d. So the
tensor trick might after all be quite useful, although it cannot give the exact asymptotic rate.
(ii) The first part of this remark explains that the choice of p in (4.10) is reasonable, since
it almost gives the exact asymptotic rate as n — oo. However, it is not optimal for all n.
This might be seen as follows. We simply fix p from the very beginning and follow the above
argument. The most simple choice is p = 2. Then we have the exact value of the sum Z;’il ajz

at hand and the outcome is
# md d 2 a\*/?
an(Ig - HEH(TY) = Ly(T%) < < (7 - 1) ) , (4.11)
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for all n € N. Since 2 < %2 — 1 < e this estimate is of certain use if n > e?. Now we compare

(4.9) and (4.11). It follows
9 d s/2 sd
l (l _ 1) < i 2¢elnn
n\3J3 ns d

if and only if

nl/(2d) % 1/2
Inn ~ d (? B )
A sufficient condition is given by
LD,
< -.
Inn —d
The function f(z) := 2?9 /Inz is decreasing on [1,e??] and increasing on [e2?,00), and

f(e?) = \/e/d < e/d. Because of f(e)) = (yv/€)°/(cd) < e/d if and only if ¢ — 2 Inc < 2 we

conclude that
2 d 5/2 sd
l(7T——1> Si 2¢lnn if e <n<e0d
n\3 ns d

where ¢ is the solution of ¢ — 2 Inc =2 (5.35 < ¢y < 5.36). Hence, (4.11) is better than (4.9)
as long as e? < n < e®9, Different choices of p (e.g., p = 3/2, p = 4) lead to different intervals
of optimality, we omit further details.

4.2 The approximation numbers a, (I, : H>7(T%) — Ly(T%)) for small n

mix

For computational issues, the number (3¢?)? in Theorem 4.5 might be much too large. We will
now focus on estimates for smaller n and investigate the so-called preasymptotic behavior. To
be more precise, we will deal with estimates of a, (I  : Hni (T?) — Lo(T?)) from above and
below in the range 1 < n < (d/2) 4%.

Theorem 4.9. Let s >0 and d € N, d > 2. For all 1 <n < 344 it holds

2 s

an(Iy : HSFE(TY) 5 Ly(T) < (‘i)“l"g?d. (4.12)
n

Proof. It is enough to consider the case s = 1. Let 1 < r < 2% Then for C(r — 1,d) < n <

C(r,d) we have a, = 1/r. Let us estimate C(r,d) in this case. We shall use [z] to denote the

greatest integer part of the real number z. Starting from (3.1) and using the obvious estimate

zF /k! < e applied to = Inr = d, we obtain

[logy 7] [logs 7] [logy 7] ln T) -1
rd_1+22f<) r€<1+22£<> <1+22@<) T
[logy 7] [logz 7]
r2 Z 2@( > Z 24 < r d[10g2 7] e2 < &2 p2tlogad

This gives n < C(r,d) < e2r?t1°82¢ which implies 1/r < (e2/n)Y/(+10824)  Therefore we get
for all n < C(r,d) the relation
e? ) sz d

an§<*
n

18



This estimate holds for all n < C(2¢,d). We claim that C(2¢,d) > %4d, which implies the
assertion. We start with some preparation. Obviously, in case £ > 2, we have

{keNf: ko= ... =ky=1, (1+k1)2f—1§r}cM(r,e).

The set of the left hand side has cardinality [r2=¢*1] — 1. By interchanging the roles of k; with
kj, 5 =2,3,...,¢, we find ¢ subsets of M(r,¢) having only (1,...,1) in the intersection. This
implies

Alr,0) > 0[r27 ) — 2041, (4.13)

which is also true for £ = 1. Using Lemma 3.1 we estimate as follows.

d d
ot = 1+3 2 <Z> AL =143 (Z) (20 e 41)
=1 =1

4. rd 4. rd
_ d+1 4 d
oy (Yoo (Ve

/=1 /=1

d d
dl !

_ ad | od+l _ ¢
= Fh2 ;(d—é)!(f—l)' 2) 2 G

= 39429t gd"l — 4437!
= 374 a4’ —4d3™ !

Hence, we have C(2¢,d) > 3% + d4? — $d3¢. Note, that C(2¢,d) > 444 holds if
4 d d 4
39 pdad — —d3l> 24l = Sy (—d - 1) 37, (4.14)
3 2 2 3
Of course, (4.14) is true for all d > 2. The proof is complete. [ |

Let us turn to an estimate from below.

Theorem 4.10. Let d € N, d > 2, and s > 0. For n > 2 we define

1
a(n,d) == 2 + log, (10g2 —+ 5) . (4.15)
Forall2 <n< %4‘1 it holds
an (I : HEE(TY) — Ly(TY) > 279(2n) a0 | (4.16)

Proof. It suffices to deal with the case s = 1. Let 2 < r < 29 such that Cir—1,d) <n<
C(r,d). Furthermore, let m € Ny be determined from

M < —1 < 2mt (4.17)
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Then (3.1) and (4.13) imply

n>C(r—1,d) = 1+§:2f(j>A(r— 1,0) > i%(‘é) (mm—“l — 20+ 1) > om i (‘é) .
/=1

(=1

S () e = (V)G

/=1

Hence

Taking the binomial formula into account, this implies

d 1 d
n>2m{(1+—)m—1}274m(ﬂ)m. (4.18)
m 2 2m
Next we apply log, on both sides and obtain
d 1
141 {2 ] (7 f)}>2 , 41

+logyn > m {2+ logy 2m+2 > 2m (4.19)
since % + % > 1. Together with (4.19) this yields
1
+7)} =m-a(n,d).

logon = 2

1+log2n>m{2+log2(

Rewriting this inequality we get

1+logo n

IM ~ 9 almd) — (2n) a(ﬁ,d) .

