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A dual characterization of length spaces with
application to Dirichlet metric spaces

by

PETER STOLLMANN (Chemnitz)

Abstract. We show that under minimal assumptions, the intrinsic metric induced
by a strongly local Dirichlet form induces a length space. The main input is a dual char-
acterization of length spaces in terms of the property that the 1-Lipschitz functions form
a sheaf.

1. Introduction. The theory of Dirichlet forms originated in the funda-
mental papers [, 2] and uses the interplay of probabilistic and analytic tech-
niques. Driven by an ever increasing range of applications it has seen exten-
sions in different directions, as witnessed by the monographs [11], 4, 22}, 12].
Since the 90’s, the metric geometry of the underlying spaces has been thor-
oughly investigated (cf. [3 29] B1]). Let us briefly outline some of the main
ideas, referring to the following section for precise definitions. A Dirichlet
form £ is, in particular, a closed form on L?(X) and so comes with a selfad-
joint operator H in L?(X). The additional properties needed for a Dirichlet
form can be rephrased in terms of the semigroup (e*tH ;t > 0) and capture
some of the fundamental properties of the heat semigroup that arises in the
most important special case H = —A. At this point let me mention another
favorite of mine, [27], in which the reader can find a lot about Dirichlet
forms, and the associated operator semigroup, although Dirichlet forms are
not even mentioned. If we start with a local Dirichlet form in a sufficiently
regular setting, the form comes with a measure, the energy measure that
can be used to define a metric dg on the space X itself. This metric captures
some of the properties of £, the operator H and its semigroup, and gener-
alizes Riemannian distances. The general setup can be used for extensions
and a unified treatment of many important aspects of classical analysis:
properties of solutions to the abstract analogue of the Laplace equation and
the heat equation [3|, 29], more recently [7,, 13], and also spectral properties
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2 P. Stollmann

[6, B, 19]; here we just picked a few particular references and refer to the
literature cited there for a more complete picture.

Here, we contribute to a basic question concerning the metric spaces
that arise in this manner, namely the degree of connectedness of the space
(X,dg). A fundamental result from [31] states that this space is geodesic in
the sense that any two points are connected by a path of length dg¢(zx,y),
provided (X, dg) is complete. Two questions arise: what happens without
this crucial assumption and why should we care? Actually, in several previ-
ous papers I have adopted this completeness property without further ado.
However, as we will see below, this assumption is not valid for the second
most simple class of examples, the classical Dirichlet form on open subsets
of Euclidean space R¢. Therefore, a treatment of the noncomplete case is
more than justified. As we will see in Theorem the minimal assumption
that dg is a metric in the wide sense that generates the original topology
on X already guarantees that (X, dg) is a length space. This means that any
two points in this space can be joined by a path with length arbitrarily close
to the distance of these points.

In the investigation of the intrinsic metric of Dirichlet forms it turned
out that a certain dual object of X, Lip', the space of 1-Lipschitz functions,
plays a central role: more precisely, the question whether Lip! is a sheaf will
be crucial for the path metric property of a metric space. Here, we say that
Lip! is a sheaf if every function that is locally 1-Lipschitz is already globally
1-Lipschitz. This leads to an abstract characterization of length spaces that
is of independent interest, Theorem

After introducing the necessary notions in the following section, we turn
to open subsets of Euclidean space as a class of examples for which we can
already illustrate the main questions and ideas. Then we prove the above
mentioned dual characterization of length spaces, and the final section is de-
voted to the proof of the fact that Dirichlet metric spaces are length spaces.

