MULTI-SCALE ANALYSIS IMPLIES STRONG DYNAMICAL LOCALIZATION

DAVID DAMANIK 1;2 AND PETER STOLLMANN 1

1 Fachbereich Mathematik, Johann Wolfgang Goethe-Universität, 60054 Frankfurt, Germany

2 Department of Mathematics 253–37, California Institute of Technology, Pasadena, CA 91125, U.S.A.

E-mail: damanik@its.caltech.edu, stollman@math.uni-frankfurt.de

Abstract. We prove that a strong form of dynamical localization follows from a variable energy multi-scale analysis. This abstract result is applied to a number of models for wave propagation in disordered media.

1. Introduction

In the present paper we prove that a variable energy multi-scale analysis implies dynamical localization in a strong (expectation) form. Thus we accomplish a goal of a long line of research. Ever since Anderson’s paper [5], the dynamics of waves in random media has been a subject of intensive research in mathematical physics. The breakthrough as far as mathematically rigorous results are concerned came with the paper [19] by Fröhlich and Spencer in which absence of diffusion is proven. They also introduced a technique of central importance to the topic: multi-scale analysis.

The next step was a proof of exponential localization, by which one understands pure point spectrum with exponentially decaying eigenfunctions; see the bibliography for a list of results in different generality. However, from the point of view of transport properties, exponential localization does not yield too much information. We refer to [13, 14] where a strengthening of exponential decay is introduced, property (SULE), which in fact allows one to prove dynamical localization. In [20] it was shown that a variable energy multi-scale analysis implies (SULE) almost surely, so that sup_{t>0} ‖|X|^pe^{−itH(ω)}P_I(H(ω))χ_K ‖ < ∞ P-a.s., where H(ω) is a random Hamiltonian which admits multi-scale analysis in the interval I, P_I is the spectral projector onto that interval, and K is compact.

We will strengthen the last statement to E^{ sup_{t>0} ‖|X|^pe^{−itH(ω)}PI(H(ω))χK ‖^} < ∞. Here, as in [20], the p which is admissible depends on the characteristic parameters of multi-scale analysis. In order to explain this we will sketch in the next section an abstract form of multi-scale analysis and introduce the necessary set-up. In 1

Section 3, we show that multi-scale analysis implies dynamical localization in the expectation. We do so by showing that (more or less) for η ∈ L^∞, supp η ⊂ I (the localized region),

E^{‖χΛ_1 η(H(ω))χΛ_2 ‖^} ≤ ‖η‖∞ · dist(Λ1, Λ2)^{−2ξ},

where ξ is one of the characteristic exponents of multi-scale analysis. We should note here that the main progress concerns continuum models, since for discrete models the Aizenman technique [1, 3] is available, which gives even exponential decay of the expectation above (see [2] for an exposition in which a number of applications is presented and the very recent [4] which shows that the Aizenman technique is applicable in the energy region in which multi-scale analysis works). However, our results clearly apply to discrete models with singular single-site distribution, most notably the one-dimensional Bernoulli-Anderson model. Moreover, we refer to [7] where a study of time means instead of the sup is undertaken. However, the latter paper does not contain too much about continuum models, and the results we present contain the estimates given there. In Section 4 we present our applications to a number of models for wave propagation in disordered media, including band edge dynamical localization for Schrödinger and divergence form operators as well as Landau Hamiltonians.

2. The multi-scale scenario

In this section we present the abstract framework for multi-scale analysis developed in [29]. We start with a number of properties which are easily verified for the applications we shall discuss, where H(ω) is a random operator in L^2(R^d) and H_Λ(ω) denotes its restriction to an open cube Λ ⊂ R^d with suitable boundary conditions.

We call a cube Λ = Λ_L(x) of sidelength L centered at x suitable if x ∈ Z^d and L ∈ 3N \ 6N. In this case Λ itself as well as Λ_{L/3}(x) are unions of closed unit cubes centered on the lattice. Denote

Λ^{int} := Λ_{L/3}(x), Λ^{out} := Λ_L(x) \ Λ_{L−2}(x),

and denote the respective characteristic functions by χ^{int} = χ^{int}_Λ = χ^{int}_{L,x} := χ_Λint and χ^{out} = χ^{out}_Λ = χ^{out}_{L,x} := χ_Λout .

The first condition concerns measurability and independence:

(INDY) (Ω, F, P) is a probability space; for every cube Λ, H_Λ(ω) is a self-adjoint operator in L^2(Λ), measurable in ω, such that H_{ΛL(x)}(ω) is stationary in x ∈ Z^d and H_Λ and H_Λ0 are independent for disjoint cubes Λ and Λ^′.

So far, H_Λ and H_Λ0 are not related if Λ ⊂ Λ^′. The next condition supplies a relation. In concrete examples it is the so-called geometric resolvent inequality which follows from commutator estimates and the resolvent identity. For E ∈ ρ(H_Λ(ω)), we denote

R_Λ(E) = R_Λ(ω, E) = (H_Λ(ω) − E)^{−1}.

(GRI) For given bounded I_0 ⊂ R, there is a constant C_{geom} such that for all suitable cubes Λ, Λ^′ with Λ ⊂ Λ^′, A ⊂ Λ^{int}, B ⊂ Λ^′ \ Λ, E ∈ I_0 and ω ∈ Ω, the following inequality holds:

‖χ_BR_Λ0(E)χ_A‖ ≤ C_{geom} · ‖χ_BR_Λ0(E)χ^{out}_Λ ‖ · ‖χ^{out}_Λ R_Λ(E)χ_A‖.

Finally, we need an upper bound for the trace of the local Hamiltonians H_Λ in a given bounded energy region I_0, which follows from Weyl’s law in concrete cases at hand.

(WEYL) For each interval J ⊂ I_0, there is a constant C such that

tr(P_J (H_Λ(ω)) ≤ C · |Λ| for all ω ∈ Ω.

