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0 Introduction

We study continuity of boundary problems with varying domains. To explain
this in more detail, let us consider our standard example: Denote by Hg, the
Dirichlet Laplacian on the open set G, C RY. The basic question which we
adress is, whether we have convergence

Hg — Hg,

if the sets G, converge to G in an appropriate sense. Two notions of convergence
for the operators appear suitable: Generalized convergence in the strong resolvent
sense (srs) and in the norm resolvent sense (nrs) (the “generalized” refers to the
fact that the Hg, act in different Hilbert spaces; we will frequently omit it). We
shall introduce these concepts in some detail below but first we briefly describe
the content of the following sections.

In Section 1 we are concerned with convergence in srs. The main result,
Theorem 1.3, says that Hg, "2, Hg if im G, lim G, and G are equivalent in an
appropriate sense. This is, in fact, valid for measurable, not necessarily open sets,
and for generators H of regular Dirichlet forms. The Dirichlet form setting turns
out to allow a very convenient definition of Hg. Roughly speaking, the Dirichlet
boundary condition can be described as an infinite potential. It is this viewpoint
which allows the simple formulation of Theorem 1.3 . The main tool for its proof,
monotone convergence of forms has already been used in this context by Rauch
and Taylor [16], Simon [18] and Weidmann [24]. In Corollary 1.4 we show how
their results can be derived from Theorem 1.3.

Section 2 deals with nrs convergence which yields much stronger spectral
theoretic consequences. Here, the abstract monotone convergence results are not
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sufficient, and a new aspect enters the picture: localization of the perturbation. To
understand what this means, take the unperturbed Dirichlet form h and consider
a monotone sequence of positive potentials V,. If the difference V, — V,, is
zero outside some fixed compact set for all n,m, then § + V,, converges in nrs.
This follows from the main result of the present article, Theorem 2.1, which
states more: The potentials can be replaced by certain signed measures, the set
on which the differences live only needs to be of finite capacity, and we even
have Hilbert—Schmidt convergence of the semigroup differences. Apart from a
factorization argument from operator ideals, the proof of Theorem 2.1 relies on
an inequality from probabilistic potential theory. Since this is the only instance
where (via the Feynman—Kac formula) probability theory enters, we have chosen
to present its proof in an appendix. The application of our perturbation theorem
to the motivating question is given in Theorem 2.2. It says that H;, —— Hg
if the G, satisfy the condition of Theorem 1.3 and, moreover, the symmetric
differences G, AG are contained in a fixed set of finite capacity.

We now introduce srs and nrs convergence, following Simon’s paper [18];
see also [24, 25]. To this end fix a Hilbert space §), which corresponds to L,(X)
in our application. To each closed form t > v with domain D(t) (not necessarily
dense in $)), we can associate a self adjoint operator 7' in the Hilbert space _D—(_t)ﬁ
according to [15], Chap. VI, Thm. 2.1. If ¢ : R — R is bounded and measurable
we define

$(t) := ¢(T) &0 on D(®) & D(t)*.

In particular, et and (t+ E)~' E suitable, are defined. We say that , converges

to t in srs, if (¢+ E)~! =5 — lim(t, + E)~! for a suitable E; this is denoted by
Srs srs N . .

t, — tor T, — T, respectively. Similarly,

ty 25t = |t +E) ' — (t+E)'|| — 0.

As in the densely defined case, one can easily prove the following

Proposition A Let t,t,(n € N) be closed forms, with spectral resolution E(t) =
I 00,n(), Ex(t) := 1(_oo,11(tn), respectively. Then
(@) t, = t=>E\) =s — lim, E, (\) (A € p(T)).

nrs

®) tn = t=EN) = - || - lim, E,(A) (A € p(T)).

1 Strong convergence for perturbed domains

In this section we extend and unify results of Rauch and Taylor [16], Weidmann
[24] and Simon [18] concerning strong continuity under perturbation of domains.
The framework of Dirichlet forms appears to be well suited for that study. Thus.
let X denote a locally compact, second countable space, which is endowed with
a Radon measure m with full support and let us assume that

Iah is a closed , regular Dirichlet form in L2(X,m).1
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This means that h : D x D — R is a nonnegative symmetric bilinear form which
induces an inner product (:|-), on the linear space D by (u|v)y = hlu, v] + (u|v)
with the following properties: (D, (:|)y) is complete (“closed”), D N C.(X) is
dense both in (D, (-|-)g) and in (C,(X), || - ||co) (“regular”), and u € D implies
that u* A1 € D,|lu* A1y < llully (“Dirichlet form”); for the details we refer
to [13].