Taking (4.17) into account, we finally conclude

1 1 1 1
an = ; = om+1 > 9 (Qn) almd) (420)
for all n, C(1,d) < n < C(2¢,d), hence, at least for 2 < n < 947 (see (4.14)). If s # 1 we
obtain (4.16) by raising (4.20) to the power s. This finishes the proof. [ |

Remark 4.11. (i) Of course, there remains a gap between the lower bound in (4.16) and the
upper bound in (4.12). For simplicity we comment on this gap for s = 1 only. In fact, we have

1 1 log, lo
< o 1089 T

< nd)  2Flogyd ~ 4+ 2logyd”

The gap is very mildly growing in n (keeping d fixed). Therefore, our estimates are loosing
quality when n increases. Right now we do not have a conjecture about the correct bounds,
most probably both, the lower and the upper estimate, can be improved.

(ii) Note that a(n,d) is decreasing in n. Hence, on certain smaller intervals of n, the depen-
dence on n in a(n,d) can be removed by simple monotonicity arguments. For instance, since
a(4?,d) = 2 and a(2%%3,d) = 3, we get

Cbn(fd : Hs’#(Td) N Lg(Td)) > 2—(s+s/2) n—s/2

mix
simultaneously for all 2 < n < 4d, and

an(Iy - HEE(T?Y) — Ly(T)) > 27(+/3) p=s/3

mix
simultaneously for all 2 < n < 22d/3,
The approximation rate in these examples is much worse than the asymptotic rate n=* (ignoring
the logarithmic factors). This illustrates well that one has to wait exponentially long until one

can “see” the correct asymptotic behavior of the approximation numbers.
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4.3 The approximation numbers of H> (T?), H>* (T?), and H™, (T%) in Ly(T%)

mix mix mix

Now we turn to the investigation of a,(Iz : H: (TY) — Lo(T?) and a,(ly : HZ(TY) —
Lo(T%).

4.3.1 Preparation

For s > 0 and k € Z% we put

d d
wi (k) == [[(1 + 1%;>)**  and H 1+ [k;| %)Y, (4.21)
j=1 j=1

see (2.8) and (2.9), respectively. Of interest for us are the non-increasing rearrangements of
(1/wf (k) peza and (1/wi(k))geza. Let

CF(ryd) :=#{k€Z? : wei(k)<r} and  Ci(r,d):=#{k € Z? : wy.(k) <7},
where 7 > 1, s > 0 are real numbers. Let us also define the smaller numbers
cr(rd)i=#{kez . wei(k)<r} and  ci(rd) = #{k € 2T : wy. (k) <7}.

In contrast to the weights wf, we now have no complete overview over all possible values of

wi(k), wi(k) as k runs through Z?. Therefore, it is impossible to describe the full sequence
of approximation numbers a,. However, since CJ((1 + 72)%/2,d) > ¢f((1 + 2)%/2,d) and
CH((1 +r2)Y2.d) > (1 + r?)Y/2,d) if r € Ny, we have at least some partial information

about the piecewise constant sequence a,, of approximation numbers.

Lemma 4.12. Let s > 0 and r € Ny.
() If cH((1472)%2,d) <n < CH((1+12)%/2,d), then
an(ly: HYE(TY) = Lo(T) = (1 +72)7%/2. (4.22)

(i) If ¢f (1 +72)Y2 d) < n < CH((1 4 r%)Y/2,d), then
an(Ig: H (T — Ly(TY)) = (1 + 25712,

mix

Proof. By Lemma 2.6 and the same principles as used in (2.14), it is enough to note that we
have w (k) = (1 4+ 72)%/? and w(k) > (14 r2%)'/2 for k = (r,0,...,0) € Z% . [ ]

4.3.2 Some more combinatorics

Since we have only incomplete information on the set of all values attained by the weights
wi (k) and wi(k), it is very difficult to establish similar combinatorial identities and sharp
estimates as for the weight wf(k:) Therefore we decided for a different strategy. For ¢ € Z,
0<e<landdeNlet

= = 74 - > Y. . )
Because of
d
1
{k € gy ey, > ;} _ {k c7d. 1_Il(l+]kj\) Sr} = N(r,d)
J:
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we have Yy(1/r) = C(r,d) for all r € Ny. Using (4.1), Theorem 4.3 and a simple monotonicity
argument, this implies

e-Yy(e) C(r,d) 24
d—

. L ( _
e Y™ ~ i i C(r, )T~ ([d— 1) (423)

Lemma 4.13. For any A > 0 and d € N we have

Ya(e)

im Ya1(e) =
€l0 Yd()\6)

20 o)

= and (4.24)

Proof. Clearly, for every 0 < § < 1 there exists 0 < £(d) < 1 such that
1< (InYy(e)? ! < Yy(e)? forall 0<e<e(d),
and from (4.23) we obtain with ¢ := 29/(d — 1)! the inequality

Y,
c/2< —< d(E)d_l < 2.