Here P_J (·) denotes the spectral projection of the operator in question. Given this basic set-up, multi-scale analysis deals with an inductive proof of resolvent decay estimates. This resolvent decay is measured in terms of the following concept:

Definition 2.1. Let Λ = Λ_L(x), x ∈ Z^d, L ∈ 2N + 1. Λ is called (γ, E)-good for ω ∈ Ω if ‖χ^{out}R_Λ(E)χ^{int}‖ ≤ exp(−γ · L).

Λ is called (γ, E)-bad for ω ∈ Ω if it is not (γ, E)-good for ω.

We can now define the property on which we base our induction:

G(I, L, γ, ξ) ∀x, y ∈ Z^d, d(x, y) ≥ L the following estimate holds:

P{∀E ∈ I : ΛL(x) or ΛL(y) is (γ, E)-good for ω} ≥ 1 − L^{−2ξ}.

The basic idea of the multi-scale induction is that we consider some larger cube Λ^′ with sidelength L^′ = L^α. With high probability there are not too many disjoint bad cubes of sidelength L in Λ^′. Of course, since the number of cubes in Λ^′ is governed by α, this will only hold if α is not too large, depending on ξ.

By virtue of the geometric resolvent inequality (GRI), each of the good cubes of sidelength L in Λ^′ will add to exponential decay on the big cube. In order to make this work, we will additionally need a “worst case estimate.” This is given by the following weak form of a Wegner estimate:

W (I, L, Θ, q) For all E ∈ I and Λ = Λ_L(x), x ∈ Z^d, the following estimate holds:

P{dist(σ(HΛ(ω)), E) ≤ exp(−L^Θ)} ≤ L^{−q} .

We have the following theorem:

Theorem 2.2. Let I_0 ⊂ R be a bounded open set and assume that H_Λ(ω) satisfies (INDY), (GRI) and (WEYL) for I_0.

Assume that there are L_0 ∈ 2N + 1, q > d, Θ ∈ (0,^1_2 ) such that for L ≥ L_0, L ∈ 2N + 1, the Wegner estimate W (I_0, L, Θ, q) is valid.

Furthermore, fix ξ_0 > 0 and β > 2Θ. Let α ∈ (1, 2) be such that 4d α − 1 2 − α ≤ ξ_0 ∧ 1 4 (q − d). Then there exist C_1 = C_1(d, C_{geom}) and L^∗ = L^∗(q, d, ξ_0, Θ, β, α) such that the following implication holds:

If for I ⊂ I_0, L ≥ L^∗, L ∈ 3N \ 6N, and γ_L ≥ L^{β−1}, the estimate G(I, L, γ_L, ξ_0) is satisfied, then G(I, L^′, γ_L0, ξ) also holds, where

(i) L^′ ∈ 3N \ 6N, L^α ≤ L^′ ≤ L^α + 6, (ii) ξ ≥ ξ_0 ∧ [^1_4 (q − d)],

(iii) γ_L0 ≥ γ_L(1 − 8L^{1−α}) − C_1 · L^{−1} − 6L^{α(Θ−1)} ≥ (L^′)^{1−β}.

For a proof of the result in this form we refer to [29]. It is modelled after the variable multi-scale analysis by von Dreifus-Klein [15]. See also [17] and [20] for continuum versions.

Let us now formulate an immediate consequence of the preceding theorem.

Corollary 2.3. Let I_0, (H_Λ(ω)), ξ_0, β, q, Θ, α ∈ (1, 2) be as in Theorem 2.2. There exists L = L(ξ_0, β, Θ, q, C_{geom}, α) such that the following holds.

If I ⊂ I_0 and G(I, L, γ_L, ξ_0) is satisfied for some γ_L ≥ L^{β−1} and some L ≥ L, then there exist a sequence (L_k)_{k∈}N⊂ 3N \ 6N and γ_∞ > 0 with the following properties:

(i) For all k ∈ N, the estimate G(I, L_k, γ_∞, ξ) is satisfied, where ξ = ξ_0 ∧^1_4 (q −d). (ii) L^α_k ≤ L_{k+1} ≤ L^α_k + 6.

3. Multi-scale estimates imply strong dynamical localization

We keep the framework introduced in the preceding section. Thus we start out with a family H_Λ of random local Hamiltonians where Λ runs through the suitable cubes. Now we introduce a link to a Hamiltonian on the whole space R^d. Consider the statement

(EDI) Assume that H(ω) is a self-adjoint operator in L^2(R^d), measurable with respect to ω, and suppose that there is a measurable set Ω_1 with P(Ω_1) = 1 and a constant C_{EDI} such that for every ω ∈ Ω_1, the spectrum of H(ω) in I_0 is pure point and every eigenfunction u of H(ω) corresponding to E ∈ I_0 satisfies

‖χ^{int}_Λ u‖ ≤ C_{EDI} · ‖χ^{out}_Λ (H_Λ(ω) − E)^{−1}χ^{int}_Λ u‖ · ‖χ^{out}_Λ u‖. (EDI)

For the operators H(ω) we shall consider in Section 4 and H_Λ(ω) the restriction to Λ with respect to suitable boundary conditions, the eigenfunction decay inequality (EDI) readily follows. Moreover, in this case, we can use the multi-scale machinery to prove pure point spectrum almost surely. Therefore, the condition above seems to be a natural abstract condition. We can now state the main result of the present paper:

Theorem 3.1. Assume that H(ω) and H_Λ(ω) satisfy (INDY), (GRI), (WEYL) and (EDI) above for a given bounded open set I_0 ⊂ R. Moreover, assume (i) χ_ΛP_{I0} (H(ω))χ_Λ is trace class for every suitable cube Λ and

tr(χ_ΛP_{I0} (H(ω)) ≤ C_{tr} · |Λ|^κ

for some fixed κ.