2. Basic notions. A metric d on a set X is a symmetric mapping
d: X x X — [0,00) such that d(x,y) = 0 if and only z = y, and d satisfies
the triangle inequality d(z,z) < d(z,y) + d(y,z). If d is allowed to take
values in [0, co] we speak of a metric in the wide sense. We write

B(z,r):={ye X |d(z,y) <r} and Ul(z,r):={ye X |d(z,y) <r}

for the closed and open balls, respectively. A continuous mapping v: I — X
from an interval I C R to X is called a path. A metric in the wide sense
induces a length structure in terms of

N
L(y) == SUP{Z d(y(tes1),7(tk)) [to <t1 <--- <tp, to,. .. tn € I}-
k=0
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The path metric induced by d is given by
de(z,y) :=inf{L(y) | v:I — X apath z,y € v(I)} € [0, 0],

with the usual convention that inf () = oco. See [15] for an axiomatic treat-
ment of length structures that are not based on an a priori given metric.
The triangle inequality gives that d(x,y) < dy(x,y), and we say that (X, d)
is a length space provided that d = d,.

A canonical dual object for a metric space is the space of 1-Lipschitz
functions. For U C X denote

Lipl(U7 d):= Lipl(U) ={f: X->R||f(x)—f(y)| <d(x,y) for all z,ycU},
Lipl (U, d) := Lipi.,.(U) := {f: X — R | V2 € X 3V open with z € V
such that flyny € Lipt(V N U)}.

Note that Lip'(U) C Lipj,.(U) but they are different in general, as can be
easily seen by considering a disconnected set U. We say that Lip' is a sheaf
on U if Lip'(U) = Lipl.(U). If that holds for X = U we say that Lip'
s a sheaf. Our first main result, Theorem says that a locally complete
space is a length space if and only if Lip! is a sheaf. It is clear that d can
be written as

d(z,y) = sup{f(y) — f(z) | f € Lip"(V)}
for every subset V C X and all z,y € V. The meaning of this observation
will become clear immediately when we discuss the intrinsic metric.

Dirichlet metric spaces. The main application of our dual character-
ization and the starting point for the present paper are metrics induced by
a strongly local, regular Dirichlet form, a notion we now briefly introduce.
The starting setup is a locally compact metric space X endowed with a
regular Borel measure m and a Dirichlet form £ in L?(X,m). We refer to
[4, 11} 12 22] for a thorough treatment of Dirichlet forms, a notion that
goes back to [I, 2]. The example one should keep in mind is the classical
Dirichlet form

D(E) =W,?(2), Eu,v] = | Vu(z) - Vo(z) da,
2
where §2 is an open subset of R? and dx denotes integration with respect
to Lebesgue measure. A Dirichlet form is called regular if its domain is
large enough so that D(E) N C.(X) is dense both in (Ce(X), || - [|s) and in
(D(E),]| - |le), where the energy norm ||-||¢ is defined by |Ju||2 := E[u, u] + [|u]|?
and can be thought of as an analogue of the first order Sobolev norm, which
appears for the classical Dirichlet form, as the reader will immediately notice.
If a regular Dirichlet form is strongly local, i.e., if

Elu,v] =0  for u constant on supp v,
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then £ can be represented in a way quite similar to the classical Dirichlet
form. Namely, there exists a bilinear mapping I" from D(€) x D(E) to the
set Mp of signed Radon measures on X such that

Elu,v] = S dl’(u,v).
X
This so called energy measure or Lagrangian can be defined via

1
S ¢ dI(u,u) = Eu, pu] — 55[u2,¢] for u, ¢ € D(E) N Ce(X)
X
and is extended to a bilinear mapping by polarization. In [11, [12], the energy
measure is denoted by

I(u,u) = -
It can be extended to

Dioe := {f € L2 (X) | YK C X compact Ju € D(E) : u|lx = flx}

loc

and inherits several important properties of the underlying Dirichlet form.
E.g., I' is strongly local as well, meaning that, for open V' C X and f € Dy,

1ydI(f,f) =0 whenever f is constant on V,
ie.,

Sgbdf(f, f) =0 whenever f is constant on V, and ¢ € C.(V).