(ln Yy 8))

This implies

eYy(e) _

EYd(E)d—l <eYyle) and 2¢> m

/2 S Tyt

Therefore

Hence we have, for all 0 < & < (9),

In(2¢) + In(1/e)
(1-46)In(1/e) ’

In(c/2) + In(1/e) < In Yy(e)
In(1/¢) ~ In(1/¢)

<
which implies
InY, InY, 1
1 < liminf n Ya(e) < lim sup n Ya(e) < )
o In(1/e) 10 In(1/e) 1-6

Since this is true for all 0 < § < 1, we obtain liigl InYy(e)/In(1/e) = 1. In addition,
3

eYqy(e) i S710) , (m(yd(g)))d—l: 2d
(d

e (/e T~ I Mapvae)) @1 8\ n(i/e) —

which finally gives

TR.C1C RS £1C B L TACC) iy <lim (In(1/¢)) )d_l =\
=10 Yy(Ae) elo (In(1/e))4=1 <o AeYy(Ae) 210 (In(1/(xe))) .

The second identity in (4.24) follows with a similar argument. |
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Lemma 4.14. Let (z¢)ez be a sequence indexed by Z such that

0<zp<zp=1 foralll+#0 and lim = =1.

Similarly as for (ye)eez we define Z4(e) and Z4(e) associated to (z¢)ecz, . Then we have

o Zale)
elo Yy (8)

=1. (4.25)

Proof. Let us first observe that there are constants 0 < ¢ < C' < oo such that ¢ < yp/zp < C
forall € Z. Fix now 0 < e <1 and 6 > 0 (small), and select m = m(d) € N such that

1—5§%§1+5 for all [£] > m.
2y
For k € Z4(g), we distinguish two cases.

Case 1, |kj| > m for all j. This implies

d d
Yk;
ESHZ’%SHl_J(s’
=1 j=1

and thus k € YVi((1 — §)%).

Case 2, |k¢| < m for some ¢. Now we have

d
Yk,
o< TLe = ITo <12
j=1 j#L j#L

which gives (ki,...,ke_1,keg1, .., ka) € Va_1(c?1e). Since there are d choices of the index
¢e{1,...,d} and 2m — 1 possible values of ky, we conclude that

Zg(e) < Yy((1 = 0)%) + (2m — 1)d - Yy_1(c?te) .
Using the relations (4.24), this gives

Za(e) < i —16)d '

(4.26)

lim sup
el0 Yd (5)

Now we show a lower estimate for Zy(). Let k € Y;((1+6)%). Again we distinguish two cases.
If all |k;| > m, we have
d d
(1+0)% < [ww, < [T+ 0)2, ,
j=1 j=1
that means k € Z4(e).

Otherwise, if |ky| < m for some ¢, we have

(1 + 5)d6 S yk[ : H?ka S Hykj )
j 7,
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which means (ki, ..., k¢_1, ko1, s ka) € Va_1((1 4+ 6)%e), and we get
Ya((146)%) = 2(m — 1)d - Ya_1((1 4 6)%) < Za(e) .

This implies, using again (4.24),

. . Zd(é) 1

1 f > 4.27

Ve T Tre (4.27)
and since (4.26) and (4.27) are true for all § > 0, the proof is finished. [ |

There are some simple consequences of Lemma 4.14 which are of interest for us. Taking
logarithms in (4.25) yields

lim (1n Za(e) — lnYd(€)> = 0.

Since lim Yy(e) = oo, we get
el0

In Zd(E) . In Zd(E) — lnYd(s)

=1 1=1. 4.2
B vye b mvae (428)
Clearly,
e-Zyle)  e-Yy(e) InYy(e)\ ™t Za(e)
0 Za(e)T ~ Yoy \WZae)) V@)
and together with (4.23), (4.25) and (4.28) this implies
. €. Zq(e) . e-Yy(e) 24
lim 2\ _ - . 4.29
210 (In Zg(2))41 — 2o (InYg(e))41 ~ (d— 1) (429)

4.3.3 The approximation numbers of H> (T9) in Ly(T%)

In our first application of (4.23) we choose z; := (1 + |¢|>)"1/2, £ € Z. Then

Z4(e) == {k ezt ﬁzkj > 8} = {k ezt 1/wf (k) > 6},

j=1

for alle > 0.

Corollary 4.15. Let d € N.

(i) Let s > 0. Then
iy 7 an(la HYw(TY) — Ly(TY)) { 2¢ }
200 (Inn)(@Ds “ld-1

(ii) Let so > s1 > 0. Then

f T an(la HE(TY) = HIHTY)

n—00 (]n n)(dfl)(sofsl) |:(d —1)!
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Proof. It is enough to prove (i) for s = 1. Indeed, then the known relation

an(ly: HEE(TY = Lo(Th) = an(Iy : HEE(TY) — Ly(T9))*

mix mix

implies (i) for arbltrary s > 0, and the semigroup property of the weights yields (ii).
Setting &, := (1 4 72)~1/2 for r € Ny, we obviously have

{er: r €N}y C {1/w] (k) : k ez},

whence a,, 1= an(Iq : H;;(’]Td) — La(T9)) = ¢, if n = Zy(e,). Consequently, if Zy(s,_1) <
n < Zy(e), then

Ep Zd(Er—l) nany Er—1- Zd(er)
(In Zy(g,—1))41 = (Inn)d=1 = (In Zy4(e,))d-1 "

Since ILm er—1/€r = 1, a simple monotonicity argument and (4.29) imply
r—00

er S ap < Ep1 and

=1
T 20 (InYy(e))

lim _"an i Z4(e) . e-Yy(e) 24
i =1 = .
n—oo (Inn)d=1  clo (In Zy(e))4 =1 (d—1)!

|
Corollary 4.15 is the basis for the two-sided estimates of a,,(I5: HZ (T4) — Lo(T9)) for large
n which we will study next.