(ii) There exist L_0 ∈ N, q > d and Θ ∈ (0,^1_2 ) such that for L ∈ 3N \ 6N, L ≥ L_0, the Wegner estimate W (I_0, L, Θ, q) is valid.

(iii) For q > d from the Wegner estimate and ξ_0 > 0 we have that

p < 2ξ_0 ∧^1_4 (q − d).

Then there exists L = L(p, ξ_0, β, Θ, q, C_{geom}, d) such that if (iv) for some L ∈ 3N \ 6N, L ≥ L, there is an open interval I ≠ ∅, I ⊂ I_0, such that G(I, L, L^{β−1}, ξ_0) holds, then for every η ∈ L^∞ with supp η ⊂ I, it follows that E{‖|X|^p η(H(ω))χK ‖} < ∞ for every compact set K ⊂ R^d.

Let us first sketch the idea of the proof which is quite simple. Of course, by |X|^p we denote the operator of multiplication with |x|^p.

We write

‖χ_{Λ1} η(H(ω))χ_{Λ2} ‖ ≤ ∑ E_n ∈I_0 ‖χ_{Λ1} ϕ_n(ω)‖ · ‖χ_{Λ2} ϕ_n(ω)‖ · |η(E_n(ω))|, (3.1)

where E_n(ω), ϕ_n(ω) denote the eigenvalues and eigenfunctions of H(ω) in I. The probability that both Λ_1 and Λ_2 are bad for the same E_n(ω) is small, roughly polynomially in the distance between Λ_1, Λ_2. If one of them is good, the eigenfunction decay inequality (EDI) says that one of the norms appearing in the rhs of (3.1) is exponentially small. This leads to a polynomial decay of E{‖χ_{Λ1} η(H(ω))χ_{Λ2} ‖} once the interval I is suitably chosen to guarantee the necessary probabilistic estimates. The assumption in (iii) of the theorem ensures that the polynomial growth of |X|^p is killed by this polynomial decay. To make all of this work we have to overcome the difficulty that in the sum in (3.1) we have infinitely many terms. This is taken care of by analyzing the centers of localization x_n(ω) of ϕ_n(ω). All this will be done relatively to a certain length scale L_k.

We proceed in several steps. The first steps will be used to choose an appropriate α and set up a multi-scale scenario. Then we take care of those ϕ_n(ω) whose centers are far away from K. To this end, we employ the Weyl-type trace condition (i).

Proof. Step 1. Choose α ∈ (1, 2) such that 4d α − 1 2 − α ≤ 1 4 (q − d) ∧ ξ_0 =: ξ and 3d(α − 1) + αp < 2ξ. Note that the latter condition can be achieved for α > 1 small enough, since p < 2ξ. For this choice of α, let L be the minimal length scale from Corollary 2.3.

We can now use Theorem 2.2 and Corollary 2.3 to find a sequence (L_k)_{k∈}N⊂ N and a constant γ > 0 such that for every k,

• L_k ∈ 3N \ 6N, • L^α_k ≤ L_{k+1} ≤ 6L^α_k , • G(I, L_k, γ, ξ) is satisfied.

For j ∈ N, denote Γ_j = (_{Lj} 3 Z^{)d} and

E_j = {ω ∈ Ω; for some E ∈ I there exist y, z ∈ Γ_j ∩ Λ_{3Lj+1} such that Λ_{Lj} (y) and Λ_{Lj} (z) are disjoint and both not (γ, E)-good}.

Since Γ_j ∩ Λ_{3Lj+1} ≤ (_{9Lj+1} L_j )_d ≤ (54)^dL^{d(α−1)} j and G(I, L_j , γ, ξ) holds, we have P(Ej) ≤ cdL^{2d(α−1)−2ξ} j . For k ∈ N, denote Ω^k_{2bad} = ⋃ j≥k E_j.

Claim. For every k ∈ N,

P(Ω^k_{2bad}) ≤ c(α, d, ξ) · L^{2d(α−1)−2ξ}_k . (3.2)

Proof. We have

P(Ω^k_{2bad}) ≤ cd ·^∑_{j≥k} L^{2d(α−1)−2ξ}_j ≤ c_d · L^{2d(α−1)−2ξ} k · ( 1 + ∑ j≥k+1 ( L_j L_k )_{2d(α−1)−2ξ}) . Now, for j ≥ k + 1, L_j L_k ≥ L^{αj} �k_k L_k = L^{αj} �k_{−1} k ≥ 3^{αj} �k , which gives the assertion.

Step 2. Denote by ϕ_n(ω) the normalized eigenfunctions of H(ω), ω ∈ Ω_1 with corresponding eigenvalues E_n(ω) ∈ I. For each ω, n, define a center of localization x_n(ω) ∈ Z^d by ‖χ_{Λ1(xn(ω))}ϕ_n(ω)‖ = max{‖χ_{Λ1(y)}ϕ_n(ω)‖; y ∈ Z^d}.

Since ϕ_n(ω) ∈ L^2, such a center always exists.

Claim. There is k_0 = k_0(γ, d, C_{EDI}) such that for ω ∈ Ω_1, k ≥ k_0 and x_n(ω) ∈ Λ^{int}_{Lk} (x), the cube Λ_{Lk} (x) is (γ, E_n(ω))-bad.

Proof. Assume otherwise. Then by (EDI) it follows that ‖χ_{Λ1(xn(ω))}ϕ_n(ω)‖ ≤ ‖χ^{int}_{Lk,x}ϕ_n(ω)‖ ≤ C_{EDI} · e^{−γLk} · ‖χ^{out}_{Lk,x}ϕ_n(ω)‖. Estimating the number of unit cubes in Λ^{out}_{Lk} (x) very roughly by L^d_k we find that · · · ≤ C_{EDI} · e^{−γLk} · L^d_k · max_{x̃∈ΛoutL} k (x) ‖χ_{Λ1(x̃)}ϕ_n(ω)‖. If k_0 is large enough to ensure C_{EDI} · e^{−γLk0} · L^d_{k0} < 1, the inequality above contradicts the choice of x_n(ω).

