Whitney type inequalities for local anisotropic polynomial
approximation

Dinh Dung®* Tino Ullrich®
® Vietnam National University, Hanoi, Information Technology Institute
144, Xuan Thuy, Hanoi, Vietnam
*Hausdorff-Center for Mathematics, 53115 Bonn, Germany

June 6, 2011

Abstract

We prove a multivariate Whitney type theorem for the local anisotropic polynomial approx-
imation in L,(Q) with 1 < p < co. Here Q is a d-parallelepiped in R? with sides parallel to
the coordinate axes. We consider the error of best approximation of a function f by algebraic
polynomials of fixed degree at most r; — 1 in variable z;, i = 1, ..., d, and relate it to a so-called
total mixed modulus of smoothness appropriate to characterizing the convergence rate of the
approximation error. This theorem is derived from a Johnen type theorem on equivalence be-
tween a certain K-functional and the total mixed modulus of smoothness which is proved in
the present paper.
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1 Introduction and main results

The classical Whitney theorem establishes the equivalence between the modulus of smoothness
wr(f,|1I])p,r and the error of best approximation E,(f),r of a function f : I — R by algebraic
polynomials of degree at most r — 1 measured in L,, 1 < p < oo, where I := [a, b] is an interval in
R and |I| = b — a its length. Namely, the following inequalities

27w (f, ’I’)p,l < ET(f)pQ < Cuw(f, ‘I‘)p,l (1.1)

hold true with a constant C' depending only on r. This result was first proved by Whitney [24] for
p = oo and extended by Brudnyi [2] to 1 < p < co. The inequalities (1.1) provide, in particular,
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a convergence characterization for a local polynomial approximation when the degree r — 1 of
polynomials is fixed and the interval [ is small.

Several authors have dealt with this topic in order to extend and generalize the result in various
directions. Let us briefly mention them. A multivariate (isotropic) generalization for functions
on a coordinate d-cube @ in RY was given by Brudnyf [3] and [4]. It turned out that the result
keeps valid if one replaces the d-cube by a more general domain 2. The case of a convex domain
Q C RY is already treated in Brudnyi [3]. Let us also refer to the recent contributions by Dekel,
Leviatan [7] and Dekel [6] with focus on convex and Lipschitz domains and the improvement of
the constants involved.

A reasonable question is also to ask for the case 0 < p < 1. We refer to the works of Storozhenko
[18], Storozhenko, Oswald [19], and in addition to the appendix of the substantial paper by Hedberg
and Netrusov [12] for a brief history and further references.

A natural question arises: Is there a Whitney type theorem for the anisotropic approximation
of multivariate functions on a coordinate d-parallelepiped Q7 Some work has been done in this
direction, see for instance Garrigds, Tabacco [13]. However, the present paper deals with a rather
different setting which is somehow related to the theory of function spaces with mixed smoothness
properties [10, 20, 22, 23]. We intend to approximate a multivariate function f by polynomials of
fixed degree at most r; — 1 in variable z;, ¢ = 1,...,d, on a small d-parallelepiped Q. A total mixed
modulus of smoothness is defined which turns out to be a suitable convergence characterization
to this approximation. The classical Whitney inequality can be derived as a corollary of Johnen’s
theorem [14] on the equivalence of the r-th Peetre K-functional K. (f,t"), r, see [16], and the
modulus of smoothness w,(f,t)pr. A proof was given by Johnen and Scherer in [15]. Following
this approach to Whitney type theorems we will introduce the notion of a mixed K-functional and
prove its equivalence to the total mixed modulus of smoothness by generalizing the technique of
Johnen and Scherer to the multivariate mixed situation.

1.1 Notation

In order to give an exact setting of the problem and formulate the main results let us preliminarily
introduce some necessary notations. As usual, N is reserved for the natural numbers, by Z we
denote the set of all integers, and by R the real numbers. Furthermore, Z and R denote the
set of non-negative integers and real numbers, respectively. Elements x of R? will be denoted by
x = (z1,...,24). For a vector r € Z‘i and = € R%, we will further write

= (2, Lzl

Moreover, if z,y € R?, the inequality < y (z < y) means that z; < y; (z; < i), i = 1,...,d. As
usual, the notation A < B indicates that there is a constant ¢ > 0 (independent of the parameters
which are relevant in the context) such that A < ¢B, whereas A < Bis used if A < B and B < A,
respectively.

