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Abstract

In this paper, we study linear trigonometric hyperbolic cross approximations, Kol-
mogorov n-widths d, (W, H7), and e-dimensions n.(W, H”) of periodic d-variate func-
tion classes W with anisotropic smoothness, where d may be large. We are interested
in finding the accurate dependence of d, (W, H?) and n.(W, H”) as a function of two
variables n, d and €, d, respectively. Recall that n, the dimension of the approximat-
ing subspace, is the main parameter in the study of convergence rates with respect
to n going to infinity. However, the parameter d may seriously affect this rate when
d is large. We construct linear approximations of functions from W by trigonomet-
ric polynomials with frequencies from hyperbolic crosses and prove upper bounds for
the error measured in isotropic Sobolev spaces H”. Furthermore, in order to show
the optimality of the proposed approximation, we prove upper and lower bounds of
the corresponding n-widths d, (W, HY) and e-dimensions n.(W, H?). Some of the re-
ceived results imply that the curse of dimensionality can be broken in some relevant
situations.
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1 Introduction

In recent decades, there has been increasing interest in solving problems that involve func-
tions depending on a large number d of variables. These problems arise from many ap-
plications in mathematical finance, chemistry, physics, especially quantum mechanics, and
meteorology. It is not surprising that these problems can almost never be solved analytically
such that one is interested in a proper framework and efficient numerical methods for an
approximate treatment. Classical methods suffer the “curse of dimensionality” coined by
Bellmann [2]. In fact, the computation time typically grows exponentially in d, and the
problems become intractable already for mild dimensions d without further assumptions.
A classical model, widely studied in literature, is to impose certain smoothness conditions
on the function to be approximated; in particular, it is assumed that mixed derivatives
are bounded. This is the typical situation for which “hyperbolic crosses” are made for.
Trigonometric polynomials with frequencies in hyperbolic crosses have been widely used
for approximating functions with a bounded mixed derivative or difference. These classical
trigonometric hyperbolic crosses date back to Babenko [1]. Let us also mention “sparse
grids” in this context which can be seen as the counterpart of hyperbolic crosses on the spa-
tial domain. Sparse grids are discrete point sets consisting of significantly fewer points than
a full tensor product grid. First considered by Smolyak [31] they turned out to be suitable
for sampling recovery of functions and numerical integration. For further sources on hyper-
bolic crosses and sparse grids in this classical context we refer to [13, 12, 14, 38, 34, 42] and
the references therein. Later on, these terminologies were extended to approximations by
wavelets [8, 35], to B-splines [15, 36], and even to algebraic polynomials where frequencies are
replaced by dyadic scales or the degree of algebraic polynomials [6, 7]. Hyperbolic cross and
sparse grid techniques have applications in quantum mechanics and PDEs [45, 46, 47, 20],
finance [18], numerical solution of stochastic PDEs [6, 7, 32, 33], and data mining [17] to
mention just a few (see also the surveys [4] and [19] and the references therein).

In this paper, we study linear trigonometric hyperbolic cross approximations, Kol-
mogorov n-widths d, (W, H”), and e-dimensions n.(W, H") of d-variate function classes W
with anisotropic smoothness properties where d may be large. The approximation error
is measured in an isotropic Sobolev space H”, which includes the Lo-metric as a special
case. We are interested in finding the accurate dependence of d,(W, H7) and n.(W, H?)
as a function of two variables n, d and ¢, d, respectively. Recall that n, the dimension of



N-Widths for high-dimensional approximations 3

the approximating subspace, is the main parameter in the study of convergence rates with
respect to n going to infinity. However, the parameter d may seriously affect this rate when
d is large.

Recall the notion of the Kolmogorov n-widths [23] and linear n-widths introduced by
Tikhomirov [39]. If X is a normed space and W a subset in X then the Kolmogorov n-width
d, (W, X) is given by

d,(W,X) := inf sup inf ||f — ¢gx,
Lo few 9€Ln
where the outer inf is taken over all linear manifolds L,, in X of dimension at most n. A
different worst-case setting is represented by the linear n-width A, (W, X) given by

AW, X) = inf sup [1f — Au()1x
n few

where the inf is taken over all linear operators A,, in X with rank at most n. It represents a
characterization of the best linear approximation error. There is a vast amount of literature
on optimal linear approximations and the related Kolmogorov and linear n-widths [40], [30],
especially for d-variate function classes [38]. In this paper, we are interested in measuring
the approximation error in H7, therefore we can assume X to be a Hilbert space H. In this
case both concepts coincide, i.e.,

d,(W,H) = X\, (W, H)

holds true. Indeed, orthogonal projections onto a finite dimensional space in H give the best
approximation by its elements. Hence, it is sufficient to investigate linear approximations
in H7 and the optimality of the approximation in terms of d,, (W, H?).

Let us recall some classical results in this direction. For the unit balls U? and U°! of
the periodic d-variate isotropic Sobolev space H?, 8 > 0, and the space H*' with mixed
smoothness o > 0, the following well-known estimates hold true. Note, that we have the
coincidences H? = H% and H*' = H*? with respect to (2.6) below. It holds

A(B,d)n™P1" < d,(U°, Ly) < A'(B,d)yn~"/, (1.1)

and
B(a,d)n"*(logn)*4=Y < d, (U, Ly) < B'(a,d)n “(logn)*-V. (1.2)

d

Here, A(B,d), A'(5,d), B(a,d), B'(a,d) denote certain constants which are usually not
computed explicitly. The inequalities (1.1) are a direct generalization of the first result on
n-widths proved by Kolmogorov [23] (see also [24, 186-189]) where the exact values of n-
widths were obtained for the univariate case. The inequalities (1.2) were proved by Babenko
[1] already in 1960, where a linear approximation on hyperbolic cross spaces of trigonometric
polynomial is used. These estimates are quite satisfactory if d, the number of variables, is
small.

In computational mathematics, the so-called e-dimension n. = n.(W, H) is used to quan-
tify the problem’s complexity. In our setting it is defined as the inverse of d,(W, H). In
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fact, the quantity n.(W, H) is the minimal number n. such that the approximation of W
by a suitably chosen n.-dimensional subspace L in H (measured in terms of Kolmogorov
n-widths) yields the approximation error < € (see [10], [11], [16]). We provide upper and
lower bounds of this quantity together with the corresponding n-widths in this paper. The
quantity n. represents a special case of the information complexity which is defined as the
minimal number n(e, d) of information needed to solve the d-variate problem within error ¢
(see [26, 4.1.4]). It is the key to study tractability of various multivariate problems. We refer
the reader to the monographs [26, 29] for surveys and further references in this direction. In
fact, in high-dimensional settings, i.e., if d is large, it turns out that the smoothness of the
isotropic Sobolev class U is not suitable. In (1.1) the curse of dimensionality occurs since
here n. > C(3,d)e=%?. However, the class U is more appropriate for high-dimensional
problems [4] since we have n. = O(e~"/?|loge|?!). In this paper, we extend and refine
existing estimates. In particular, we give the lower and upper bounds for constants B(«, d),
B'(a,d) in (1.2) with regards to «,d.

We are especially concerned with measuring the approximation error in the isotropic
smoothness space H”. To motivate this issue let us consider a Galerkin method for approx-
imating the solution of a general elliptic variational problem. Let a : HY x H” — R be a
bilinear symmetric form and f € H™7, where H” = HY(T?) and T? is the d-dimensional
torus. Assume that

a(u,v) < Mullm vl and a(u, u) > pllullz.

