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ABSTRACT. We prove upper bounds on the order of convergence of Frolov’s cubature formula
for numerical integration in function spaces of dominating mixed smoothness on the unit
cube with homogeneous boundary condition. More precisely, we study worst-case integration
errors for Besov Bj 4 and Triebel-Lizorkin spaces F, , and our results treat the whole range of
admissible parameters (s > 1/p). In particular, we treat the case of small smoothness which
is given for Triebel-Lizorkin spaces F} 4 in case 1 < § < p < oo with 1/p < s < 1/6. The
presented upper bounds show a completely different behavior of the worst-case error compared
to “large” smoothness s > 1/6. In the latter case the presented upper bounds are optimal,
i.e., they can not be improved by any other cubature formula. The optimality for “small”
smoothness is open. Moreover, we present a modification of the algorithm which lead to the
same bounds (including small smoothness) also for the (larger) spaces of periodic functions.

1. INTRODUCTION

The efficient integration of multivariate functions is a crucial task for the numerical treatment
of many multi-parameter real-world problems. The computation of the integral can almost
never be done analytically since often the available information of the signal or function f is
highly incomplete or simply no closed-form solution exists. A cubature rule approximates the
integral I(f) = f[o,l]d f(x) dz by computing a weighted sum of finitely many function values
and the d-variate function f is assumed to belong to some (quasi-)normed function space
Fy C Li([0,1]%). The optimal worst-case error with respect to the class Fy is given by

) ) 1<
(1.1) () = i o (FO = Zl Nf(a')
In this paper we (almost) completely answer the question for the correct asymptotical behavior
of Int,,(Fy) for several classes of functions with dominating mixed smoothness. The by now
classical research topic of numerically integrating d-variate functions goes back to the work of
Korobov [20], Hlawka [16], and Bakhvalov [2] in the 1960s and was continued later by numerous
authors including Temlyakov [32, 33, 34, 36], Dubinin [6, 7], Skriganov [29], Triebel [38], Hin-
richs [14, 15], Novak and Wozniakowski [24], Dick and Pillichshammer [5], and Markhasin [22]
to mention just a few. In contrast to the quadrature of univariate functions, where equidistant
point grids lead to optimal formulas, the multivariate problem is much more involved. In fact,
the choice of proper sets X,, C [0, 1]d of integration nodes in the d-dimensional unit cube is the
essence of “discrepancy theory” and connected with deep problems in number theory, already
for d = 2.
We study Besov-Triebel-Lizorkin classes B; ; and F, , on the unit cube [0, 1]% and provide
lower and upper bounds for Int,, (A} ,) which are sharp in order. Here and in the following
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A stands for B or F. As a motivation let us emphasize that Besov regularity is the correct
framework when it comes to so-called kink functions, which often occur in mathematical fi-
nance, e.g. the pricing of a European call option, whose pay-off function possesses a kink at
the strike price [11]. In general, one can not expect Sobolev regularity higher than r = 3/2 for
f. However, when considering Besov regularity we can achieve smoothness r = 2. Indeed, the
simple example f(¢) = |sin(2nt)| belongs to Bioo(']I‘) while its Sobolev regularity in W5(T)
is below s = 3/2. In a sense, one sacrifices integrability for gaining regularity. Looking at
the bounds (1.3) and (1.4) below we see that certain cubature rules benefit from higher Besov
regularity while the integrability p does not enter the picture.

The main goal of this paper is to show that there exists one universal cubature formula which
provides the optimal order of convergence for all the different function classes. Universality
has to be understood in the following sense: The nodes and weights of the cubature formulas
are constructed independently of the parameters of the spaces, i.e. independent of s, p and
6. This method was introduced by Frolov [10] in 1976, see also [39]. For the definition of the
method, let T € R%*? be a suitable matrix with unit determinant, see Section 2, and define
the lattices X,, = n~/4T(Z%), n > 1. Frolov’s cubature formula is then rather simply defined
as

(1.2) Q=1+ ¥ i@

z€X,N[0,1)4

and it is well known that |X,,N[0,1)?| =< n. For the detailed definition of the cubature formula
Q. and the spaces A? 0o We refer to Section 2 and Section 4, respectively. We define the
worst-case error of the cubature rule Q. in a class F; by

e(Qn,Fq) := sup ’ f(z)dz — Qn(f)|.

Ifle,<1'/[0,1]¢

Furthermore, we define the spaces As 00 85 the collection of all d-variate functions from AS

with support in the unit cube, cf. (4 2) It seems that the cubature formula @, of Frolov 1tself is

suitable only for functions from Ap ¢» see Remark 5.4. However, in Section 6, we will present a

universal modification of @), that has the same order of convergence also for periodic functions

(A;’Q(Td)). Note that all upper bounds on Int, (A} ;) that will be proven in this article are

constructive, i.e. we prove all upper bounds via Int,(Fg) < e(Qn,F4) for a specific cubature

formula @,. In fact, these cubature formulas will be @, cf. (1.2), for functions from A;’G
The main results of this article are the following Theorems 1.1 & 1.2.

Theorem 1.1. Let 1 < p,0 < co (with p < oo in the F-case).
If s > 1/p, then

(1.3) Int,, ( ;’G(Td)) = n"*(logn)@=-DA=1/0) =y >9,

If s > max{1/p,1/6}, then
(1.4) Int,, (F3 (T%)) < n~*(logn) D010 = pn>2,

This theorem complements earlier results in the literature, see the list below, and verifies a
widely believed conjecture.

In addition, we particularly pay attention to the case of small smoothness which appears
for the spaces Flo if p>0and 1/p < s < 1/6. It has been already observed by Temlyakov
[35, Thm. IV.2.5] that for the Fibonacci lattice rule on T? the asymptotical worst-case error
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order with respect to the Sobolev class W differs essentially in the log-power from (1.3) in
the critical range of parameters p > 2 and 1/p < s < 1/2. We were able to show this effect for
F; ¢ also in higher dimensions for the Frolov cubature rule.

Theorem 1.2. Let ] <p< oo and 1 <0 <p < 0.
(i) If 1/p < s < 1/6 then

Int, (F3 4(T%)) < n~*(logn) D02 n>2.
(ii) T s = 1/6 then
It (Fj6(T*) S n™*(logn)@ 1 (loglogn)' =, n>3.

Concerning matching lower bounds there is so far only hope for e(Qn,l%‘;g). This will be
discussed in a forthcoming paper by the authors. It is an interesting open problem to ask
the same question for Intn(F;e) in the critical range of parameters. In any case, we strongly
conjecture that the given convergence rates are sharp.