Step 3: Let ω ∈ Ω^k_{2good} = (Ω^k_{2bad})^c ∩ Ω_1 with k ≥ k_0. Then there exists j_0 = j_0(γ, α, d, C_{EDI}) such that for j ≥ j_0, j ≥ k and x_n(ω) ∈ Λ_{Lj+1} , ‖(1 − χ_{3Lj+2} )ϕ_n(ω)‖^2 ≤^1_4 , where χ_L is shorthand for χ_{ΛL(0)}.

Proof. We divide Λ^c_{3Lj+2} into angular regions M_i, M_i = Λ_{3Li+1} \ Λ_{3Li} , i ≥ j + 2.

We have ‖(1 − χ_{3Lj+2} )ϕ_n(ω)‖^2 = ∑ i≥j+2 ‖χ_{Mi} ϕ_n(ω)‖^2 = ∑ i≥j+2 ∑ x̃∈M_i∩Γ_i ‖χ^{int}_{Li,x̃}ϕ_n(ω)‖^2. By construction of M_i, for every x̃ ∈ M_i ∩ Γ_i, we find x̃_n ∈ Γ_i ∩ Λ_{Lj+1} such that x_n(ω) ∈ Λ^{int}_{Li} (x̃_n) and d(x̃, x̃_n) ≥ L_i.

Since Λ_{Li} (x̃_n) is (γ, E_n(ω))-bad and ω ∈ Ω^k_{2good}, it follows that Λ_{Li} (x̃) is (γ, E_n(ω))-good so that ‖χ^{int}_{Li,x̃}ϕ_n‖^2 ≤ (C_{EDI})^2 · e^{−2γLi} .

Since #M_i ∩ Γ_i grows only polynomially in L_i, the assertion follows.

Step 4: There exists C = C(γ, α, d, κ, C_{tr}) such that for ω ∈ Ω^k_{2good}, j ≥ k, #{n; x_n(ω) ∈ Λ_{Lj+1} } ≤ C · L^{ακd}_{j+1}. Proof. Since #{. . .} is non-decreasing in j, and since j_0 from Step 3 only depends on (γ, α, d), we can restrict ourselves to the case j ≥ j_0 and adapt the constant C.

We start by observing ∑ x_n∈Λ_{Lj+1} (χ_{3Lj+2} P_I (H(ω))χ_{3Lj+2} ϕ_n(ω)|ϕ_n(ω)) ≤ tr(χ_{3Lj+2} P_I (H(ω))).

We want to show that each of the terms in the sum is at least^1_2 , thus giving an estimate on the number as asserted. Using Step 3 and suppressing ω, we have (χ_{3Lj+2} P_Iχ_{3Lj+2} ϕ_n|ϕ_n) = (χ_{3Lj+2} P_I ϕ_n|ϕ_n) − (χ_{3Lj+2} P_I(1 − χ_{3Lj+2} )ϕ_n|ϕ_n) ≥ (χ_{3Lj+2} ϕ_n|ϕ_n) −^1_4 = (ϕ_n|ϕ_n) − ((1 − χ_{3Lj+2} )ϕ_n|ϕ_n) −^1_4 ≥^1_2 .

Plugging this into the above estimate on the trace, we get the claimed bound for the number #{n; . . . }.

Step 5: There is k_1 = k_1(C_{EDI}, α, C_{tr}, κ, L_0, γ, d) such that for k ≥ k_1, ω ∈ Ω^k_{2good} and x ∈ Γ_k ∩ Λ_{Lk+1} \ Λ_{Lk} , ‖χ^{int}_{Lk,x}η(H(ω))χ^{int}_{Lk ,0}‖ ≤ exp(−^γ_2 L_k) · ‖η‖_∞. Proof. We have ‖χ^{int}_{Lk,x}η(H(ω))χ^{int}_{Lk,0}‖ ≤ ∑ E_n ∈I |η(E_n(ω))| · ‖χ^{int}_{Lk,x}ϕ_n(ω)‖ · ‖χ^{int}_{Lk,0}ϕ_n(ω)‖. (3.3) We now divide the sum according to where the x_n(ω) are located: ∑ E_n ∈I x_n (ω)∈Λ_{k+1} ‖χ^{int}_{Lk,x}ϕ_n(ω)‖ · ‖χ^{int}_{Lk,0}ϕ_n(ω)‖ ≤ C · L^{ακd}_{k+1} · C_{EDI} · e^{−γLk} ,

since one of the cubes Λ_{Lk} (x), Λ_{Lk} (0) has to be (γ, E_n(ω))-good and the number of x_n(ω) has been estimated in Step 4.

For k large enough, depending only on the indicated parameters, k ≥ k_0, ∑ E_n ∈I x_n(ω)∈Λ_{k+1}

‖χ^{int}_{Lk,x}ϕ_n(ω)‖ · ‖χ^{int}_{Lk,0} ϕ_n(ω)‖ ≤^1_2 exp(−^γ_2 L_k). (3.4)

We now treat the remaining terms. Note that for j ≥ k+1 and x_n(ω) ∈ Λ_{Lj+1} \Λ_{Lj} , we find an x̃_n(ω) ∈ Λ_{Lj+1} ∩Γ_j such that x_n(ω) ∈ Λ^{int}_{Lj} (x̃_n(ω)). From Step 2 we know that Λ_{Lj} (x̃_n(ω)) must be (γ, E_n(ω))-bad so that Λ_{Lj} (0) has to be (γ, E_n(ω))-good since ω ∈ Ω^k_{2good}. Therefore

‖χ^{int}_{Lk,0}ϕ_n(ω)‖ ≤ ‖χ^{int}_{Lj ,0}ϕ_n(ω)‖ ≤ C_{EDI} · exp(−γL_j ).