Then, a(-,) generates the so called energy norm equivalent to the norm of H”. Consider
the problem of finding an element u € H” such that

a(u,v) = (f,v) for allv e H. (1.3)

In order to get an approximate numerical solution we can consider the same problem on a
finite dimensional subspace V}, in H”

a(up,v) = (f,v) for all v € V. (1.4)

By the Lax-Milgram theorem [25], the problems (1.3) and (1.4) have unique solutions u*
and u}, respectively, which by Céa’s lemma [5], satisfy the inequality

[0 = upllen < (A/p) inf flu® = ol
vEV)

Here a naturally arising question is how to choose optimal n-dimensional subspaces V}, and
linear finite element approximation algorithms for the problem (1.4). This certainly leads to
the problems of optimal linear approximation in H” of functions from U and Kolmogorov n-
widths d,, (U, H"), where U is a class of functions v having in some sense more regularity than
the class H". The regularity of the class U (in high-dimensional settings) is usually measured
by Lo-boundedness of mixed derivatives of higher order or other anisotropic derivatives (a
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mixed derivative is sometimes referred to as an anisotropic derivative). Finite element
approximation spaces based on hyperbolic cross frequency domains are suitable for this
framework. It is well-known that the cost of approximately solving Poisson’s equation in d
dimensions in the Sobolev space H' is exponentially growing in d. Standard finite element
methods lead to a cost n. = O(e~%). If we know in advance that the solution belongs to
a space of functions with dominating mixed first derivative, and if we use hyperbolic cross
spaces for finite element methods, then this requires the cost of n. < C(d)e!|loge|?t.
Here and below, C(d, ...) are various constants depending on d and other parameters. In [3]
it was shown how to get rid of the additional logarithmic term by the use of a subspace of
the hyperbolic cross spaces. This results in energy norm based hyperbolic cross spaces and
H'-norm approximation of functions with dominating mixed second derivative. Then the
total cost for the solution of Poisson’s equation is of the order n. < C(d)e™!, see also [41] for
a generalization. In [21], [22] Griebel and Knapek generalized the construction of [3] to the
elliptic variational problem (1.3). By use of tensor-product biorthogonal wavelet bases, they
constructed for finite element methods so-called optimized sparse grid subspaces of lower
dimension than the standard full-grid spaces. These subspaces preserve the approximation
order of the standard full-grid spaces, provided that the solution possesses H®#-regularity.
To this end, the authors measured the approximation error in the energy H7-norm and
estimated it from above by terms involving the H*#-norm of the solution. The smoothness
of spaces H*” is a “hybrid” of isotropic smoothness 3 and mixed smoothness o [22, Def.
2.1]. Tt turns out that the necessary dimension n. of the optimized sparse grid space for
the approximation with accuracy ¢ does not exceed C(d, o, 7, 8) e~ @+ if a > v — 3 > 0.
Due to the construction, the optimized sparse grid spaces can be considered as an extension
of hyperbolic cross spaces.

The curse of dimensionality is not sufficiently clarified unless “constants” such as B(«, d),
B'(a,d) in (1.2) for d,, or C(d) and C(d,«,~, ) in the above inequalities for n. are not
completely determined. We are interested, so far possible, in explicitly determining these
constants. The aim of the present paper is to compute d,(U, H?) and n.(U, H") where U
is the unit ball U%# in H*? or its subsets U%? and the below characterized class U%? for
a > - > 0. The function class U%” is the set of all functions f € U*? such that f(s) =0
whenever Hj:o s; = 0. In [21, 22], the authors considered a counterpart of the class U™?
defined via a biorthogonal wavelet decomposition, see Section 5 in the present paper. They
investigated the approximation of functions from this class by optimized sparse grid spaces.
We complement their investigations by establishing sharp lower and upper bounds in an
explicit form of all relevant components depending on «, 3,y and d,n,v. This includes the
case (1.2) and its modifications when o > v = = 0. In contrast to [21, 22] we also obtain
lower bounds and prove therefore that trigonometric hyperbolic cross approximations are
optimal in terms of Kolmogorov n-widths. For the case o > v — 8 > 0, we prove that the
hyperbolic cross approximation spaces from [21, 22] are optimal for d,,(U%#, H"). Moreover,
the modifications given in the present paper are optimal for d,,(U%?, H”) and d,,(U%?, HY).
In the case @ > 7 — 8 = 0, we prove that classical hyperbolic cross spaces (see, e.g.,
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[38]) and their modifications in this paper are optimal for d,(U*?, HY), d,(U*?, H?) and
d,(USP HY).

It seems that smoothness is not enough for ridding the curse of dimensionality. However,
by imposing some additional restrictions on functions in U®# this is possible. In fact, U%?
is the set of all functions f € U*# actually depending on at most v (unknown) variables by
formally being a d-variate function. For this function class, the curse of dimensionality is
broken. For instance, in Theorem 4.7 in Section 4, for the case a > v — 8 > 0, we obtain
the relations

1 d ov B N
il <1+m) nt < dn (U H)

ov
a\? 2045 6 d )
<g> 2 v 1+—2p/5_1 n=°,

if n > 2p2v2a/ot(1 4 d/(20/° — 1)), where § :== a+ 3 — v and p := v — 8. A correspond-
ing result for the e-dimension n. (see Theorem 4.8 in Section 4) states that the number
n.(U*?, HY) is bounded polynomially in d and ¢~! from above. As a consequence, accord-
ing to [26, (2.3)], we obtain that the problem is polynomially tractable. In addition, the case
v = B, which contains the classical situation with U%! instead of U*! in (1.2), gives as well
the polynomial tractability, see Theorems 4.10 and 4.11. Let us mention the relation to the
results of Novak and Wozniakowski on weighted tensor product problems with finite order
weights [26, 5.3]. Their approach also limits the number v of active variables in a function
via a finite order weight sequence (of order v). However, since in this paper in most cases
neither the spaces H*” of the functions to be approximated, nor the space H”, where the
approximation error is measured, are tensor products of univariate spaces [35], our results
are not included in [26, Theorem 5.8]. Apart from that, totally different approaches for the
approximation of functions depending on just a few variables in high dimensions are given
in [9], [44].

The paper is organized as follows. In Section 2, we describe a dyadic harmonic de-
composition of periodic functions from H®® used for norming these classes suitably for
high-dimensional approximations. In Section 3, we prove upper bounds for hyperbolic cross
approximations of functions from U = U*?, U%# and U%* by linear methods, and for the
dimensions of the corresponding approximation spaces. By means of these results, we are
able to estimate d, (U, H") and n.(U, H”) from above. In Section 4, we prove the optimality
of these approximations by establishing lower bounds for d,, (U, H"). In Section 5, we discuss
the extension of our results to biorthogonal wavelets and more general decompositions.

IN

2 Dyadic decompositions

Let N denote the natural numbers, Z the integers, Z;, = N U {0} the natural numbers
including zero, R the real numbers, and C the complex numbers. The number d is always
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reserved for the number of variables of the functions under consideration. Indeed, we will
consider functions on R? which are 27-periodic in each variable, as functions defined on the
d-dimensional torus T¢ := [—m, 7]%. Denote by Ly := Ly(T?) the Hilbert space of functions
on T? equipped with the inner product

(f9) = Cn)* [ f)gle)ds

As usual, the norm in Ly is || f]| := (f f)1/2. For s € Z% let f(s) := (f,es) be the sth
Fourier coefficient of f, where ey(x) := /(5

Let S(T?) be the space of functions on T? whose Fourier coefficients form a rapidly
decreasing sequence, and S’(T?) the space of distributions which are continuous linear
functionals on S(T?). Tt is well-known that, if f € S’'(T?), then the Fourier coefficients
f(s),s € Z%, of f form a tempered sequence (see, e.g., [37, 40]). A function in L, can be
considered as an element of §'(T?). For f € S'(T¢), we use the identity

= > fls)e

holding in the topology of &'(T%). Denote by [d] the set of natural numbers from 1 to d,
and by o(z) := {i € [d] : x; # 0} the support of the vector z € R% For r € RY the
rth derivative f(") of a distribution f is defined as the distribution in S’(T%) given by the

identification A
F = > (is) f(s)es, (2.1)
SGZd(T‘)

where (is)" := H?Zl(isj)”j, (i)’ := |a|eli™siena)/2 for q b € R, and Z&(r) := {s € Z : s; #
0, jeoa(r)}

Let us recall the definition of some well known function spaces with isotropic and
anisotropic smoothness. The isotropic Sobolev space H?, v € R. For v > 0, H” is the
subspace of functions in Ls, equipped with the norm

d
12 = A2+ 3 1O,
j=0

where € := (0,...,0,1,0,...,0) is the jth unit vector in R%. For v < 0, we define H” as the
Lo-dual space of H™7.

The space H" of mixed smoothness r € R? is defined as the tensor product of the spaces

H" 5 € [d:
d
18
j=1
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where H'/ is the univariate Sobolev space in variable z;.