Spaces of the above type have a long history in the former Soviet Union, see [1, 23, 28, 35]
and the references therein. The scale of spaces B;ﬁ contains two important special cases of
spaces with mixed smoothness: the Holder-Zygmund spaces (p = # = oo) and the classical
Nikol’skij spaces (6 = o). Note that Sobolev spaces W, with integrability 1 < p < oo and
s > 0 are not contained in the Besov scale. They represent special cases of Triebel-Lizorkin
spaces F , if # = 2. The upper bounds in Theorem 1.1 have been already observed for

WE(T?), s > 1/p, see [35, Thm. IV.2.1 & IV.2.5],
B;},OO(TZ)7 s > 1/p, see [35, Thm. IV.2.6],
. B;G(TQ) for s > 1/p, see [42] and [8],
[0,1]?) for 1/p < s <1+ 1/p, see [42] and [8],
[0, 19N {f: f(z) =0 if z; = 1 for some i} for s < 1, see [22],
Wg([(), 1]%) for s € N, see [10, 29],
W;(T?) for 2 < p < 0o and s > 1, see [35, Thm. IV.4.4],
Bs (T%) if s > 1 and 1 < p < oo, see [35, Thm. IV.4.6], and
B;B(Td) for 1 <p,0 <ooand s> 1/p,see [6,7]; 1/p < s <2, see [15].
The last four results were obtained by using Frolov(-type) cubature rules. The other bounds
are achieved for cubature formulas that use (digital) nets and the Fibonacci lattice rule, re-

B; ol
Bj ol

spectively, where the latter is restricted to d = 2. For the Besov spaces with d > 2 there are
also some (not optimal) upper bounds by Triebel [38] for 1/p < s < 1 + 1/p using integration
knots from Smolyak grids or by Temlyakov [32] using quasi-Monte Carlo lattice rules of Ko-
robov type. Additionally, some results for Triebel-Lizorkin spaces can be easily obtained by
embedding, see Lemma 4.6 below. Note that the last item above already gives our result for
the Besov spaces B ,. However, our method is different and gives a unified proof for Besov
and Triebel-Lizorkin spaces. That is why we give also the (relatively short) proof for this case.
Moreover, we will present asymptotically optimal results for

1) Int, (A;G(']I‘d)) in the quasi-Banach cases min{p, 0} < 1, see Section 7.1, and

2) Int, (A;,/gp(Td)) in the limiting case (s = 1/p), see Section 7.2.
Note that the results of Section 7.2 require additional assumptions on  to assure contnuity of
the functions. For the precise statement consider the mentioned section.

The paper is organized as follows. In Section 2 we introduce the Frolov cubature rule
in detail. In addition, we give a direct construction of the Frolov lattice matrix without
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matrix inversion. Afterwards, in Section 3, we collect several tools from harmonic analysis.
In particular, Poisson’s summation formula and Calderon’s reproducing formula in connection
with local mean characterizations of function spaces turn out to be crucial for the error analysis
of the cubature formula. Based on that we introduce the function spaces of interest in Section 4.
In Sections 5 and 7 we prove the upper bounds for Frolov’s cubature rule in the spaces A;’G for
the Banach and the quasi-Banach situation, respectively. Section 6 contains the modification
of the cubature rule for periodic functions, and hence, finally proves the upper bounds in
Theorems 1.1 and 1.2. The lower bounds will be proven in Section 8.

Notation. As usual N denotes the natural numbers, Ng = NU {0}, Z denotes the integers,
R the real numbers, and C the complex numbers. By T we denote the torus represented by
the interval [0,1], where the end points are identified. The letter d is always reserved for
the underlying dimension in R¢, Z? T¢ etc. We denote with (z,%) the usual Euclidean inner
product in R?. For a € R we denote ay := max{a,0} and a = |a| + {a} with |a] € Z and
0<{a} <1. For0 < p < oo and z € R? we denote |z|, = (3%, |;|?)"/? with the usual
modification in the case p = co. By (z1,...,24) > 0 we mean that each coordinate is positive
and |z] (resp. {z}) are meant componentwise. By T we denote the torus represented by the
interval [0,1]. If X and Y are two (quasi-)normed spaces, the (quasi-)norm of an element z
in X will be denoted by ||z||x. The symbol X — Y indicates that the identity operator is
continuous. For two sequences a,, and b, we will write a,, < b,, if there exists a constant ¢ > 0

~

such that a, < cb, for all n. We will write a,, < b, if a,, < b, and b, < a,,.

2. FROLOV’S CONSTRUCTION

In this section we give the matrix 71" that is used in the construction of the lattice X,, for
the cubature rule @,, from (1.2). We follow to a large extend the original work of Frolov [10],
see also [35, 39]. Let

d d
(2.1) Ht—23+1 -1 =]JJ¢t-¢) teR,
j=1 j=1

for suitable &1,...,&s € R, i.e. the & are the roots of ;. It is easy to see that the &; are indeed
real numbers and all different. Now define the matrix

1
(2.2) T = (711 et
and let T, = (n det(Tv))_l/dTv such that det(T},) = 1/n. The lattice for the cubature formula
Qn is given by X,, = T,,(Z%).
Later we will see that the error of the cubature formula @, applied to some function f is

given by a sum over function evaluation of the Fourier transform Ff at the points B, (Z?),
where B,, is given by
(2.3) B, = (1;1)".

n

The lattice B, (Z%) is usually called the dual lattice of X,,. The following result contains the
most important property of B,,.

Lemma 2.1. Let B, be as above. Then, for each z € B, (Z9) \ {0}, we have

d
[zl 2 n
j=1
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Proof. First note that it is known that \H;l:l(fm)ﬂ > 1 for each m € Z%\ {0} with T from
(2. 2) see [35, Lemma IV .4. 3] or [39, Lemma 8]. Since T is a Vandermonde matrix we can write
T as the product HT T D!, where H is Hankel matrix with integer entries and det(H) = —1,
and D is a diagonal matrix Wlth det(D) = det(f)2 see [21, Section 4]. Hence,

d
inf B,m);| = ndet inf D YTH "m);
it LT, ) iy Hr )i
n n d
= inf THT — inf Tm);
det(T) ) meZA{0} H I det(T) meZ\{0} JI;II (Tm)|
n
Z =0
det(T)

where we have used that H' (Z%) C Z4.

Note that lattices which satisfy the conclusion of Lemma 2.1 satisfy |X, N[0,1)¢ = n +
O(lnd_l(n)), see e.g. [29].

Remark 2.2. The original construction of the lattice X,, of Frolov [10], see also [35], uses the
generator n~'/4By instead of T,,. The advantage of (2.2) is that we do not have to invert the
matrix 7" for the construction of the nodes. However, this “trick” only works if the generator
T is (a multiple of) a Vandermonde matrix.

The striking advantage of the property in Lemma 2.1 is reflected best by the numbers
(2.4) Zn(m) = |(Ba(Z)\{0}) N I,
with some dyadic rectangles
(2.5) I o= {x € R%: C12M 71 <|aj| < C92™5 for j =1,...,d}, m NG,

such that the numbers 0 < C; < Cy < oo are independent of m. That is, the number of points
from B,,(Z%) (excluding 0) in certain axes-parallel boxes with volume around 2™,
We will need the following properties of Z,(m).

Lemma 2.3. There exists an absolute constant ¢ < oo such that with
(2.6) T = logy(n) — ¢
the numbers Z,(m) from (2.4), n € N, m € N4, satisfy

(i) Zp(m) = 0, if |m|1 < rp, and
(ii) Zn(m) < 2™ /n, otherwise.

Proof. From Lemma 2.1 we have H?Zl |2j] > Con for z € B, (Z%) \ {0} and some Cy > 0. For
x € I, we have that H?Zl 2] < 692Imh with § = Cy — C1/2 > 0, cf. (2.5). This shows that
Zn(m) = 0 if |m|; < logy(n) + logs(Co/d%) =: 7.