Given the energy measure I, we can finally define the intrinsic metric in
the following way: Consider

AL = {f € Dioc NC(X) | I'(f, f) < m},

where the inequality signifies that dI'(f, f) is absolutely continuous with re-
spect to the underlying measure m with Radon—Nikodym boundary bounded
by 1. In analogy with the classical Dirichlet form, A' can be thought of as
those continuous functions for which the gradient is bounded by 1 in norm.
We set
de(z,y) == sup{f(y) — f(z) | f € A'} € [0, 0]

and call it the intrinsic metric induced by & (see [3}, 29, 31]); some properties
of the set A! can be found in the appendix of [5]. We will always assume that
& is strictly local, by which we mean that d¢ is a metric in the wide sense and
induces the original topology on X. In particular, this means that A' sep-
arates the points of X. Note that dg(x,y) = 0o occurs naturally if x and y
are in different connected components of X, as was also discussed in [31].

3. The classical Dirichlet form on open subsets of R%. Through-
out this section §2 denotes an open subset of R%. We will consider the usual
Euclidean metric p as well as the intrinsic metric dg induced by the classical
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Dirichlet form defined above. In that case

dr(f, f)(z) = |V f(z)]*dz  for f € WL(92),
and

AL ={f e W) NC(R) | [Vf(z)| < 1ae}.

We write p(z,y) for the Euclidean metric on R to distinguish it from the
other metrics introduced so far.

REMARK 3.1. (£2,p) is complete if and only if £2 = R%.

Clearly, 2 = R?\ {0} gives an example of a length space that is not
geodesic, as open subsets are geodesic with respect to the Euclidean metric
if and only if they are convex.

EXAMPLE 3.2. Let £2 = R%\ ({0} x [-1,1]). Then (2, p) is not a length
space. It is also easy to see that Lip! (£2) ¢ LipL .(£2). Choose, e.g., f(x,y) :=
(1 — |(z,y)])+ for (z,y) in the left halfplane and f(x,y) := 0 on the right
halfplane.

Of course, this example does not come as a surprise in view of Theorem
[4.2] below. We now relate the intrinsic metric dg to the Euclidean metric
and obtain an explicit formula. We are not aware of any reference for this
simple fact:

PROPOSITION 3.3. For any open subset £2 of R? we have de = py, the
length metric coming from Euclidean distance.

Proof. Pick z,y € 2. If x and y lie in different connected components U
and V of £2 then py(z,y) = oo, since there is no path joining the two points.
But dg(x,y) = oo as well, as can be seen from picking f, := nly € A as
trial functions:

de(z,y) > ig§<fn<y> — fa(®)) = 0.

Suppose now py(x,y) < oo. Since {2 is open, we can find r > 0 such that
B(x,r) C £2. Since the ball is convex we see that

lpe(x,y0) — pe(x,y1)| < lyo — 1| for yo,y1 € B(x,7),

which implies that f : 2 — R, f(y) := pe(x,y) for pe(z,y) < oo and 0
elsewhere, defines a function in A'. This gives

de(2,y) = f(y) — f(2) = pelz, y).
Conversely, let f € A' and v : [0,1] — £ be a polygonal path from z to y.
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< \'(®)ldt = L(v).

O e =

By taking the inf over all paths ~, we see that

fy) = f(z) < pe(w,y).
This gives dg(z,y) < pe(z,y). =

Closely related is, e.g., Lemma 1.1.24 from [28] where divergence forms
are treated, in the case X = R?, however. Since we have now calculated dg
explicitly, we can record some simple consequences:

REMARK 3.4. Like for the Euclidean distance, ({2, dg) is complete if and
only if 2 = R?. For arbitrary 2, (£2,dg) is a length space, since (pg)¢ = py
for any metric; see [15], 1.6].

This gives a family of natural examples for which Dirichlet metrics are
locally complete but not complete. In particular, our Theorem below,
stating that all Dirichlet metrics define length spaces, cannot be obtained
from any Hopf-Rinow type result, as was done in [31] under the additional
assumption of completeness. See also [15, 25].

4. Path metric property and Lip'. In order to find a path with
length close to the distance between x and y in a metric space one has to
manage to find approximate midpoints, i.e., for every x and y and € > 0
there should be a z such that

1 1
d(@,2) < gd(w,y) +¢ and d(z,) < Jd@,y) + e,

We will now see that this property follows from the sheaf property of Lip!.
In this section, (X, d) denotes a metric space.