If » € N%, let P, be the set of algebraic polynomials of degree at most r; — 1 at variable
x;, 1 € [d], where [d] denotes the set of all natural numbers from 1 to d. We intend to approximate
a function f defined on a d-parallelepiped

Q = [al,bl] X ... X [ad,bd]



by polynomials from the class P,. If D C R? is a domain in R we denote by L,(D),0<p< oo,
the quasi-normed space of Lebesgue measurable functions on D with the usual p-th integral quasi-
norm || - ||,,p to be finite, whereas we use the ess sup norm if p = oco. The error of the best
approximation of f € L,(Q) by polynomials from P, is measured by

E(Dpe = nf If =l

For r € Z4, h € R, and a univariate functions f, the rth difference operator Aj is defined by

r

AL, ) = Z(l)’"‘j(;)f(wﬂh) AV () = f),

j=0

whereas for r € Z9, h € R? and a d-variate function f : R? — R, the mixed rth difference operator

A} is defined by
d

R T4
A= A%
i=1
Here, the univariate operator A;’l , is applied to the univariate function f by considering f as a
function of variable x; with the other variables fixed. Let

w(f, o= sup AL (F)lpgn » tERL
|hi|<t;,i€[d]

be the mixed rth modulus of smoothness of f, where for y, h € R, we write yh := (y1hi, ..., yahq)
and Qy = {z € Q : z;,x; +y; € |a;, b;], i € [d]}. For r € Z% and e C [d], denote by r(e) € Z% the
vector with r(e); = 74,7 € e and r(e); = 0,i ¢ e (r(0) = 0). If r € N¢, we define the total mized
modulus of smoothness of order r by

O(fthpg = >, wie)(fithpq, t R
eCld],e#0

This particular modulus of smoothness is not new. In the periodic context the total mixed mod-
ulus of smoothness Q,(f, ), has been used in [5] for estimations of the convergence rate of the
approximation of continuous periodic functions by rectangular Fourier sums. Moreover, Q,.(f,)p.0
is related to mixed moduli of smoothness necessary for characterizing function spaces with domi-
nating mixed smoothness properties, see [10, 20] and the recent contributions [22, 23, 21, 11].

1.2 Main results

In the present paper, we generalize the Whitney inequality (1.1) to the error of the best lo-
cal anisotropic approximation E,(f), o by polynomials from P, and the total mixed modulus of
smoothness Q,.(f,t)y . More precisely, we prove the following Whitney type inequalities.



Theorem 1.1 Let 1 < p < oo, r € N%. Then there is a constant C depending only on r,d such
that for every f € Ly(Q)

(ZHT”) e < Efpa < CUf.0)p0: (1.2)

eC zee

where § = 6(Q) := (b1 — a1, ...,bg — aq) 1is the size of Q.

Theorem 1.1 shows that the total mixed modulus of smoothness 2,(f,t), o gives a sharp conver-
gence characterization of the best anisotropic polynomial approximation when r is fixed and the
size §(Q) of the d-parallelepiped @ is small. This may have applications in the approximation of
functions with mixed smoothness by piecewise polynomials or splines.

So far we focus on the case 1 < p < co. This makes it possible to apply a technique developed
by Johnen and Scherer [15]. As mentioned above they showed the equivalence of Peetre’s K-
functional of order r with respect to a classical Sobolev space Wy and the modulus of smoothness
of order r for the univariate case. The question of a K-functional suitable for mixed Sobolev spaces
has been often considered in the past. We refer for instance to Sparr [17] and DeVore et al. [9].
By introducing a mixed K-functional K, (f,t),q, t € R, (see the definition in Section 3), such
an equivalence between K, (f,t"), o and the total mixed modulus of smoothness €,.(f,t), ¢ can be
established as well. Namely, we prove the following

Theorem 1.2 Let 1 <p < oo and r € N%. Then for any f € L,(Q), the following inequalities

(ZHQ) o < Ko(fit)po < CU(fit)pg - teRL, (1.3)

eCld] i€e

hold true with a constants C' depending on r,p,d only.