To prove part (ii) consider axis-parallel boxes Q € RY. Let us assume that Q contains at
least two points from B,,(Z%), say 2/, 2" € Q. Then, since B, (Z?) is a lattice, z := 2’ — 2" is also
in B,(Z%). We obtain that voly () > H;l:l |25 — 25| = H;i:l |zj| > Con. Hence, axis-parallel
boxes ) with volume less than Cyn contain at most one point. Boxes of larger volume can
now be devided into |[volg(€2)/(Con) + 1| boxes of volume less than Con, each with at most
one point from B, (Z?). This shows | B,,(Z%) N Q| < volg(Q)/n for axis-parallel boxes . O
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Remark 2.4. The choice of the polynomial (2.1) is quite flexible. One could replace P; by
every irreducible (over Q) polynomial with integer coefficients that has d different real roots.
Another example, for d = 2¢, is the Chebychev-type polynomial Py (t) = 2 cos(2¢ arccos(t/2)),
see [35, p, 242]. The roots of these polynomials are given by & = 2cos(m(2i — 1)/2"+1),
i=1,...,d

Remark 2.5. It is worth noting that the results of this paper do not rely on the specific con-
struction. In fact, every lattice for which the the dual lattice satisfies the bound of Lemma 2.1
would lead to the same results. See e.g. [29] for a detailed study of such lattices.

3. TooLs FROM FOURIER ANALYSIS

3.1. Preliminaries. Let L, = L,(R%), 0 < p < oo, be the space of all functions f : R — C
such that

151 = ([ 17@Pde) " <o

with the usual modification if p = co. In addition, we denote by C(R%) the space of all bounded
and coontinuous complex-valued functions on R,

We will also need L,-spaces on compact domains  C R instead of R%. We write || f|| Ly(Q)
for the corresponding (restricted) L,-norm. For f € L;(R?) we define the Fourier transform

Fi©) = [ fueenay,  eere,

and the corresponding inverse Fourier transform F~1f(¢) = Ff(—¢). Additionally, we define
the spaces of continuous functions C(R?), infinitely differentiable functions C°°(R%) and in-
finitely differentiable functions with compact support C$°(R?) as well as the Schwartz space
S = S(R?) of all rapidly decaying infinitely differentiable functions on R?, i.e.,

S = {gp c COO(Rd): llollke < oo for all k, £ € N} ,

where ‘
Il = || +1-DF D ™|
m=0

The space S’(R?), the topological dual of S(R?), is also referred to as the set of tempered
distributions on R%. Indeed, a linear mapping f : S(R%) — C belongs to S’'(RY) if and only if
there exist numbers £,/ € N and a constant ¢ = ¢y such that

(3.1) @)l < crllollne

for all ¢ € S(RY). The space &'(R%) is equipped with the weak*-topology. The convolution
@ *x 1) of two square integrable functions ¢, 1 is defined via the integral

(o )@ = [ ola =it dy.

If o, € S(R?) then ¢ * 1 still belongs to S(RY). In fact, we have o * ) € S(R?) even if
¢ € S(RY) and f € Li(RY).

The convolution can be extended to S(RY) x S'(RY) via (¢ * f)(z) = f(o(z —-)). It
makes sense pointwise and is a C*°-function in R%. As usual, the Fourier transform can be
extended to §'(R?) by (Ff)(¢) := f(Fg), where f € §'(R?) and ¢ € S(R?). The mapping
F: 8 (RY) — S'(RY) is a bijection.
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3.2. Periodization and Poisson’s summation formula. The analysis of the error of cu-
bature formulas that use nodes from a lattice is naturally related to an application of Poisson’s
summation formula and variations thereof, see (5.2). A more detailed treatment and a proof
of the following theorem can be found, e.g., in [30, Thm. VII.2.4 & Cor. VII.2.6].

Theorem 3.1. Let f € Li(R). Then its periodization ), ;a f(£+-) converges in the norm of
L1(]0,1]%). The resulting (1-periodic) function in L;([0, 1]¢) has the formal Fourier expansion

Z ]:f(k) e27rikz.

kezd

Moreover, if f € S(R?), then both sums converge absolutely, and hence pointwise.

Note that absolute convergence in the above sums actually holds under weaker assumptions
on f. However, this version is enough for our purposes.

In what follows, cf. (5.2), we will need a pointwise version of Poisson’s summation formula,
like Theorem 3.1, in cases where we cannot guarantee that the sums converge absolutely. In
such cases we have to specify what is meant by convergence. This is provided by the corollary
below.

Corollary 3.2. Let f € L1(RY) be continuous with compact support, 7 € R?*? be an in-
vertible matrix, and B = (T71)T. Furthermore, let py € C§°(R) with ¢o(0) = 1 and de-
fine p;(t) := @o(279t) — po(279T), j € N, t € R, as well as the (tensorized) functions

Om(T) = Pmy (T1) ... - Pmy(7q), m € N, 2 € RY. Then
d = 1l .
) Y Fr) = fm Y Y en(BRFABE)
Lezd m: |m|eo<N keZd

In particular, the limit on the right hand side exists.

Proof. The proof is based on [30, Theorem VII.2.11]. We put ®p(-) := ¢o(B-) and note, that
®p satisfies the assumptions [30, (2.10)], in particular ®5(0) = 1. Moreover, f is continu-
ous and has compact support, which implies that the periodization det(T") Y ,cza f(T (£ + x))
belongs to C(T¢). Applying [30, Thm. VIL.2.11] together with Theorem 3.1 above we obtain

det(T) Y f(T(L+ =) = lim Y @p(2~Vk) Ff(Bk) ™
tez? Voo e

in C(T%). Setting z = 0 gives
(3.2) det(T) Y f(T€) = lim Y @p(2~ k) Ff(Bk).

N—o0
ezl kezd
By construction we note that
p(2VE) =002 N(Bk)1) ... 002 N(BR)) = > pm(Bk).

m: |m|eo<N

Plugging this into (3.2) and interchanging the order of summation yields the desired result. [

To prove our main results we will also have to bound the norm of certain series of functions.
In fact, we treat two different kinds of functions: The first bound requires that the functions
itself have compact support, while the second is for function with compactly supported Fourier
transform.
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Lemma 3.3. Let B € R%*4 he an invertible matrix and Q € R? be a bounded set. Further-
more, let {fm}meNg C S(R?) be functions with supp(f,,) C 2 for all m € N& and define

Mpg = ]{eezd: (€ + o, 1)d)mBT(Q)}‘.

Then, for 1 < 0,p < oo, we have

(5| 5 #suimnan

meNd  Lezd

9)1/9‘

Lp([0,1]4) = (dj“i?9> H( Z [ fml ) H '

mENd

In particular,

| 3 Frimey et

Lez?
for f € S(RY) with supp(f) C Q.

Mpqo \1-1/p
< 7 .
Ly(0,1)4) — (det(B)) £ 1lp

Proof. Let p/ be given by 1/p/ =1 — 1/p. Let hpy(z) = f,,(Tx) with T = (B~!)T and note
that supp(h.) C BT (Q). Clearly, F f,,(Bf) = det(T)Fh,,(¢) and, hence, by Theorem 3.1 and
Holder’s inequality we obtain

9) 1/9‘

|( S| #tamoe )], = e |[( 2| X water )]

meNgd  Lezd meNd  tezd

<det(m) [ 3o (D0 ’hm(ﬁ—i—.)‘@)l/e‘

Lezd meNg

ae [V (X (X frmte [ ))

tezd mGNg

Ly([0,1]%)

Lyp([0,1]%)

IN

Ly([0,1]9)

Performing the integration and interchanging sum and integral yields

(S |5 7o)

mENd Lezd

Ly([0,1]%)

)
</01]d (3 [ptet o))" az)™"”
(

< det(T) MY?
£ez¢  meNg

(S )" o)

’ )p/9 d:r) 1/p

I
o
@D

pay
=3
oL
5

= det(T) Mp /7

)

/~
=
)
/
3
mM
Z
o
D‘

= (aet(m) p0) | Z nl?)” H |

mEN

The second statement follows if we set fo = f and f,, =0, m # 0.
d

Remark 3.4. Note that Mp o is the number of unit cubes that are necessary to cover the set
BT (), while det(B) equals the volume of B'(]0,1]%). This shows that with a matrix of the
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form B, = n'/¢B, n > 1, cf. (2.3), we obtain

lim Mg,.0
n—oo det(By,)

for every Jordan measurable set €.