1.1 Example. Let X C R? be open, m the Lebesgue measure, and X 3 x — a(x)
a locally integrable function with values in the symmetric matrices such that
A <ax)=(a;(x)) < pfor some A\, > 0. Then D = WOI‘Z(X),

bl = 3 [ ay 00002y
iyJ

defines a regular Dirichlet form (see [5], Section 1.2). For a(x) = 1 this form is
associated with the Dirichlet Laplacian on X.

The capacity induced by § will play a key role in the subsequent discussion. It
is defined as follows: for A C X,

cap(A) = inf{||f]

Obviously, cap(4) > m(A) for all A C X. Since § is regular, cap(A) < oo for all
relatively compact A.

Assume, for the moment, that G C X is open. Then, in analogy with the
Dirichlet Laplacian —Ag whose form domain is Wol’z(G) =WhHInN CA(G),

%;A Cc U,U open,f > 1,}.

he = HID N C(G)

can be considered as the form, whose operator Hg is obtained from H by impos-
ing Dirichlet boundary conditions at B := X \ G. If m(B) > 0, one has to view
Hg as an operator in L,(G) = D(hs). To obtain a representation of h; which
is better suited for our purpose and, at the same time, allows sets G which are
merely measurable, we have to recall that every u € D admits a quasi—continuous
version i (for every £ > 0 there exists an open set U with cap(U) < ¢ outside
of which @ is continuous), see [13], Thm. 3.1.3, p. 65. Such a @ is unique q.e.,
i.e. up to sets of capacity zero. It is not hard to check that

Do(G)={ueD;a=0qe. on X \G}

is a closed subspace of D for arbitrary G C X and that

Dy(G) = DA G0 = D(he)

if G is open. Hence it is consistent to write h; and Hg for the form f restricted
o Dy(G) and the associated self adjoint operator. (The analogous spaces WO1 2(E)
have been introduced and studied in [10, 11].) It is sometimes illustrative to think
of Hg as given by H +V, where V is a potential which is infinite on X \ G.
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Having in mind the Laplacian and thinking in terms of quantum mechanical
models one might picture that such an infinite barrier forces wave functions to
vanish outside G. Our next aim is to put this intuition into precise mathematical
terms, introducing “measure perturbations”. The right class of measures is

My = {u: B — [0, c0]; po-additive, B € B, cap(B) = 0 = u(B) = 0},

which has been studied in [4, 23] for the — A case, and in [19] in the generality
considered here. In particular, it is known that

D(h+ ) = {u € D;d € L)}, (h+wlu, o] = bu, o] +/ﬁﬁdu

defines a closed form. Note that Vdm € M, for every measurable V > 0 and
that h + Vdm is just the sum of the forms of H and the multiplication operator
V. The corresponding operators are well-studied, at least for locally integrable

V and H = — A, and often this self adjoint operator, the so~called form sum, is
meant implicitly, if one writes —A+ V.
For B C ‘B,

oog(M) =00 -cap(B N M)

(with the convention oo - 0 = 0) defines a measure oog € My which takes only
the values 0 or oo, It is clear that

hg =h+oox\¢g = h+00-Ix\g

for every G € B. Under rather weak regularity conditions this last inequality is
in fact an equality. This is the case for closed G and for G which satisfy the
segment property; see the example below. Let us first introduce some notation:
For p,ve Mgwewrite u <voru~vifh+p<h+vorh+p=h+vin the
sense of forms. We want to caution the reader that ¢ < v does not imply that
© < v as set functions. As a further abbreviation we sometimes use A ~ B to
indicate the equivalence coq ~ oog. From cap(AAB) = 0 it obviously follows
that A ~ B. The converse is not true, as we see in

1.2 Example. Consider the classical Dirichlet form on R?, A := {x1 >0}, B =
{x1 > 0}. Then A ~ B while cap(B \ A) # 0. Moreover, cos ~ oo ~ oolj.
This easily follows by translating elements which vanish on A q.e. along the
xi-direction and using the fact that Do(X \ B) is closed. This argument can be
“localized” to prove the following simple fact:

Let G C R be open and let G satisfy the segment property at R C JG by
which we mean (cf. [1], p. 54) that for all x € R there exists a neighborhood U
and a nonzero y, € R such that U, NG +ty, C G for every t € (0,1). Then
X\(GUR)~X\G.