The paper is organized as follows. In Section 2 we establish an error estimate for the anisotropic
polynomial approximation for functions from Sobolev spaces of mixed smoothness. Section 3 is
devoted to the equivalence of the total mixed modulus of smoothness and the mixed K-functional
(Theorem 1.2) which is applied in Section 4 to derive the Whitney type inequality for the local
anisotropic polynomial approximation (Theorem 1.1).

2 Anisotropic polynomial approximation in Sobolev spaces of
mixed smoothness

By f®), ke Zi, we denote the kth order generalized mixed derivative of a locally integrable
function f | i.e.,

/f(k) z)dr = (— 1)k1+...+kd/ f(z) akl+"'+kd90 (z) do

Q 8fo1 e (9:1:Zd



for all test functions ¢ € C§°(Q), where C§°(Q) is the space of infinitely differentiable functions
on () with compact support, which is interior to ). If a function f possesses sth locally integrable
classical partial derivatives for all s < k on @, then the kth generalized derivative of f coincides
with the kth classical partial derivative. In this case, we identify both and use the same notation

),

For r € Zi and 1 < p < oo, the Sobolev space W (Q) of mixed smoothness r is defined as the

set of functions f € L,(Q), for which the generalized derivative f (r(©)) exists as a locally integrable
function for all e C [d], and the following norm is finite

I lwr@ = D 17Dl

eC[d]

We aim at giving an upper bound of the error of best approximation of f € W (Q) by polyno-
mials of degree r; — 1 with respect to the variable x;, ¢ = 1,...,d. For this purpose we need some
auxiliary lemmas. To begin with we deal with univariate functions. The following lemma is proven
in [8, page 38].

Lemma 2.1 Let 1 <p < oo, r > 1 and Q = [a,b]. Then there exist constants C1,Cs depending
only on r such that for k=0,...,r —1 and 0 < t < b — a the inequality

Flf Mo < Cllflpe + I Npe) (2.1)
holds true for any f € W;(Q) .

Lemma 2.2 Letr € Zjl_, 1<p<oo, and Q =1[0,b1] X ... x [0,byq] where b; >0, i=1,...,d. For
fized f € W)(Q), k <, and j € [d] the univariate function

k—kje;
g .= f( Je]>($1,...,$j—17'7$j+17"‘de)

belongs to Wy’ ([0,b;]) for almost all z; € [0,b;],i € [d] \ {5}

Proof. Let ¢; € C§°(0,b;), 7 = 1, ..., d, be arbitrary smooth compactly supported functions. Clearly,
the tensor product ®(x1,...,zq) := [[ wi(x;) belongs to C§°(Q). Then, for 0 < ¢; <r;

i€[d]
b1 j—1 i1 ba “)

/ / / / H cpl :L'l / f(k_kjej)(:L‘l, .--,$j717t7xj+17 ...,l‘d)gpj J (t)dt) H dxl
i€ld] i€[d]
i#£j i#£]

b1 by
= / / f (k—kje;) ,...,xd)@(o’“"gf’o’“"o)(a:l, ey Xg)dry...dxg
0 0

/\

b1
1 £ / / f(k‘Jr@J(e - ( ._7a:d)(I>(a:1, "'7xd)dx1---dl'd
0

bl b] 1 i +1 bd k 0k
:/ / / / H Spl l'z / f( +e; (65— J))(xl,...,l‘jfl,t,l'j#l,...,IL‘d)ij(t)dt) H dz; .
0 0

i€(d] i€(d]
i#£j i#£]



This implies the coincidence of the dt-integrals in the first and last line almost everywhere (with
respect to x;, @ € [d] \ {j}). Therefore, the generalized derivatives of order ¢; exist as a locally
integrable function, in fact, they coincide with f(+ei(=Fi)) (g, ey i1, L1, ooy Tq). This is
a function from Ly([0,b;]) (almost everywhere with respect to ;) since f belongs to W (Q).
Therefore, we have g € Wy’ ([0,b;]). O

The following result is interesting on its own. It generalizes the content of [8, Theorem 5.3] to
the multivariate situation. The statement is not very surprising and probably known. However,
since we did not find a proper reference in the literature, a proof is provided.

