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Abstract—We prove localization for Anderson-type random perturbations of periodic Schrédinger
operators on R near the band edges.
General, possibly unbounded, single site potentials of fixed sign and compact support are allowed
in the random perturbation. The proof is based on the following methods:
(i) A study of the band shift of periodic Schrédinger operators under linearly coupled periodic pertur-
bations.

(ii) A proof of the Wegner estimate using properties of the spatial distribution of eigenfunctions of finite
box hamiltonians.

(iii) An improved multiscale method together with a result of de Branges on the existence of limiting
values for resolvents in the upper half plane, allowing for rather weak disorder assumptions on the
random potential.

(iv) Results from the theory of generalized eigenfunctions and spectral averaging.

The paper aims at high accessibility in providing details for all the main steps in the proof.

1. INTRODUCTION, THE MODEL AND THE RESULTS

One of the most interesting issues concerning mathematical models of solid state physics
is localization. Mathematically it is most commonly described by the occurence of
pure point spectrum with rapidly decaying eigenfunctions for random operators in a
certain energy region (see, however [6]). More precisely, consider a periodic Schrédinger
operator Hper = —A + Vper describing the one-electron approximation of a perfect
crystal. Then Hy., has purely absolutely continuous spectrum consisting of closed
intervals, called bands, under some mild assumptions on Vp.,. Adding an Anderson
type random potential V,, to Hp.r We get an operator H, which corresponds to the
crystal with impurities distributed according to V,,. This perturbation, even if it is very
small with respect to Hp,,, causes a drastic change of the spectral picture: near the
band edges of o(H,) the operator exhibits localization in the above sense. This is the
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content of Theorem 1.1 below, where we need a certain "disorder regime”, condition
(1.2) below. Results which are closely related to Theorem 1.1 have recently been given
by Barbaroux, Combes and Hislop in [1], and by Figotin and Klein in [10] and [11].
Figotin and Klein also proved a discrete version of Theorem 1.1 in [9].

For the bottom of the spectrum we present a result, Theorem 1.2, in which no
additional disorder assumption is needed. Thus it partly improves upon the results of
Combes and Hislop, [2], and Klopp, [19]; see however a result of Kotani and Simon,
[21], who treat a special model without disorder assumption. The difference between
general band edges and the bottom of the spectrum lies in the fact that for the latter
it is known that the the density of states exhibits Lifshitz tails, see [17]. This idea has
been used before to prove localization in [19].

Let us now briefly describe the organization of the paper: In the rest of this section
we introduce the model we are working with, and state the main results. We also discuss
some basic technical facts, in particular we characterize the almost sure spectrum of
H,.

Sections 2 to 7 are devoted to build up the machinery needed for the proofs of
Theorems 1.1 and 1.2, which are finally completed in Section 8. The center of this
machinery is a multiscale analysis, a technique which has been used in most of the proofs
of multidimensional localization. We use a version which is close to the treatment by
Combes and Hislop in [2], which itself is based on a discrete multiscale method used by
von Dreifus and Klein [7], see also [29].

The two main ingredients for the multiscale analysis, a Wegner estimate and the
initial length scale estimate, are presented and proven in Sections 3 and 4. Their use
has also become standard meanwhile, but two specific features of our presentation
should be pointed out: First, we have a rather short and direct method to prove a
Wegner estimate which uses an idea of one of us from [14]. Second, we aim to include
single site potentials of small support (see Assumption A below) under minimal disorder
assumptions. In particular, we do not assume ‘large disorder’ in the sense that the
random coupling constansts gk to be introduced below have a distribution with large
support. This needs some non-trivial preparation in Section 2, where we show that
the bands of a periodic Schrédinger operator are shifted linearly by a linearly coupled
periodic perturbation.

Sections 5 and 6 present the multiscale analysis with complete proofs. Some recent
ideas have been added with the effect of streamlined proofs and somewhat stronger
results. One improvement arises from an improved Combes-Thomas method due to [1].
We use it in the proof of Lemma 5.5, which is given in an Appendix. Another idea is to
use a basic functional analytic result of de Branges [5] on boundary values of operator
valued analytic functions in our proof of exponential decay of the resolvent in Section 6.
This idea has been used in a similar context in [33].