Using Step 4 again, we see that ∞∑ j=k+1 ( ∑ x_n∈Λ_{Lj+1} \Λ_{Lj} ‖χ^{int}_{Lk,x}ϕ_n(ω)‖ · ‖χ^{int}_{Lk,0}ϕ_n(ω)‖ ) ≤ C · C_{EDI} · ∞∑ j=k+1 e^{−γLj} L^{ακd}_{j+1} ≤^1_2 exp(−^γ_2 L_k)

if k ≥ k_1(C_{EDI}, α, C_{tr}, κ, L_0, γ, d). The latter estimate, together with (3.3) and (3.4), gives the assertion.

Step 6: For k ≥ k_1 from Step 5 and x ∈ Γ_k ∩ Λ_{Lk+1} \ Λ_{Lk} , we have E{‖χ^{int}_{Lk ,x}η(H(ω))χ^{int}_{Lk ,0}‖} ≤ ‖η‖∞ ·^(c(α, d, ξ) · L^{2d(α−1)−2ξ}_k + exp(−^γ_2 Lk)^). Proof. For ω ∈ Ω^k_{2bad}, we can estimate the norm by ‖η‖_∞ and use Step 1, while for ω ∈ Ω^k_{2good}, we can use Step 5.

Put together, we have

E{. . . } ≤ ‖η‖∞ ·^(P(Ω^k_{2bad}) + exp(−^γ_2 Lk)P(Ω^k_{2good})^) ≤ ‖η‖_∞ · ( c(α, d, ξ)L^{2d(α−1)−2ξ} k + exp(−^γ_2 L_k) ) . Step 7: End of the proof.

For compact K, we find k ≥ k_1 such that K ⊂ Λ^{int}_{Lk} (0). Then with D = D(d, k, p, ‖η‖_∞), we have E^{‖|X|^pη(H(ω))χK ‖^} ≤ cdL^p_k‖η‖∞ + E^{{ ∑}_{j≥k} ‖|X|^pχΛ_{Lj+1} \Λ_{Lj} η(H(ω))χK ‖^} ≤ D + ∑ j≥k c_dL^p_{j+1} ∑ x̃∈Λ_{Lj+1} \Λ_{Lj} x̃∈Γ_j E{‖χ^{int}_{Lj ,x̃}η(H(ω))χ^{int}_{Lj ,0}‖} ≤ D [ 1 + ∑ j≥1 L^{αp}_j L^{d(α−1)} j ( L^{2d(α−1)−2ξ} j + exp(−^γ_2 L_j ) )]

< ∞, since αp + 3d(α − 1) − 2ξ < 0 and the L_j grow fast enough.

Although we cannot apply the theorem directly, a look at the proof, particularly at Steps 5 to 7, shows that we have the following:

Corollary 3.2. Let the assumptions of Theorem 3.1 be satisfied. Then we have E^{ sup_{t>0} ‖|X|^pe^{−itH(ω)}PI(H(ω))χK ‖^} < ∞. 4. Applications

In this section we present a list of models for which the variable energy multiscale analysis has been established and which therefore exhibit strong dynamical localization by the results of the preceding section.

4.1. Periodic plus Anderson. Here we discuss band edge localization for alloytype models which consist of a periodic background operator with impurities sitting on the periodicity lattice. We take Z^d as this lattice simply for notational convenience; a reformulation for more general lattices presents no difficulties whatsoever. Note that compared with most results available in the literature, we assume minimal conditions on the single-site measure:

1. Let p = 2 if d ≤ 3 and p > d/2 if d > 3.

2. Let V_0 ∈ L^p_{loc}(R^d), V_0 periodic w.r.t. Z^d and H_0 = −Δ + V_0. 3. Let f ∈ L^p(Λ_1(0)), f ≥ 0 and f ≥ σ on Λ_s(0) for some σ > 0, s > 0; f is called the single-site potential.

4. Let μ be a probability measure on R, with supp μ = [q_−, q_+], where q_− < q_+ ∈ R; μ is called the single-site measure.

5. Let Ω = [q_−, q_+]Z^d, P= ⨂ Zd^{μ on Ω}

and q_k : Ω → R, q_k(ω) = ω_k. 6. Let V_ω(x) := ∑ k∈Zd^{qk(ω)f(x − k)} and H^A(ω) = −Δ + V_0 + V_ω .

For an elementary discussion of this model and all the ingredients necessary to prove localization, we refer to [29]; see also [22, 23]. Note that to conform with standard notation, we denote by p both the power of the moment operator in the dynamical bounds and the power defining the appropriate L^p space the potentials have to belong to. This, however, should not lead to any real confusion.

Theorem 4.1. Let H^A(ω) be as above. Assume that the single-site measure μ is Hölder continuous, that is, there exists a > 0 such that for every interval J of length small enough, μ(J) ≤ |J|^a. Denote Σ = σ(H^A(ω)) a.e. and E_0 = inf Σ. Let p > 0. Then there exists ε_0 > 0 such that for η ∈ L^∞(R) with supp η ⊂ [E_0, E_0 + ε_0] and compact K, we have E{‖|X|^p η(H^A(ω))χK ‖} < ∞. Moreover, for I ⊂ [E_0, E_0 + ε_0] and K compact: E^{ sup_t ‖|X|^pe^{−iHA (ω)t}PI (H^A(ω))χK ‖^} < ∞. Proof. It is well known that (INDY), (WEYL), (GRI) and (EDI) are satisfied if we take for H^A_Λ the operator H^A restricted to Λ with periodic boundary conditions. Due to [22, 28] we have a Wegner estimate of the form

P{dist(σ(H^A_Λ (ω)), E0) ≤ exp(−L^Θ )} ≤ C · L^2 · d · exp(−aL^Θ ),

where L denotes the sidelength of the cube Λ. In particular, W (I_0, L, Θ, q) is satisfied for a neighborhood I_0 of E_0, arbitrarily given Θ and q, and L large enough. For given p > 0, we can start the multi-scale induction with 2ξ > p by Lifshitz asymptotics.

