Trace Ideal Properties of Perturbed Dirichlet Semigroups

Peter Stollmann

Introduction

We study semigroup differences of the form e^{−t(H+μ)} − e^{−t(H+μ+ν)}, where H is the generator of a regular Dirichlet form and μ and ν are suitable measures. In the first section the appropriate classes of measures are introduced. Moreover, we provide a list of examples which can be treated in the Dirichlet form framework.

In the second section the above semigroup is investigated in terms of Hilbert– Schmidt and trace class properties. It turns out that if the set on which ν “lives”, the so–called quasi–support, has finite capacity then the above semigroup difference is Hilbert–Schmidt. A more restrictive condition on the quasi–support of ν is exhibited which implies that this difference is trace class.

1. Dirichlet forms plus measures

We consider trace ideal properties and their consequences in the framework of regular Dirichlet forms, see [10]. In [13] the more general setting of quasi–regular Dirichlet forms is described in detail; with minor changes, our results hold true in this setting. To begin we briefly recollect some basic material concerning the perturbation of Dirichlet forms by measures. Instead of reproducing all the definitions we illustrate the scope of this setting by some examples. In this respect, the monograph [6] is a good reference.

1.1. Examples. (1) On L_2(IR^d) the form

h_0[u, v] :=^∫ ∇u∇vdx, D(h_0) = W^{1,2}_0 (IR^d)

is a regular Dirichlet form.

(2) More generally, forms of the type h[u, v] =^∑_{i,j}^∫ aij(x)∂iu(x)∂jv(x)dx with domain W^{1,2}_0 (Ω) are regular Dirichlet forms for suitable a_{ij}; see [6], Section 1.2.

(3) In the last example also Neumann boundary conditions can be included, provided Ω has the extension property, see [1], p. 83f (in order that the form be regular, one needs that C(Ω) is dense in W^{1,2}(Ω)).

(4) If p : [0, ∞) × E × E → IR satisfies the basic assumptions of stochastic spetral analysis, “BASSA”, then the generator of the associated semigroup corresponds to a regular Dirichlet form on L_2(E). Thus our setting incorporates all the examples listed in [7].

We consider measure perturbations of regular Dirichlet forms and refer the reader to [2, 3, 14, 19, 21] where he can find more details as well as more relevant literature. A recent investigation of spectral theoretic properties of −Δ + μ can be found in [4]; see also the article of J. Brasche in the present volume.

Let us mention one point which makes measure perturbations interesting: They provide a convenient means of treating potentials and Dirichlet boundary conditions simultaneously.

We recall that a regular Dirichlet form h with domain D defines a set– function, the capacity, by

cap (K) := inf{h[u, u] + ‖u‖^2; u ∈ D, u ≥ χ_K }

for compact K and regular extension to arbitrary sets. The right class for the positive part of our perturbations is

M_0 := {μ : B → [0, ∞]; μ countably additive, μ << cap},

the class of measures which do not carge sets of zero capacity. It is wellknown that

(h + μ)[u, v] := h[u, v] +^∫ ũṽdμ

defines a closed form, where we write ũ for the quasi–continuous representative of u. 1.2. Examples. (1) If μ = V dx then h + μ = h + V is the usual form sum.

(2) (Cf. [3]) The measure ∞_A(B) := ∞ · cap(A ∩ B) defines an element of M_0. It is clear that

D(h + ∞A) = {u ∈ D; ũ = 0 q.e. on A} =: D0(A^c).

(3) For the classical Dirichlet form h_0 (see Example 1.1 (1)) and A = A it is not hard to check that

D(h_0 + ∞A) = W^{1,2}_0 (A^c),

so that h_0 + ∞_A is the form corresponding to the Dirichlet Laplacian on A^c. For more details on that we refer to [12, 9].