Theorem 4.16. Let s > 0 and d € N. Then we have

an(lq s Hyp (T — Ly(TY)) < [((Sd _\[1)) } (Inn:lsd 1)8, if n> 27
and
s+ d 3 2 d]* (Inn)d-Ds , 2\d
an(Iy: HIE(TY) = Ly(T) > [d‘ (2+1n12) ] S m> (1260

Proof. By I, j = 1,2,3, we denote identity mappings.
Since we have || I' : HS’#(']Td) — H>(T%)|| = 1, the commutative diagram

mix mix

1
Hs’# Td 8+ Td

Ian le

BN

with I3 = I? o I' and basic properties of approximation numbers yields

an(I%) < || I" [ HGZ (T = Hy (T4 an (7).

mix mix

Supplemented by Theorem 4.5/(ii) the lower estimate of a, (I : HST(T9) — Lo(T?)) follows.
What concerns the upper bound we observe

H It s-‘r(Td) S HS #(Td)H _ 2ds/2

le mix

and consider the diagram
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1
HEF(Td) U HE (T

mix mix

I3 12
Lo(T?)
with I3 = I? o I'. This leads to
an(I%) < 29/2 q,, (1%).
|

Finally, we shall have a look at the behavior of a,, (I : HZ! (T?) — Ly(T9)) for small n. Recall
that the quantity a(n,d) has been defined in (4.15).

Theorem 4.17. Letd € N, d > 2, and s > 0. Then for any2 <n < %4d it holds the two-sided
estimate 9
1\ 27a(ma) TT2logsd
27 ()T < anlla BT - La(rh) < () TR
Proof. The upper bound is a direct consequence of basic properties of approximation numbers,

see Subsection 2.3, Lemma 2.2/(v), Theorem 4.9 and the first commutative diagram below,
where I3 = I? o I'.

e 74
A+ (md 2 , +(md
fﬂlX T rsn/lx# Td mﬁ Td l'san T
Lo(T?) Ly(T9)
The lower bound follows from Lemma 2.2/(i)-(iii), Theorem 4.10 and the second commutative
diagram above, where I° = I3 o I*, [ |

4.3.4 The approximation numbers of H. (T%) in Ly(T%)

In our second application of (4.23) we choose z; := (1 + [£2*)~1/(2%)_ This leads to

Zd(a)::{k:GZd: f[zijE}:{k:GZd 1/w()>5s}.

Jj=1

Due to the missing semigroup property we have to deal now with all s > 0, not only with
s = 1. But nevertheless we can proceed similarly as in the previous subsection.

Corollary 4.18. Let d € N and s > 0. Then

o onfan(lg: Hip (T4 — Ly(TY)) 24 s
lim = [ } .
n—+00 (ln n)(d D)s (d — 1)'
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Proof. Again (4.29) leads to

d
lim €Zq4(e) 2

€l0 (and(é‘))d_l N (d— 1)' '

Setting e, := (1 4 r2*)71/2% we have lim, o, =2~ , and

r—1 ’
{e5:r e No} € {1/wi(k) : k € Z}.
Therefore, €8 < a, < e,_1, if Zg(e,) <n < Zy(ey—1). This gives

er - Za(er—1) nay/® er—1- Za(er)
(InZy(gr—1))41 = (Inn)d=1 = (In Zy(e,))4 1"

g < a,ll/s < é&p_1 and

Exactly the same arguments as in the proof of Theorem 4.15 imply

. na,ln/s . e-Zy(e) 2d
lim —— =1lim = ,
n—oo (Inn)d=1 <o (InZy(e))d=-1  (d—1)!
and this is equivalent to our assertion. |

Based on Corollary 4.18 we can derive two-sided estimates of a,, (I : H.:i (T9) — La(T9)) for
large n.

Theorem 4.19. Let d € N.
(i) Let s > 1/2. Then

an(Iy: H" (T4 — Ly(T)) < 2742 [

mix

if n>27¢,

ns

64 1s (In n)(d_l)s
(d— 1)!}

and

if n>(12e%)%.

an(las Hy (M%) = Ly(Th) > | 3.2 K (Inn) >

mix ~ ldl(2+1n12)4 ns

(ii) Let 0 < s < 1/2. Then

an(ly: HS: (T = Ly(TY)) < [

mix

3% 95 (Inp)d-Ds
i

if n > 27
-1 if n>27%,

ns

and

an(las H (T — Ly(T%) > 2742 |

mix

if n>(126%)7.

344 } (Inn)@-1s
)d ns

d'(2+1n12

Proof. We distinguish two cases: s >1/2 and 0 < s < 1/2.
Step 1. Let s > 1/2. Then
II': HS#(T9) — H** (TY|| =1  and  ||[I*: H* (T%) — HS# (T = 2(s-1/2d

mix mix mix mix

In view of the diagrams
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HE7 (T I HE* (T9) H* (T

mix mix mix

HS #(Td)

mix

I3 I? I? I3
Lg(Td) L2(Td)
with I3 = 1% o I', I? = I o I*, this yields
an(I?) < an(I?) < 26124 g, (13).