The conclusion of the proof of our main results in Section 8 is based on two additional
basic methods from spectral theory: spectral averaging and ezpansions in generalized
eigenfunctions. We state what we need from these theories in Section 7. Note that
generalized eigenfunctions have been used in other works on localization, cf. [7], and
can be seen as an alternative to a method based on Fredholm theory and the de la
Vallée-Poussin theorem used in [2]. We end our paper with some conclusive remarks
concerning some readily available extensions and generalizations of the results presented
here and a discussion on the relation of our results to the works [1], [10] and [11]. We
did not include the generalizations in the first place, since it is definitely an aim of this
article to invite non-specialists to the subject of localization. Thus we have not striven
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for overwhelming generality but rather tried to present the main ideas as clearly as
possible in their simplest form.

We now present the model we are dealing with. Throughout we rest on the following
assumptions:

A. Letp=2ifd <3, and p > d/2 if d > 4 and let Vyer € LY be a Z%-periodic
real potential, Hper = —A + Vier. As a random potential consider an Anderson type
potential of the form

Vo@) = Y ae(w) - flz — K,

kezd
where the single site potential f € LP and the gx satisfy:

A1 For some 0 <s < 1: f > xa,(0), where Ar(z) denotes an open cube of sidelength
r centered at z.

A.2 The support of f is contained in A1(0).
A.3 The g are i.i.d. random variables with common density g € L™.

A4 The support of g is a compact interval [g—,q4].
We denote by Q the product [q_,q+]zd and by P the product measure
ez 9(ak)dgr. Thus, for w € Q we have g (w) = wg.

Clearly, in A.1 it would suffice to have a lower estimate by some positive number on
some smaller cube. Note that the support of f can be arbitrarily small. A.2 can be
weakened to only assuming that f is compactly supported. The necessary changes in
the proof are discussed in Section 9. Also, A.4 is mainly needed to have the following
formula for the spectrum of H, = Hper + Vi,

o(H)= |J o(Hper+q- Y f(—-K)=T P -as, (1.1)
q€(g-.q+] kez4

where the fact that the spectrum is deterministic is already clear from ergodicity. For
the case Vp., = 0 this formula is well known, cf. [16]. We defer the easy proof of
(1.1) to the end of this section. Note that ¥ has band structure, since the operators
occuring in the formula for ¥ are all periodic and their band edges depend continuously
on g, see the discussion of basic properties of periodic operators below. Moreover, the
boundary points of ¥ correspond to band edges of either Hyer + g4 - 3¢ f(- — k) or
Hper + q— - ) gez4 f(- — k). Thus they "correspond” to the rare events that almost all
the coupling constants are near g4 or g—. This is the reason for the name fluctuation
boundaries and it is near these boundaries where one expects localization. This quite
vague picture can be made precise on the level of the corresponding operators restricted
to finite boxes (see Section 4 below) and is the basis for the proof of localization. Finally,
note that existing gaps in o(Hpr) may be filled-in for ¥, but it follows again from
continuity that ¥ will have non-trivial gaps if o(Hy.r) has gaps and ¢ is close to g_.
Here are our main results:

THEOREM 1.1. Assume that there exists T > d/2 such that g satisfies

q-+h 9+
/ g(s)ds < h™ and g(s)ds < h™ for small h > 0. (1.2)
- 9+—h

Then in a neighborhood of 8T the spectrum of H, is pure point P -a.s. with exponen-
tially decaying eigenfunctions.
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It will be clear from the proof that if we require the decay of g only near ¢4 or g— we
get localization, but only at the upper or lower band edges respectively. Using estimates
from the theory of Lifshitz tails we get the following improvement for the bottom of the
spectrum.

THEOREM 1.2. In a neighborhood of inf ¥ the spectrum of H,, is pure point P -a.s.
with exponentially decaying eigenfunctions.

In his recent preprint [20] Klopp established the existence of Lifshitz tails at inter-
nal band edges provided the unperturbed periodic operator satisfies a nondegeneracy
condition. Under this condition the assumption (1.2) could be removed in Theorem 1.1.

The class of potentials used in this work is standard in the theory of periodic
Schrédinger operators, c.f. [27, Ch. XIII]. Nevertheless, we now briefly discuss some of
its properties, in particular, to point out the uniform dependence of operator bounds
on several parameters.