PROPOSITION 4.1. Let U be an open subset of X such that Lip'(U) =
Lipi,.(U). Then B(x,r1) N B(y,r2) # 0 for d(x,y) < r1 +ra. In particular,
we can find approximate midpoints in U.

Proof. Assume that B(z,71) N B(y,r2) = 0. Let § > 0 be such that
B(xz,r1 — )N B(y,rea — §) = (). Consider the function

f(2) = =((r1 = 6) —d(x,2)) 4 + ((r2 = 6) — d(2,9))+-
It is clear that f(y) = ro — 6, f(z) = —(r1 — 8). Moreover, f = 0 on
W :=U\(B(z,r1—9)UB(y,r2—0)). Using the covering U(z,71),U(y,r2), W
we see that f € Lipl (U). Since Lip}(U) = LipL,.(U), we find that d(z,y) >
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fly) — f(z) =r1 +ro —25. As § was arbitrary, this proves that d(x,y) >
r1 + 1o, as we wanted to show. m

Although the proof is clearly inspired by the proof of Lemma 3 in [31],
both the assumption and the assertion are in fact quite different. It could
also and will be used for Dirichlet metric spaces, where the defining function
class A' is a sheaf. Here is our first main result:

THEOREM 4.2. If (X,d) is a length space then Lip' is a sheaf. Con-
versely, if (X,d) is locally complete and Lip' is a sheaf then (X,d) is a
length space.

Proof. Assume that (X,d) is a length space and let f € Lip . Let
z,y € X and € > 0. Then there is a path v : [0,1] — X such that v(0) =
and y(1) = y and L(y) < d(z,y) + ¢. For every t € [0, 1] there is an open
neighborhood U,y of 7(t) such that f|Uw) € Lipl(Uv(t)), since f € Lipj,.
By continuity of v, there is an open (in [0, 1]) interval I; containing ¢ such
that v(I;) C Uy(). Compactness of [0, 1] yields finitely many 0 =#; < --- <
tm = 1 such that

0,1]cl;,;U---UL,,,

and we may assume that this covering is minimal. Observe that consequently
I, NI, #0forj=1,...,m—1.

Pick s1,...,8n-1 € [0,1] such that

0<ti <s1 <t < - <81 <tyy=1

with s; € Iy, N Iy, for j=1,...,m— 1.
Then
¥(83) € Us(ty) N Us(tyn)-

Using the triangle inequality and the 1-Lipschitz property in the appropriate
neighborhoods, we get

m—1

@) = f)l < D (FOE) = FO(s)] + L (r(s5)) = F(r(Ez0))])

j=1
< Z s5)) + d(v(s5), 7 (tj41)))
j=1

L(y) < d(z,y) +e.

Since € > 0 was arbitrary, |f(z) — f(y)| < d(z,y).
To prove the converse, we want to show that, for fixed x € X, the
function

,_n

f:X_)R7 f(y):d€<$7y)7
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is finite everywhere (!!) and belongs to Lipi... (Note that, at the moment,
it is not even clear that X is pathwise connected.) If this is accomplished,
we deduce that f € Lip' using our assumption that Lip' is a sheaf, and
f € Lip! gives the desired inequality:

The first thing we check is the following:

CLAIM. For every y € X there exists v > 0 such that for all yo,y1 €

B(y,r),
de(z,y0) — de(, y1)] < d(yo, y1).-

We have to find » > 0 such that any two points yo,y1 € B(y,r) can
be joined by a path with length arbitrarily close to d(yo,y1), since this
obviously implies the claim. The existence of approximate midpoints settled
in the preceding proposition plus completeness (which we do have locally)
will allow us to construct the desired path. This argument is well established:
see [15, Theorem 1.8]. Here are the details:

Take r > 0 so small that B(y,3r) is complete; let yo,y1 € B(y,r) and
d:=d(yo,y1). Fix 0 < £ < 4. Denote

Dy :={k27" | k=0,...,2"} for n € Ny,
D := U D,, = {dyadic rationals in [0, 1]}.
n€Ng

By induction on n we prove

ASSERTION A(n). For all s € D, there is ys € B(y, 3r) such that

(%) d(Yra-n, Y(rr1)2-n) < 27" (5 +e), 2_k>-
k=1

For n = 0, the given points yg, y1 satisfy the inequality (the empty sum
is interpreted as 0 as usual).