Lemma 2.3 Let r € N? and Q = [0,b1] x ... x [0,bg]. Let further f € L1(Q) such that f"(€)) =0
for all non-empty subsets e C [d]. Then f coincides almost everywhere with a polynomial P of
degree r — 1, i.e., f € P,.

Proof. For simplicity reasons we give a proof for d = 2, so let Q = [0,b1] x [0,b2]. We follow the
inductive argument in the proof of the corresponding one-dimensional statement [8, Theorem 5.3].
The latter and Lemma 2.2 imply the statement in case » = (1,1). Assume now that it is proven
for some r € N2, Put 7 = (ry + 1,72) without loss of generality. We will prove that the assumption

F©) = 0 for all non-empty subsets e C [d] (2.2)

implies that f coincides almost everywhere with a polynomial P € Pr. To do this we need to
construct special test functions. Choose a function ¢ € C§°(Q) arbitrarily and let h € C§°([0, b1])
be a univariate function such that fob Y h(t)dt = 1. We define the functions

b1
o(z1,22) := (1, 22) — h(x1) P(s,z2)ds,
0 (2.3)

1
O(x1,x9) ::/ (s, x2)ds.
0

This construction gives immediately ® € C§°(Q). By our assumption (2.2) we have in particular

0= / ®H10) £z day
Q

b1
U(s, x9)dsdrydxsy
0

s=|

:/ w(Tl’o)fdazldxg—/ f(:cl,arg)h(“)(azl)
Q Q

b1 T1
:/ w(rl’o)fdxldxg/ f(l'l,l'Q)h(Tl)(fL']_) ¢(r1’0)(s,x2)s—'dsd$1dx2 (2.4)
Q Q 5=0 r1-
b1 bo 1 by
= / 0 (s, 25) - (f(S,fUQ) - % f(fﬁl,$2)h(rl)($1)d9€1)d$2d8
s=0 J22=0 1+ Jz1=0

s

by
= /Qw(”’o)(s,xg) : (f(s,xz) o /xl0f(:vl,xg)h(”)(xl)dxl)dsdacg.



Analogously we see

0:/ OrHLr2) £y day
Q

A (2.5)
= / ¢(T1’T2)(s,$2) : (f(s,:l?z) — '/ f(:nl,:Ug)h(Tl)(svl)dml)dsdzxg.
Q T1: 21=0
Using (2.2) once more we get for any s € [0, b;]
bi b
/ / R (1) 072 (s, m9) f (21, w2 )dwgdz, = 0
o Jo
which implies
gr b
0= / GO (s, 20) + (fls,w2) = 0 [ flar,a)h) (@) da ) dsdes (2.6)
Q T1: 0

Since 1) was chosen arbitrarily our induction hypothesis together with (2.4), (2.5), (2.6) imply that

the function
by

71
g(s,9) == f(s,29) — j—l, (@1, 22)h D (21)day
- JO

is a bivariate polynomial from P,. If we show that the univariate function

b1

p(t) = 0 F@y, )R (1) dy

is a polynomial of degree at most ro—1, we prove that f € Pr. Indeed, let ¢ € C5°([0, b2]) arbitrary
then

b2
| @m0t = [ b ) (a)dedes =0 (2.7)
0 Q

by using (2.2) once more. This together with [8, Theorem 5.3] implies that p is a univariate
polynomial of degree at most ro — 1. The proof is finished in case d = 2. For d > 2 the argument
is essentially the same. Note that in this situation one needs an additional inductive step with
respect to d to adapt the argument after (2.6). O

By using the previous result we are now able to define a Taylor type polynomial via its integral
representation. For simplicity we restrict again to the case d = 2. A corresponding statement
holds true in case d > 2, too. See Remark 2.6 below.

Lemma 2.4 Letr € N2, 1 <p < oo, and f € Wy(Q) for Q = [0,b1] x [0,b2]. Then the function
P.f defined by

_ 4)r2—1
P f(x1,22) = f(21,72) / FOr2) (g (x(2 - _t>1) it
_ g\yr1—1
‘/ A “)(x(ll_s)nds (2.8)

(rur2)( (x1 =) 7" (g — )"
/ / f (s,t) (1) (ra — 1)1 dtds

1s well-defined and coincides almost everywhere with a polynomial from P.