Note that the above theorem includes the case of single-site potentials with small support. Moreover, using Klopp’s analysis of internal Lifshitz tails [26], Veselic establishes the necessary initial length scale estimates at lower band edges in the case where H_0 exhibits a non-degenerate behavior at the corresponding edge [30], so the result above extends to this case. If one does not know that H_0 has a non-degenerate band edge, one can still derive an initial length scale estimate by requiring a disorder assumption. This, however, might put some restriction on the power p.

Theorem 4.2. Let H^A(ω) be as above. Assume

(i) The single-site measure μ is Hölder continuous. (ii) There exists τ > d such that for small h > 0,

μ([q_−, q_− + h]) ≤ h^τ and μ([q_+ − h, q_+]) ≤ h^τ .

Denote Σ = σ(H(ω)) a.e. and let E_0 ∈ ∂Σ. Let p < 2(2τ − d). Then there exists ε_0 > 0 such that for η ∈ L^∞(R) with supp η ⊂ [E_0 − ε_0, E_0 + ε_0] and compact K, we have E{‖|X|^p η(H^A(ω))χK ‖} < ∞. Moreover, for I ⊂ [E_0 − ε_0, E_0 + ε_0] and K compact: E^{ sup_t ‖|X|^pe^{−iHA (ω)t}PI (H^A(ω))χK ‖^} < ∞. Proof. We have already checked everything except for the initial length scale estimate G(I, L, γ, ξ), and in particular how large ξ can be taken. By an elementary argument, we can take ξ subject to the condition ξ < 2τ − d (see [22]), which gives the claimed result.

With a modification of independent multi-scale analysis given in [23] we can also treat the correlated or long-range case, by which we understand that the single-site potential f is no longer assumed to have support in the unit cube; see [23].

Theorem 4.3. Let H^A(ω) be as above, with condition 3 replaced by 3. Let f ∈ L^p_{loc}, f ≥ 0 and f ≥ σ on Λ_s(0) for some σ > 0, s > 0; f ≤ C|x|^{−m} for |x| large. Then the conclusions of Theorems 4.1 and 4.2 hold true with p < 2 ( m 4 − d ) and p < 2 ( m 4 − d ) ∧ 2(2τ − d), respectively.

Remark. Although discrete models are not explicitly included in the above framework, our principal strategy pursued in Section 3 is clearly able to treat random operators in ℓ^2(Z^d) for which a multi-scale analysis has been established. In particular, building on results from [8] one may establish strong dynamical localization for the discrete Anderson model, where for d = 1, even pure point single-site measures (e.g., the Bernoulli case) are within the scope of this result. See [8] for explicit requirements to make the multi-scale machinery work. We thus obtain new results on strong dynamical localization also in the discrete case since the Aizenman method does not cover single-site distributions which are too singular (e.g., the Bernoulli case).

4.2. Random divergence form operators. The following type of model has been introduced in [17, 27] in order to study classical waves (see [17] for a motivation). These models are also intensively studied in [29].

1. Let a_0 : R^d → M (d × d) be measurable, Z^d-periodic and such that for some η > 0, M > 0, η ≤ a_0(x) ≤ M for all x ∈ R^d as matrices, that is, η‖ζ‖^2 ≤ (a_0(x)ζ|ζ) ≤ M ‖ζ‖^2 for every ζ ∈ C^d .

2. Let S = [0, λ_{max}]^d × O(d), where λ_{max} > 0 and O(d) denotes the orthogonal matrices.

3. Let ν be a probability measure on O(d) and let γ_i, i = 1, ..., d be probability measures on R with supp γ_i = [0, λ_{max}].

4. S is called the single-site space and μ = γ_1 ⊗· · ·⊗γ_d ⊗ν is called the single-site measure.

5. Let Ω = SZ^d, P= μZ^d, and for ω(k) = (λ_1(k), ..., λ_d(k), u(k)), define

a_k(ω) = u(k)^∗diag(λ_1(k), ..., λ_d(k))u(k),

where diag(λ_1(k), ..., λ_d(k)) denotes the diagonal matrix with the indicated diagonal elements.

6. Define a_ω (x) := ∑ k∈Zd^{χΛ1(k)(x)ak(ω)} and H^{DIV}(ω) = −∇(a_0 + a_ω )∇.

Although the formulas may seem intricate, it is easy to see what is happening. For site k, we choose a non-negative matrix a_k(ω) at random by choosing its d eigenvalues and a unitary conjugation matrix. This is done independently at different sites and we get an Anderson-like random matrix function a_ω which is used as a perturbation to the perfectly periodic medium a_0. Note that a_0 + a_ω have uniform upper and lower bounds (η and M + λ_{max}) so that the operators can be defined via quadratic forms with the Sobolev space W^{1,2}(R^d) as common form domain. The initial value problem we are now interested in is governed by the wave equation ∂^2v ∂t^2 = −H^{DIV}(ω)v, v(0) = v_0, ∂v ∂t |_{t=0} = v_1 (WE)

rather than the Schrödinger equation. Solutions are given by

v(t) = cos ( t √ H^{DIV}(ω) ) v_0 + sin ( t √ H^{DIV}(ω) ) w_1,

where v_1 = √ H^{DIV}(ω)w_1, and v_0, w_1 have to belong to the appropriate operator domains. The following result yields a strong form of dynamical localization in this case:

Theorem 4.4. Let H^{DIV}(ω) be as above. Assume

(i) The measures γ_i, i = 1, ..., d are Hölder continuous. (ii) There exists τ > d such that for small h > 0,

γ_i([0, h]) ≤ h^τ and γ_i([λ_{max} − h, λ_{max}]) ≤ h^τ

for all i = 1, ..., d.