For a finite set A C R?, denote by H* the normed space of all distributions f for which
the following norm is finite
1 Fa =Y £

reA
For a, B € R, let us define the space H*? as follows. If 8 > 0, we put H*? := H4 where
A = {(al+8€): jed} (2.2)

and 1:= (1,1,---,1) € R4 If B < 0, we define H*? as the Lo-dual space of H=* %, The
space H*? has been introduced in [22]. Notice that H*? = H®! and H%® = HP.

We will need a dyadic harmonic decomposition of distributions. We define for k € Z,,
Po:i= {seZ: 2" <|s| <2}, k>0, Py:= {0},

and for k € Z%,
d
Pk = HPkJ
=0

For distributions f and k € Zﬂlr, let us introduce the following operator:
ou(f) = ) f(s)es.
SEPy

If f € Ly, we have by Parseval’s identity

AP =D eI (2:3)

d
kezd

Moreover, the space Ly can be decomposed into pairwise orthogonal subspaces Wy, k € Zi,
by

with
dim Wy, = |P| = 2/,

where W;, is the space of trigonometric polynomials g of the form

g = Z CsCs.

SEPy

and |@Q| denotes the cardinality of the set Q.

Put |k|; := Z?:o k; and |k|w := maxj<j<q k; for k € Z2.
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Lemma 2.1 For any o, 5 € R, we have the following norm equivalence

1w =D 22WtoR=) 5, (1))

d
kezZd

Proof. We need the following preliminary norms equivalence for r € R,

Il = > 220961 (2:4)

d
kezd

Indeed, for the univariate case (d = 1), by the definition || f|| g+ is the norm of the isotropic
Sobolev space H” for v = r. Consequently, by (2.3)

LA = > 1663

keZ

Observe that ||0x(f)||%- =< 227*1||6,(f)||?>. This inequality is implied from the definition
(2.1) for v > 0, and from the Lo-duality of H” for v < 0. Hence, we prove (2.4) for the
univariate case. Since in the multivariate case, H" is the tensor product of isotropic Sobolev
spaces it is easy derive (2.4) from the univariate case.

Let us prove the lemma. We first consider the case § > 0. Taking A for the definition
of H*? asin (2.2), by (2.4) we get

1 flI7a = max £ 117
reA

d
kezZd

= max Z 220B |5 ()17 (2.5)

reA /
kezZ

< Z 22maXr€A(T7k)||(5k(f)||2'

d
kezZs

Let us decompose Zi into the subsets Z‘fr('r), r € A, such that

z4 =\ ]Jzi(r), Zir)NZL() =0, ' #r,
rcA

and
max(r’, k) = (1, k), k € Z%(r).

r'eA

Obviously, such a decomposition is easily constructed and some of ZZ(r) may be empt
Y Yy + y Yy
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set). Then we have

max U5 (AP = max Y Y 220R||g(f)]?

nay reA
kezd e
> Y 8 2O
€A kezd (')
_ Z 22maxreA 7.k) ||(5k(f)||2
kezd

This and (2.5) show that

fl5a = Y 22masreat)s (4],

d
kezd

By a direct computation one can verify that max,ca(r, k) = a|k|; + B|k|s. This proves the
lemma for the case g > 0.

If B < 0, by the definition, the Ly-duality and (2.3)

e = Y 272l g (1) 2

d
kezd

_ Z 92(alkl1+8kloc) H5k<f)H2

d
keZs
a

On the basis of Lemma 2.1, let us redefine the space H*?, o, 3 € R as the space of
distributions f on T¢ for which the following norm is finite

1 F s o= 22t 6 ()%, (2.6)

d
kezd

With this definition we have H? = L,. We put H%® = H? and H*" = H*! as in the
traditional definitions. Denote by U®# the unit ball in H*?,

Regarding (2.6) it is worth mentioning the following important thing. In traditional
approximation problems where the parameter d is small and fixed, the convergence rates
with respect to different equivalent norms only differ by moderate constants. The picture
completely changes for high-dimensional approximation problems where we stress the im-
portance of finding an accurate dependence of the convergence rate on the number d of
variables and the dimension n of the approximation space. In fact, it essentially depends
on the choice of the norm of a function class (i.e., its unit ball) and a norm measuring the
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approximation error. In some high-dimensional problems it is more convenient to define the
function spaces based on a mixed dyadic decomposition in terms of (2.6). The problem itself
changes if we use another characterization for H*® and H” instead of (2.6). For instance,
one can define the following equivalent norm of H*# in terms of the Fourier coefficients by
using an ANOVA-type decomposition

e = SR Y Y Z\sﬁ‘“*ﬁ)( I w) P

sezd eCld],e#£2 se€Zde jee lee, (#£]

where Z%¢ := {s € Z? : o(s) = e}. Note, that H*? and H*” coincide as function spaces.
However, if d is large the unit balls with respect to the norms of these spaces differ signifi-
cantly.

We define the subsets U%* and U%?, 1 < v < d — 1, in U%? as follows. U*” is the
subset in U%? of all f such that

The subset U%# is the set of all f € U%# such that

o(f) =0if |o(k)| > v.

By the definitions we have

L2 || fllfes = Y 22CFHH= 5,002, f e UM,

keNd

and
L2 [ [l = Y 22WhsBl)|5(p)°, feUS?,

keLy”
where 22" .= {k € 24 : |o(k)| < v}.

The function class U®? can also be seen as the subset in U%? of all f such that f (s)=0
whenever H;l:o s; = 0. In case that H*" is a subspace of Ly(T?) (recall that it is formally

defined as a space of distributions), then every f € U%” has zero mean value in each variable,
i.e., we have almost everywhere (in T¢!) the identities

/T f@)dz; = 0, jeld.
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The function class U? can also be seen as the set of all f € U*# such that f(s) = 0 if
lo(s)] > v. Tt can be interpreted as the set of of all f € U*# such that f are functions of at

most v variables:
fla) = > fel@), 2= (2))jee

eC[d]: |e|=v

In some high-dimensional problems, objects (functions) only depend on a few variables v
(or represent sums of such objects), where v is fixed and much smaller than d, the total
number of variables. The class U%* represents a model of such functions.

3 Upper bounds for d, and n.

3.1 Linear trigonometric hyperbolic cross approximations

Let o, 8,7 € R be given. For £ > 0, we define the subspace in Ly
- D W
keJd(€)

where
JUE) == {k € ZL : alkly — (v = B) k| < €}

Notice that dim V4(€) < oo for all € > 0 if and only if a — (y — 3) > 0. If the last condition
is fulfilled, V4(¢) is the space of trigonometric polynomials g of the form

- > 4

keJd(¢

We define also the subspaces V4(€) and V4(€) in V4(€) by
= D m Vo= D W
keJd (&) keJ3(€)

where

JHE) = {ke N":alkli — (v — B)|k|o < &},
JUE) = {k € 2% : alkls — (v — B)|k|ee < £}

For a distribution f, we define the linear operator Se as

> lf)

keJa(€)
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Obviously, the restriction of S¢ on Ly is the orthogonal projection onto V(). Put

HY) = |J B, HY = U P, Hj(€):= U Py.

keJa(€) keJd(¢ keJd(¢

We call the sets H(&), H2(¢), HI(E) (step) hyperbolic cross due to their geometric form.
If « — (y— B) > 0, then V(€), V4(E), V() are space of trigonometric polynomials with
frequencies from H?(§), HA(€), HY(E), respectively. We call them “trigonometric hyperbolic
cross spaces” , whereas an approximation with respect to these spaces is called “trigonometric
hyperbolic cross approximation”. In fact, by definition we have

= > fs)es,

seH(£)

which represents a trigonometric hyperbolic cross approximation to f.

