Quasicrystals, aperiodic order, and groupoid von Neumann algebras

Daniel Lenz^a, Peter Stollmann^b

May 2, 2002

a Fakultät für Mathematik, Technische Universität Chemnitz,

D-09107 Chemnitz, Germany E-mail:D.Lenz@mathematik.tu-chemnitz.de

b Fakultät für Mathematik, Technische Universität Chemnitz,

D-09107 Chemnitz, Germany E-mail:P.Stollmann@mathematik.tu-chemnitz.de

Abstract

We introduce tight binding operators for quasicrystals that are parametrized by Delone sets. These operators can be regarded in a natural operator algebra framework that encodes the long range aperiodic order. This algebraic point of view allows us to study spectral theoretic properties. In particular, the integrated density of states of the tight binding operators is related to a canonical trace on the associated von Neumann algebra.

1 Introduction: Quasicrystals and Delone dynamical systems

Quasicrystals have been discovered as solids that exhibit sharp Bragg peaks in diffraction experiments with symmetries disallowed for periodic order, see [26]. Due to that phenomenon, quasicrystals are supposed to have long range aperiodic order as explained in [12], which also contains useful information on the literature.

It is nowadays quite common to model this long range order by tilings or, equivalently, Delone sets. We adopt the second point of view and refer to [18, 25, 28, 29] for standard notions and bibliographic information. In this section, we briefly introduce the necessary notions. Details will be given in [21].

Definition 1.1. A subset ω ⊂ R^d is called a Delone set if there exist 0 < r_0 < r_1 such that for any p ∈ R^d the ball B_{r0} (p) contains at most one and B_{r1} (p) contains at least one element of ω.

Here B_r(p) denotes the closed ball centered at p with radius r. The points of a Delone set ω are interpreted as the positions of the atoms of a quasicrystal. Thus a natural attempt to describe a quasicrystal quantum mechanically is to associate with ω a tight binding operator H_ω defined on ℓ^2(ω) whose matrix elements represent the effective interaction and potentials. Clearly, such a hamiltonian should be shift invariant in the sense that H_{ω+t} is obtained from H_ω by translation. This leads to considering along with ω all the translations ω + t. (The shift T = (T_t)_{t∈R}d, T_tω := ω + t obviously maps Delone sets to Delone sets.)

According to [21] there is a topology on the set of closed subsets of R^d that is compact and has the property that translations are continuous. It is called the natural topology. See also [18], which we follow in the first part of the following Definition:

Definition 1.2. (1) If Ω is a closed set of Delone sets and invariant under the shift we call (Ω, T ) a Delone dynamical system, DDS for short. (2) A DDS is said to be of finite type, DDSF for short, if, furthermore, {ω − p|p ∈ ω, ω ∈ Ω} ∩ B_r(0) is finite for every r > 0.

The important finiteness condition in (2) above can be rephrased by saying that there are only finitely many non-equivalent (with respect to translation) patches ω∩B_r(p) of radius r around p ∈ ω. By what we said above Ω is compact for every DDS. See also [5, 18] for compactness results under more restrictive conditions, as well as [24]. Now a Delone dynamical system Ω can be used as a natural parameter space of a family of hamiltonians describing quasicrystals. It should be regarded as the analog of the hull of a quasiperiodic potential or the probability space of a random potential. Moreover it captures the symmetry inherent in the Delone sets.

We shall say that a DDSF is aperiodic if ω + t = ω (for some ω) implies t = 0. In this respect we follow the terminology of [28] and differ from [18].

It is our aim to prove that one has the same sort of results for families of Hamiltonians associated to Delone sets as in the almost periodic or random case. This includes results on

• (almost sure) constancy of spectral properties as well as absence of discrete spectrum under suitable conditions,

• a trace on a canonically associated von Neumann algebra giving rise to a spectral measure which is just the integrated density of states,

• a local procedure to calculate the density of states, yielding a strong type of Pastur-Shubin trace formula.