12 D. DAMANIK AND P. STOLLMANN

Denote Σ = σ(H^{DIV}(ω)) a.e. and let E_0 ∈ ∂Σ \ {0}.

Then there exists ε_0 > 0 such that for η ∈ L^∞(R) with supp η ⊂ [E_0 −ε_0, E_0 +ε_0] and compact K, we have E{‖|X|^p η(H^{DIV}(ω))χK ‖} < ∞. Moreover, for I ⊂ [E_0 − ε_0, E_0 + ε_0] and K compact:

E^{ sup_t ‖|X|^p cos^(t^√H^{DIV}(ω)^) PI(H^{DIV}(ω))χK ‖^} < ∞ and E^{ sup_t ‖|X|^p sin^(t^√H^{DIV}(ω)^) PI (H^{DIV}(ω))χK ‖^} < ∞.

By the results from [17, 27] the conditions for multi-scale analysis are satisfied.

4.3. Random quantum waveguides. Quantum waveguides have been introduced for the investigation of two- or three-dimensional motion of electrons in small channels, tubes or layers of crystalline matter of high purity. Mathematically speaking, one considers the free Laplacian in a domain which should be thought of as a perturbation of a strip. The following random model is taken from [24], where all the necessary conditions for multi-scale analysis are verified:

It consists of a collection of randomly dented versions of a parallel strip R × (0, d_{max}) = D_{max}. More precisely, let d_{max} > 0, 0 < d < d_{max}, and consider Ω = [0, d]Z. The i-th coordinate ω(i) of ω ∈ Ω gives the deviation of the width of the random strip from d_{max}, that is,

d_i(ω) := d_{max} − ω(i),

which lies between d_{min} = d_{max} − d and d_{max}. Define γ(ω) : R → [d_{min}, d_{max}] as the polygon in R^2 joining the points {(i, d_i(ω))}_{i∈}Zand

D(ω) = {(x_1, x_2) ∈ R^2 | 0 < x_2 < γ(ω)(x_1)}.

The following picture will help in visualizing this domain:

-_{x1}

6x2

...............

d_{min}

...............

d_{max}

t t t t t t t t t t i − 1 i i + 1 t t t t t t t t t t ....................

....................

..........................

.........

.........

..........

..................

.........

........

.........

.........

........

........

...............

.............

............

...................

......

.....

.....

.....

.....

.....

.....

......

.....

.....

......................................................................... .........

.........

........

.........

........

..........

....................

....................

....................

..........

..........

.........

.............................

.............

.............

.................

..............

........

. . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . .

. . . . . . . .

. . . . . . . .

. . . . . . . .

. . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . .

. . . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .

D(ω)

We fix a probability measure μ on [0, d] with 0 ∈ supp μ ≠ {0} and introduce

P = μZ, a probability measure on Ω. Consider H^W(ω) = −ΔD(ω), the Laplacian

on D(ω) with Dirichlet boundary conditions, which is a self-adjoint operator in L^2(D(ω)). Note that

inf σ(H^W(ω)) = E_0 := π^2 d^2_{max}

for P-a.e. ω ∈ Ω.

In [24], exponential localization in a neighborhood of E_0 is proven with the help of a variable energy multi-scale analysis similar to the one presented in Section 2 of the present paper. In particluar, suitably modified versions of the assumptions of Theorem 3.1 are established which enable one to prove strong dynamical localization along the lines of Section 3. Thus, we have

Theorem 4.5. Let H^W(ω) and E_0 be as above. Assume that the single-site measure μ is Hölder continuous. Let p > 0. Then there exists ε_0 > 0 such that for η ∈ L^∞(R) with supp η ⊂ [E_0, E_0 + ε_0] and compact K, we have E{‖|X|^p η(H^W(ω))χK ‖} < ∞. Moreover, for I ⊂ [E_0, E_0 + ε_0] and K compact: E^{ sup_t ‖|X|^pe^{−iHW(ω)t}PI(H^W(ω))χK ‖^} < ∞. 4.4. Landau Hamiltonians. The models we discuss now are particularly interesting due to their importance for the quantum Hall effect and hence have been studied intensively [10, 11, 12, 20, 31]. We rely here on the set-up from [10], also considered in [20], as the latter authors provide a proof of the basic assumptions needed for our approach. In particular, the trace condition (i) from Theorem 3.1 is proven there and the validity of (GRI) is discussed.

We consider electrons confined to the plane R^2 subject to a perpendicular constant B-field.

Assume 1. H_0 = ( ∂_1 +^B_2 x_2

)_2 + ( ∂_2 −^B_2 x_1

)_2

, where B > 0 is constant.

2. Let supp f ∈ L^∞(Λ_1(0)), f ≥ 0 and f ≥ σ on Λ_s(0) for some σ > 0, s > 0; f is called the single-site potential.

3. Let μ be a probability measure on R, with density g, g ∈ C^2_0 (R) even and strictly positive a.e. on its support [−q, q]; μ is called the single-site measure.

4. Let Ω = [−q, q]Z^2, P= ⨂ Z2^{μ on Ω}

and q_k : Ω → R, q_k(ω) = ω_k. 5. Let V_ω (x) := ∑ k∈Z2^{qk(ω)f(x − k)} and H^L(ω) = H_0 + V_ω.

Recall that the spectrum of H_0 in this case consists of the sequence of Landau levels E_n(B) = (2n + 1)B. We have the following:

Theorem 4.6. Let H^L(ω) be as above with B large enough. Let p > 0. Then for every n ∈ N, there exists ε_n(B) = O(B^{−1}) > 0 such that for η ∈ L^∞(R) with supp η ⊂ [E_n(B) + ε_n(B), E_{n+1}(B) − ε_n(B)] and compact K, we have E{‖|X|^p η(H^L(ω))χK ‖} < ∞.

