Band edge localization in randomly perturbed crystals

Werner Kirsch, Peter Stollmann, Günter Stolz

1 The results

Random Schrödinger operators, i.e. families of Schrödinger operators H_ω depending on a random parameter ω ∈ Ω, a suitable probability space, are used in mathematical physics as a quantum mechanical model of disordered solids. Working in the one-electron approximation, i.e. studying the motion of a single electron in the force field of fixed disordered nuclei, the spectral characteristics of H_ω can be interpreted in terms of the dynamics of the electron (see the discussion of the RAGE theorem in [15, Ch.XI.17] and the references given therein): If H_ω has pure point spectrum almost surely (for almost every ω ∈ Ω), then the electron wave function essentially remains restricted to a bounded region for all times. In this case the solid is interpreted as being an electrical insulator. If, on the other hand, the spectrum is continuous, then the motion of the electron is unbounded in the time mean, where no time mean has to be taken in the case of absolutely continuous spectrum. In solid state physics this is seen as corresponding to a conductor.

Here we study a model for a crystal with randomly distributed impurities. The model is given by the random Schrödinger operator

H_ω = −Δ + V_{per} + V_ω (1.1)

in L^2(IR^d). The potential of the crystal is given by a real valued ZZ^d-periodic function V_{per} on IR^d, which in addition satisfies the technical requirement V_{per} ∈ L^p_{loc}(IR^d), where p = 2 if d ≤ 3, and p > d/2 if d ≥ 4. The impurities are thought to be alloy like, i.e. fixed to the period lattice, and described by an Anderson type random potential

V_ω(x) = ∑ k∈ZZd q_k (ω)f(x − k). (1.2)

Our assumptions on the single site potential f and the random coupling constants q_k are as follows:

Let f ∈ L^p(IR^d) with p as above have compact support, and let f ≥ χ_{Λs(0)} for some s > 0. Here χ_A denotes the characteristic function of some subset A of IR^d, and Λ_s(0) is the cube of sidelength s with center 0.

The q_k are independent, identically distributed real random variables on a probability space (Ω, IP). They are assumed to have absolutely continuous distribution with density g ∈ L^∞(IR), where supp g = [q_−, q_+], a compact interval. Thus, for example, one can choose

(Ω, IP) = ( [q_−, q_+]^{ZZd} , ⨂ k g(q_k)dq_k )

and q_k(ω) = ω_k for ω ∈ Ω.

The random Schrödinger operator H_ω as defined by (1.1) and (1.2) has first been studied for the special case V_{per} = 0. In this case the almost sure spectrum of H_ω is a half line [E_0, ∞), and for the choice f = χ_Λ1_{(0)} Kotani and Simon [14] have shown localization at low energies, i.e. that there is a δ > 0 such that H_ω almost surely has dense pure point spectrum in [E_0, E_0 + δ) with exponentially decaying eigenfunctions. Combes and Hislop [3] have extended this result to more general f using an additional disorder assumption on V_ω.

If V_{per} ≠ 0, then, in general, the spectrum of the periodic Schrödinger operator H_{per} = −Δ + V_{per} has band structure and, under some weak additional assumptions, is purely absolutely continuous, cf. [15, Ch.XVI]. It is not difficult to show that under the above assumptions one gets band structure also for the spectrum of H_ω. In fact, the following formula holds IP-almost surely:

σ(H_ω) = ⋃ q∈[q�,q+] σ H_{per} + q ∑ k∈ZZd f(· − k) =: Σ, (1.3)

for a proof see [12]. This implies band structure, where points in the boundary ∂Σ of Σ are given by band edges of either H_{per} + q_+ ∑ k f(· − k) or H_{per} + q_− ∑ k f(·−k). Energies at these boundary points correspond to the rare events that all coupling constants q_k(ω) are near q_+ or q_−. Thus ∂Σ is a fluctuation boundary and physically one expects localization for energies lying close to it. This is confirmed by our main result:

Theorem 1.1. Assume that there exists τ > d such that g satisfies

∫_q�_{+h} q� g(s) ds ≤ h^τ and ∫_q+ q+−h g(s) ds ≤ h^τ for small h > 0. (1.4)

Then in a neighborhood of ∂Σ the spectrum of H_ω is pure point IP-almost surely with exponentially decaying eigenfunctions.

Near the bottom of the spectrum we have the following result on localization:

Theorem 1.2. Assume that V_{per} is reflection symmetric with respect to all coordinate axes. Then in a neighborhood of inf Σ the spectrum of H_ω is pure point IP-almost surely with exponentially decaying eigenfunctions.