As negative parts of perturbations measures which satisfy a Kato condition turn out to be especially well suited. This is due to the fact that the corresponding semigroups still act on different L_p–spaces. We fix a regular Dirichlet form h with domain D on some L_2(X, m) and denote the corresponding operator by H. Let us now briefly recall the extended Kato class, introduced in [19]. We denote

Ŝ_K := {μ ∈ M_0; ⟨μ; (H + E)^{−1}·⟩ ∈ L_1(X, m)^′ = L_∞(X, m)}, c_E (μ) := ‖⟨μ, (H + E)^{−1}·⟩‖_∞, c(μ) := inf_{E>0} c_E (μ),

which generalizes the Kato class K_d of potentials. More precisely: V ∈ K_d implies that V dx ∈ Ŝ_K with respect to the classical Dirichlet form h_0, and c(V dx) = 0. We refer to [2, 19] for details. In [19] it is in particular shown that each μ^− ∈ Ŝ_K is form bunded with respect to h with bound c(μ) so that μ = μ^+ − μ^−, μ^+ ∈ M_0, μ^− ∈ Ŝ_K ,c_(μ^−) < 1 gives rise to a closed form h + μ. Due to the fact that μ^+ may be infinite this form is not necessarily densely defined, but we can associate a self adjoint operator H + μ in the Hilbert space D(h + μ) which is of the form L_2(Y ) for a subset Y of X. We extend the semigroup e^{−t(H+μ)} by 0 to all of L_2(X) and recall from [19] that it also acts on the spaces L_p(X).

A simple way of defining a suitable notion of support for measures in M_0 is the following: A quasi–closed set Σ(ν) is called quasi–support of ν if

h + ∞ν = h + ∞Σ(ν).

This definition from [17] is based on the characterization of closed lattice ideals in [15] and extends the notion of quasi–support which was given for the smaller class of smooth measures in [11]. It is easy to see that, for Radon measures, Σ(ν) is smaller than the usual support and that these sets need not be equal; the examples in [21], Section 9 can be interpreted in this sense.

2. Trace ideal properties of semigroup differences

Throughout this section we assume that h is a regular Dirichlet form with the additional property that e^{−tH} : L_1 → L_∞ is bounded. We write ‖ · ‖_{HS} for the Hilbert–Schmidt norm.

2.1. Theorem. Let μ^+, ν ∈ M_0 and μ^− ∈ Ŝ_K with c(μ^−) < 1/2. If cap(Σ(ν)) < ∞ then ‖e^{−t(H+μ)} − e^{−t(H+μ+ν)}‖_{HS} ≤ 2cap(Σ(ν))^{1/2}‖e^{−t(H−2μ} �_)

: L_2 → L_∞‖

for all t > 0.

The proof goes essentially along the same lines as the proof of Theorem 1 in [16] and will be given in [5]. This Theorem can, in particular, be applied to μ = V ∈ L^1_{loc} − K_d and ν = ∞_Γ in the setting of “BASSA”. As a consequence concerning large coupling limits we have (see [17], Corollary 2.4)

2.2. Corollary. Let μ, ν be as in the Theorem. Then H + μ + n · ν^{nrs}−→ H + μ + ∞_{Σ(ν)}, which means convergence in the norm resolvent sense.

Our next aim is an estimate of the trace norm ‖·‖_{tr} of the semigroup difference if ν has sufficiently small support. A recent application of such an inequality can be found in [18], where H = −Δ, μ = V ∈ L^1_{loc} − K_d and ν = ∞_S is considered. To formulate the appropriate condition on Σ(ν) we have to recall that there exists a Markov process which is associated with h in the sense that e^{−tH} f(x) = IE^x[f ∘ X_t]. By τ_B we denote the first hitting time of B,

τ_B(ω) = inf{t > 0 : X_t(ω) ∈ B}

for B ⊂ E. We have:

2.3. Theorem. Let If c_{Σ(ν)} := ∫ ( IP^x [ τ_{Σ(ν)} ≤ t ])_{1/2} dx < ∞ for some t > 0, where μ, ν are as in Theorem 2.1. Then ‖e^{−2t(H+μ)} − e^{−2t(H+μ+ν)}‖_{tr} ≤ 2c_B · ‖e^{−t(H−2μ} �_) : L_1 → L_2‖^2.