Before presenting precise approximation results, let us mention an important connection
to singular numbers of operators between Hilbert spaces. Let the linear operator A : HY —
H7 be defined by

A(py) == o~ (alkh+B=lkl)gy s e P, k€ Zi’
where the functions ¢, 1= 2Vkl~e, s € P, k € Zi, are an orthonormal basis in H”. Then
the Kolmogorov n-widths d,,(H*?, H”) and linear n-widths \,(H®? H?) coincide with the
Kolmogorov numbers of A. Hence, if 01(A) > 02(A)... > 0;(A) > ... denote the singular
numbers of the operator A, then d,(H*" H") = 0,.1(A) (see, e.g., [26, Theorem 4.11,
Corollary 4.12] for details). This reduces the evaluation of d,,(H*#, HY) to the problem of
evaluating the cardinality of the sets H%(§). Similar reductions also hold for d,,(H®", H")
and d,(H%? HY). However, in the sequel we want to directly give upper bounds and

show that the trigonometric hyperbolic cross spaces V4(€), VA(€), V4(€) are optimal for
d.(H*P H), d,(H>? H), and d,(H®?, H), respectively.

The following lemma and corollary give upper bounds with regard to & for the error of
these approximations.

Lemma 3.1 Let o, 3,7 € R be given. Then for arbitrary & > 0,
If = Se(H)llmr < 270 fllgas, € HY.

Proof. Indeed, we have for every f € H%P,

If = Se(Hllz = D 2M=|6(f)I?

kg Je(€)
< sup 9—2(alkli—=(y=B)|kle) Z 92(alkl1+6|klc) 65 (f )H2
ngd(E) ngd(g)

< 27| fllas-
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Corollary 3.2 Let a, 8,7 € R satisfy the condition o > v — [ > 0. Then for arbitrary
§=>0,

sup  inf [|f —gllmr < sup [|f = Se()llar < 275

feuaB geVI(E) feuas

sup inf [[f —gllwr < sup |f = Se(Hlln < 275
er*OMB gev* (é) erf‘*B

sup inf [[f —gllwr < sup |If = Se(f)lln < 275
er;laﬁ gGVU (5) erng

In the next two subsections, we establish upper bounds for Kolmogorov n-widths
d, (U HY), d,(U2P, HY) and d,,(U2?, HY) as well their inverses n.(U*? HY), n.(U*? H")
and n.(U%? H?) on the basis of Lemma 3.1 and Corollary 3.2, and upper bounds of the
dimension of the spaces V¢(¢), V.4(€) and V(€).

3.2 Thecasea>~y—p3>0

For a given 6 > 1, we put Cp :=11if 0 > 2, and Cp := 1+ 55 if 1 < < 2. For n > 0, we
define
If = {k e N": 0]k|1 — |kloo < (0 — 1)p+6(d —1)}.

For a > 0, denote by |a| the largest integer which is equal or smaller then a, and by [a] the
smallest integer which is equal or larger than a. To give an upper estimate of the dimension
of the spaces V4(£), V4(€) andV(£) we need the following lemma.

Lemma 3.3 Let 6 > 1 be a fived number. Then for any n > 0 the following inequality holds

true
Z olth < 0921/(9—1)(1261—1(1 _ 2—1/(9—1))—d277‘

kelgd
Proof. Notice that it is enough to prove the lemma for nonnegative integer = n. Otherwise,
we can treat it for n = |n]. Consider the subsets I%(5),j € [d], in I defined by
Li(j) = {k € I : |kl = kj}.

Obviously,

> okh

=1 keli(5)

Z 9lkl1 <

d
keld Jj=

Due to the symmetry, all the sums }, - 740) 2IFl - j € [d], are equal. Thus, in order to prove
the lemma it is enough to show for instance, that

Z okl < 0yl/(6-D)gd=1(1 _ 9=1/(0-1)y~dgn, (3.1)
keTId(d)
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Observe that for k € I4(d), |k|; can take the values d, ...,n+d—1. Put |k|; = n+d—1—m
for m = 0,1,...,n — 1. Fix a nonnegative integer m with 0 < m < n — 1. Assume that
|k|; =n+d—1—m. Then clearly, k € I%(d) if and only if k; > n — Om. It is easy to see
that the number of all such k € I%(d), is not larger than

<(n+d—1—d17_1)1— (n—emw) B (d—1+d[£91— 1)m1>'

Indeed, for the combinatorial identities behind this statement we refer to the proofs of the
Lemmas 3.8 and 3.10 below. We obtain

b S onrdtm (A= 14+ [(0 = 1)m]
LD I G

keld(d) m=0

= gntd- 122 m( [Eel_ Mﬂ) —: 21D (p),

(3.2)

Pute:=1/(#—1)and N := [(#—1)(n—1))]. Replacing m by 7 := m/e in D(n), we obtain

D(n) = S o (d —d1_+1W) < S o (d —d1_+1fﬂ> _

Tee~1{0,1,...,n—1} Tee~1{0,1,....,n—1}

We first consider the case 6 > 2. For this case, ¢ < 1. Since the step length of 7 is

1/e > 1, we have
-1
(n) < 2622—88( +S>. (3.3)

Now we consider the case 1 < 6 < 2. For this case, the step length of 7 is 1/e < 1. Notice
that then the number of all integers s such that s = [7], is not larger than 1 + . Hence,

D(n) < (14¢) 2622—85( HS).

It was proved by Griebel and Knapek [22, p.2242-2243] that

iQ—as (d ;iJlr S) = (-t [1 — g % (d J; N> <¥)]

s=0 s=0

< (1-27)

By combining (3.2) — (3.4) we obtain (3.1). a
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Remark 3.4 Lemma 3.3 corrects the last inequality on the bottom of Page 2242 in [22,
Lemma 4.2] from which we adapted some proof techniques.

From now on, for given «, 8,7 € R, we will frequently use the notations

di=a—(y—0) and p:=v-0. (3.5)

Lemma 3.5 Let a, 3,7 € R satisfy the conditions o« > ~v — > 0. Then we have

(i) for any & > a(d —1),
dim V() < Coy,2%°10d(1 4+ 1/(2°/° — 1))%28/%,

(i) for any & > a(d — 1),
dim VA(E) < Coyp220d(2010 — 1)~428/%,

(iii) for any & > a(v —1),

dim VA(&) < Coy22v(1 +d/(2°/° — 1))72%/°.

Proof. Put 6 := a/p and n := (£ — a(d — 1)) /6. We have J¢(¢) = I, Hence, by Lemma 3.3

dim V() = > 2k < Y " olh

keJd(€) kerd
0921/(9—1)d2d—1(1 _ 2—1/(0—1))—d277
Clayp2%0d(20/° — 1)7928/°,

IN

Inequality (ii) has been proved.

Let us prove the remaining inequalities of the lemma. For a subset e € [d], put J¥¢(§) =
(ke Ji¢)  kj#0,j€e, kj=0,7 &e}. Clearly, J¥(&) N J () =0, e # ¢, and

J4¢) = U 79, Jh©) = | I,

eC[d] le|<v
Hence,
Vi) = V), Ve = @),
eC[d] le|<v
where

Vi) = Sg= > alg)
)

keJde(¢
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From the last equation and Inequality (ii) of the lemma it follows that

dim V() = ) dimV(¢)

Inequality (iii) can be proved in a similar way. Indeed, it can be shown that

eC|d]
d

= ) ) dim V)

k=0 |e|=k
d

= 3 () amvice

k=0

d
d _
S (§) Cuohiae — o

k=0

IA

IN

d
Ca/p22p/5d2£/6 Z (Z) (2ﬂ/6 - 1)*’C

k=0
= Cy,2%%d(1 4+ 1/(2°° — 1))2%/°.

v

dim V(&) = ) (Z) dim V;(€),

k=0

and hence, applying Inequality (ii) gives

dim V(&) <

k

L\ dl(v — k) _
Cafp2?/P02%1° Z (k:> V(d — k) (270 —1)7*
p ! !

C.,,,220/5,,98/5 ") dk(20/8 — 1)F
/p v kzzo k ( )

Coyp22Pv(1 + d/ (2010 — 1))728/°.

<d> Crayp221k(20/0 — 1)~h2/8
k=0

17

(3.6)

Theorem 3.6 Let o, 3,7 € R satisfy the conditions 0 < p =~y — 8 < . Then, we have

(i) for any integer n > Cy/,2°/°d2°4°(1 +1/(2°/° — 1))4,

o 5d
d (U HY) < CF,,2%00d (1+1/(2°/° = 1)) " n ™",
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i) for any integer n > Cly/,20/0d204/%(20/0 — 1)=4,
/p
d(USP,HY) < 8, 220000 (2000 — 1) ™" 2,
(iii) for any integer n > Cy),2°/002°%/%(1 + d/(2°/° — 1)),
d(USP HY) < €2, 220700 (14-d/(27° = 1)) ™,

Proof. We prove the upper bound in Inequality (i) for d,,(U%?, H7). The other upper bounds
can be proved in a similar way.