The study of random operators by means of operator algebras is not new. It goes back at least to the seminal work of Shubin [27] and Coburn/Moyer/Singer

[7]. Later C^∗-algebras associated to almost-periodic operators became a key tool in a program initiated by Bellissard centered around the so called gap-labelling (see e.g. [2, 3, 4]). These works focus on K-theory for almost-periodic operators. However, they also establish versions of Pastur-Shubin formulas (which are needed to calculate a certain functional on the K_0-groups) as well as certain spectral features. However, all these results are phrased and proven within the framework of crossed products. This means, the underlying Hamiltonians are all assumed to act on the same Hilbert space which is just the ℓ^2-space of the underlying (mostly discrete) group. While this is a quite general framework it is not sufficiently general to treat discrete random operators associated to tilings or Delone sets (unless of course the Delone set is a lattice). Namely, in this case each Hamiltonian H_ω has its own Hilbert space ℓ^2(ω) attached and this Hilbert space depends on ω and is not the ℓ^2 space of a group.

This difficulty is overcame in our present work by the use of Connes’ Noncommutative integration theory combined with certain direct integrals based on naturally arising fibred spaces.

This new setting allows us to directly tackle the first two points of our program. Our treatment of Pastur-Shubin-type formulas then consists of two results. The first result, giving weak convergence of certain measures, is analogous to corresponding results for random or almost periodic operators as e.g. [27, 2, 3], see work of Kellendonk [13] for a treatment of special tilings as well. It uses ideas of the cited works of Bellissard (see [13] as well) and of Hof [11]. The second result gives a very strong type of convergence for a large class of models. It is the very first result of its kind. Its proof relies on a new technique based on a recently established Banach-space-valued ergodic theorem.

Finally, let us mention that starting with the work of Kellendonk [13, 14], much has been established about the K-theory of certain tiling C^∗-algebras. We refer the reader to the survey articles by Kellendonk and Putnam [15] and the article by Bellissard/Herrmann/Zarrouati [5].

2 The associated von Neumann algebra

We shall use Delone dynamical systems as parameter spaces for operators associated with quasicrystals. A DDS Ω is viewed as standing for a type of quasicrystals and the elements ω ∈ Ω are considered as specific realizations, the points of ω representing the positions of the atoms of a quasicrystal. Notation is chosen to underline the analogy with random models [6, 23, 30], see also the almost random framework introduced in [2, 3]. However, there is a fundamental difference: in the situation at hand the hamiltonian H_ω is naturally defined on ℓ^2(ω) and the latter space varies with ω ∈ Ω. Clearly, a reasonable family (H_ω)_{ω∈Ω} should satisfy the covariance condition

H_{ω+t} = U_tH_ωU^∗_t , where U_t : ℓ^2(ω) → ℓ^2(ω + t) is the unitary operator induced by translation. For a DDSF (Ω, T ) consider the bundle Ξ := {(ω, x)|ω ∈ Ω, x ∈ ω} ⊂ Ω × R^d , that carries a natural measurable structure induced by C(Ω) ⊗ C_c(R^d ). Since Ω is compact, there exist T –invariant measures on Ω. Given such an invariant measure μ we can introduce the measure m = ∫ Ω ( ∑ x∈ω ϵ_x ) dμ(ω), ϵ_x the unit mass, and get

L^2(Ξ, m) = ∫_⊕ Ω ℓ^2(ω)dμ(ω). For a measurable, essentially bounded H = (H_ω )_{ω∈Ω} let π(H) = ∫_⊕ Ω H_ωdμ(ω) ∈ B(L^2(Ξ, m)). Define

N (Ω, μ) := {A = (A_ω )_{ω∈Ω}|A covariant, measurable and bounded}/ ∼, where ∼ means that we identify families that agree μ almost everywhere. In the notation of Connes’ [8] we would have H = (ℓ^2(ω))_{ω∈Ω}, Λ the transversal measure corresponding to the invariant measure μ on Ω and N (Ω, μ) = End_Λ(H), where Ω is considered as a groupoid with respect to translations. We get the following result, details of which will be given in [21].