Let V be a potential on R? which is locally uniformly in LP, with p as above. For a
cube A with integer sidelength £ and © € [0,27)¢ let CZ(A) be the = C*®-functions ¢
on R? which are ©-quasiperiodic w.r.t. A, = i.e. o(z + leg) =e®p(z), k=1,...,d.

The proof of A-boundedness of V with relative bound zero in [27, Theorem XIII.96],
i.e. self-adjointness of —A +V on L2(R?), can easily be extended to show the following:
For every € > 0 there is a C(¢) such that

[IVellzaay < ellAgllzzay + Ce)llellz2(a)

for every cube A, © € [0,27)? and ¢ € CF(A). Moreover, the proof shows that C(e)
can be chosen uniformly w.r.t. a family of potentials V' if sup, ||V||Ls(a, (=) i8 uniformly
bounded in V. This applies to the family {Vzer + V., Jw € 0} considered by us and will
be used several times in the sequel. The operators HY = (-A + V)§ on L%(A) are

2,2
therefore self-adjoint with domain W22(A) = CF(A) . For © = 0, i.e. periodic
boundary conditions, we just write Hy = (—A + V),.

If V € L, with p as above is Z4-periodic, then recall from [27, Ch.XIIL.16] that
o(-A +V) = UnUeeo,2r)4 En(©), where En(O) is the n-th eigenvalue of (-A +
V)I?l )+ En(0) is continuous in 8, which can be seen from the min-max characterization
of eigenvalues and the quasi momentum representation Ug'(—A +V),?1 oUe = (-A+
V +|0|?+i0-V)4, (o) With the unitary operator (Us f)(z) = e7'®2 f(z) in L2(A1(0)). If
V = Vi + AVa, where V; and V; are both Z%-periodic, then similar considerations show
that the "band edges” ming E,(6,\) and maxg E,(®, \) depend continuously on A.

As promised, we now sketch the

Proof of (1.1). ”C”: By standard convergence results we have that

o(H,) ¢ | o((Ho)a.):
nEN

on the other hand, for fixed n € N, it follows by min-max that
o((Hu)An(0)) C Z,

since the k-th eigenvalue of (H, ), (o) lies between the k-th eigenvalue of (—~A + Vper +
g-+ 2 f(- = k))a.(0) and the k-th eigenvalue of (—A + Vper + a4 - >4 f( = ))An(0)-
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">": Given a ¢ € [g-,9+) and an E € 0(—A + Vper +q- X f(- — k)) we find a
singular sequence ¢, in C® for E. Let I, € N be such that supp(én) C Ay, (0), and for
z € Z% consider

Na(z) = {w € Qg (w) € [q—l,q+ } for all k € Ay (2)}.

Then P (,(z)) is independent of z and strictly positive. Also, if Ay, (z) N A, (y) =0,
then Q,(z) and Q,(y) are independent. Thus, for a.e. w € N there exists an z,(w)
such that w € Qp(z,(w)). By countability it follows that for a.e. w this holds for all n.
This implies

I(Hy = E)¢n(- —za(W))ll < %ll S F(=B)gall + 1(Hper +a)_ f(- = k)all - 0
k k

asn — oo, where arelative boundedness argument hasto be usedon || 3°, = f(-—k)¢nl|-
Thus ¢,(- — z,(w)) is a singular sequence for E to H,. This concludes the proof of
(1.1).

In the context of random perturbations of diffusion matrices one can give a similar
description of the spectrum; this was done by one of us in [3]. As usual we use the letter
C for a constant that may be different in different equations or inequalities; moreover
we will often leave the dependence upon the space dimension d implicit.

2. PERTURBATION OF BANDS

In this section we provide the tools for our proof of the Wegner estimate and the initial
length scale estimates. As the title indicates it is mainly about how the bands of a
periodic Schrédinger operator behave under perturbation by certain periodic potentials.
The following result is a step in this direction, since the quantity estimated from below
in (2.1) will show up as a derivative of eigenvalues.

PROPOSITION 2.1. Let Vy and V be locally uniformly in LP with p as in Assumption
A and denote by HY and Hj the corresponding Schrédinger operators with periodic
boundary condmons on the cube A C R%. Let F C A such that dist({z € A;Vp(z) #
V(z)},FUA®) =:9 > 0,x := 1 —xp. Then there is a constant C = C(¥) such that for
every eigenfunction f of H with eigenvalue pu € p(HY) we have

£l < [1+CUIER = w7+ IEHR = )~ VID] XAl 21

Proof. Choose a C?—cut—off function 0 < ¢ < 1 which vanishes on a neighborhood of
F and 8A and is 1 on a neighborhood of {z; Vy(z) # V(z)}. We can choose it in such a
way that the supremum norms of its derivatives are bounded in terms of ¥. Note that
with f also (1 —¢)f € D(HY) by the assumptions on ¢.