= VO]d(Q)

Lemma 3.5. Let B € R%*? bhe an invertible matrix and Q € R? be a bounded set. Further-
more, let g € S(RY) with supp(Fg) C Q. Then, for 1 < p < co, we have

| > Fo(mr) e

kezd

1-1/p
< d .
Lo < [BE@09l gl

Proof. Clearly, the proof of Lemma 3.3 for p = 1 works also for functions f,, without compact
support and, hence, already proves the statement for p = 1. (Set fy = ¢g and f,, = 0 for
m # 0.) For p = oo we easily obtain the upper bound |B(Z%)N Q|- || Fgle < |B(ZY)NQ- 9|1
Hence, the lemma follows by interpolation. O

3.3. A discrete version of Calderon’s reproducing formula. Our analysis heavily relies
on a discrete version of Calderon’s reproducing formula [4, eq. (3.1)]. A “continuous” and
homogeneous version of the Lemma below has been proved in [19]. This principle has been
used by several authors [3], [9], [27], [26] to prove equivalent (local mean) characterizations for
Besov-Triebel-Lizorkin spaces, see Section 4.

Lemma 3.6. Let ¥y, ¥; € S(R) be functions with

(3.3) IFUo(€)] >0 for |¢] <&
and
(3.4) IFU,(€)] >0 for % < ¢ < 2¢

for some € > 0. Then there exist Ag, A1 € S(R) such that
(i) suppFAg C {teR: |t| <€}

(7)) supp FA; C {t e R:¢e/2 < |t| <2} and

(#i) for all £ € R,

(3.5) D OFA(E) FU(6) = 1,
7=0

where W(z) = 20710 (277 12) and A;(z) = 2771A (277 12) for j € N.

Proof. Following [43, Thm. 1.20] we use the special dyadic decomposition of unity with ¢(t) =1
if [t| < 4/3 and ¢(t) = 0 if [t| > 3/2. Put &g := F Ly and ®; := 2Py(2-) — Py, i.e. FP; =
®o(-/2) — ®o. With ®; :=2/71®; (2771 for j > 1 we define Ag, A; through

- fq)j(Qt/é‘)

fAj(t) = f\I/j(t) , teR.

We define the d-fold tensorized functions

U, (z;) , zeRY

I
E&.

d
(3.6) Am(2) = [[Am,(z;) and Wy (2) :
=1

=
—_
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where Aj, ¥;, j € N, are defined in Lemma 3.6. We obtain from (3.5) the identity
(3.7) Y FAR@)FINE) =1 , {eR%
mENg
By the construction of the tensorized functions (and Lemma 3.6) we know that the support of
FA, is of the form (2.5) and we will write in the sequel
I, := supp FA,, m € Ng.

3.4. The up-function. We make use of a special infinitely many times differentiable com-
pactly supported function. This (univariate) function is known as the up-function, see e.g.
Rvachev [25] or [17, Section 6.1], and has many useful properties.

Let g(t) = L{—1/2,1/9(t), t € R, be the characteristic function of the interval [~1/2,1/2] and
define gi(t) = 2¥g(2¥t). The up-function ¢ is now given by the infinite convolution

© = g*xgr xgy*x....

Obviously, ¢ € CP(R), 0 < ¢ <1, |l¢ll1 = |lgll1 =1 and supp(p) = [—1,1]. It is known that
Fg(§) = sinc(§) := sin(m€)/(m€) and hence, ¢ could be equivalently defined by

Fo(&) = [[ sinc(27%¢),  ¢eRr
k=0

Moreover, ¢ is a solution to the equation ¢'(t) = 2p(2t + 1) — 2p(2t — 1) and satisfies therefore
ot)+et—1) =1 for all ¢ € [0, 1],

see [25, Paragraph 1]. To see this, observe that fol o)+ ot —1)dt = f_ll e(t)dt = 1 and
that the differential equation (together with supp(¢) = [—1,1]) implies ¢'(t) + ¢'(t — 1) =
20(2t + 1) — 2¢(2t — 3) = 0 for t € [0, 1].

4. FUNCTION SPACES WITH DOMINATING MIXED SMOOTHNESS

In this section we introduce the function spaces under consideration, namely, the Besov and
Triebel-Lizorkin spaces of dominating mixed smoothness. Note that the Sobolev spaces of
mixed smoothness appear as a special case of the Triebel-Lizorkin spaces. There are several
equivalent characterizations of these spaces, see e.g. [43]. For our purposes, the most suitable
is the characterization by local means (see [43, Theorem 1.23] or [41, Definition 2.5]).

4.1. Spaces on R%. Let Wy, ¥; € C$°(R) be such that
(1) |[F¥o(§)[ >0  for [¢] <e,
(i1) |F¥1(8)] >0 for 5§ < [¢] < 2¢ and
(¢91) D*F¥1(0) =0 foral 0 <a <L
for some € > 0. A suitable L will be chosen in Definitions 4.1 & 4.2. Such functions ob-
viously exist. Our choice will be based on the wup-function ¢ from Subsection 3.4. We

define Wo(z) := 2¢(2z). The function ¥y € C§°(R) satisfies supp(¥o) = [-1/2,1/2] and
FUo(&) =152, sinc(27%¢), € € R. Then, we define ¥; € C§°(R) by
dL

Uy (z) = dx—L(Q\IfO(Q-) —Uo(4)) (2), r €R.

It follows that FW¥(¢) = (2mi€)* (}'\110(5/2) —]-'\110(5)) . It is easily checked that these function
satisfy the conditions above.
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As usual, we define
U,(z) = 271 0(2712),  jeEN,
and the (d-fold) tensorization

d
(4.1) Upn(2) = [] Ui (),
i=1
where m = (my,...,my) ENg and x = (x1,...,14) € R

Let us start with the definition of the function spaces AJ, = A;}a(Rd) with A € {B,F}
defined on the entire R?.

Definition 4.1 (Besov space). Let 0 < p,0 < 0o, s € R, and {Wm}meNg be as above with

L+ 1> s. The Besov space of dominating mixed smoothness B ,=B, Q(Rd) is the set of all
f € S'(R?) such that

1/6
1lms, = (D0 20w f115) T < oo

mENg

with the usual modification for 8 = co.

Definition 4.2 (Triebel-Lizorkin space). Let 0 < p < 00, 0 < 6 < o0, s € R, and {\I'm}meNg
be as above with L +1 > s. The Triebel-Lizorkin space of dominating mixed smoothness
Fs 5 =F5 o(R?) is the set of all f € §'(R?) such that

HfHF;e = H( Z 23m19‘\11m*f(,)’9)1/0Hp -

mENg

with the usual modification for 6 = oo.

Remark 4.3. In the special case § =2 and 1 < p < oo we put W7 := FJ 5, which denotes the
Sobolev spaces of dominating mized smoothness. It is well-known (cf. [28, Chapt. 2] or [43]),
that in case s € Ny the spaces Wy can be equivalently normed by

/
17wy = (3 10esig) "

aENg

lo|oo<s
Remark 4.4. Different choices of Wy, ¥; lead to equivalent (quasi-)norms. In fact, it is not
even necessary that Wg and W; have compact support. However, for the proof of our results
this specific choice is crucial.