Moreover, for I ⊂ [E_n(B) + ε_n(B), E_{n+1}(B) − ε_n(B)] and K compact: E^{ sup_t ‖|X|^pe^{−iHL(ω)t}PI (H^L(ω))χK ‖^} < ∞. In [31], a proof of exponential localization is given for a case which includes single-site potentials of changing sign. However, the use of microlocal techniques requires smoothness of the potential.

Acknowledgements. The results presented here were obtained during a visit of P. S. to Caltech. Partial financial support by the DFG and the hospitality at Caltech and Santa Monica are gratefully acknowledged. D. D. received financial support from the German Academic Exchange Service through Hochschulsonderprogramm III (Postdoktoranden). Moreover, we would like to thank F. Germinet, S. Jitomirskaya and A. Klein for helpful discussions.

References

[1] M. Aizenman: Localization at weak disorder: Some elementary bounds. Rev. Math. Phys. 6, 1163 – 1182 (1994) [2] M. Aizenman and G.M. Graf: Localization bounds for an electron gas. J. Phys. A: Math.

Gen. 31, 6783 – 6806 (1998) [3] M. Aizenman and S. Molchanov: Localization at large disorder and at extreme energies: An elementary derivation. Commun. Math. Phys. 157, 245 – 278 (1993) [4] M. Aizenman, J.H. Schenker, R.H. Friedrich and D. Hundertmark: Finite-volume criteria for Anderson localization. Preprint 1999, math-ph/9910022v2 [5] P.W. Anderson: Absence of diffusion in certain random lattices. Phys. Rev. 109, 1492 – 1505 (1958) [6] J.M. Barbaroux, J.M. Combes and P.D. Hislop: Localization near band edges for random Schrödinger operators. Helv. Phys. Acta 70, 16 – 43 (1997) [7] J.M. Barbaroux, W. Fischer and P. Müller: Dynamical properties of random Schrödinger operators. Preprint 1999, math-ph/9907002 [8] R. Carmona, A. Klein and F. Martinelli: Anderson localization for Bernoulli and other singular potentials. Commun. Math. Phys. 108, 41 – 66 (1987) [9] J.M. Combes and P.D. Hislop: Localization for some continuous, random Hamiltonians in d-dimensions. J. Funct. Anal. 124, 149 – 180 (1994) [10] J.M. Combes and P.D. Hislop: Landau Hamiltonians with random potentials: Localization and density of states. Commun. Math. Phys. 177, 603 – 630 (1996) [11] T.C. Dorlas, N. Macris and J.V. Pulé: Localization in a single-band approximation to random Schrödinger operators in a magnetic field. Helv. Phys. Acta 68, 329 – 364 (1995) [12] T.C. Dorlas, N. Macris and J.V. Pulé: Localization in single Landau bands. J. Math. Phys.

37(4), 1574 – 1595 (1996)

[13] R. del Rio, S. Jitomirskaya, Y. Last and B. Simon: What is localization? Phys. Rev. Lett.

75, 117 – 119 (1995)

[14] R. del Rio, S. Jitomirskaya, Y. Last and B. Simon: Operators with singular continuous spectrum, IV. Hausdorff dimensions, rank one perturbations, and localization. J. d’Analyse Math. 69, 153 – 200 (1996) [15] H. von Dreifus and A. Klein: A new proof of localization in the Anderson tight binding model. Commun. Math. Phys. 124, 285 – 299 (1989) [16] A. Figotin and A. Klein: Localization phenomenon in gaps of the spectrum of random lattice operators, J. Stat. Phys. 75, 997 – 1021 (1994) [17] A. Figotin and A. Klein: Localization of classical waves, I: Acoustic waves. Commun. Math.

Phys. 180, 439 – 482 (1996) [18] J. Fröhlich, F. Martinelli, E. Scoppola and T. Spencer: Constructive proof of localization in the Anderson tight binding model. Commun. Math. Phys. 101, 21 – 46 (1985) [19] J. Fröhlich and T. Spencer: Absence of diffusion in the Anderson tight binding model for large disorder or low energy. Commun. Math. Phys. 88, 151 – 184 (1983)

[20] F. Germinet and S. de Bièvre: Dynamical localization for discrete and continuous random Schrödinger operators. Commun. Math. Phys. 194, 323 – 341 (1998) [21] H. Holden and F. Martinelli: On the absence of diffusion for a Schrödinger operator on L2(R˚) with a random potential. Commun. Math. Phys. 93, 197 – 217 (1984) [22] W. Kirsch, P. Stollmann and G. Stolz: Localization for random perturbations of periodic Schrödinger operators. Random Oper. Stochastic Equations 6, 241 – 268 (1998) [23] W. Kirsch, P. Stollmann and G. Stolz: Anderson localization for random Schrödinger operators with long range interactions. Commun. Math. Phys. 195, 495 – 507 (1998) [24] F. Kleespies and P. Stollmann: Localization and Lifshitz tails for random quantum waveguides, Rev. Math. Phys., to appear [25] F. Klopp: Localization for some continuous random Schrödinger operators. Commun. Math.

Phys. 167, 553 – 569 (1995) [26] F. Klopp: Internal Lifshitz tails for random perturbations of periodic Schrödinger operators.

Duke Math. J. 98(2), 335 – 396 (1999) [27] P. Stollmann: Localization for acoustic waves in random perturbations of periodic media.

Israel J. Math. 107, 125 – 139 (1998) [28] P. Stollmann: Wegner estimates and localization for continuum Anderson models with some singular distributions. Arch. Math., to appear [29] P. Stollmann: Caught by Disorder: Lectures on Bound States in Random Media. Book, in preparation [30] I. Veselic: Localisation for random perturbations of periodic Schrödinger operators with regular Floquet eigenvalues. Preprint 1998, mparc/98-569 [31] W.M. Wang: Microlocalization, percolation, and Anderson localization for the magnetic Schrödinger operator with a random potential. J. Funct. Anal. 146, 1 – 26 (1997)