I =@)fll = I(HR — )~ (HR - (1 - )f]
= |(HR = )~ [(1 - ¢)(Hr — ) f + (AL - ¢))f = 2V[V(1 - $)] ]l
=I(HR - w7 [(AQ - 9))f —2V[V(1 - ¢)] = flll,
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where we used that f is an eigenfunction of H. Since A(1 — ¢) and V(1 — ¢) are
supported on F' we can estimate

< COWUIHR -~ I+ =lI(HR - » ™ VIDIIX I

which proves the assertion by noting that ||¢f|| < [Ixfll-
The following result is of interest beyond its application in Section 4.
THROREM 2.2. Let V,W € L . be Z4-periodic and p as in Assumption A. Assume

loc
that W > 0 is such that the interior of {z;W(z) > a} is non-empty for some a > 0.
Let H=—-A+V,H()\) = H+ AW and denote by a()\) € do(H(\)) a band edge varying

continuously with X € (—Xo, Ao). Then there exists A\; > 0 and C > 0 such that

la(A) — a(0)] = CIA| for |A| < M (2.2)

Before stating the proof let us note that by the remarks in Section 1 for each band
edge a € do(H) we find a continuous function a(-) as indicated.

Proof. By [27, X111.16]) we know that for some n € N and all A € (—Ag, Ao) we have
a(A) = En(Hen)(A))

for some ©()\) € [0,27m)¢, where E,(T) denotes the n-th eigenvalue of the operator
T and Hg(y)(A) is short for (H ()\))z(?g) (see Section 1). By monotonicity, we can
assume without restriction that W € L*®. We can also assume that the interior of
{z;W(z) > a} contains 0.

Consider first the case where a(-) is an upper band edge and A > 0. Choose an
orthonormal basis (fi) of eigenfunctions of Hg (o) with eigenvalues Ey(0),i.e. for A = 0.
The min—max principle gives

En(He(0)(A)) 2 ((H+AW)glg) -

inf
gL{f1,-..fa-1hllgll=1

Since the corresponding operator has compact resolvent, only finitely many Eg(0) can
equal E,(0), say at most those with kK < N. We write P and Q for the orthogonal
projections onto the subspaces spanned by f, ..., f; and fx41,... respectively and have

-+« 2 inf[Eq (0) | Pgll? + En+1(0)l|Qgl1* + X(Wglg)].

Assume that the inf equals E,(0). Then there exists a normalized sequence (gi) in
{fn,-s fn}* such that ||Qgk|| — 0 and (W gk|gx) — 0. Therefore, also (W Pgg|Pgx) —
0. Since P has finite dimensional range, there is an accumulation point g = Pg of the g
with (Wglg) = 0. Since W is strictly positive on some open set, this would contradict
the unique continuation result from [12], since g is an eigenfunction of Hg(o) with eigen-
value E,(0). (See [28] for more recent developments concerning unique continuation.)
Thus a(A) > En(He(0)(A)) > Ea(0) = a(0).

From this we also get that a()\) < a(0) for an upper band edge and A < 0 (treat
H()) as the unperturbed operator). Similarly, we can prove that in case of a lower
band edge a(-) and A > 0 we have that a(A) > a(0) (here we use an argument as in the
first case, with a(A) = En(Hg(r)(})), (fi) an orthonormal basis of eigenfunctions for
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Hg(»)(0)). Again it follows by reversing the roles of H()) and H(0) that a(}A) < a(0) for
small A < 0. In order to show the assertion of the theorem we use kind of a boot-strap
argument and apply Proposition 2.1:

Consider now a lower band edge and A < 0. Fix a > 0 such that {z; W(z) > a}
contains the cube Ag(0) for some R > 0. For later use we also choose R < 1. By
periodicity of W we know that

W>aon |J Ar(). (2.3)
j€24

Let U be an open interval containing a = a(0) such that a =infe(H) NU. Let 0 < A,
be so small that, for A € [—Az,0], we have

a()) =info(H(A\))NU.