Now the claimed estimates follow from Theorem 4.5.
Step 2. Let 0 < s <1/2. Then

S S,% 1 S,% S
I Hyf (1) — Hn (T =277 and  ||[1* 2 H5 (T) — Hf(T4)]| =

mix mix mix mix

Using the same diagrams as in Step 1 we conclude
an(I2) < an(I?) < 20279 g, (12).
Now the claimed estimates follow from Theorem 4.5. |

Again, as the last step in this subsection, we shall consider the behavior of a,, (15 : Hor (T?) —
Ly(T%)) for small n. This time we have only partial results.

Theorem 4.20. Letd € N, d > 2, and 1/2 < s < 1. Then for any 2 <n < %4d it holds the
two-sided estimate

s 2 s
274 (1) < a1y 2 BT = Lo(T) < (&) FPm@
n

mix
n

Proof. We argue as in the proof of Theorem 4.17. The upper bound is a consequence of
Lemma 2.2,(ii) together with Theorem 4.17 and the first commutative diagram

! T4
* (md o+ , * (md
Hp(T9) HE () HE# (T Hp (T9)
Ly(T?) Ly(T?)
with I3 = I?oI'. The lower bound follows from Lemma 2.2, (ii), Theorem 4.10 and the second
commutative diagram using I° = I3 o I, |

4.4 The approximation numbers of H™ (T?) in L,(T?)

By setting zp = v, (£)1/™, see (4.22), we could argue similar as in the previous subsection to
compute limy,_,oo " -ay, /(Inn) (@D However, Lemma 2.3 provides a much simpler argument.
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Corollary 4.21. Let d € N and m € N. Then

m . m d d d m
lim " an(Ig : HT (T — Lo(T%)) _ [ 2 } ‘
n—o0 (In n)(d=1)m (d—1)!

Proof. This follows immediately from Corollaries 4.15 and 4.18, and

an(Iy: HTH(TY — Lo(TY) < an(ly: HE (T — Ly(T?))
< ap(Ig: HYH(TY) — Ly(T?) (4.30)
which is itself a consequence of Lemma 2.3. |

Based on Theorems 4.16, 4.19 and (4.30) we derive two-sided estimates of a, (I : H™ (T¢) —
Ly(T%)) for large n.

Theorem 4.22. Let m € N and d € N.

(i) Then

anlla: B (1) = 1ar) < [0 e Oy s,
(ii) In addition

onlla: B (1) > 1@ 2 [t POy s ey

Remark 4.23. Also for the embedding H™, (T9) — Lo(T%)) the behavior of a,, (I : H™, (T?%) —

mix mix

(T%) = H-* (T%) (with equal norms)

mix

Lo(T%)) for small n is of interest. By the coincidence Hl .
we obtain the relations

1(l> 2+Oin,d) <a (I 'Hl-
2 \n > Un\id - Ilpix

(1% Lo(T) < (£) 7
n

immediately from Theorem 4.20.

4.5 Various comments on the literature

e We comment on (1.2). The first who considered this problem was Babenko [1], but for-
mula (1.2) cannot be found in [1]. Babenko gave a two-sided estimate of the a,, in terms of
the eigenvalues of an associated operator. It seems that (1.2) is due to Mityagin [17]. In
his proof he used partial Fourier sums with respect to hyperbolic crosses. In fact, Mitya-
gin studied the behaviour of the Kolmogorov n-widths dy, (I : S;W(Td) — L,(T?)) for
arbitrary 1 < p < oo. Recall that a, (I : S;W(TY) — Lo(T?) = d, (I : S;W(TY) —
Ly(T%)) and HE; (T?) = SW(T?). The classes SyW (T?) denote the periodic Sobolev
spaces of dominating mixed smoothness r and integrability p, where 1 < p < co. Later on,
Bugrov [2] applied similar methods for obtaining upper bounds for a,(Ig : S} . B(T%) —
L,(T%)), where Sy 0B (T?) denotes the related periodic Nikol’skij-Besov space of domi-
nating mixed smoothness. These investigations from the early 1960s have been continued
by Nikol’skaya [18], Galeev [9], Temlyakov [32], Dinh Dung [6] and many others. However,
all those authors did not consider the d-dependence of the constants.
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e Closest to us in aims and methods is the recent paper [8]. There, in Theorem 3.13, the
authors obtained for s > 0 and any n > 2¢ the inequality

s(d—1
() = Lo() < 4°(2)" 0 (10gy m) 1), (4.31)

I HSD
an{la d—1

mlx(']I‘d) is equipped with a further norm (based on
dyadic decompositions on the Fourier side and different from those studied here). This
has to be compared with Theorems 4.5, 4.16, 4.19 and 4.22. In all these cases we have
a super-exponential decay of the constants Cs(d) in d.

where [ indicates that the space H>

e Super-exponential decay of the constants Cs(d) in d has been observed before. Bungartz
and Griebel [4, Theorem 3.8] investigated the non-periodic situation. An approximation
is given with respect to tensor products of piecewise linear functions. The authors proved
that for any n € N there exists a subspace v ¢ L»([0,1]¢) with m = m(d,n) degrees
of freedom and a projection @, onto VTEI) such that

If = QufL2([0,1]Y)] < —2 2 A(d, n) ’LQ [0,1] )H (4.32)