At the bottom of the spectrum we are able to apply a known result of Kirsch and Simon [11] on the Lifshitz tail behavior of the density of states. This allows us to drop the decay assumption (1.4) on g in Theorem 1.2, but the results from [11] need V_{per} to be reflection symmetric. The idea that Lifshitz tails should imply localization was to our knowledge first rigorously established by Klopp in [13].

There is recent work of Barbaroux, Combes and Hislop [2] which is closely related to our Theorem 1.1. They provide a general framework for band edge localization, which includes periodic Schrödinger operators as a special case, but also applies to certain models involving magnetic fields. Results on band edge localization for several other models have been given by Figotin and Klein, who studied random lattice operators [6], acoustic models [7] (see also [17]), and models from electrodynamics [8].

Full proofs of Theorems 1.1 and 1.2 and some generalizations are given in [12], where the various methods involved in the argument are described in detail. Even after a number of improvements in the presentation of the proofs have been found compared to former discussions of localization, this still involves considerable technical effort. Therefore we use the following section to outline the strategy used in the proofs by stating several intermediate results and sketching their proofs.

2 The proofs

21 The Simon-Wolff criterion and localization

The phenomenon of dense point spectrum has been found to be highly unstable under perturbations, see e.g. [4]. While this has proven to be an obstacle in establishing a general mathematical theory of localization, there is at least one criterion for localization which has turned out to be widely applicable. It was originally formulated in a paper by Simon and Wolff [16] for the case of lattice Schrödinger operators with random potential of Anderson type. The continuum version which we use below was essentially provided by Combes and Hislop in [3]. A drawback of this method is that it needs absolute continuity of the distribution of the random coupling constants q_k in (1.2), while other methods (e.g. [5]) principally can treat more singular distributions.

In order to apply the Simon-Wolff (Combes-Hislop) criterion, we use the following result, where R(z, ω) := (H_ω − z)^{−1}.

Theorem 2.1. Let Q : IR^d → IR be bounded, measurable and of compact support. Under the assumptions of Theorem 1.1 (resp. Theorem 1.2) there exists a neighborhood U of ∂Σ (resp. inf Σ) such that the following holds with probability one:

(a) For almost every E ∈ U sup_{ε≠0} ‖R(E + iε)Q‖ < ∞. (2.1)

(b) For almost every E ∈ U there exist C and γ > 0 such that

sup_{ε≠0} ‖χ_Λ1_{(x)}R(E + iε)Q‖ ≤ Ce^{−γ|x|} (2.2)

for every x ∈ ZZ^d.

Ideas on how to prove this result are discussed in the next subsection. Once Theorem 2.1 is established, then the Simon-Wolff criterion says that (a) implies pure point spectrum of H_ω in U for almost every ω, while the stronger result (b) is needed to show that eigenfunctions decay exponentially for E ∈ U and almost every ω. Thus Theorems 1.1 and 1.2 are both consequences of Theorem 2.1. A detailed proof is provided in [12], offering a variant of the treatment in

[16] respectively [3]. The first step is to show that Theorem 2.1 implies that polynomially bounded eigensolutions are automatically exponentially decaying:

Lemma 2.2. To every ω ∈ Ω there exists a subset S_ω ⊂ U (the neighborhood found in Theorem 2.1) such that |U \ S_ω| = 0 and the following holds:

If E ∈ S_ω and φ is a weak solution of (H_ω + λf)φ = Eφ with (1 + | · |^2)^{−s/2}φ ∈ H^1 (the first order Sobolev space) for some s ∈ IR, then there exist C and γ > 0 such that |φ(x)| ≤ Ce^{−γ|x|} for every x ∈ IR^d. The existence of polynomially bounded solutions required in Lemma 2.2 is a standard result from the theory of generalized eigenfunction expansions:

Lemma 2.3. Let H = −Δ + V in L^2(IR^d), where V is uniformly locally in L^p with p = 2 if d ≤ 3 and p >^d_2 if d ≥ 4. Let μ be a spectral measure and s > d/2. Then for μ-almost every E ∈ IR there exists a non-trivial weak solution φ of Hφ = Eφ with φ ∈ H^1_{−s}.

Lemmas 2.2 and 2.3 are now used as follows to prove Theorems 1.1 and 1.2: By an application of Fubini’s theorem and the absolutely continuous distribution of the q_k, it is sufficient to fix ω and prove localization of H_λ = H_ω + λf in U for almost every λ. This follows readily from Lemmas 2.2 and 2.3 after it is checked that the exceptional set U \ S_ω from Lemma 2.2 effects the spectrum of H_λ only for λ’s in a nullset. This is established by using a result on spectral averaging (taken from [3]) as final input.