Put p(€) := dim V4(¢). Then ¢ is a step function in the variable £. Moreover, there are
sequences {&, }o°_, and {1, }>°_, such that

90<§> = TNm, gm S 5 < §m+1' (37)

Notice that
£m+1 —ﬁm < J. (3.8)
Indeed, let
Em = alkli — plkloo
for some k € J&). Without loss of generality we can assume that |k|,, = kg Define
K € Z1 by ki, = kg + 1 and k; = kj, j # d. Then we have
i1 = &m < alk|L = plk | — (alkl1 — plk])
= a([k'lL = [kl1) = p(|K|oc — [kl
= a—p = 0.
For a given n satisfying the condition for Inequality (i) of the theorem, let m be the number

such that,
dimV4E,) < n < dimV4E,.). (3.9)

Hence, by the corresponding restriction on 7 in the theorem it follows that &, > a(d—1).
Putting £ := &, we obtain by Lemma 3.5 and (3.8)

n o< C’a/p22p/5d(1 + 1/(2’)/5 — 1))d2~5m+1/5
< Ca/p22p/5+1d(1 + 1/(2p/5 - 1))d2§/§7

or, equivalently,
_ od
276 < 0,200 (14 1/(2°/° = 1)) " 7. (3.10)
On the other hand, by the definitions, (3.9) and Corollary 3.2,

do(UgP HY) < sup ||f = Se(f)ller < 275

feues

The last relations combined with (3.10) prove the desired inequality. a
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Theorem 3.7 Let o, 3,7 € R satisfy the conditions 0 < v — 3 < a. Then we have

(i) for any 0 <e <1,

no(US, HY) < Cayp20/Pd(1+ 1/(20/° — 1))ie12,

(ii) for any 0 < e < 27eld=1),

n(USP HY) < Copp2°00d(20/° — 1) %717,

(i) for any 0 < e < 27°W=1),
n(USP HY) < Coyp2Pu(14d/(2°/° — 1)) e/
Proof. The inequalities (i)—(iii) in the theorem can be proved in the same way. Let us prove

for instance (i). For a given 0 < ¢ < 27%¢ putting & := |loge|, we get by the definitions
and Corollary 3.2,

sup inf |f gl < sup I = Self)lwr < 2°€ < e
feuxs geVL(E) feuas

Consequently, Lemma 3.5(i) yields

n(U*P, HY) dim V4(¢)

<
< Cuyp2%0d(1 41/ (2077 — 1))428/0
< Cuyp2%Pd(14+1/(20° — 1))%e 0,

3.3 Thecasea>7—p3=0

For m € N, we define
K&m) := {keN*: |k, <m}.

The following estimates have already been used in [43, Lemma 7]. For convenience of the
reader we will give a prove.

Lemma 3.8 For any m > d, there hold true the inequalities

m(m—1 im 14 |K| me1 (M1
- E 1< _
2 (d—1> < dim V(am) 2 <2 Jo1

keKd(m)
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Proof. Observe that for k € K%(m), |k|; can take the values d,...,m. It is easy to check
that the number of all such k € K%(m) that |k|; = j, is

(320)

> o=y (57))

ke Kd(m) Jj=d

Hence,

IA
7N
SIS
|
- L
N————
T‘Ms
N2
IA
[\)
3
*
VR
a3
|
= =
N———

and,

“ — 1\ . m—1
ol — T ) s o |
Z Z (d —1 = d—1
keKd(m Jj=d

a

We will use several times the following well-known inequalities for any nonnegative in-

tegers n,m with n < m
=)=y
n n n

Remark 3.9 From Lemma 3.8 together with the relations (3.11) we have
m—1\"" e(m—1)\""
om (2~ 2‘]9‘1 < 2m+1 N
( d—1 ) < 2 = d—1
keKd(m)

This, in particular, sharpens and improves Lemma 3.6 in [4].

For m € Z.,, we define
K%m) = {ke€Z%i: |kl <m}.

Lemma 3.10 For any d € N and m € Z.., there holds true the inequality

keK(m) N

Proof. Let G(d, j), j € Z, be the number of all k € K%(n) such that |k|; = j. Observe that
G(d, j) coincides with the number of all & € N? such that |k|; = j + d, and consequently,

Gld.j) = (];le).
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Hence,
S (j+d—1\
olkl — J 97
> =30 (0
ke K4 (m) J=0
+d—1\ = _; m+d—1
27 < omtl
<("i)zr s (M)
and,

22 _Z(d—l 27 > 2 1)

keKd(m) J=0

Let us define the index set K%(m) given by
Ki(m) = {keZ% : |kl <m}
for some 1 <v<dand mé€ Z,.

Lemma 3.11 Let v,d € N, m € Z and m,d > v. Then
d\ (m—1 d -1
2m dim V¢ = 2|k|1 < oml § 12
(V)(V—l) < dimVy(am) ke K (m ] J j—l (312)

Moreover, if a > 0 s a fired number and b := #m, then for v,d,m € N, such that
v < bmin(d, m), we have

dim Vi (am) = > 2% < (1+a)2m+1(d) (m_l). (3.13)

v)\v—-1
keK4(m)
Proof. Put
Kdﬁ(m> = {k S Kd(m) : kj 7é 0,7 €e, kj =07 € 6}
for a subset e C [d]. Clearly, we have that
> =SS ke

keKd(m) =0 j=1 eC[d]
le|=j

-2 ()20

j=1 1= (314)
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The lower bound in (3.12) follows from the second line in (3.14). Next, let us prove the
inequality (3.13) by induction on v. It is trivial for v = 1. Suppose that it is true for

v—12>0. Put )
sw= 3 (5)(72))

We have by the induction assumption

SW) = Sw—1)+ <‘VZ> (Z‘__ 11>
(1+a)(yi1) (T:;) + (i) (T__ll) (3.15)
600

By the inequality ¥ < bmin(d,m), one can immediately verify that ’;Jr—“fji < Va and

(v=1)yaFl va. Hence, by (3.15) we prove (3.13). .

m+1—v

IN

Remark 3.12 For a practical application, if we take v < min(d/2,m/2), then from Lemma

3.11 we have
om <d) (m _11) < dimViam) < (V5 4+ 3)2™ (Zl) (m - 1). (3.16)

v)\v— v—1
Theorem 3.13 Let o, 3,7 € R satisfy the conditions o > v — = 0. Then the following
relations hold true.
(i) For anyn € N,
d—1

(&

—a(d—1)
d (U™ HY) < 4a( ) n=%(d 4 logn)*@=b,

and for any n > 29,

d— 1y —ald-1)
d (U*P H) < 4“( 5 > n~%(logn)*@=1.
e

(ii) For any integer n > 2%,

d— 1y —o(d-1)
au(UR ) < 47 (S22) T T (logm) Y,
e
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(iii) If in addition v < d/2, then for any n > @(i) (2 )22+,

v—1

d, (U HY) < [2(V3—F3ﬂa<y__1)_ﬂMF4)<Z>_aZanaﬂogn)a@U.

(& €

Proof. We prove the inequality for d,(U%, H?) in Relation (ii). The other inequalities in
Relations (i) and (iii) can be proved in a similar way. For a given n > 2¢ by Lemma 3.8
there is a unique m > d such that,

dim V% (am) < n < dimV¥(a(m +1)). (3.17)
Again, from Lemma 3.8 we get
m—1
m 1 F— . d
2 (d—l) < Z 2% = dim VS (am) < n
ke Kd(m)

and
dim V* 1) = gl < gme2( T )
n < dim VS (a(m+ 1)) Z < p

-1
keKd(m+1)
Hence, by (3.11) we obtain
d=11 7 em \ —(d-1) 1 em \ —(d-1)
r-re(is) 1G5 @)
i—1) 1\d—1 = 1"\d-1
From the last inequalities we derive

g-am £ ye ([(d . 1)/6]—a(d—1)) n—ama(d—l)

< 4°[(d— 1)/ "D~ log n) 4D, o
On the other hand, by the definitions, (3.17) and Corollary 3.2,
LU ) < swp |f = Sam(Plln < 27
feus?
This combined with (3.18) proves the desired inequality. a

Theorem 3.14 Let o, 3,7 € R satisfy the conditions o« > v — 8 = 0. Then the following
relations hold true.