Remark 4.5. Note, that the spaces B;Q(Rd) and F;Q(Rd) are usually defined via a dyadic
decompostion of unity on the Fourier side (which represents a special case of the above frame-
work) like the one we used in the proof of Lemma 3.6, see [43]. Here we used a different
characterization which was proven to be equivalent, see Vybiral [43] and Ullrich [41]. Let us
comment on the recent and non-trivial history of those characterizations.

e In 1992 Triebel proved those characterizations for the isotropic spaces see [37, 2.4.2,
2.5.1]. He obtained characterizations for p,6 > 1.

e Later, in 1999, Rychov [26] extended it to the quasi-Banach case. However, there is a
gap in his proof (observed 2007 by M. Hansen, see [12]) and Remark 4.4 in [41].
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e In 2005 Vybiral modified Rychkov’s method for the dominating mixed case. Vybiral’s
proof also contains Rychkov’s gap. However, Vybiral was the first who did the local
means for dominating mixed spaces.

e The proof in [41] differs from Vybiral’s proof and fixes the mentioned gap, see also
Hansen [12]. The proof is based on a maximal function technique, see [41, pp. 20], due
to Stromberg, Torchinsky [31, Chapt. V] which has been already proposed by Rychkov
[27, Thm. 3.2].

e The proof in [41] is a bit more general, namely for function spaces on semi-infinite
rectangular domains.

The next lemma collects some frequently used embedding properties of the spaces.

Lemma 4.6. Let 0 < p < u < oo (p,u < oo in the F-case), s,t € R, 0 < 0,7 < c0.
(i) For equal p we have the chain of embeddings

s

S
0y Fpﬂ - Bp7maX{p79}

sto,min{p,
(i) In addition, whenever s — 1/p =t — 1/u the following “diagonal embeddings” hold true
B ,—B,, , F,—>F,,
(iii) as well as the embeddings of Jawerth-Franke type
F,—B,, , B,—=F, .

Proof. For a proof we refer to [28, Chapt. 2] and [13].
]

Throughout this article we will assume that s > 1/p (or s = 1/p with additional assumptions

on #). This assures that the functions in B’

[28, Chapt. 2]. With the same reasoning we obtain that B;/ep — C(R?%) for § < 1, and
F;{;’ — C(RY) for p < 1.

Ff;e and Wy, respectively, are continuous, see
b}

4.2. Spaces on the cube. Here we turn to the subclasses of functions which are supported
in the unit cube [0,1]?. We define for s > max{1/p — 1,0}

(4.2) A 0o = {f € A;(,(Rd): supp(f) C [0, l]d}.
The spaces AZ,H can be interpreted as subspaces of A;O(Td) which denotes the space of periodic

functions on T? = [0,1]%. Indeed, a function f : T¢ — C is defined on R? and supposed to
be 1-periodic in every component. We will define periodicity in a wider sense. A distribution

f € S'(R) is a periodic distribution from S.(R9) if and only if
fl@)=Flp(-+k), ¢eSRY, ker,

Now we define
A (%) = { € SLRY ¢ [[]las,no) < o)
with o
N D | M
mENg

and 1/6
7y o 2= [ 32 20 1« 7))

Ly(Td)’
et »(T9)
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respectively. Note, that we replace the L,(R%)-norms by L, (T%)-norms.
In addition to the embeddings in Lemma 4.6 we will need the following inclusions based on
Holder’s inequality.

Lemma 4.7. f 0 < p < u < 00, 0 < § < o0 and s > max{1/p — 1,0} then
Asy o Asy and A5 (T < AS(TY),
where we need u < oo in the F-case.

Proof. For the periodic spaces A;ﬁ (T?) the proof is a simple consequence of the definition and
the embedding L, (T%) < L,(T¢) due to the compact domain. If f is compactly supported
inside [0, 1]% then the convolution W,,  f with ¥,, from (4.1) is supported in a universal set Q

for all m € Ng. Hence
1/6
(32 2wy« 7))

meNg

is supported in §2. Holder’s inequality finally yields || f|| Az, < Call fll A3,

5. INTEGRATION OF FUNCTIONS FROM A7

Here, we study the cubature formula @,, from (1.2), see Section 2, for the spaces AZ o defined
n (4.2). Our main results read as follows.

Theorem 5.1. For each 1 < p,§ < oo and s > 1/p, we have
e(Q’er]oB;ﬁ) = n*S(logn)(dfl)(171/9)+.

Theorem 5.2. For each 1 <p < 00,1 <6 < oo and s > 1/p the following bounds hold true.

(i) If s > 1/0 then
e(Qn, F5g) = n™* (logn)@=D0=1/0)
(i) If s <1/ then
e(Qu:Fpg) S n* (logn) DU~
(iii) If s =1/6 then

e(Qn,f‘;ﬂ) < n”® (logn)(d_l)(l_s) (loglogn)'=*.

Setting § = 2 immediately implies the following.
Corollary 5.3. For each 1 < p < 0o and s > 1/p the following bounds hold true.

(i) If s > 1/2 then
e(Qn,VOV;) = n~° (logn)@=1/2
(i) If s < 1/2 then
e(Qns W) < n* (logn) D0~
(iii) If s = 1/2 then
e(Qn,W;) < 1 (logn) 4172 | /loglogn .



14 MARIO ULLRICH AND TINO ULLRICH

Remark 5.4. The subclasses AS .0 of functions with support inside the unit cube [0, 1] rep-
resent the “natural domain” for the Frolov cubature rule. This comes from the fact that the
proof heavily relies on the use of Poisson’s summation formula (Corollary 3.2), which requires
that we can replace the summation in (1.2) over X,, N[0, 1)¢ by a summation over X,, without
changing the value of the sum, see (5.1).

5.1. The proofs. We begin this section with the derivation of an error formula that is the
starting point for the proofs in the specific cases. This explicit formula for |I(f) — Qn(f)]
follows immediately from the pointwise version of Poisson’s summation formula for general
lattices, see Corollary 3.2.

In this section we consider f € AZ’G, i.e. functions with support in the unit cube. Hence, we
can rewrite our cubature rule @, from (1.2) as

(5.1) Qi) =~ Y f@) = det(T) S (@)

n
z€XpN[0,1)? zeXn

Now we take some tensorized admissible kernels ¥,,,, m € Ng, e.g. the compactly supported
functions constructed in Section 4, and the corresponding admissible kernels A,,, m € Ng, that
are given by Calderon’s reproducing formula, see (3.6). The construction of these functions,
cf. the proof of Lemma 3.6, assures that the functons ¢, := F[A,,*¥,,] satisfy the assumptions
of Corollary 3.2 and hence,

ST Flh # Ul (Bok) F(Bak).
meNg keZd

Note that the inner sum is finite and that, actually, the outer sum is defined as a certain
limit, see Corollary 3.2. However, we will see this sum converges absolutely in all cases under
consideration.

Note that (e?™ ™) = 1 if k = ¢, and 0 otherwise, where (-,-) is usual inner product in
Ls([0,1]%). Using this together with I(f) = Ff(0) we obtain

1) = QulA)l = | X0 32 FAn(Buk) FO(Buk) F £(Bak)|

meNd k40

(5.2) = Z Z Z./TAm(Bnk) F[W % f](Bpl) <62’Tik'7e2”€'>’

meNd kA0 (40

- <Z]~'Am(Bnk) & 3" F[W,, % f)(Bul) e2““'>‘.

meNg  k#0 040

Now we have to proceed differently depending on the space under consideration. In fact, we
will perform in either case Holder’s inequality twice, but in a different order.