Proof. Since f is from W7 (Q), i.e., all the derivatives belong to L,(Q) C L1(Q), the function P, f
is well-defined. We intend to apply Lemma 2.3 in order to obtain P.f € P,. Let us compute the
derivatives (P, f)"9) (P, f)©72) and (P.f)"m2). Choose ¢ € C§°(Q) arbitrarily. We start with
(P.f)("1:9) By changing the order of integration we get

/Pf(xl,xg) (r1,0 )dasld;rg /f xl,azg)@(”’o)(azl,xg)dxlda:Q

bo _
/ / f(o 72) (1, )/ 7@2 ) W(Tl’o)(m,m)dmdmdt
t= x1 x2

—¢ (TQ — 1)'
ba b1 B (- (2.9)
_/ f(”’ (s, xz)/ (ry — 1)! 10 (3, o) dary dsda
xo=0 =s -
bl o 7‘1 1 _t)Tz—l
(rir) (g, 1) (21 —8)" 7 (22 (r1,0) dzoda dids .
SRR / / LDl (o P (e mdnadndids
Integration by parts shows that
b1 T — 8§ ri—1
/ ((1)1'80(T1’0)($1a$2)d$1 = (=1)" (s, z2) (2.10)
T1=5 ™ — )
and the third summand on the right-hand side of (2.9) can therefore be rewritten to
b2 by bi (g — )11
_/ f(Tl,O)(S7g;2)/ 7( (17"1 )1)' gp(rl’o)(l‘l,xg)d.xldsdﬁg
T2 r1=s .
/ f(”’o)(s x2)p(s, x2)dsdxsy (2.11)

/ f s 332)90(”’0)(8, x9)dsdxs

which cancels the first summand. Using (2.10) ones more we can rewrite the last summand in
(2.9) to

by by b2 — ¢)r2—1
_1)7"1/ f(?“lﬂ“z)(&t)/ Mgp(s,m)dmdtds

— (’1“2 — 1)!
s (; t_ t)r2_1 (212)
/ f (Or2)(s t)/ ﬁw(”’o)(s,xg)dxgdtds
S xo=t .

which cancels the second summand. Hence, we obtain (P, f ) .0) = () since ¢ was chosen arbitrarily.
A similar effect occurs if we deal with |, 0 P.f(x1,22)p (072) 41 dao which gives that also (P.f )(0“) =
0. In case of fQ P f(x1, ZL'Q)QD(TI’TQ)dl‘leL'Q we easily see that both the (modified) second and third
summand in (2.9) can be rewritten to the negative of the first summand. However, the (modified)

last summand can be rewritten to the first summand itself. Finally, all four summands sum up to
zero. O



Remark 2.5 The polynomial P, f in (2.8) can be identified with the bivariate Taylor polynomial

ro—1ri—1

T, f(z1,22) = Z P AA () 0)2 ]ﬁ' k‘z (2.13)

=0k1=0

in the following sense. If r € N2, 1 < p < 00, Q = [0,b1] x [0,b2], and f € W3 (Q) then f has
continuous derivatives of order k < r. This result is implicitly contained in the book [1]. Indeed, it
s a combination of multiparameter Sobolev averaging using product kernels in Section 2.7.10 and
8.13 with the estimates in 3.10, especially Theorem 3.10.4. The condition involving r and k there
has to be replaced by the componentwise condition k < r. We omit details. Consequently, it makes
sense to define the Taylor polynomial (2.13). Integration by parts shows that T, f coincides almost
everywhere with P,.f in (2.8). Hence, for functions from Wy (Q) we have the Taylor formula

z2 _ pf\re—1
T, faran) = fova) = [ 100 e
/ s 332)(96(1 r —>1T; s (2.14)

(r1,m2) (.%'1 — 3)7”1 1 (x2 _ t)rg—l
+/0 /0 O e ) T

Remark 2.6 Lemma 2.4 and the Taylor formula (2.14) have an obvious counterpart in d dimen-
sions. Note that the sum in (2.14) is twice the iteration (componentwise) of the one dimensional
integral

(1) (5)Z=5)"
e / O ] e, (2.15)

The d-times iteration of this procedure results in a sum of iterated integrals where the number of
integrals in every summand corresponds to a unique subset e C [d]. The sign in front is given by

(-1)".