(i) For any 0 <e <1,
d—1

(&

—(d-1)
n(U*? HY) < 4( ) [a™|loge| + dj* e,

and for 0 < e <27,
ald—1)

—(d-1)
-1/« 1 d—1
5 ) e~/ loge|® .

nE(Uo"ﬁ,HW) < 4(
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(ii) For any 0 < e < 274

d—1)\—(d-1)
n (UM HY) < 4((1(—)) eV loge[4t,
e

(iii) If in addition v < d/2 then for any 0 < & < 272
)\ -1
n(USP HY) < 2(\/5+3)<%> (v/e)"d’e Y| loge|’ L.

Proof. Let us prove (ii). The other assertions can be proved in a similar way. For a given
e < 272 we take m > d such that

27m < g < gTalmmD),
The right inequality gives
2m < 27V and m < o Yloge| + 1.
On the other hand, by the definitions, (3.17) and Corollary 3.2,

sup  inf  ||f —gllern < sup |[f = Sam(f)llar < 279" < e
Feus geV I (am) Feues

Consequently, by Lemma 3.8

ng((]f,ﬂ, H'y) S 2m+1 <m - 1)

d—1
“Hlogel]
< 4 —1/0( |.a |
=% ( d—1
— 1)\ —-D)
< 4<M> eV loge|® .
e

4 Optimality and lower bounds for for d, and n.

In this section, we give lower bounds for Kolmogorov n-widths d,(U*?, H), d,(U%", HY)
and d,(UP HY) as well their inverses n.(U%?, HY), n (U*?, H") and n.(U%°, H?) by
applying an abstract result on Kolmogorov n-widths of the unit ball, Bernstein type in-
equalities, and lower bounds of the dimension of the spaces V%(¢), V4(€) and V4(€). We
show that the trigonometric hyperbolic cross spaces V¢(€), V4(€), V.4(€) optimal for opti-
mal d,(H*? H"), d,(H®? H"), d,(H®?, HY), respectively. We place the upper bounds of
these quantities next to their lower bounds to show the optimality of the linear trigonomet-
ric hyperbolic cross approximations with respect to V4(¢), V4(¢) and V,4(€) in the high-
dimensional setting.
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4.1 Some preparation

The following lemma on Kolmogorov n-widths of the unit ball has been proved in [39,
Theorem 1].

Lemma 4.1 Let L,.1 be an n+ 1-dimensional subspace in a Banach space X, and
Buii(r):={f € Lyt1: ||fllx <r}. Then

dp(Bpia(r), X) = 1.

Next, we prove a Bernstein type inequality.
Lemma 4.2 Let o, 3,7 € R be given. Then for arbitrary € > 0,

1flles < 250 fllan, f € V()

Proof. Indeed, we have for every f € V4(¢&),
1l Fres = Z el P=) 5, ()2

keJd(¢

< sup 22(alkh (v=B)Ikloo Z 22v|k|ooH5 H2
keJ(E) hesae

< 2% fllip-

4.2 Thecasea>y—p>0

Lemma 4.3 Let 0 <t < 1/2 and k,n be integers such that 0 < k < n/2. Then

e ()5 <8

Proof. Since (1 —1t)/t , (”) = (nT_LS) and 0 < k < n/2, we have
1

(7Y = ()7 oo

v
—_

Hence,
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and consequently,

() <2 -5

a
Lemma 4.4 Let1 < 0 < 2. Then for any natural numbers d and n satisfying the condition
0—1 2
< - 4.1
S L (4.1)

there holds true the inequality
Z 2|k‘|1 Z 2—1/(9—1)d2d—2(1 - 2—1/(0—1))—d2n‘

kerld

Proof. Consider the subsets 1¢(j),j € [d], in I¢ defined by

200 — 1
I%(5) == {ke[g:]k|oo:kj, k|, > Q(Z_l)n+d—1+2/9}.

We prove that I4(5) N I14(5") = () for j # j'. Fix j € [d] and let k be an arbitrary element in
I4(j). Then by the definitions we have

ki > 0lkly — (0 —1)n—60(d—1)
20(0 — 1)
0T
0—1
20 —1

> n40(d—1)+2— (0 —n—0(d—1) (12)

n + 2.

On the other hand,
O(lkly — k) + (@ —1)k; = 0lk|1 — |kloo < (@0 —1)n+60(d—1).

Hence,
0—1

20 — 1

Ikl — k; < 0‘1[(9—1)n+9(d—1)]—9_1(9—1)[ n+2]

0—1
= — 2/0.
50 1n—|—d 3+2/6
Take an arbitrary j' € [d] such that j # j/. Then, since k; > 1 for any i € [d], and 0 > 1,

from the last inequality and (4.2) we get
ki <kl =k —(d—=2)

0 —1
< — _ _
< pn+d=3+2/0—(d-2)
0—1
= 2/60 —1
20_1n+ /0

A\

;.
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This proves that I¢(j) N I4(5") = 0 for j # j'. Therefore, there holds true the inequality

d

Zglk’ll > Z Z olkh

kerld J=1 keld(j

Due to the symmetry, all the sums Zke]d(j) 2lkl 5 € [d] are equal. Thus, in order to prove
the lemma it is enough to show for instance, that

Z 2‘]4:‘1 Z 2—1/(9—1)2(1—2(1_2—1/(9—1))—d2n‘ (43)
keld(d)

Observe that for k € I%(d), |k|; can take the values [(2(0 — 1)/(20 — 1))n +d — 1 +
2/0],...n+d—1. Put |k|y =n+d—1—mform=0,1,... M, where M :=n+d—1—
[(2(0—1)/(20 —1))n+d—1+2/0]. Fix a nonnegative integer m with 0 < m < M. Assume
that |k|; = n +d — 1 —m. Then clearly, k € I¢(d) if and only if kg > n — Om. It is easy to
see that the number of all such k € I%(d) is not smaller than

((n+d—1_m)—m—emj) _ (d—l+[(0—1)mj)

d—1 d—1
We have
al d—1+[(0—1)m]
Z 2‘k‘1 Z Z 2n+d—1—m< - - )
keld(d) m=0 d—1

(4.4)

-1
— 2n+d 1 Z 2—m< + I_( ) )mJ) —. 2n+d—1A(n).
Put e:=(#— 1)t and N := [(# — 1)M)]. Replacing m by 7 :=m/e in A(n), we obtain

Ay =Y w(d —dljlm) > Y g (d —d1_+1m).

Tee~1{0,1,...,M} Tee—1{0,1,...,M}

Since 1 < 6 < 2, the step length of 7 is 1/ < 1. Therefore, we have

A(n) > 2—522—88( 1+S>. (4.5)

By (3.4) we have

o $re (1) - 129 (12

s=0 s=0

t=2-¢
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By the assumptions of the lemma 0 < 27¢ < 1/2 and d—1 < (d+ N + 1)/2. Applying
Lemma 4.3 gives

1 1
B(n) = 5(1- ) ey = (1= 9~ 1/(0=1)y=d (4.6)
Combining (4.4) — (4.6) proves (4.3). a

Remark 4.5 By using weaker assumptions we can prove the following slightly worse lower
bound compared to Lemma 4.4. If 1 < 0 < 2, then for any natural numbers d and n, there
holds true the inequality

Z 2|k|1 2 2—1/(9—1)2d—2(1 o 2—1/(9—1))—d2n'

keld
Lemma 4.6 Let o, 8,7 € R satisfy the conditions 2(y — ) >a>~v—>0and 1 <v <
d— 1. Then we have
(i) for any £ = (2a 4 6)(d — 1),