H 8x1 . 3 2
holds for all continuous functions f vanishing on the boundary 9([0,1]¢). The latter
assumption is actually crucial for the explicit bound in (4.32). Here, the number A(d,n)

is given by o
— (n+d—1
A(d,n):zZ( L )
k=0

Of course, inequality (4.32) does not allow for a comparison with the results obtained in
this paper. One first has to rewrite the bounds in terms of the degrees of freedom m.
(1)

For this issue a careful two-sided estimate of m = dim V,;"’ is required first. Lemma 3.6
in [4] shows that dim V! can be estimated from above and below by

td—2 L fj+d—1 n+d—2
=t (" <dimVH =52 <on . 4.33
( d—1 )- i Yn Pt d—1 )= d—1 (4.33)
For n > d — 1 the expression (”+I‘€i_1) is increasing in £ < d — 1. In this case we have the
estimate Jo1
n+a—
A(d,n) <d :
@m<d("70)

We will now transfer (4.32) to the notion of approximation numbers. To be precise we
consider the space/norm

Hyio([0,1]7) = {f € Lao([0,1]%) = || f[HRu ([0, 1)) := D{ﬂoag}dllDo‘flLQ([O A < oo
and f =0 on the boundary} .

Note that || f1H2. ([0,1]%)] in the previous formula represents a very weak norm in
([0,1]%) compared to (2.2). Based on (4.32), (4.33) and the monotonicity of ap-

proximation numbers we find for any m satisfying dim Vrfl) < m < dim v +)1 for some

le 0
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n > d — 1 the relation

2 8d n+d—1\°
m(ly: H2, 11%) = Ly([0,1]%) < —272"4 < —m2

8d o (logym +d\*

< —

=12d™ < d—1
8d ) 2 e 10g2 m 3(d71)

< — AP .

=124 ( d—1 )

Consequently, inequality (4.32) implies for any m > 2¢-! (267:12) that
am (s : Haypo([0,1]%) — Lo([0,1]%) < C(d) m™>(logy m)* =1, (4.34)

where St
Cd) = 2d ( 2e ) (d—1)
3 \121/3(d - 1)
This constant C(d) is decaying extremely fast in d, i.e. super-exponentially, similarly
as in Theorems 4.5, 4.16, 4.19, 4.22 or in (4.31) above. But comparing (4.34) with the
quoted estimates of the approximation numbers a, (I : H2, (T%), Lo(T%)), then it is
obvious that the power of the logarithm 3(d—1) in (4.34) is larger than there, where it is
always 2(d — 1). This is at least partly caused by the fact that interpolation operators of
Smolyak type are known to be not optimal in the sense of approximation numbers in such
a context and Bungartz and Griebel are using an interpolation operator of Smolyak type
with respect to a sparse grid. However, one cannot really compare (4.32) with Theorems

4.5, 4.16, 4.19, 4.22 or (4.31), due to the following reasons:

(i) The periodic Sobolev spaces H2, (T?) are smaller than the non-periodic Sobolev
spaces H?2

2. ([0,1]%) (and the “difference” is increasing with d).
(ii) The space Hr%ﬁxp([()? 1]%) is much smaller than the original space HZ, ([0,1]%).

2d
(iii) On the right-hand side in (4.32) only the term H M
2 92

which is much smaller than the full norm used in our investigations above.

|Ls ([0, 1]d)H shows up,

Preasymptotics. The inequalities (4.32) and (4.33) remain also true for small n. Note,
that in case 1 <n < d — 1 the number A(d,n) can be estimated as follows

d—1
1 n+d-—1
n+d—1 _ n+d—1
52 SA(d,n)—kE_()( i )SQ

we sum up to d — 1, which is larger than (n 4+ d —1)/2). Let dim Vn(l) <m < dim V(l)
+1

n

for some 1 <mn < d— 1. Using (4.33), (4.32) and the space HIQHiX’O([O, 1]%) defined above
we obtain

2 _ n
L Hao (0.1 = Lo([0,1]%) < 25272 A(d,m)
< im—12n+d—12—n n+d—1
— 124 d—1

1/4end-1 | 1l/end
S*(*) m :f<f)m )
3\12 e\3
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Hence we obtain for 1 <m < 2d_1(2d 2) the “preasymptotic” decay

am(Ia : Hyueo([0,1)7) = Lo((0,1]%)) < C(dym™ (4.35)

with ) g
e
C(d) := - (7>
(4) e \3
This time we just have exponential decay of the constant C'(d) in d. Now we compare

this with our results obtained in Theorems 4.9, 4.17 and 4.20. Let us concentrate on
formula (4.12), which implies for s = 2 and 1 < m < 4% the inequality

2 1
mla s HIfE(T1) = Lo(T) < () et
Inequality (4.35) looks much better than this inequality (with respect to the exponent of
m as well as with respect to the d-dependence of the constant). This is mainly caused
by the homogeneous boundary condition in (4.35) which shrinks the space significantly.