The following theorem states an upper bound for the error of best approximation of multivariate
mixed Sobolev functions with respect to anisotropic polynomials. It turns out that P, f from (2.8)
provides a good approximation of f € W/ (Q).

Theorem 2.7 Let 1 < p < oo, r € N%. Then there is a constant C depending only on r,d such
that for every f € W;(Q)

E(fpo < C D I 1Dhe,

eCldled ice

where 0 = 6(Q) is given as in Theorem 1.1.



Proof. For simplicity we prove the theorem for the case d = 2 and @ = [0,b1] x [0, bz]. Let now
f € W;(Q) be a bivariate function. By Hélder’s and triangle inequality we obtain from (2.8) the
following estimate

If = Prflpe < 0215 pq + 07 1/ pg + 07052/

Q- (2.16)

For the general case (d > 2) one has to take Remark 2.6 into account. O

3 Johnen type inequalities for mixed K-functionals

For 7 € N, the mized K-functional K,(f,t),¢ is defined for functions f € L,(Q) and t € ]RZZr by

K(fitpa = it {1 =glho+ > (TTt) 19"}

9EW; (@) eC[d],e#£0  i€e
The following technical lemma needs a further notation. Let us assume a; < ¢; < d; < b; for

i € [d]. We put I' = [a;,b;], I} = [a;,d;], and I} = [c;, b;] and further

d
Qe:=[1T.0 (3.1)
i=1
where x. denotes the characteristic function of the set e C [d].

Lemma 3.1 Let 1 < p < oo and r € N%. Then for any f € L,(Q) the inequality

Ke(fit ) < C Z K (f, 1 )p.qe
eCld]

holds true for all t € Ri with t; < d; — ¢;, i € [d]. The constant C' only depends on r and d.

Proof. The proof is based on an iterative argument. The first step is to observe

Q=01UQo
:<Ill>< I1 Ii)u(fgx I1 Ii)
i€[d]\{1} i€[d]\{1}
and to show that
Ko (f, 1 )po < Ko(f, 1 ) + Ko (f, 8 )p,qo - (3.2)

We start with an increasing function ¢ € C°°(R) such that

0 : s<0
=91 . oo

Putting h = dy — ¢; and




we obtain a C*°(R)-function A that equals zero on [ay, ¢1], equals one on on [dy, b1], and is increasing
on [c1,d1]. As a direct consequence we get

Mok < A7 Fle®|or . keN.
Let now f € W;(Q) and t € R? with t; < d; — ¢;, i € [d]. For arbitrary g1 € Wy (Q1) and
go € W;(Q0)7 put
9(@) = Mz1)go(@) + (1 = A(z1))g1(2)
= g1(2) + A(z1)(go(z) — g1(x)) -

First of all, the function g is defined on Qo N Q1 C Q. We extend g by go on Qo \ @1 and by g1 on
Q1 \ Qo and denote the result also by g. By the construction of A this g belongs to W (Q) and we
have

1f = gllp.@ < IM=1) f(z) = Ma1)go(2) + (1 = Ma1)) f(z) — (1 = A(21))91(2) [|p,@
< f = gollp.@o + IIf — 91llp,Q: -

Furthermore, for any non-empty fixed subset e C [d] we have

o) = +Z(”) N ) (017 @) - 96" (@)

on QoNQ1, where 7(e) denotes the vector r(e\ {1}). Hence, for any non-empty fixed subset e C [d]
we obtain