1
20/6 — 1

1 d
dim V() > Z2—r"/5d[1+ ] 28/,

(ii) for any & > (2ac+0)(d — 1),

1
dim V(&) > Zd(2p/5—1)—d25/5,

(iii) for any & > 2a+6)(v — 1),

d

__ @ %9
(205 — 1)

1
dim V(&) > Zz—ﬂ/% 1+

Proof. We first prove the second inequality in the lemma. Put 6 := a/p and n := [({ —
a(d —1))/6]. We have J4(£) D I?. Since £ > (2a + §)(d — 1), Condition (4.1) is satisfied.
Hence, by Lemma 4.4,

dimV*d(f) — Z 9lkh Zglkh

keJd(€) keld
2—1/(9—1)d2d—2(1 _ 2—1/(9—1))—(127‘&
2—1/(9—1)d2d—2(1 _ 2—1/(6—1))—d2(§—a(d—1))/(5—1

1
Zd(2r/d — 1)~49¢/4.
142 1)

v

(AVARAVS

v
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For proving (i) we start similar as in the proof of Lemma 3.5 (see the first three equations
n (3.6)) and conclude by using the previous relation

dim V4(¢)

d
> E d 1]{;(2/3/5 _ 1)*1625/5
- k)4

k=1

d
1 d!
- Z9&/d
4 Zd—k!k—l)!
1 1 ( ) 5 y-k
dE (2°/9 — 1)

— 25/5 or/6 _
4
1)]d—12§/(5

(228 — 1)

1
= Z_1(20/5 — 1)1+ 1/(29/5 —

1
= 12*P/5d[1 +1/(2°/° — 1))428/0

Finally, we prove (iii) with a similar computation as done in (4.7). Indeed, we obtain

dim V(€)

>

v

v

(e

1)~k98/e
k=1

_25/52 ( ) CZV—;@'@M —1)7*
25/52( ) <_> (2015 _ 1)
1d 125/5'/25 ( ~1

__,/(20/5 2/9/5 —1)*
k=0

4v

1(29/5 _
4

1)*1(1[1
1 p/d -1
@7+ dfv—1) d[1+

1
Z9=r/d [1
1 vil+4

i|1/ 125/5
)

N
v(20/0 — 1)

}”25/5 .

(29/5 —1
}VQE/lS
d
v(2r/4 — 1)

a

Theorem 4.7 Let o, 5,7 € R satisfy the conditions 2(y — ) > a >~y — > 0. Then, we

have
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(i) for any integer n > $d242e/T1(1 +1/(20/° — 1))?,

S S édnﬂ? < d, (U, HY)
2p+36 20/ _ 1 — n )

< a 522p+5d5 1 1 o )
< (5) Twro1) "

(ii) for any integer n > $d24e/5T1)(20/0 — 1)~

) _ 6 _
(é) @@ =) < d e ) < (5) 2 (20— 1) e

(iii) for any integer n > $v2v@e/0t(1 4 d/(20/9 — 1)),

! 5<1+L)&/n—5 < d,(USP HY)
v( ) - g

2p+36y 20/ —_ 1
ov
\?° 20468 & d -5
<g> 2 14 1+—2p/§_1 n .

Proof. Due to Theorem 3.6, we have to prove the lower bounds in this theorem. Let us
prove the lower bound for d,(U%?, HY). The other lower bounds can be proved in a similar
way. It has been shown in the proof of Theorem 3.6 that the function p(£) := dim V%(€)
in variable ¢ satisfies (3.7) and (3.8). For a given n satisfying the condition in (i) of the
theorem, let &,, be the number such that

IN

dimV¥(&,) > n+1 > dim V4, ). (4.8)

Hence, by the corresponding restriction on n in the theorem it follows that £ > (2a+6)(d—1).
By Lemma 4.6 and (3.8) we obtain

1
n > Z2‘/’/561(1 +1/(2°/° — 1))428m=1/0
1
> §2"’/5d(1 +1/(2°/° — 1))428m/9,

or, equivalently,
276 > (1/20/543)0g0 (14 1/(20° — 1)) 0. (4.9)

Consider the set B(m) := {f € VX&) : || fllz» <27} in H". By Lemma 4.2 B(m) C U™’
and consequently, by Lemma 4.1 and (4.8)

d,(U*P HY) > d,(B(m),HY) > 275",

The last inequalities combining with (4.9) prove the desired inequality. a0
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Theorem 4.8 Let «, 3,7 € R satisfy the conditions 2(y — ) > a >~y — 3 > 0. Then we
have

(i) for any e < 2~ (RaFo)(d=1)

d d
1

1 1
oorsrz? (1 T
(ii) for any e < 27 (2a+d)ld=1)
;ld(zf’/5 — 1)V < (UM HY) < %2%/%(2/3/5 —1)"%e7Ye,

(i) for any e < 27 (Ze+d)=1)

L d
TRl Ty

14 d 174
} eV < n (UM HY) < %22’)/% |:1+2p/5_1:| e1e,

Proof. Due to Theorem 3.7, we have to prove the lower bounds in this theorem. Let us
prove the lower bound for n.(U%?, H”). The other lower bounds can be proved in a similar
way. For a given ¢ < 27e+9)d=1) nhyt ¢ = |loge|. Consider the set B, (&) := {f € V(¢) :
| fllz+ <275} in the subspace V() of HY. By Lemma 4.2 B,(£) C U*?. Hence, by (4.12)
and Lemma 4.1 we have

d (U, HY) > dy(B.(§),H) > 27¢ = ¢,
where n := dim V(€) — 1. Therefore, by the definition and Lemma 4.6(ii),
ns(U*aﬁ: HPY) > dim ‘/*d(g) -1

> ld(zp/(s — 1)—d2§/5
!

1
Zd(zp/é — 1)~

v

The last inequalities combined with (4.11) concludes the proof. a

Remark 4.9 (a) Note, that in Theorems 4.7 and 4.8 the upper and lower bounds (almost)
match. Therefore, we have sharp bounds for every d, large enough n and small enough &
(depending on d).

(b) Note, that we have exponentially growing d-dependence in the constants in Theorems
4.7, 4.8/(i),(ii). However, this does not imply the curse of dimensionality here. In fact, it
18 easy to see that

log(72(a))

E(d)_l —+ d d—>oo/
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where e(d) = 272a+)d=1) 4n (7). According to the notions in [26, 29] this, surprisingly,
indicates weak tractability here. So far this is not a proof since Theorem 4.8 does not give
the behavior of n. for “larger” € and therefore the quantity

log(n.)
11m
e 14d—oo €71 4+ d

s mot yet proven to be zero. This issue will be clompletely clarified in a forthcoming paper
of Ullrich and coauthors, see also [28].

(c) Note, that in Theorem 3.6(ii), depending on p and &, the constant (2°/° — 1)7&1 might

decay exponentially in d. However, the statement is given for n > C’a/p2p/5d2ad/5(2p/5 —1)7¢
where o > p. Hence, if the constant decays exponentially one might have to wait exponen-
tially long (with respect to d). Therefore, the above result so far does not imply a break of
the curse of in Theorems 4.7 and 4.8dimensionality. In fact, this refers to the “footnote” in
[22] on page 222/ where the opposite is stated.

(d) In contrast to d we assume that v is a fized parameter. Due to the upper bound in
Theorem 3.6(iii) we can break the curse of dimensionality here.

(e) Based on Theorems 3.7 and 4.8, we have similar statements on the curse of dimen-
sionality in terms of n.. We mention here the related paper [27] discussing the intractability
of Loo-approzimation of infinitely differentiable functions on I%.

4.3 Thecasea>y7—p=0

Theorem 4.10 Let o, 3,7 € R satisfy the conditions o > v — = 0. Then the following
relations hold true.

(i) For any d > 2 and n > 2¢

(1 +loge)(d — D@02 (logn)™4 ) < d, (U, HY)
d— 1\ —«ald-1)
< 4&( - ) n=*(log 1)@,
(ii) For any integer n > 2% and d > 4,
47[(1 +loge)(d — 1)]’0‘(d’1)n’°‘(log n)a(dfl) < dn(Uf"ﬁ, H")

d — 1y —a(d-1)
< 4a< ) n~*(logn)*4=1,
e
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(i5i) If in addition 4 < v < d/2, then for any n > */5;3 (5) (2;’:11) 2+l

4—04[(1 + log 6)(1/ — 1)]—a(u—1)y—audaun—a(log n)a(y—l)
S dn(UVa’ﬂv H’y)

< [2(V5+ 3)]a<y ; 1>a(yl) (g) wydo‘”n_o‘(log n)*v=1

Proof. Due to Theorem 3.13, we have to prove the lower bounds in this theorem. Let us
prove the lower bound for d,(U%?, H”). The other lower bounds can be proved in a similar
way.