Using the notions introduced above and the notation

mB, = (| |J Be.limB, := | [ ) Be

n€ENk>n nENk>n
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for a sequence (B,) in B, the main result of the present section reads as follows:

1.3 Theorem. Assume (). Let B, € B for n € N and assume that im B, ~
lim B,. Then

b+ 00p, — b+ oog

for every B ~ lim B,

Proof. Define A, = ﬂkz" B, C, = Ukzn Bi. Then A, /' limB, =: A, C, \,
[imB, =: C. By monotone form convergence theorems (cf. [18], Thm. 3.2 and
Thm. 4.1, [24], Satz 3.1), it follows that h + 004, —=» h + 004 and h + co¢, —

h+ooc. As h+oos, <h+oop, < h+oog and h+ 004 = b+ oo¢ the asserted
convergence follows. O

Together with Proposition A, this Theorem implies strong convergence of the
spectral projections of f+oog, and §+oog. From the discussion in [16] and [24]
it follows that the eigenprojections E,(A) converge even in norm for A below the
essential spectrum of h + cog.

Coming back to “real Dirichlet boundary conditions™ let us consider open sets
G, forn € N, and set B, := X \ G,. The above theorem tells us that the sequence
Hg, converges in strong resolvent sense if im B, ~ limB,. Its limit is of the
form Hg with an open set G if and only if there is a closed set B which satisfies
B ~ lim B,,. Rauch and Taylor [16] and Weidmann [24] give sufficient conditions
for this to happen in the setting of Example 1.1. We now show how their results
can be derived from Theorem 1.3. Here we use the notation X CC G, if K isa
compact set in X which is contained in G.

1.4 Corollary. Let b be as in Example 1.1, and let G, G, be open sets.

(@) (Cf. [16], Lemma 1.1) Assume
VK CCG3n, eN: KCG,(n>n,),
(i) VK cC X\G 3n, e N: K CX\G, (n>n,),
(111) OOX\G ~ OO1X\'5.
ThenimX \ G, ~limX \ G, ~ X \ G.
(b) (Cf. [24], Satz 4.8) Assume
(i) VK CC G :cap(K \ G,) = 0 forn — oo,
(i) VK cC R? : MK N (G, \ G)) — 0 for n — oc.
(iii) G admits a locally finite covering (U,) with the following properties: U; N
G, C G (n€N),VY >13a € R such that (U NG) +ta; C G for
te 1)
Then Hg, > Hg.

Proof LetB =X \G, B, =X\G,.
(a): By (i) we have lim G, C G, so that

EB,I e ey
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(ii1) implies that cog ~ oogo ~ oolgs.. Hence it follows from (ii) that
ooge < lim B, < lim B,.

(b): We use the “subsequence of a subsequence argument” already employed in
[24]. Thus we have to check that every subsequence of (B,) has a subsequence
to which we can apply Theorem 1.3. To avoid triple indices, we denote the
given subsequence by (B,). Using (i), (ii) and a diagonal argument, we find a
subsequence such that

cap(K \limG,,) =0 (K CC G),

MK N (im G, \ G)) =0,

which can be restated in the following way (using the inner regularity of cap and
the Lebesgue measure, A):

cap(im By, \ B) =0, A(B \ limB,,) = 0.

This implies
OO'IEB” < O0g, OO‘B < OClim B, -

Denote A :=limB,,, C :=limB,, and A’ :=ANU;,B' :=BNU;,C' =CNU;
for i € N, where U; is as in (iii). Then co¢: < 0og, oolg < ooly fori € N.
Since G, NG, C G (n € N), we have that BNU; € B,NU, forall n € N
which yields oog: < 0041 . Therefore,

C'~B'~ AL

It remains to check cog1 < colp for i > 1, because then, for suitable open U,,

00
oo o~ E Ot < OOB
=()