Again, this may be applied to obstacle scattering, setting ν := ∞_B. The slightly simpler case μ = 0 had been studied in [16]; under the more restrictive regime of “BASSA”, the corresponding results for μ = V dx, ν = ∞_Γ were obtained in [8]. Let us mention that the above Theorem can also be applied to scattering by non–closed obstacles. Of course, the Theorem implies trace class convergence e^{−t(H+μ+nν)} → e^{−t(H+μ+∞Σ(˚) )}.

In the case of the classical Dirichlet form on IR^d, the assumption on Σ(ν) occuring in the Theorem is satisfied for bounded sets. Related estimates for c_{Σ(ν)} can be found in Section 2 of [18].

Acknowledgement.

It is a pleasure to thank R. Lang for a fruitful discussion and for pointing out [20] to me.

References

[1] R. Adams: Sobolev Spaces. Academic Press, New York, 1975

[2] S. Albeverio and Z. Ma: Perturbation of Dirichlet forms–Lower semiboundedness, Closability, and Form Cores. J. Funct. Anal. 99 (1991), 332– 356 [3] J. Baxter, G. DalMaso and U. Mosco: Stopping times and Γ– convergence. Trans. Amer. Math. Soc. 303, 1–38 (1987)

[4] J. Brasche, P. Exner, Kuperin and P. Šeba: Schrödinger operators with singular interactions. Journ. Math. Anal. Appl., to appear.

[5] J. van Casteren, M. Demuth and P. Stollmann: Trace Class Properties for Integral Operators and Diffusion Semigroups. In preparation.

[6] E.B. Davies: “Heat kernels and spectral theory.” Cambridge University Press, Cambridge, 1989

[7] M. Demuth: On topics in spectral and stochastic analysis for Schrödinger operators. Proceedings “Recent Developments in Quantum Mechanics”, A. Boutet de Monvel et al. (eds.), Kluwer, 1991

[8] M. Demuth and J. van Casteren: Spectral Theory For Feller Generators.

Book in preparation.

[9] D. Feyel and A. de la Pradelle: Espaces de Sobolev sur les ouvert fins.

C. R. Acad. Sci, 280, série A, 1125–1127(1975)

[10] M. Fukushima: Dirichlet forms and Markov processes. North Holland, Amsterdam, 1980

[11] M. Fukushima and Y. Le Jan: On quasi–supports of smooth measures and closability of pre–Dirichlet forms. Osaka J. Math. 28 (1991), 837–845

[12] L.I. Hedberg: Spectral synthesis and stability in Sobolev spaces. In: Euclidean Harmonic Analysis, Proceedings Maryland, J.J. Benedetto (ed.), Lect. Notes in Math. 779, 73–103(1980)

[13] Z. Ma and M. Röckner: An introduction to the theory of (non– symmetric) Dirichlet forms. Springer, 1992

[14] P. Stollmann: Smooth perturbations of regular Dirichlet forms. Proc.

Amer. Math. Soc. 117 (1992), 747–752

[15] P. Stollmann: Closed ideals in Dirichlet spaces. Potential Analysis, to appear

[16] P. Stollmann: Scattering by obstacles of finite capacity. J. Funct. Anal., to appear

[17] P. Stollmann: A convergence theorem for Dirichlet forms with applications to boundary value problems with varying domains. Preprint 1993

[18] P. Stollmann and G. Stolz: Singular continuous spectrum for multidimensional Schrödinger operators with potential barriers. Preprint 1993

[19] P. Stollmann and J. Voigt: Perturbation of Dirichlet forms by measures.

Preprint, 1992

[20] P.G. Stolzman: Unpublished notes, 1993

[21] T. Sturm: Measures charging no polar sets and additive functionals of Brownian motion. Forum Math. 4 (1992), 257–297

Author’s address: Universität Frankfurt Fachbereich Mathematik D-60054 Frankfurt am Main.

E-mail: stollmann@mathematik.uni-frankfurt.dbp.de