Assume that A(n) holds and take s € Dyy1, s = k2~ "D For k even,
s € Dy, so that ys is already defined. Therefore assume that k is odd, so
that Y(k—1)2-(n+1) and Y(kt1)2-(n+1) aTC defined, with distance

d(y(kz—l)2—(n+l) ) y(k+1)2—(n+l)) <2™" (5 + e Z 2_k>7
k=1

by what A(n) gives us. Choose

1 n
ry =19 = 52_” (5 + € Z 2_k) + g4~ (D)
k=1
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so that ry +rq > d(y(k,I)Q_(nH) , y(k+1)2—(n+1)). From Proposition we get
a point Yo (nt1) € B(y(k_1)2,<n+1),r1) N B(y(k+1)2,(n+1),r2); in particular,

n+1
A(Y(_1)2-n+1) s Ypg-(nin)) < 1y = 271D (5 +e). 2"“),
k=1
and an analogous bound on d(yys-m+1); Ygy1)2-(n+1), so that A(n + 1) is
proven, since y; € B(y, 3r) follows from (x). Now

’YO:D—>B(?/737’)7 S Ys,

is easily seen to be Lipschitz continuous with Lipschitz constant é + ¢; note
that (x) gives the coresponding estimate for successive points in D,,. Since
D is dense in [0,1] and B(y,3r) is complete, vy extends to a Lipschitz
continuous v : [0, 1] — B(y, 3r) with Lipschitz constant § + ¢ and ~v(0) = ypo,
v(1) = y1. The length (as for all Lipschitz continuous paths) can easily be
estimated by 0 + ¢, settling the claim.

We now show that f is properly defined, that is, dy(x,y) < oo for all
y € X; denote Xo :={y € X | dy(z,y) < o0}.

As we already observed above, X is connected since Lip! is a sheaf. From
the claim we infer that X is open and closed. Since x € X, X is nonempty
and so must coincide with X. m

5. Strictly local Dirichlet spaces are length spaces. We now con-
sider the setup introduced in Section 1 above: X is a locally compact space,
& a strictly local Dirichlet form and so comes with an energy measure I for
which

Al - {f EDIOCQC(X) | F(f7f) Sm}
separates the points of X and
d(z,y) = dg(z,y) = sup{f(y) — f(z) | f € A"} €[0,00]

defines a metric in the wide sense that induces the original topology on X.
In particular, under these assumptions, small enough balls will be compact
and hence complete. Clearly,

Al ¢ Liph.
The converse is also true, as was established in [I0]. Since this work is not

yet available, we give a proof in the appendix:

THEOREM 5.1 (Rademacher’s Theorem). If d is the intrinsic metric of
a strictly local Dirichlet form £ on X, then

Lip! = Lipj,, = A"
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The name is due to Rademacher’s work [24], who established, for Eu-
clidean space, that a Lipschitz continuous function has bounded weak deriva-
tives. See the lecture notes [16] for more references and [26] for a special case,
the configuration space.

THEOREM 5.2. If d is the intrinsic metric of a strictly local Dirichlet
form € on X, then (X,d) is a length space.

Proof. The only difficulty we have to overcome is that both d and the
corresponding path metric d; may take the value co. But, as we see, that
happens simultaneously. We fix z € X.

STEP 1. d admits approzimate midpoints.

This follows from Proposition keeping in mind that the property
defining A" is local and so A' is a sheaf (see the Lemma in the Appendix).

STEP 2. For every y € X there is v > 0 such that
d(yo,y1) = de(yo,y1)  for all yo,y1 € By, 7).