Also Schwab, Siili, and Todor [26] considered the non-periodic situation. A particular
case of their results in [26, Theorem 5.1] can be formulated as follows. For s € N, s > 2
and L > d — 1 there exists a subspace Vi of La([0,1]%) with m = dim Vy degrees of
freedom and a projection ()7, onto V7, such that

| f = Quf 1La([0, 1) < Co(d, s)ym™>(logm) " VE+D | f[HEL(0, 1)), (4.36)

mix

where Cy(d, s) decays super-exponentially in d. Here the authors use the stronger norm

A
If 1H s (0,09 =D 1 D*f | La([0, 1)),

0<a;<s

i=1,..,d
where s € N. The result is stated in [26] in a slightly different form. As above one has to
supplement an inequality similar to (4.32) by two-sided estimates for dim V7, to turn it into
(4.36). In some sense (4.36) generalizes (4.32) to the case of higher smoothness. As before
the power of the logarithm is worse compared with the behavior of the approximation
numbers a,, (I : T%), Ly(T%)).

le(

Preasymptotics. In case L < d—1 Schwab, Siili, and Todor [26] obtained, under additional
restrictions, the estimate

1S = Quf1L2([0, )| < Ca(d, )27 || f [H3E ([0, 1]

where C5(d, s) decays exponentially in d. Again this has to be complemented by a two-
sided estimate of m := dim V. A rather rough estimate yields

| £ = QufILa((0, U < Calds)ym™> || F IHZL (0, ], m < 2270,

mix
where we have been unable to clarify the dependence of the constant Cy(d, s) on d.

Neither Bungartz and Griebel [4] nor Schwab, Siili, and Todor [26] considered estimates
from below.
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e Sampling operators versus general linear operators. As already mentioned above, the
estimates (4.34) and (4.36) have been obtained by using interpolation operators @,
with m(d,n) sample points based upon univariate spline interpolation operators (via
a Smolyak construction). Let us mention the following result in this context: In [30,
Theorem 6.2,(i)] two of the present authors showed for 1/2 < s < 2 and all m € N

1f = A f [L2([0, 1) S m*(logm) = DEFV2 | £ [Hy, (0, 1]7)]]. (4.37)

Compared to the estimates (4.34) and (4.36) this improves the power of the logarithm by
(d —1)/2, however, we do not know about the d-dependence of the constants in (4.37).
The restrictions on s in (4.37) are caused by the fact that we worked with piecewise
linear functions. Dinh Dung [7] extended the relation (4.37) to all s > 1/2 via B-spline
quasi-interpolation, but also without taking care of the d-dependence of the constants.

e Motivated by the aim to approximate the solution of a Poisson equation in the energy
norm, i.e., in the norm of the isotropic Sobolev space H!, Bungartz and Griebel [3]
investigated estimates of the quantities a,(Iy : H2, ([0,1]%), H'([0,1]¢)). These studies

have been continued in Griebel, Knapek [12, 13], Bungartz, Griebel [4], Griebel [11],

Schwab, Siili, Todor [26], and Dinh Dung, Ullrich [8]. Let us comment on the non-

periodic situation first. It was already noticed by Griebel in [11, Theorem 2] that in this

situation the constant (in front of the approximation order term) decays exponentially in

d. To be more precise, he proved that there is a subspace V,, with n degrees of freedom

and a projection @, onto V,, such that for large n

£~ Quf (0] < e ex(@) - cald) - n7 | -0t Lo, (a3g)
" ’ = oTe 922,92 7 P '
holds, where
d d 1 5\ d-1
ald) =5et and o) = oGy [5 + (5) } '

Hence, the product ci(d)ca(d) decays like d? - 0.980875¢. Note, that the Ls.-norm is
involved in (4.38) and the functions f are taken from spaces with mixed smoothness of
order 2 and homogeneous boundary conditions. The situation changes significantly if
one replaces Lo, by Lo in (4.38). The source space for f is now getting larger and hence
the approximation is getting worse. In [4, Table 3.2, page 35| the constant ca(d) can be

chosen as od ) 5 d1
ca(d) = W[i +(3) ]

Therefore, c1(d)cz(d) can only be estimated by d?-1.1326¢ and thus an exponential decay
cannot longer be guaranteed. However, if the smoothness s of the source space is less
than 2 we can say something in the periodic setting. If the error is measured in H'(T%)
and s < 2 it follows from [8, Theorem 3.6,(ii)] that for n > A? (for some A\ > 1) the
relation

an(Iy: HS

m

d 1/pd s—1 1 d —(s—-1)
W(T) = HN(T) < ed (57— )

holds true. Here H?. (T9) is the subspace of HS, (T?) containing all functions f such
that ck(f) #0 = H;-izl k; # 0. This technical condition is essential to prove (4.38),
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s . (T%) normed
with dyadic building blocks on the Fourier side, there is no exponential decay of the
constants if s < 2, see [8, Theorem 4.7,(i)].

see [11, Theorem 2]. Without this condition, i.e. for the entire space H?

5 Quasi-polynomial tractability

Now we translate our results into tractability notions. Various concepts of tractability are
discussed in the recent monographs by Novak and Wozniakowski [19, 21, 22]. We will obtain
“quasi-polynomial tractability” of the respective approximation problems. This notion has
been recently introduced in [10] and is a stronger notion than “weak tractability” .