~  00go +0Cg + E XCpge
i>1
~ OOA0+OO.A2 + E 001
B
i>!
< 004,

which gives the asserted equality. The inequality cog < oolg follows with the
segment property (as in Example 1.2), since 9B COBNU;. 0O

We note that our Theorem 1.3 clearly applies to the example from [24], which
does not satisfy the conditions of [16, 24]. More generally it gives convergence
for all monotone sequences generalizing an observation by Simon; cf [18], Ex-
ample 1, p. 383. This illustrates one big advantage of Theorem 1.3: it does no:
require a priori regularity assumptions on the limit set.
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In [24], the classical Dirichlet form is replaced by a form of the type h + g,
where g* € L}, (A°) for some closed set A of Lebesgue measure zero and g~ sat-
isfies a condition which implies form boundedness with bound zero with respect
to —A. It is easy to see that one may include much more singular perturbations.
For instance, Theorem 1.3 remains valid if one replaces b (in the general Dirich-

let form setting) by f + p1, where p* € M, and u~ is form bounded with respect
to h with bound less than 1.

2 Convergence of measure perturbations

In this section we deal with generalized norm resolvent convergence for perturbed
Dirichlet forms. One major application is again to boundary value problems with
varying domains. While Theorem 1.3 rested on an abstract convergence theorem
for monotone sequences of forms (and the Dirichlet form setting was necessary
for the definition of Dirichlet boundary conditions) the main tool in this section is
aconvergence theorem for perturbations of Dirichlet forms by measures, Theorem
2.1. The crucial assumption is that the perturbation is “localized in space” in the
sense that it takes place on a set of finite capacity. The following assumption
will be very important in the sequel

a0 h is a closed regular Dirichlet form such that e " induces a
bounded linear operator from L;(X) to L (X).

Let us say that a measure u € M, is supported on aset Y C X if y < ooy, and
call X' a quasi-support of p if X is a minimal (with respect to <) quasi—closed
supporting set. This is in accordance with the definition of quasi-support given
in [14], where the authors restrict themselves to smooth measures. The existence
of a quasi-support is not a priori clear. Since this is not our main concern we
defer the proof to Corollary 2.3, where we also show that X is characterized by
O -~ Oy,

In view of possible applications we allow perturbations of the form p* — u~,
where u* € M, and p~ satisfies a Kato condition. We briefly explain the latter
but refer the reader to [2, 22] for details. Consider

Sk = {n € My; (u,(H+E)™"") € LiX;m) = Loo(X,m)},
CE(/"’) = ||<lu'v(H +E)VI'>||OO7
c(p) = Elr;fo ce(u).

This class generalizes the class Ky of potentials (for the classical Dirichlet form
on R?) in the sense that V > 0, V € K, implies that VX € Sk, c(VX) =0.
From [22), Theorem 3.1 we know that 2 € Sx implies that  is h—bounded with
bound ¢(y). Thus, for ¢(u) < 1, the KLMN Theorem allows us to define h — p,
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and some crucial properties of the corresponding semigroups depend only on
c(u) (see [22] for an account of this type of results). A sequence (i, ) in M, — Sx
is called monotone, if h + p, is a monotone (increasing or decreasing) sequence
of forms.

2.1 Theorem. Assume (II). Let i € M, u~ € Sx with c(u™) < 1/2 and let
Hn =ty — . Assume that (i1,) is monotone and that p, — u is supported on a
set X, for n € N such that sup, ey €ap(X,) < oo. Then, for all t > 0,

||e~t(b+#n) _ e—t(b+u,,.)||HS — 0 forn,m — oco.

In particular, b + p, — hoo fOr suitable by, and 0. (Hy,) = Cess(Hoo) for the
associated self adjoint operators.

Proof. From [22], Theorem 5.1 we infer that for every r > 0 there exists ¢c(t) > 0
such that

fle=" ) s Ly — Lol < e(t)
for all n € N. From Proposition A.3 in the appendix we know that (¢ ~*{ht#a) _
e '] ¢ L, with an estimate || ... ||, < C - cap(£,)"/? for all n € N. Since
either D, (t) := e "t#n) _ ¢=(*u1) or D, (t) acts positivity preserving, this
implies
[Da(t) : Loo — La|| < C - cap(Z,)'/2.
Using [6], 11.2 and 11.6, we conclude that

Dn(t)e_l(h+#n) c 56’

.- llms < C - elt) - cap(Z,)%

(This kind of factorization argument has also been used in [21], where it is
explained in more detail.) The same arguments together with duality show that

1Dn()e = O || ys < C - e(t) - cap(Z,)'/2.