Theorem 2.1. Consider an aperiodic and uniquely ergodic DDSF (Ω, T ). Let μ be the unique invariant probability measure. Then N (Ω, μ) is a factor of type II_D, where D = lim_{R→∞} #(ω ∩ B_R(0)) |B_R(0)| is the density of ω.

Of course, the existence of the limit that gives D had already be known and can be found, e.g., in [5]. This theorem is a consequence of the results in [8] and a direct calculation of the canonical trace τ(H) = ∫ Ω tr(H_ωM_f )dμ(ω)

that does not depend upon the choice of f ∈ C_c(R^d ) as long as f ≥ 0 and ∫ f(x)dx = 1. Note that the multiplication operator M_f acts on ℓ^2(ω) by restriction and that the resulting operator H_ωM_f has finite rank, since only finitely many points of ω lie in the support of f. This canonical trace is connected with the integrated density of states as will be seen in the next section. It can be defined on N (Ω, μ) whenever μ is an invariant measure. The relation to spectral theoretic properties of H is provided by the following measure ρ_H on R, defined by ⟨ρ_H , φ⟩ := τ(φ(H)) for φ ∈ C_b(R), for any H ∈ N (Ω, μ). Its fundamental importance is illustrated by:

Proposition 2.1. Let (Ω, T ) be an aperiodic DDSF, μ an invariant measure and H ∈ N (Ω, μ) selfadjoint. Then ρ_H is a spectral measure of H and π(H). If, moreover, μ is ergodic, then for μ–a.e. ω ∈ Ω we have that suppρ_H = σ(H_ω ) and that the discrete spectrum of H_ω is void.

Details will be given in [21]. Note that this is the analog of one of the basic results for random operators, [6, 23, 30]. In different context it can be found in [19, 20].

3 Tight binding operators

In order to describe the properties of disordered models quantum mechanically it is common to use a tight binding approach. E.g., a random model is often described by an operator on ℓ^2(Z^d) consisting of the Laplacian that stands for nearest neighbor interactions plus a random potential perturbation. We search for an analogous description of quasicrystals, introducing the following notion that still leaves a lot of flexibility. In comparison with the random or almost random case it is again the fact that the space varies that makes the fundamental difference. Details will appear in [22].

Definition 3.1. Let Ω ba a DDSF. A family A = (A_ω ), A_ω ∈ B(ℓ^2(ω)) is said to be an operator (family) of finite range if there exists R > 0 such that • (A_ω δ_x|δ_y) = 0 if x, y ∈ ω and |x − y| ≥ R. • (A_{ω+t}δ_{x+t}|δ_{y+t}) = (A_{ω̃}δ_x|δ_y) if ω∩B_R(x+t) = ω̃∩B_R(x)+t and x, y ∈ ω̃. This merely says that the matrix elements A_ω (x, y) = (A_ωδ_x|δ_y) of A_ω only depend on a sufficiently large patch around x and vanish if the distance between x and y is too large. Since there are only finitely many nonequivalent patches, an operator of finite range is bounded in the sense that ‖A‖ = sup_{ω∈Ω} ‖A_ω‖ < ∞. Moreover it is clear that every such A is covariant and consequently A ∈ N (Ω, μ) for every invariant measure μ. The completion of the space of all finite range operators with respect to the above norm is a C^∗–algebra that we denote by A(Ω). The representations π_ω : A → A_ω can be uniquely extended to representations of A(Ω) and are again denoted by π_ω : A(Ω) → B(ℓ^2(ω)). We have the following result:

Theorem 3.2. The following conditions on Ω are equivalent:

(i) (Ω, T ) is minimal.

(ii) For any selfadjoint A ∈ A(Ω) the spectrum σ(A_ω ) is independent of ω ∈ Ω.

(iii) π_ω is faithful for every ω ∈ Ω.

Next we relate the “abstract integrated density of states” ρ_H to the integrated density of states as considered in random or almost random models and defined by a volume limit over finite parts of the operator.