This follows from local completeness and the existence of approximate
endpoints exactly as in the proof of Theorem Again as in that proof
we get

STEP 3. The setY :={y € X | dy(z,y) < oo} is open and closed.
STEP 4. If d(z,y) < oo then dy(x,y) < oo as well.
In fact, if dy(x,y) = oo, we have y ¢ Y and z € Xj. Since X is open

and closed, it follows that nly € Al (since dI'(1y,1y) = 0 by locality) for
all n € N. Therefore,

d(z,y) > nly(z) —nly(y) =n for alln € N.

STEP 5. Let f : X — R, f(y) := dy(x,y) for y € Y and O elsewhere.
Then f € A

By what we saw in the second step, f € Liplloc. Since LipllOC c Al as
mentioned above, we get the desired property of f.

We can now finish the proof as follows: The estimate d(z,y) < dy(z,y) is
clear. If dy(x,y) = oo, we know from Step 4 that d(z,y) = oo as well. Thus
it remains to consider d(z,y) < 0o, in other words y € Y. But this gives

d(xay) > f(y) - f(l’) = dg($,y)
for f as above. =

REMARK 5.3. In Step 1 of the preceding proof we could also have used a
local version of Sturm’s Lemma 3 from [31]. Conversely, the property proved
in the first step combined with compactness easily gives midpoints and this
implies that one gets local minimizing geodesics.
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Apart from the examples coming from the classical Dirichlet form, there
are many further classes of examples that fall into the framework covered by
the preceding result. We mention second order elliptic operators [3] 22} 30],
subelliptic operators [8, 9, 17, 18, 23] and Laplace—Beltrami operators on
manifolds.

The above results were obtained in connection with a joint work on
connectedness and irreducibility properties of Dirichlet forms with D. Lenz
and I. Veseli¢ [21].

Appendix. Let us first record some consequences of strict locality; see
[19] 20] for background material. Denote, for open U C X,

AN U) := {v € Dioe(U)NCWU) | T'(u,u) < m}.
LEMMA 5.4.

(1) A! is a sheaf, i.c., f € A" if and only if for all x € X there is an
open neighborhood U such that f|y € AY(U).

(2) If (un)nen is a sequence in A'(U) that converges uniformly to u,
then u € AY(U).

Proof. Since the continuous functions are a sheaf and I" is local, (1) is
evident.

For the proof of (2), we have to show that u € Djoc(U) and I'(u, u) < m.
Both assertions are local. So let K C U be compact. Take a compact neigh-
borhood V' C U of K and use the regularity of £ to find n € D(E) N C.(U)
that is 1 on V. Locality of I" gives I'(unn, unn) < m on the interior of V.
The Leibniz rule guarantees that &€(u,n,u,n) remains bounded in n € N.
As the balls in (D(E), || - ||¢) are weakly compact, there is a subsequence of
(unn)nen converging weakly to some v € D(E). Uniform convergence of the
U, gives v = un, so that there is v € D(E) that agrees with v on K. The
estimate I'(unn, u,n) < m on the interior of V' carries over to the limit, so
that I'(u,u) < m on the interior of V. As K was arbitrary, that settles the
assertion. m

The following proof is essentially taken from [I0], where a more general
result is proven in the sense that certain non-local forms are allowed.

Proof of Theorem . Fix f € Liplloc. We use the preceding lemma. So
it suffices to find, for every point x, an open neighborhood U with f|y €
AL (U). Pick U so that f € Lip! (U), which is possible by the local Lipschitz
property. Furthermore, we can assume that U is relatively compact, since X
is locally compact. It follows that f is bounded on U, say sup;; |f| < M € N.
We now define an approximating sequence for u := f|y in the following way:
for n € Nand m = —Mn, ..., Mn denote F, ,, == {y € X | f(y) > m/n}
and Up p, = (m/n — d(-, Fym))+, restricted to U. The distance d(-, F') is in
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Al for every closed set (see the appendix of [5]). Therefore, u, , is in A*(U)
as also is

Up = max Un.m-
m=—Mn,....Mn

Since f € Lip*(U) it is easy to see that u, — wu uniformly. An appeal to
part (2) of the preceding lemma finishes the proof. =
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