(TT) 19" lnguran

(3.3)

i€e
i (k k,7

< (IT#) (195" nauney + max n= 8 gD — g D), 6,0, ) (3.4

i€e

- . t1\r1—k k7 k7
IT ) (6Ol lhaone, + max ()" g — g )-
ice\{1) "
We apply Lemma 2.1 together with Lemma 2.2 to obtain
(0,7(e)) _

k k,7 k
)| gE D — g TN o nar < llgt " Mlpaonar + 1197 = 657, 0onn-

Plugging this into (3.4) and taking ¢; < h into account gives in case 7(e) # 0

(T ) s lnaune, < (TT8 Vot lnao + ( T #°) g™

i€e ice ice\{1} (3 5)
Ti rie T 0,1: e ’
+ (TTE )9 P pan+ ( TT &)1l
ice ice\{1}
and in case 7(e) =0, i.e., e = {1},
(TT6 ) 19" n.corer <(TT) 195 lnao + 1F = g0llno
1€e i€e
| (3.6)
+ (TTE) 195 P l, + 15 = 91llpn -
i€e

11



Using that
(r(e))

19" P llp.a < 119" llp.@ones + llg
we obtain together with (3.3), (3.5), and (3.6) the relation

Kr(f’ tr)p,Q < Kr(fv tr)p,Qo + Kr(fa tr)le

which is (3.2). We continue with the same procedure, this time with @1 and @ instead of @,
proving that (analogously for Q1)

Kr(fa tr);on < Kr(fa tr)p,Qm + Kr(f? tr)p,Qom

+ HgY(e)) HP7Q17

where
Qoo = (I& x 12 x H Ii) and Q= (I& x I x H Ii>,
ield)\{1,2} ie[d]\{1,2}
and so forth. An iteration of this argument finishes the proof. O

3.1 Proof of Theorem 1.2

Proof. The first inequality in (1.3) follows from the definition. Namely, if f € L,(Q), for any
non-empty e C [d] and any g € W;(Q), we have

Wrie) (s < Wre)(f = 9:8)p.Q + wWr(e) (95 D)p,Q

(H2”){||f—gup,Q+(gt:i)ng< ) }

i€e

IN

Indeed, the last inequality follows from the well-known relation
1ARgllp,r < 27 1A (19" lp,z

for univariate functions g € W;"(I), which is a simple consequence of the univariate Taylor formula
(2.15) and the fact that A7"p = 0 for a univariate polynomial of degree less than m. We iterate this
relation for any index in ¢ € e using that for frozen variables x1, ..., x;_1, Zjt1, ..., 4 the univariate
trace function f(x1,...,Zi—1,", Tit1,...,7q) belongs to the Sobolev space W}i(I;), see Lemma 2.2.
This proves the first inequality in (1.3). Let us prove the second one. For simplicity we prove it for
d=2andt € ]Ri, t > 0. If k£ is a natural number, then for univariate functions ¢ on the interval
[a, ], we define the operator PF,t > 0, by

Ptk(sovx) = ‘10 $ k+1/ Ath ¥, T (h)dha

where M}, is the B-spline of order k£ with knots at the integer points 0, ..., k, and support [0, k.
The function P}(¢p) is defined on [a,b — h/4] for t <t := h/4k?, where h := b — a. We have, see
[8, page 177],

k
{PE@)}Y P (@) = 77y (1) F Ak (o, ). (3.7)
7j=1

12



Put h; :=b; —a; and ¢; := a; + h; /4, d; :==b; — h; /4,7 € [2]. Tt holds a; < ¢; < d; < b;, and we will
use the notation Q. given in (3.1) for any e C [d]. In particular, we have Q) = [a1,d1] X [ag, d2].
For functions f on the parallelepiped Q = [a1,b1] X [a2, bo] the operator P/, t € R?, is defined by

2

Pr(f) =T P,

=1

where the univariate operator Pt:’l is applied to the univariate function f by considering f as a

function of variable x; with the remaining variables fixed. The function PF(f) is defined on Q2]
for t < t, where t; := h;/4r?. We have

F(fe) = f@)+ ot [ " AR M ()t + (17 [ A0 My ()b
+ (—1 7“1“2“/ / AT, M,., (h1)M,,(ho)dhydhs,

where 7! := (r1,0) and 7? := (0,73). Let us define the function g: = P/(f). If f € L,(Q), by
Minkowski’s inequality and properties of the B-spline M,, we get

Hf_gtH]%Q[g] < wrl(.ﬂt)p,Qm + wTQ(fat)p,Qm + wT(f?ﬂPQ[Q] = Qr(f7t)P7Q[2]' (38)
Further, by (3.7) we obtain
rt 8 T rl T - S j gy (T T
i) = PPN = B e S e () A, o)
J1=1