22 Multiscale analysis

With one exception, Aizenman and Molchanov’s work [1] on lattice operators, all proofs of multidimensional localization which can be found in the literature have used the method of multiscale analysis. This method was first used in the context of random Schrödinger operators by Fröhlich and Spencer [9] and has meanwhile undergone a number of extensions and simplifications. We use it to prove Theorem 2.1. To set up this iterative procedure for proving (2.1) and (2.2) we use the following results as input. Detailed proofs for all of them are given in [12].

(a) The band edges of periodic Schrödinger operators change linearly under periodic perturbations of fixed sign:

Theorem 2.4. Let V, W ∈ L^p_{loc} be ZZ^d–periodic and p as above. Assume that W ≥ 0 is such that the interior of {x; W (x) ≥ α} is non-empty for some α > 0. Let H = −Δ+V, H(λ) = H +λW and denote by a(λ) ∈ ∂σ(H(λ)) a band edge varying continuously with λ ∈ (−λ_0, λ_0). Then there exists λ_1 > 0 and C > 0 such that |a(λ) − a(0)| ≥ C|λ| for |λ| ≤ λ_1. This result, whose proof depends mainly on unique continuation methods and analytic perturbation theory, is basic for turning the physical idea of a fluctuation boundary into a rigorous treatment of localization.

(b) We need a Wegner estimate for box hamiltonians, i.e. operators of the form

H_Λ(ω) = H_{per} + V_ω in L^2(Λ),

where Λ = Λ_ℓ(i), ℓ ∈ IN, i ∈ ZZ^d, and periodic boundary conditions are imposed.

Theorem 2.5. Let a ∈ ∂Σ. Then there is an open interval I containing a and a C_W such that for all intervals J ⊂ I and all Λ = Λ_ℓ(i) with ℓ ∈ IN, i ∈ ZZ^d we have: IP{σ(H_Λ(ω)) ∩ J ≠ ∅} ≤ C_W |J||Λ|^2. This estimate expresses that it is quite unlikely to “hit” an eigenvalue of H_Λ(ω) for fixed Λ and varying ω. Recently, Kirsch [10] has introduced a method which allows to conclude a Wegner estimate from estimates on the spatial distribution of eigenfunctions of box hamiltonians. Based on this method we get Theorem 2.5 as a consequence of

Proposition 2.6. Let a ∈ ∂Σ. Then there is an open interval I containing a and C > 0 such that for all Λ = Λ_ℓ(i) with ℓ ∈ IN, i ∈ ZZ^d, all ω ∈ Ω and all normalized eigenfunctions ψ of H_Λ(ω) corresponding to an eigenvalue μ ∈ I we have: ∑ k∈Λ ∫ Λs(k) |ψ(x)|^2dx ≥ C. The idea of the proof of Proposition 2.6 is that the spectral boundary can be shifted away from a by adding a suitable periodic perturbation with support in ⋃ k Λ_r(k) (r < s) to V_ω, cf. Theorem 2.4. ψ remains to be an eigensolution in the complement F of ⋃ k Λ_s(k). But the new operator has a spectral gap near a. A simple tunneling estimate shows that not all of ψ’s support can be concentrated in F .

(c) Finally, Theorem 2.4 and assumption (1.4) on the distribution of the q_k can be turned into a high probability estimate for a lower bound on the distance of the spectrum of a box hamiltonian to a band edge a ∈ ∂Σ:

Theorem 2.7. Assume (1.4) and let a ∈ ∂Σ. Then for any ξ ∈ (0, τ − d) there is a β > 0 and ℓ^∗ = ℓ^∗(τ, ξ) such that

IP{dist(σ(H_Λ(ω)), a) > ℓ^{β−1}} > 1 − ℓ^{−ξ} (2.3)

for Λ = Λ_ℓ(0) and ℓ ≥ ℓ^∗.

It is here where the argument can be improved for a = inf Σ if V_{per} is reflection symmetric. In this case results from [11] can be used to show that (2.3) holds for any ξ > 0, β ∈ (−1, 1) and sufficiently large ℓ, thus not requiring (1.4).

Theorem 2.7 is the starting point of the multiscale procedure, since by using a Combes-Thomas argument it can be turned into a decay estimate for resolvents of box hamiltonians similar to (2.2). Unfortunately, the decay rate found from this depends on ℓ and actually tends to 0 as ℓ becomes large, thus not leading to a global decay estimate as required for (2.2).