For a given n > 2%*!  there is an unique m > d + 1 such that,
(d—1)"@Dom(m — 1)L > n41 > (d—1)"@Dam=L(y - 2)d L, (4.10)
Hence, by the inequality aloge > log(1 + a), a > 0, we obtain

1 1\ %!
m+ (d—1) (H—1> loge > m +log (%) > log(n+1),

and consequently,
- log(n+ 1) + dloge

- 1+ loge

Y

From the last inequality and (4.10) we derive

g—am > zfa(mfl) (d . 1)a(d71) (m . 2)fa(d71)2fa(d . 1)fa(d71) (m . 2)a(d71)
a(d-1)

—a(d—1) log(n + 1) + dloge —9 (n + 1)—04‘

z 27%(d-1) 1+1loge

We have (n+ 1)~* > 27*n~*. Moreover, by the inequality d > 2 4 2/loge one can verify
that

10g(n+1)—|—d10ge_2 S logn
1+loge ~ 1l+1loge’

and consequently,

27 > 47(1 4 loge)(d — 1) In =" (log n) 1. (411)

From Lemma 3.8 and (3.11), we obtain

dim Vi (am) = Y 2" > (d- 1)@ (m - 1) > ntl (4.12)
keKd(m)



N-Widths for high-dimensional approximations 34

Consider the set B,(m) := {f € V(&) : ||fllzr < 27%"} in the subspace V4(am) of H7.
By Lemma 4.2 we have B,(m) C U%?. Hence, by (4.12) and Lemma 4.1 we obtain

do(USP HY) > dn(B.(m), H') > 27°™.
The last inequality combined with (4.11) finishes the proof of the desired lower bound. 0O

Theorem 4.11 Let o, 3,7 € R satisfy the conditions o« > v — = 0. Then the following
relations hold true.

(i) For any 0 < <27

1 d—1)\—(d=1)
E[a(d—l)]’(d’l)&?’l/"ﬂlog£|d’1 < n(U*P H") < 4(M) eV loge|4 L.

2e

ii) For any 0 < e <27 and d > 4,
(it) y

1 d—1)\—-d-1)
E[Qa(d—l)]_(d_l)g_l/ﬂloge|d_1 < n (U HY) < 4<M> eV logel?t.
e

(iii) If in addition 2 < v < d/2 then for any 0 < & < 272,

—_

5 [20(v — 1)]" Vv a@e Ve log e[

— 1)\ —(-)
<n s ) < 25+ 3)( ) oo ogef .

Proof. Due to Theorem 3.14, we have to prove the lower bounds in this theorem. Let us
prove the lower bound for n.(U%?, H”). The other lower bounds can be proved in a similar
way. For a given € < 27 we take m > d > 4 such that

2—am2 e > 2—a(m+1)‘

The right-hand inequality gives

1
2m > 55_1/0‘ and m > a_1]10g5|—1.

Consider the set B,(m) := {f € V(&) : ||fllz» < 277%™} in the subspace V4(am) of H.
By Lemma 4.2 it holds B.(m) C U®”. Hence, by (4.12) and Lemma 4.1 we have

d,(U*P HY) > dp(B,(m),H') > 27" > ¢
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where n := dim V(am)—1. Therefore, by Lemma 3.8, (3.11) and the inequality | loge| > 4a
we get

n (U, HY) > dim Ve (am) —1

> Iom(m—1l

-2 d—1

> %(d _ 1)—(d—1)(m _ 1)d—16—1/a
1

> §(d — 1)~ D (aloge| — 2)¢ eV
1

> 5[2a(d — 1))@V og et

0

Remark 4.12 Note, that in [22] the authors did not prove any lower bounds for the di-
mensions of the optimized sparse grid spaces and the approximation error for the linear
approzimation in HY of functions from the class UP (which is defined via a biorthogonal
wavelet decomposition, see next section).

5 Biorthogonal wavelet decompositions

In this section, we discuss how to extend the results for the dyadic harmonic decomposition
in this paper to periodic biorthogonal wavelet decompositions and other periodic and non-
periodic decompositions.

Let @ := {¢k s trez, scq, and = {Pk,strez, scq, be biorthogonal systems in Ly, where
Qr:=1{s€Z:0<s <2} We will assume that {k,strez, scq, forms a Riesz basis for

Lo, that is
2

Z Ck,sPk,s = Z Z |Ck75|2.

k€EZ 4 k€Z 4 SEQL

Therefore, every f € Ly has a unique representation

f = Z Z(fv@k,s)@k,s;

k€Z4 s€Qy

and there hold true the dyadic biorthogonal wavelet decomposition

f=> alf),

kEZy
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with the norm equivalence

A7 = D lla(HIP,

keZ4

where

a(f) = D (f Prs)prs

SEQy

One of the most important cases of biorthogonal systems in L, which has wide applica-
tions are wavelet biorthogonal systems. Univariate periodic wavelet biorthogonal systems

CI) = {(,Ok,s}kGZJﬁSer and i) = {@k,s}kEZJﬁser are Of the fOI'IIl
vps(z) = gok(x — 27r2_ks), Ors(z) = @k(x — 27?2"“5),

where {¢*}rez, and {@"}rez, are the sequences of mother wavelets which in particular, can
be received from the mother wavelets 1) and 1) of univariate nonperiodic wavelet biorthogonal
systems by the periodization formula

) = S v +2ms), F) = 3 G2 +2ms)).

SEZL SEZ

We assume the following conditions on ®. There hold the Jackson type inequality

inf ||f —gll, < C27"|flar,
geD)

for some m € N, and the Bernstein type inequality

1flle < C2%|fllzy, f € Vi,

for some | < r with 0 < r < m, where V}, := span{yys : s € Q}. We also assume that

similar inequalities hold for the dual system ® with parameters m and r.
For distributions f and k € Z<, let us introduce the following operator:

d

a(f) = Hij(f)

where the univariate operator g, is applied to f as a univariate function in variable z; while
the other variables are held fixed.

If f € Ly, we have
AP =D a1

d
kezd
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Let us use the notation H®” to denote the subspace in H*? of all functions f having the
biorthogonal wavelet decomposition

AP = > ()%

keNd

The following lemma has been proved in [22].

Lemma 5.1 Let o, 5 € R satisfy the restrictions 0 < a < r and 0 < a+ S < r, where r
18 the parameter in the Jackson and Bernstein type inequalities. Then there holds true the
following norm equivalence

1120 = 37 22Mso g (P2

keNd

Lemma 2.1 and Lemma 5.1 show that functions f € H®” have similar dyadic harmonic
and biorthogonal wavelet decompositions with the same equivalent norms. There are other
analogous decompositions of H®# not only for periodic functions but for non-periodic func-
tions defined on a d-dimensional cube. Indeed, we can treat spaces H®® as well H®¥,
HP and classes U%P, U~? U%P in a more general form which are suitable for different
applications.

Let H be a separable Hilbert space and H have the following dyadic decomposition.
Namely, H is decomposed into pairwise orthogonal subspaces Wy, k € Zi,

with
dim W, = 2/,

Then every f € H can be decomposed into a series

[ = Zpk:<f)a pe(f) € Wi,

d
kezd

with
AP = D7 leelAI”

d
kezd

We define H*? as the Hilbert space of formal series

[ = Zpk(f)a pe(f) € Wi,

d
kezd



N-Widths for high-dimensional approximations 38

for which the following norm is finite

1 e = Y 22 1 ()]

d
keZs

With this definition we have H*® = H. For a = 0, we put H%# = H" for 3 = ~.

We define the subspaces H®# and H*#, 1 <v < d—1,in H*? as follows. The subspace
HP is the set of all f € H*® such that such that

The subspace H®? is the set of all f € H*# such that

pi(f) =0if |o(s)] > v.

Denote by U*? U? and U®? the unit ball in H*? H®P and H®?, respectively. (For
convenience, here we use the same notations H*?, U%# U# U*F as in Section 2 for the
harmonic dyadic decomposition.) For the above defined function spaces and function sets
all the results in Sections 3 and 4 remain true.
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