The result for B; g- We now prove Theorem 5.1.
Using (5.2) we obtain by Hoélder’s inequality

1) = Qu(N] = | 30 (D FAm(Bak) e 3P B0 i)

meNg  k#0

< A, (B, k) 27k ‘ (Bt 2mil-

s > | FAn By L (0,1)%) m* B o
meNg k#0

with 1/p+1/p’ = 1.
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Using Lemma 3.5 for the first and Lemma 3.3 for the second factor, we obtain

— / MB7L7SU- \Ilnb*f l—l/p
1) = Qul < 32 Zalm) 0 (Z25m0 R ) A [
meNg "

By construction, the third factor is bounded by a constant. The second factor converges, as
n — o0, to volg(supp(¥,, * )1 "/P < voly([—1/2,3/2]4)' -1/, see Remark 3.4. Hence, we
obtain with Lemma 2.3 that

(5.3)
() = QuNI S D @ lm) P @ s fll, = n=tP Y7 2mh/e=s) gsbmhg, s g,
mENg: mENg:
‘m‘1>7"n |m|1>rn

with 7, = logy(n)—c from (2.6). Applying Holder’s inequality one more time, with 1/6+1/0" =
1, we finally obtain

e(QuBg) S (Y 29'|m|1<1/p—s>>” " < e (30 (0 1yt )

m: |m|1>rn £>ry

5 n—s(log n)(d—l)(l—l/e)’

1/¢'

since s > 1/p. This proves Theorem 5.1.

The result for ]?‘;)79. We prove Theorem 5.2. If s > max{1/p,1/6} Theorem 5.2,(i) directly
follows from Theorem 5.1. In fact, in case p < 6 we have F o—B,, for all s. If p > 0 we use
the embedding ]?‘;79 — f’»;e due to the compact support and the definition via local means.
To apply the results in Theorem 5.1 we need s > 1/6. It remains to deal with the situation
p>0and 1/p<s<1/6.

Again, let 1/p+1/p' =1/6 +1/6' = 1. We obtain from (5.2) that

1) = Qu(P)] = | 3 { S FAn(Bak) ™ 3 Fll « F1(Bu) 7 )|

meNd  k£0 040
‘Z /01 Z}"A (Bak) 27k (Z#Zof ] Bz)ewr)dm)

Interchanging summation and integration and applying Hélder’s inequality twice yields

I(f) = Qu(f)] < / (3 2| 3 P (Baby i 0’>1/9/
0.1)¢ meNG k+£0
( Z 265|m|1 Zf *f B E) 2milx 9>1/9 dr
meNg 040
—0's|m)| rika 0'\ 1/6
<I(x i s rmmm e ),
m&lo
Os|m| Tl 0\ 1/0
H(m%%f : gzzdf m * [](Bnl) €2 ) ‘L,,([o,l]d)'

At first, we bound the second factor. For this recall that the supports of ¥,, * f are subsets of
[~1/2,3/2]¢ and set M,, = Mp, (-1/2,3/2¢ in Lemma 3.3. Hence, we obtain from Lemma 3.3
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(with f,, = 250 @,, % f) that

|32 2%l 32 F i« £1(But) 27

9) 1/6 ‘
meNg Leza

< (det(Tn)Mn)l_l/”H( S ofshl

meNg

LP([Ovl}d)

\Ilm*f‘(?)l/@Hp < HfHF;,e)'

It remains to bound the first factor. For this let

Amn(@) 1= FAp(Byk) ™
k#0

and note that p > 6 implies p’ < @'

We prove the upper bound by splitting the sum into two parts. This approach was already
used in [35] to prove the result for the Fibonacci cubature rule in W(T?). Let L, := (d —
1) loglogn and bound the first factor from above by

H( Z o—0'slmls Kmm(.)’@’)l/o,

m: |m|1<rn+Ln
5 e

m: |m|1>rp+Ln

L, ([0,1]¢)

L,(10,1])

Kmm(.)‘e'y/e'

Using p’ < 6 and s < 1/6 we use Lemma 3.5 and Lemma 2.3 to bound the first summand by

/ / rn+Ln /
( Z o—0'smh[|§ 0 )1/9 < n_1/9( S (1t 2_9/4(3_1/9))1/9
m: |m|1<rp+Ln ’ L9/([O,1]d) l=ry
S n=* (logn)(d—l)(l—s)‘

In the case s = 1/6 this sum is bounded by n=* (logn)(@~D(1=9) (loglog n)(1—*),
To bound the second summand we replace the £g--norm inside by a £,;-norm. We obtain for
s > 1/p again by Lemma 3.5 and Lemma 2.3 the upper bound

( Z 9—p'slml1

m: |m|1>rn+Ln

o0

v )l/p/ S n*l/p< > e+ 1)+t 2*p,£(571/p))1/pl
L ([0,1]4) {=rp+Ln,

Am,n

5 n_* (IOg n) (d—1)(1—s) )

This finally proves Theorem 5.2.

6. INTEGRATION OF FUNCTIONS FROM A;e(’]l‘d)

For the following considerations it is important to note that all upper bounds from above
hold also if we change the domain of integration to an arbitrary bounded, Jordan measurable
set, say © C R? as long as the functions under consideration have support in €. That is, the
cubature formula Q,(f) = 1 > ozex, (@), f € Aj . satisfies the bounds from above, if supp(f)
is bounded. In this form, @, has formally infinitely many nodes, but all ¢ supp(f) could
obviously be removed from the summation.



FROLOV’S CUBATURE 17

In this section we consider periodic functions from AJ o(T%). For this let € > 0 be given, ¢
is the up-function from Section 3.4 and define the one-dimensional function

p(t/fe —1), ift<e,
e(t) =1, ife<t<l,
o((t—1)/e), otherwise.

This function satisfies supp(¢) = [0,1+¢], ¥ (t) +(t—1) =1 for all t € [0,1] and ¢ € C§°(R).
To treat the d-variate situation we define the d-fold tensor products ¥4(x) = H?:l Y (z;) for
x = (x1,...,14) € R? which obviously satisfy the natural substitutes for higher dimensions of
the properties of ¢ from above. Given a l-periodic function f: R* — R we obtain that

RCICIEEEDS e fa—mydz = [ e m) f@)da

me{0,134 7 1041 me{0,1}4

= / f(z)dz
(0,17

and supp (¢ f) C [0,1 +€]?. Recall that the nodes of our cubature formula @Q,, are given by (a
subset of) a lattice X,, = n~4T(Z%), n > 1, for a suitable invertible matrix 7' € R¥*?. Hence,
if we define the cubature formula

U =) = Y

n
z€X,N[0,14¢)?

for f e A;e(’ﬂ‘d), we obtain
[ f@de-Gin| = | [ e s de - Quwr)]
[0,1]¢ [0,1+¢]4

The latter is upper bounded by e(Qn,A;ﬂ) . HlﬂfHA; , by taking the comments from the be-
ginning of this section into account.
To prove that the order of convergence of QZ in A;,e (T%) is upper bounded by the order of

Q. in AZ g it remains to show boundedness of the pointwise multiplication

TV : frsof.