The idea now is to partition a larger box of sidelength ℓ^′ into smaller boxes of sidelength ℓ and varying centers x and to “expand” the resolvent of H_{Λℓ}0_{(0)}(ω) into resolvents of H_{Λℓ(x)}(ω). To apply this expansion successfully one needs two inputs:

(i) One needs to find a sequence of boxes Λ_ℓ(x) joining opposite sides of Λ_ℓ0(0) and such that the resolvents of H_{Λℓ(x)}(ω) all have “good” initial decay properties. Combinatorics show that this is the case with an even higher probability than probability (2.3) for an individual box Λ_ℓ(x) to be “good”.

(ii) A basic estimate for ‖(H_{Λℓ}0_{(0)}(ω) − E)^{−1}‖ is needed for every E in a neighborhood of a and with sufficiently large probability. This is a consequence of the Wegner estimate (Theorem 2.5).

One ends up with a resolvent decay estimate for the scale ℓ^′ with only slightly decreased decay rate than for ℓ, but with higher probability. An iteration of this step and a limiting argument including a summation over “shells” finally leads to the almost sure estimates claimed in Theorem 2.1. For details we again refer to [12].

Acknowledgements P. S. acknowledges travelling support by DFG and EPSCoR of Alabama. The work of G. S. was supported by Grant No. DMS-9401417 of the National Science Foundation.

References

[1] M. Aizenman and S. Molchanov: Localization at large disorder and at extreme energies: an elementary derivation. Commun. Math. Phys. 157, 245 – 278 (1993)

[2] J.M. Barbaroux, J.M. Combes and P.D. Hislop: Localization near band edges for random Schrödinger operators. Helv. Phys. Acta, to appear

[3] J.M. Combes and P.D. Hislop: Localization for some continuous, random Hamiltonians in d-dimensions, J. Funct. Anal., 124, 149 – 180 (1994)

[4] R. del Rio, S. Jitomirskaya, N. Makarov and B. Simon: Singular Continuous Spectrum is Generic. Bull. AMS 31, 208 – 212 (1994)

[5] H. von Dreifus and A. Klein: A new proof of localization in the Anderson tight binding model. Commun. Math. Phys. 124, 285 – 299 (1989)

[6] A. Figotin and A. Klein: Localization phenomenon in gaps of the spectrum of random lattice operators, J. Stat. Phys. 75, 997 – 1021 (1994)

[7] A. Figotin and A. Klein: Localization of classical waves I: Acoustic waves.

Commun. Math. Phys. 180, 439 – 482 (1996)

[8] A. Figotin and A. Klein: Localization of classical waves II: Electromagnetic waves. Preprint

[9] J. Fröhlich and T. Spencer: Absence of diffusion in the Anderson tight binding model for large disorder or low energy. Commun. Math. Phys. 88, 151 – 184 (1983)

[10] W. Kirsch: Wegner estimates and Anderson localization for alloy–type potentials. Math. Z. 221, 507 – 512 (1996)

[11] W. Kirsch and B. Simon: Lifshitz tails for periodic plus random potentials.

J. Stat. Phys. 42, 799 – 808 (1986)

[12] W. Kirsch, P. Stollmann and G. Stolz: Localization for random perturbations of periodic Schrödinger operators. Preprint

[13] F. Klopp: Localization for some continuous random Schrödinger operators. Commun. Math. Phys. 167, 553 – 569 (1995)

[14] S. Kotani and B. Simon: Localization in general one dimensional systems, II. Continuum Schrödinger operators. Commun. Math. Phys. 112, 103 – 120 (1987)

[15] M. Reed and B. Simon: Methods of Modern Mathematical Physics IV, Academic Press, New York, 1978

[16] B. Simon and T. Wolff: Singular continuous spectrum under rank one perturbations and localization for random Hamiltonians. Comm. Pure Appl. Math. 39, 75 – 90 (1986)

[17] P. Stollmann: Localization for acoustic waves in random perturbations of periodic media, in preparation

Addresses:

Institut für Mathematik Ruhr-Universität Bochum D-44780 Bochum, Germany

Fachbereich Mathematik Johann Wolfgang Goethe-Universität D-60054 Frankfurt am Main, Germany

University of Alabama at Birmingham Department of Mathematics Birmingham, AL 35294, USA

1991 Mathematics Subject Classification. Primary 81Q10; Secondary 35J10, 47A10

Received Date inserted by the Editor