Note that for selfadjoint A ∈ A(Ω) and bounded Q ⊂ R^d the restriction A_ω|_Q defined on ℓ^2(Q ∩ ω) has finite rank. Therefore, the spectral counting function n(A_ω, Q)(E) := #{ eigenvalues of A_ω|_Q below E} is finite and that^1_{|Q|} n(A_ω , Q) is the distribution function of the measure ρ(A_ω , Q), defined by ⟨ρ(A_ω, Q), φ⟩ := 1 |Q| tr(φ(A_ω |_Q)) for φ ∈ C_b(R).

One of the fundamentals of random operator theory is the existence of the infinite volume limit N(E) = lim_{Q↗Rd} 1 |Q| n(A_ω, Q)(E) independently of ω a.s. This amounts to the convergence in distribution of the measures ρ(A_ω , Q) just defined. As a first result on weak convergence we get:

Theorem 3.3. Let (Ω, T ) be a uniquely ergodic DDSF and A ∈ A(Ω) selfadjoint. Then, for any van Hove sequence Q_n,

ρ(A_ω , Q_n) → ρ_A weakly as n → ∞.

Recall that a van Hove sequence consists of bounded sets Q_n that satisfy |∂_RQ_n| |Q_n| → 0 as n → ∞ for R > 0. This latter condition signifies that for every

R > 0 the fattened surface ∂_RQ_n = {p ∈ R^d : dist(y, ∂Q_n) ≤ R} of Q_n is negligible compared to the volume. This generalizes results implicit in Geerse and Hof [9] and Kellendonk [13], see also [10] and is an analog of results of Bellissard [2, 3] in the almost random setting. General arguments now yield the convergence in distribution for E a continuity point of the limit distribution. However, as we will show by examples in [22], discontinuities cannot be excluded. This may seem rather astonishing in view of what is known for random models as well as onedimensional quasicrystals. The reason is the more complicated geometry in dimensions d ≥ 2. In virtue of this remark the next result is of particular interest. It is based upon an ergodic theorem for Delone sets, details will be given in [22].

Theorem 3.4. Let (Ω, T ) be a minimal, uniquely ergodic, aperiodic DDSF. Then, for any van Hoove sequence Q_n,

ρ(A_ω , Q_n) → ρ_A in distribution as n → ∞,

uniformly in ω ∈ Ω for every selfadjoint A of finite range.

Note that both these last results can be regarded as abstract versions of the celebrated Shubin’s trace formula [27]. See also the discussion in [19] as well as [1, 6, 23, 2, 3] for the almost periodic, random and almost random case. The result holds as well for primitive substitutions. For the special case of the Penrose tiling related but weaker results can be found [9, 10], see [11] as well.

Acknowledgements:This research was supported by the DFG in the priority program “Quasicrystals”. The research of D.L. was supported in part by THE ISRAEL SCIENCE FOUNDATION (grant no. 447/99) and by the Edmund Landau Center for Research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation (Germany). Moreover, P.S. expresses his sincere gratitude for an invitation to the Université Paris 7 Denis Diderot where part of the work was done.

References

[1] J. Avron and B. Simon, Almost periodic Schrödinger Operators, II: The integrated density of states, Duke Math. J., 50, 1982, pp. 369-391

[2] J. Bellissard and R. Lima and D. Testard, Almost Periodic Schrödinger Operators. In: Mathematics + physics. Vol. 1, World Sci. Publishing, Singapore, 1995, pp. 1-64

[3] J. Bellissard, K–theory of C^∗–algebras in solid state physics. In: Statistical mechanics and field theory: mathematical aspects (Groningen, 1985), Lecture Notes in Physics, Vol. 257, Berlin, 1986, pp. 99-156

[4] J. Bellissard, Gap labelling theorems for Schrödinger operators. In:

From Number Theory to Physics, (M. Waldschmidt, P. Moussa, J.M. Luck, C. Itzykson eds.) Springer, Berlin, (1992), pp. 539–630

[5] J. Bellissard, D. J. L. Hermann, and M. Zarrouati, Hulls of Aperiodic Solids and Gap Labelling Theorem, In: Directions in mathematical quasicrystals, CRM Monogr. Ser., 13, Amer. Math. Soc., Provicence, RI, 2000, pp. 207–258

[6] R. Carmona and J. Lacroix, Spectral theory of random Schrödinger operators, Birkhäuser, Boston, 1990

[7] L. A. Coburn, R. D. Moyer and I. M. Singer, C^∗-algebras of almost periodic pseudo-differential operators, Acta Math., 130, (1973), pp. 279–307

[8] A. Connes, Sur la théorie non commutative de l’intégration. LNM, vol.