For a proof of this fact we refer to [40]. Hence, we obtain the following results, which finally
prove Theorems 1.1 and 1.2.
Theorem 6.1. With ¢ from above we have for each 1 < p,# < co and s > 1/p (6 = 1 if
s =1/p) that

e(Qf, B 5(T") < e(Qn, B ).
Theorem 6.2. With ¢ from above we have for each 1 < p < 00, 1 <0 < oo and s > 1/p
(p=1if s =1/p) that

e(QY,F5 5(T) < e(Qn, 1%‘;,9)-

Remark 6.3. Clearly, the lower bounds for Intn(A;ﬁ) are also valid for Int,, (A;Q(Td)). Hence,

we have shown that the algorithm @% has the optimal order of convergence for periodic func-
tions from A7 (T?) whenever @, is proven to be optimal in AJ . see Section 8.
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Remark 6.4. Using another modification of the cubature formula @), it is also possible to
treat the spaces A7 ([0, 1]4) of (non-periodic) functions on the cube. This modification was
already studied by Temlyakov, see [35, Theorem VI.4.1], for Sobolev spaces. Boundedness of
the corresponding transformation will be studied in the forthcoming paper [40].

It is worth mentioning that @ﬁf is, in a certain sense, only a minor modification of @),,. The
set of nodes is now given by X, := {{z}: 2 € X,,N[0,1+¢)%}, where the weight of the node
{z} is ¢¥(x). This means that the nodes and the weights of @% and @), coincide away from
the coordinate axes, i.c. X, N (¢,1)? = X, N (,1)% Only in [0,1)%\ (¢,1)? there is a different
structure. In this region we have a lot more nodes (about twice as many as in X,,), but the
weights are smaller than 1/n and no longer equal. We leave it as an open problem, whether
this modification is really needed or if the cubature formula @, already works for periodic
functions. But, note that in general n # !Xn N 1o, l)d‘ and hence, there is already some issue
for @, if one considers the integration of the constant function.

7. QUASI-BANACH AND LIMITING CASES

In this section we deal with the remaining cases of the Besov and Triebel-Lizorkin scales,
that are not treated in the previous sections. We are interested in numerical integration and
hence only in classes of continuous functions. Besides the quasi-Banach cases min{p, 6} < 1
with s > 1/p we will also consider the limiting case s = 1/p. In the latter case additional
assumption are needed to assure continuity.

We will state the results for A;ﬁ. But, however, note that all results of this section are
proven by embedding into a space with p,6 > 1, which also works for the spaces A;Q(Td).

Moreover, we have the same upper bounds on e(@ﬁ, ;G(Td)) as we have for e(Q, A; 9), see
Theorems 6.1 and 6.2, in the cases p,0 > 1. Hence, the results below could be stated also with

e(@n, A3 5) replaced by e(Qh, A3 o (T%)).

7.1. The situation min{p, 6} <1 and s > 1/p. In this section we deal with the classes BZ 0

and F; ¢ with p, 0 < 1, i.e. the quasi-Banach cases. Here, p < 1 affects the asymptotical error
order negatively, while § < 1 does not. The presented lower bounds are given in the upcoming
Section 8.

Corollary 7.1. Let 1 < p < oo (with p < oo in the F-case), 0 <6 <1 and s > 1/p.
(i) Then

e(Qn, B g) < n %
(i) If s > 1 then

X
S

e(Qna ]?‘279)
(i3) If 1/p < s < 1 then
e(Qn» ;9) S n—* (logn)(d_l)(l—s).

Proof. The upper bounds follow from the embeddings A; g — A, for 6 <1, together with
Theorems 5.1 & 5.2.
O

Corollary 7.2. Let 0 <p < 1,0 <6 <ocand s >1/p.
(i) Then
e(Qn, B3 g) < n TP (log n) = HA=/0)
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(ii) and
e(Qn Fpg) = n~* /07l

Proof. The stated bounds are a direct consequence of Theorem 5.1 and Theorem 5.2. In fact,
from Lemma 4.6 we know that we have for p < 1 the embeddings

g8 o s+1—1/p 25 s+1-1/p  Rs+1-1/p
Bpﬂ — B1,9 and Fp,@ — Fl,l = BLl .
O

Remark 7.3. (i) In contrast to the case p > 1, there is no dependence on # in (ii). In
particular, there is no effect of “small smoothness”.

7.2. Limiting cases. In this section we deal with the limiting situation s = 1/p. When 6 <1
in the B-case or p <1 in the F-case we have the continuous embedding A} o (RY) — C(RY).

Theorem 7.4. (i) Let 0 < p < oo and 0 < § < 1. Then

e(Qn,B)f§) = 7t/ mexlp1),

(ii) Let 0 < p<1and 0 < 6 < oo. Then
o\l _
e(Qn,Fp’/(f) = nt

Proof. Due to the embeddings ﬁ‘;{op, ]?’);{ép — Fh = B%l if p < 1 it suffices to prove (i) in case
1<p<oo,s=1/pand @ = 1. It follows the same line as the proof in the case s > 1/p. In

fact, (5.3) for s = 1/p shows
() = Qu(AI S 7t Y 2Ph PG £l < 07V fll 1.
P,

meNg:
|m|1>7"n

O

Unfortunately, our proof techniques do not seem to work for p =1 in (ii). The following re-
sult, which is probably not sharp, follows from the Jawerth-Franke embedding, see Lemma 4.6,
together with Theorem 7.4(i). We conjecture that e(Qn,f‘% 5) =< n"t(logn)@=DI=1/0) e
leave this as an open problem. 7

Corollary 7.5. Let 0 < 8 < co. For any € > 0 there is a constant c. such that

e(Qn, I'O“ie) < cen~179)

Proof. For an arbitrary p > 1 we have the embedding F% g = E;{lp, see Lemma 4.6(iii). By

Theorem 7.4 we obtain the rate n—1/?.
O

7.3. The classes W3(T?) and W2 (T%). Let us finally comment on the classes Wia(']l‘d)
and Wgoya(']l‘d) which have been frequently used by Temlyakov and several other authors from
the former Soviet Union, [35, Chapt. I.3]. Let for s > 0 and e € R

o
Fy(t,a) :=1+2> k™ *cos(2rkt —am/2) , teT,
k=1
denote the univariate Bernoulli kernel of order s. Let further

d
Fs(z,a) = HFs(xi,a) . x=(r1,...,tq) € RY,
i=1
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its d-fold tensor product. For s > 0 and 1 < p < co we define the classes
W o(T) = {f = E(,a)x¢ : |l < 1}.

In the case 1 < p < oo and s > 0 the class Wf)’a(Td) is essentially the unit ball in W;(']I‘d)
considered above. However, the classes Wia(Td) and W, , are neither contained in the B
nor in the F-scale. Nevertheless, we have some useful embeddings. Due to F(-, o) € Bf (T%)
we immediately obtain the embedding Wy , — B} (T?) for all 1 < p < oo, see for instance
[35, 1.3, TI1.3]. Moreover, as a simple consequence of Holder’s inequality we have W3, , (T?) —
W;(Td) . Note, that there is a slight abuse of notation since the spaces on the left-hand side
are rather classes (unit balls) of functions than spaces.

Theorem 7.6. For s > 1 we have
e(QY, W3 o(T%) = n~*(logn)*".

Proof. The upper bound holds for any @ € R and the corresponding class Wia(’ﬂ‘d). It
follows immediately from the embedding Wia(Td) — B‘ioo(’]l‘d) and Theorem 5.1 together

with Theorem 6.1. The lower bound is a consequence of the fact that for any @ﬁ the sum over
the cubature weights Y, |\’| is universally bounded with respect to n, see [33]. O

Note that the lower bound only holds for cubature formulas if the sum of the absolute values
of the weights is bounded independent of n. Clearly, this is fulfilled for @% A matching lower
bound for arbitrary cubature formulas is not known in this situation. We conjecture that the
provided upper bound is sharp.