Therefore, for arbitrary ¢+ > 0, (D,(t)) is a bounded sequence in $&. As the
{4n are monotone, the kernels for D,(¢) form a monotone sequence (cf. [2Z],
Appendix B). Hence, ||D,{t) — Dn(t)||lus — O for n,m — oo. The assertion
concerning the nrs convergence follows from the representation

oo
(h+un +E)"' = (h+ pn + E)™' = / e H eI — gt
0

(which holds for E > 1) with the help of Lebesgue’s theorem. The stability of
the essential spectrum can be shown with an appeal to Weyl’s theorem as in [21]
Corollary to Theorem 1. O
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As a first application of this convergence result we state the following nrs—version
of Theorem 1.3 :

2.2 Theorem. Let B, be Borel sets, for n € N. Assume that lim B, ~ lim B, and
that B,ABy, C X (n,m € N) for some X with finite capacity. Then

b+OOB,, lri)b-f-OOB

for every B ~ lim B,,.

2.3 Remark. (1) It will be clear from the following proof that in the above theorem
h can be replaced by h + u, where p* € M, and = € Sx with c(u™) < 1/2.

(2) In the situation of the theorem, Proposition A implies that the spectral
projections depend continuously on the domain. This yields continuity of discrete
eigenvalues and the associated eigenfunctions.

Proof. We use the notation A, etc. from the proof of Theorem 1.3. We want
to apply Theorem 2.1 to the sequence u, := 0os,. For n < m, A, C A,,, and

Ap \ A, supports fi, — pi,. Moreover, A, \ A, C X, so that the assumptions of
Theorem 2.1 are fulfilled and we get

[’)+OOAH n—”%hi-OOA:b*-OOB.

Similarly,

h+OOC’l ﬂ>[)+OOC=f)+OOB7

from which the asserted convergence follows since
b+OOAn§b+OOBn§b+OOCn ]

We now proceed to a further application of Theorem 2.1 which deals with “large
coupling limits”. Before stating the result in full generality let us consider a
special case which has been analyzed in detail by Baumgirtel and Demuth [3, 8].
Fix a closed set B C X and consider h+n1p. If n — oo, this sequence converges
in srs to h + ool (by monotone convergence results). As we already remarked
above, rather weak regularity assumptions on B will ensure that h+oolp = h, for
G = X \B. If B is compact then the convergence will even take place with respect
10 nrs, whether or not the limit equals f;, as we see from the following Corollary
(we want to note, however, that in [3, 8] unbounded B are also included).

24 Corollary. Let i € M, with quasi-support 5. If cap(X) < co, then

h+n-uiri*b+002forn—->oo.
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Proof. By Theorem 2.1 it follows that the b+ ny converge in nrs. To identify its
limit, it suffices to check that

b+nuﬂ>b+oog.

By monotone convergence theorems for forms, the limit b of the left hand side
can easily be described as

D(h.) = {u € D(h + p; / a3y =0}, b, = hiD(hoy).

Consequently, we have to check that there exists a X' such that the following
holds forall u € D, u > 0:

g=0geonX\Y<=a=0 u-ae.

Clearly, I := {u € D;ii =0 p~ae.} is a closed subspace of D which satisfies
the ideal property. Hence Theorem 1 in [20] guarantees the existence of .
{(Although one cannot use the idea of [14] directly to prove the existence of a
quast-support for non-smooth measures, a look at [14] and [20] shows that part
of the arguments are similar.) In view of our definition of quasi-support we still
have to show that L' is a minimal supporting set. Assume that S C X, S supports
U, i.e. p < oog and oog < ocoy. Then we have ooy = cou < ocg. O

A An inequality from probabilistic potential theory

This section is devoted to proving Proposition A.3, which is essential for the
proof of Theorem 2.1. Recall that assumption (I) guarantees the existence of a
Markov process (2, (P*;x € X),(X,;t > 0)) with state space X U {oo} such that

e ) =B (f o X))

forall f € L,, 1 < p < oo. Perturbation of h by a measure y can be represented
by an additive functional A in the sense that

e O (x) = EX(f.0 X, - e7AD).