Since P222 is a linear bounded operator from L,(Q|)) into Ly(Q)) and further
HAJm 1(Dllp, Qu KW 1 (fst)p, Q> We have

1
08 lpop < wii(f,)p0p- (3.9)

Similarly, we can prove that

2
tnggtT )HILQD] < WTQ(fvt)ILQ[z]
Again, by (3.7) we get
_ ™ )
glgr =t Tlt r2 Z Z J1+J2+2 ]2 T2 ( > < )A;t(f)
Ji=1j2=1 h J2

iFrom the inequality [|A7,(f)[lp.o < wr(f,1)p,qy it follows that
1o gy < wr(fOnag: (3.10)
Combining (3.8),(3.9)—(3.10) gives

_ 1 (Tl) tr2 (7’2) $r1gr2 (r) QO t
|f — gt Tt 9 ||p,Q[z] + t5°Mlg HP7Q[2] + 115 lg ||p,Q[z] < & (f, )0
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Therefore, we get
K, (f, tr)p,Q[z] < Qe (fit)pq,

and in a similar way
K (fit )po. < (fit)pq

for any subset e C [2], where Q. is given by (3.1). The last inequality and Lemma 3.1 prove (1.3)
for t <t. Now take a function g € W) (Q) such that

_ (1 _(r2 _
If =glpe + 513 lhe + 52157 e + B &5 e < (f, Do (3.11)
By Theorem 2.7 we have
_ _ _(pl _(r2 _
19 - T@lpe < G157 lpe + 15 e + G% 157 lpe- (3.12)

Since T;(g) € W, (Q) and (T;(g))"(©) = 0 for every non-empty subset e C [d], it holds for all t > £

Kr(fa tT)p,Q < ||f - Tr(§)| »,Q
< ||f —3llp,Q + HP_] - Tr(f_])Hp,Q
< Q(f, E)p,Q < Q.(f, t)p,Q’

where the third step combines (3.11) and (3.12). Therefore, (1.3) has been proved for arbitrary
t>0.0

4  Whitney type inequalities

Using the results from Section 3 we are now able to prove Theorem 1.1.

Proof. The first inequality in (1.2) is trivial. Indeed, if f € L,(Q) then for any non-empty e C [d]
and any ¢ € P, we have
Wr(e) <f7 6)1?7@ = wr(e)(f - ¥ 5)177@
(TI2)1s = elne:
ice
Hence, we obtain the first inequality in (1.2). On the other hand, from Theorem 2.7 it follows that
for any g € W (Q)

IN

E-(flpo < IIf =gl + Er(9)peo
< I =glhe + lo—T(9)lpe
< If =glva + (TT67) 19"l

i€e
Hence, we get
E(fpe < Ko(f,6")p0-

By Theorem 1.2 we have proved the second inequality in (1.2). O
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The result in Theorem 1.1 can be slightly modified. For r € Z%, h € R?, e C [d] and a d-variate
function f : R? — R the mixed p-mean modulus of smoothness of order r(e) is given by

1/p
— -1 r(e) p d
Wr(e)(f5t)p <(th )/U(t) /QT@h‘Ah (f, )P da dh) , teRY,

ice

where U(t) := {h € R?: |h;| < t;, i € [d]}, with the usual change of the outer mean integral to sup
if p = oo. This leads to the definition of the total mized p-mean modulus of smoothness of order r
for r € N¢ by
Welfthpo = Y, wyelfitho teRL.
eCld],e#0

Note that W,.(f,t), ¢ coincides with Q,(f,t), o when p = co. In a way similar to the proof of
Theorem 1.1 we can prove the following result.

Theorem 4.1 Let 1 < p < oo, 7 € N Then there are constants C,C" depending only on r,d
such that for every f € L,(Q)

CWe(fi0)pq < Er(flpq < C/WT(fv(s)P»Q

where § = 6(Q).

Remark 4.2 A corresponding inequality in the case 0 < p < 1 is so far left open for subsequent
contributions. It seems that the modulus W,.(f,t), g is suitable to treat this case, cf. the appendiz

of [12].
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