Theorem 7.7. Let € R.
(i) If 0 < s < 1/2 then

e(Q, Wi o(T) S n™*(log n)( D02,
(ii) If s = 1/2 then

(@3 Wi o(Th) S 2 (togm) =D/ Vloglogn.
(ii) If s > 1/2 then
e(QY W o(Th) S n*(logn) /2.

Proof. The result is a consequence of Corollary 5.3 together with Theorem 6.2. If s > 1/2
we use the embedding qua(’]l‘d) — W35(T9). If s < 1/2 choose 2 < p < oo such that
1/p < s <1/2. Then we see the “small smoothness effect”. O

We do not know any matching lower bounds in this situation, neither for the specific rule
Q% nor for the general situation.

8. LOWER BOUNDS

The lower bounds that we want to present are valid for arbitrary cubature formulas. For
this we study the quantity Int,(Fg) from (1.1) for the spaces AJ,. Moreover, since _/&;9
is continuously embedded in A;Q(Td), it is sufficient to present the lower bounds for the
“smallest” class A;e. There are already lower bounds for Besov classes in the literature see
[33] and the recent work [8]. None of those references gives lower bounds for p < 1. We will
provide them using an approach which is close to the one in [8]. We will use the modern tool of
atomic decompositions [43], see Section 8.1 below, to construct appropriate fooling functions.
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8.1. Atomic decomposition. We will describe the notion of an atom first. For j € Ng and
ke 7% et Q;  denote the cube with center (277tmy, ...,2 99 my) and with sides parallel to the
coordinate axes of length 2771, ...,277¢ . For v > 0 we denote with 7Qj x the cube concentric
with @ with sides also parallel to the axes and length y270 L Y27

Definition 8.1. Let K € Ny, L+1 € Ng and v > 1. A K-times differentiable complex-valued
function a;, is called (K, L)-atom centered at Q) if

(i) supp ajk C YQjk »
(ii) |D%a;p(z)| <229 | for all @ = (av1,...,aq) ENd, 0< o < K,
(iii) and there are the coordinate-wise moment conditions

oo

/ zta;p(x)de; =0 if i=1,...d, £=0,...L, j;>1.

—0oQ

The following Proposition is due to Vybiral [43]. Recall, that o, := max{0,1/p — 1} for

0<p<oo.

Proposition 8.2. Let 0 < p,0 < oo and r € R. Fix K € Ny and L + 1 € Ny with
K>{1+|r])+ and L >max{-1,|op,—r]}.

If {\jr};k is a sequence of complex-valued coefficients and {a;x(x)};r a collection of (K, L)-
atoms centered at @;; then the function

(8.1) f= Z Z Aj k@ k()
jENE kezd

belongs to B; , if the right-hand side in (8.2) below is finite. Then it holds

o 0/p\ 1/6
(8.2) IfllBs, < ( $ gliher 1/p)0[ 3 |Aj,k|p] ) .
JENG kezd
Consider the up-function ¢ from Section 3.4. Now we define
@ (T1y ey ) = (2 g — Ky) (294 g —ky) , xR jeNI kezd

and observe thet a;; is (K, —1)-atom for any K € Ny centered at @Q);j with v = 1 according
to Definition 8.1. Note, that we do not have moment conditions. According to Proposition 8.2
we do not need moment conditions if r > o,,.

8.2. Test functions. Now we are in a position to define test functions of type (8.1) in order
to prove the Theorem below. By (8.2) we are able to control the norm || - HB; ,- Following [8,
Thm. 4.1] we will use test functions of type

(8.3) g;@ = 02y~ (4= 1)/0 Z Z ajk
lili=m+1 ke K;(Xn)
where Dy := {1,...,2¢ =1}, £ € N, and K;(X,,) C Dj := Dj, x ... x D;, depends on the set of
integration nodes X,, := {z!,...,2"}.
Let A;e N C(R?) denote the function class A;@ N C(R?) equipped with the norm || - ||A;,9 .

Theorem 8.3. Let 0 < p,0 < 0o and s > 0) := max{0,1/p — 1}.
(i) Then
It (BS 5 N C(RY)) 2 n= (/2D (log n)(@-D1-1/0)+
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(i) If 1 < p < oo then
Int,, (F5 5 N C(RY) 2 n~5(log n) ¢ D0=1/0)+

(111) If 0 < p < 1 then
Int, (F5 4 N C(RY) 2 n /P71,

Proof. We only need to prove (i). In fact, (ii) follows from (i) and the embeddings ]§§79 — FO‘;’G
if 0 > pand B, < F3, if 0 < p. The relation in (iii) follows from (i) and the embedding
103;7mm{p79} — ]50‘;79 where min{p, 6} < 1.

Let us prove (i): We follow the arguments in [8, Thm. 4.1]. Let n be given and X, =
{x',...,2"} C [0,1]? be an arbitrary set of n points. Without loss of generality we assume that
n =2". Since Q1 NQjr = 0 for k # k' we have for every [jl; = m+1 a set D;(X,,) C D;
with #D;(X,,) 2 2V and X,, N D;(X,,) = 0.

(a) Let p,60 > 1. We choose the test function (8.3) with K;(X,) := D;(X,). Note, that
for every k € K;(X,) we have that suppa,; C [0,1]¢. The function 9;,0 in (8.3) is defined
via a finite sum of continuous functions with support contained in [0, 1]¢. Therefore, g;ﬁ is
continuous and supp g;g C [0,1]¢. By Proposition 8.2 and (8.2) we can arrange C' > 0 such

that HQ;,QHB; , < 1. Clearly, gl , belongs to B]S) p N C(RY). Tt is obvious that
/ gLy da = 2~ M d-D0-1/6)
.2

Of course, a cubature rule admitted in (1.1) that uses the points X,, produces a zero output.
This proves (i) in case p,6 > 1.
(b) Let p > 1 and 6 < 1. Let us choose a j € N with |j|; = m + 1 and define the function

(8.4) g2 = C27™ Z aj k-
kE]D)j(Xn)

Again, by Proposition 8.2 there is a C' > 0 such that ||g§HB; , < 1. Moreover, we have

2 —sm
dr <2 .
/[071}d e

With the same reasoning as in (a) this proves (i) in case 6 < 1.
(c) Let p <1 and 6 > 1. We define the test function

gg’p’e = C2—3mmf(d71)/92m/p Z aj,kj ,
l7li=m+1

where k; is chosen from D;(X,,). By (8.2) we find a C' > 0 such that Hgg’@HB; , < 1. Computing
the integral gives

/ Gy dy = 25T /p=Dmp, (d-1)(1-1/6)
[0,1)4 b

With the same reasoning as in (a) and (b) this proves (i) in case p < 1 and 6 > 1.
(d) Finally, if 0 < p, 0 < 1 we simply take one single atom g;{p = 2_m52m/paj7k with j € N?
and k € D;(X,,). Again, there is a C > 0 such that HgipHB; , < 1and

/ ggl’p dr = 2(fs+1/p71)m ’
[0,1)¢

which finishes the proof. O
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Remark 8.4. Note that the lower bound in (ii) differs from our upper bounds in the case of
“small smoothness” p > 6 and 1/p < s < min{1,1/0}. Hence, to prove optimality of Frolov’s
cubature formula for each A;ﬁ it remains to prove the corresponding lower bound for “small”
smoothness in Triebel-Lizorkin and Sobolev spaces. This seems to be very delicate and we
leave it as an open problem. However, we conjecture that our upper bounds are tight. This
is supported by the fact that for d = 2 the corresponding lower bound was proven for the
Fibonacci cubature formula, see [35, Theorem 2.5], which is conjectured to be optimal, cf. [18].
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