725, Springer, Berlin, 1979

[9] C.P.M. Geerse and A. Hof, Lattice gas models on self-similar aperiodic tilings, Rev. Math. Phys., 3, 1991, pp. 163-221

[10] A. Hof, A remark on Schrödinger operators on aperiodic tilings, J. Statist.

Phys., 81, (1996) pp. 851–855

[11] A. Hof, Some remarks on discrete aperiodic Schrödinger operators, J.

Statist. Phys., 72, (1993) pp. 1353–1374

[12] C. Janot, Quasicrystals: A Primer, Oxford University Press, Oxford, 1992

[13] J. Kellendonk, Noncommutative geometry of tilings and gap labelling, Rev. Math. Phys., 7, 1995, pp. 1133-1180

[14] J. Kellendonk, The local structure of tilings and their integer grouip of coinvariants, Comm. Math. Phys., 187, 1997, pp.115–157

[15] J. Kellendonk and I. F. Putnam, Tilings; C^∗-algebras, and K-theory.

In: Directions in mathematical quasicrystals, CRM Monogr. Ser., 13, Amer. Math. Soc., Provicence, RI, 2000, pp. 177-206

[16] J. C. Lagarias, Geometric Models for Quasicrystals I. Delone Sets of Finite Type, Ergodic Theory Dynam. Systems, to appear

[17] J. C. Lagarias, Geometric Models for Quasicrystals II. Local Rules Under Isometries, Ergodic Theory Dynam. Systems, to appear

[18] J. Lagarias and P.A.B. Pleasants, Repetitive Delone sets and Quasicrystals, Ergodic Theory Dynam. Systems, to appear

[19] D. Lenz, Random Operators and Crossed Products, Math. Phys. Anal.

Geom., 2, 1999, pp. 197-220

[20] D. Lenz, N. Peyerimhof and I. Veselic, Von Neumann algebras, Groupoids and the integrated density of states, eprint: arXiv

math-ph/0203026

[21] D. Lenz and P. Stollmann, Delone dynamical systems and associated random operators, eprint: arXiv math-ph/0202142

[22] D. Lenz and P. Stollmann, An ergodic theorem for Delone dynamical systems and existence of the density of states, in preparation

[23] L. Pastur and A. Figotin, Spectra of random and almost periodic operators, Springer-Verlag, Berlin, 1992

[24] M. Schlottmann, Generalized model sets and dynamical systems. In: Directions in Mathematical Quasicrystals, eds M. Baake and R.V. Moody, CRM Monograph series, AMS, Providence RI (2000), 143-159

[25] M. Senechal, Quasicrystals and Geometry, Cambridge University Press, Cambridge, 1995

[26] D. Shechtman, I. Blech, D. Gratias and J.W. Cahn: Metallic phase with long-range orientational order and no translation symmetry, Phys. Rev. Lett., 53, 1984, pp. 1951-1953

[27] M. Shubin, The Spectral Theory and the Index of Elliptic Operators with Almost Periodic Coefficients, Russian Math. Surveys, vol 34, 1979

[28] B. Solomyak, Dynamics of self-similar tilings, Ergodic Theory Dynam.

Systems, 17, 1997, pp. 695-738

[29] B. Solomyak, Spectrum of a dynamical system arising from Delone sets.

In: Quasicrystals and Discrete Geometry, ed. J. Patera, Fields Institute Monographs, vol. 10, AMS, Providence, RI 1998, pp. 265-275

[30] P. Stollmann, Caught by disorder: bound states in random media, Progress in Math. Phys., vol 20, Birkhäuser, Boston 2001