This has been established in different generality in [2, 9, 13, 23]. We will usc
this identity, the celebrated Feynman—Kac formula, only for measures of the form
Vm with V € L, for which the additive functional A takes the form

A(t)=/ V o X,ds,
0

see [13], p. 133 or [17], Theorem X.68, p.279, where actually only the case of the
classical Dirichlet form is studied explicitely. As a first consequence we describe
the additive functional corresponding to the measure ooy, where U is open. O!
course, this is nothing new for the experts. Since we didn’t find a reference foi
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it in full generality (for the classical case, see [23], (4.5), Feller generators are
treated in {9], Thm. 4.4) we have chosen to prove the following

Al Lemma. Let U C X be open, and set

Ty (H(w) :=/ 1y o X, (w)ds,
0

which is the total time up to t, which the particle w spent in U. Let
Tyw) =inf{s > 0; X, £ U}
denote the first exit time of U. Then

e OF(x) = EXIf o X, - izyn=03] = E[f 0 X; - 1y <iy)-

Thus, formally, we can calculate e~"+v} by setting V = oo - 1y in the
Feynman—-Kac formula for functions. This is actually the philosophy behind the
following proof.

Proof. Let V, :=n - 1y. Then

§rs

h+V, —> h+oo-1ly =h+ocoy.

In fact, the convergence is just monotone form convergence, and the equality
follows from [13], Lemma 3.1.4, p. 65. Using the Feynman-Kac formula for V,
and letting n — oo we arrive at the asserted equality. The inequality is obvious.

a

Fix a set B of finite capacity, and let 75 be given as in the preceeding lemma.
In what follows, we shall use that

eg(x) = F[e™ "]

defines a quasi—continuous eg € D, the so—~alled /—equilibrium potential of B. It
satisfies es > 15 q.e. and ||ep ||% = cap(B), which means that it is the “minimizing
element” in the definition of the capacity (see Section 1).
A2 Lemma. Assume that cap(B) < oo. Then '[7p <t] € L,

| {5 < t]lli < e’cap(B).

Proof. Since P*[1p < t] < e'eg(x) for ep as above, it suffices to check that
ep € Ly with |legi]; < cap(B). To this end, let g € Ly, 0 < g < 1. Then

(h+ Dles,(H +1)"'g)

/(H + 1) g dvp(x)
X

< vp(X)=cap(B),

(es, g)

Il

where we used the equilibrium measure vg, cf. {13}, 13.3, p. 75 and the fact that
0 < (H +1)"'g < 1. From the above inequality, the assertion concerning the
norm of ep follows. O
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A3 Proposition. Ler p*, v* € M,, p= = v~ € Sk, c(u™) < 1/2. Moreover
assume that u* > v* and that u* — v* is supported on a set X of finite capacity.
Then

“(e-t(hw) - e—t(b+u))1||2 <C -cap(Z),

with a constant C which only depends on u~.

Proof. Since cap is outer regular, we may assume X' to be open. By assumption,
we have u* < v* + oog which implies

e—t(bﬂl)f(x) > e—’(b—ifﬂf'ﬂx)x)f(x)

for all f > 0 by [22], Corollary B.3. Hence it suffices to prove the estimate for
4 = v +ooy. Using [22], Theorem 3.5 we may restrict ourselves to the case
v=Vm, with V € Ly, cg(V~) < 1/2 for suitable E > 0 (see the definitions
preceding Theorem 2.1). For such V we calculate

(e—t(b+v) _ e—t(h+v+(x));))](x)

= ]EX[e"‘]; VOX:d.Y(l - I{TL(,)-_:()})]

(here we used Lemma Al)

<E eV e

(again by A1)

—j;)'ZV_OX,dS])]/Z i (W[TE S t])l/z’

< (E*[e
where we used the Cauchy—Schwarz inequality in Ly(IP*) for the last step. Since
the second factor defines an Ly—~function by Lemma A2 we only need to show

that F*[e” fo 2V‘oX:ds] is bounded with a bound only depending on 2¢g(V ™) =
¢e(2V 7). This in turn follows from [22], Theorem 3.3 and the observation

Ex[e—-f;)ZV“oX;ds] ===V ) ) < e~ 0= L O
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