5.1 General notions of tractability

For arbitrary s > 0 and all d € N we consider the embedding operators (formal identities)

I;: H®

m

ix(Td) - LQ(Td) )

where the Sobolev spaces are equipped with the norms || - [H2, (T9)|, || - |H2. (T9)|*, and
| - |H*(T%)||# . In all three cases we have ||I|| = 1 for all s > 0 and d € N. In other words, the
normalized error criterion is satisfied. In this context, a linear algorithm that uses arbitrary
information is of the form

Ana(f) =D Li(f)g;,
j=1

where g; € Lo(T?) and L; are continuous linear functionals. If the error is measured in the
norm of Ly(T?) we can identify the algorithm Ay g with a bounded linear operator A, 4 :
Hg . (T — Ly(T9) of rank at most n. The worst-case error of A, 4 with respect to the unit

mix
ball (respective norms) in H? . (T9)
sup If = Ana(£)[L2(T)]|

mix
[l FIH S (TH)]|<1

mix

8. (T%) — Ly(T?)||, and the nth minimal
worst-case error with respect to linear algorithms and general information

clearly coincides with the operator norm ||I;— A, 4 : H}

inf [|I — Ay g Hy (T?) — L(T
ranklfrxlnydgn ” n,d mlx( ) ( )H
5ix(TY) = Lo(T?)), see (1.1).

Finally, the information complexity of the d-variate approximation problem is measured by
the quantity n(e, d) defined for e > 0 and d € N by

is just the approzimation number ani1(Iy: HE

n(e,d) :=1inf{n € N:a,(Ig) <e}.
The approximation problem is called weakly tractable, if

Inn(e,d)

=0 5.1
1/s4gin—>oo 1/e+d ’ (5.1)

i.e., n(e,d) neither depends exponentially on 1/¢ nor on d. The problem is called intractable,
if (5.1) does not hold, see the definition [19, p. 7]. If for some 0 < ¢ < 1 the number n(e,d)
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is an exponential function in d, then we say that the approximation problem suffers from the
curse of dimensionality. In other words, if there exist positive numbers ¢, gg,y such that

n(e,d) > ¢(1+~)%, forall 0 <e < epand infinitely many d € N,

then the problem suffers from the curse of dimensionality .

We need a further notion of tractability, namely quasi-polynomial tractability, see for instance
[10]. The approximation problem is called quasi-polynomially tractable if there are positive
numbers ¢ and C} such that

n(e,d) < Cyexp(tin(e 1) (1 +In(d))) . (5.2)

Of course, quasi-polynomial tractability implies weak tractability.
5.2 Tractability results for H:, (T?)

mix

By our results in Section 4 we are very well prepared for the investigation of these tractability
problems, resulting in short proofs of the assertions.

Theorem 5.1. For every s > 0 the approzimation problem for the embeddings

Iy : HS(TY) — Ly(T?)

mix
s quasi-polynomially tractable.

Proof. Let 0 < e <1 be given. Select r € N such that r=% < e < (r —1)~*%. Applying Lemma
4.1 we get ac(pay(la : HSE(T4) — Lo(T%) = 1/r® < e. This implies

n(e, d) <n(r—*,d) < C(r,d).

Once again, the problem reduces to the estimation of C(r,d). Parts of it have already been
done in the proof of Theorem 4.9 above. There we observed that C(r,d) < e?r?+1og2d if p < 24,
In case r > e we proved C(r,d) < r?3% < r? see (4.7). It remains to deal with 2¢ < r < e?.
Based on Lemma 3.1, Lemma 3.2 and taking into account 2*/k! < e® applied to z = Inr we

conclude 4
(Inr)*
<1 ¢ <r dp2 <4
C(r,d) <1 +Z<>2 f—l < Z() <3*re<r
This gives
24 (2+logyd)Inr : <2,
< <

In(n(e,d)) <InC(r,d) < { Ay : r>ot.

Since Inr ~ In(1/¢)/s we obtain (5.2). The proof is complete. [ |

Corollary 5.2. For every s > 0 and every m € N the approximation problems for the embed-
dings
I HOH(TY) = Ly(TY) , Ip: HF(TY) — Lo(TY)  and Iy: H (T9) — Ly(T9)

mix mix mix

are quasi-polynomially tractable.
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Proof. The results are direct consequences of the embeddings in Lemma 2.2. Because of
Lemma 2.2/(iv) it is sufficient to consider s < 1/2. Then Lemma 2.2/(iii) and Theorem 5.1
immediately imply the statement for H>' (T%). Finally, Lemma 2.2/(v) and Theorem 5.1 give
quasi-polynomial tractability for H! (T¢). [ |
Remark 5.3. Tensor product problems play an essential role in IBC (information based com-
plexity), see, e.g., Section 2 in Chapter 5 and Section 2 in Chapter 8 of the monograph [19].
The spaces H™. (T9), Hé;f(('ﬂ'd), HH(T?), and H (T?) are d-fold tensor products of the
univariate spaces H™(T), H%#(T), H>*(T), and H**(T), respectively, see for instance [29].
Obviously, the identity I; is a compact tensor product operator (considered as a mapping into
the tensor product space Lg(']I‘d)). Since the approximation numbers decay polynomially in
these four univariate situations and 1 = a; > ag, we obtain the following conclusion from
the general Theorem 3.3 of [10]: For any s > 0, all four problems I : H™ (T?) — Lg(T%),
Ig 0 HEP(TY) = Lo(T9), Iy : HEH(TY) — Lo(T?), and I : HS: (T4 — Ly(T?) are quasi-
polynomially tractable (and polynomially intractable). Let us also mention, that this result in
[10] has a forerunner in [20], where it has been proven that such tensor product problems are
weakly tractable. Hence, Theorem 5.1 and Corollary 5.2 are special cases of a more general

theory. However, the approach given here is different.
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