As an auxiliary potential consider the characteristic function of
U A-6)
jez4

for some 0 < r < R, denoted by W;. Then b(t) := inf o(H +tW;)NU is a band edge of
H +tW), for t small enough; by what we saw above, b(t) > a for t > 0 small and fixed.
By continuity in A we find 0 < A; < )2, a compact neighborhood .J of a and § > 0 such

that
dist(a(H(A) + tW),J) > & for A € [-)A1,0] (24)

and
a(A) € J for X € [-Ay,0].

By standard theory of periodic Schrédinger operators we know that

o(H\N) = | o(Ha,(N),

keN
so that
a(A) = inf({En(Hp,0)(N); k,n € N} N J). (2.5)
We will show below that there exists C > 0, such that
d+ d-
S En(Hau@() 2 C and S En(Ha, () 2 C (26)

/-

for all A € [~A1,0] and E,(Ha,(0)(A) € J where £:= denotes the right and left
derivatives with respect to A.
Let us first note that (2.6) will imply the desired estimate
a(\) — a(0) < CA for A € [y, 0].
In fact, by (2.5) we find for £ > 0 natural numbers n, k such that

En(Hp,0)(0)) < a(0) +e.
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Together with (2.6) this gives
a(A) < En(Ha,0)(A)
0
d

= En(Hau0) - | g En(Hn ()X

<a(0)+e+CA.
To verify (2.6) we use Proposition 2.1. The set .JJ has already been defined. Let

c
F= (U 4x0)
j€z4

so that
W > ax

for x = 1 — xr and the assumption

dist(F U Ag(0), {V + AW + tW; # V +AW}) >

R—r
2

holds (use R < 1). Thus we can apply Proposition 2.1 with the choice Hy = Hy, (0)(A),
HY = Hy, +tW;, and p = E € .J. (2.4) and an argument using relative boundedness
show that the constant in front of ||xf|| in (2.1) is uniformly bounded in A € [—);,0],
k and E € J. This implies that every normalized eigenfunction f of Hy,(0)(A) with
eigenvalue E € .J satisfies

IxfII* > C. (2.7)

An application of the Feynman-Hellmann theorem (see [34], p.151) gives that for every
normalized eigenfunction f of Hy, (o)(A) with eigenvalue Ep(Ha,(0)(A)) we have

S En(Ha (V) = (W 111) 2 allfI1* (28)

If E,(Hp,(0)(0)) is degenerate equation (2.8) holds for an appropriate choice of the
eigenfunction (see [13, VII, 3, Thm. 3.6]). Since eigenvalue crossings might appear, the
equation only holds for right and left derivatives. This, together with the estimate from
(2.7) implies (2.6). We use the same idea for a lower band edge and A > 0; here again,
an auxiliary potential —tW; will shift the spectrum away from a. Similar considerations
hold for upper band edges: (2.6) holds with sup replacing inf and we again can apply
Proposition 2.1 after shifting the spectrum to the right by tW; if A < 0 and to the left
by —tWj if X > 0.

3. THE WEGNER ESTIMATE
In this section we are concerned with an inequality concerning the box hamiltonians
Hp(w) = Hper + V., in L2(A),

where A = A,(i) with £ € N, i € Z¢ and we impose periodic boundary conditions. Here
Hp., +V,, is the random Schrédinger operator given by Assumption A of Section 1. The
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Wegner estimate expresses quantitatively that it is quite unlikely to hit an eigenvalue
of Hp(w) for fixed A, varying w.

THEOREM 3.1. Let a € X. Then there is an open interval I containing a and a Cw
such that for all intervals J C I and all A = A,(i) with £ € N,i € Z¢ we have:

P {o(Hr(w)) N.J # 0} < CwlJ|IA]® (3.1)

Since the spectrum of Hj(w) consists of eigenvalues of finite multiplicity it is clear
that an analysis of the mobility of these eigenvalues under varying w will be crucial for
the proof of Theorem 3.1. The w; have absolutely continuous distribution. Thus it is
no surprise that we will have to study the derivatives of eigenvalues with respect to a
coupling constant in the potential, which, as we already saw in the preceding section, is
related to estimates of eigenfunctions. In fact, to obtain Theorem 3.1 we use the proof
of the Wegner estimate in [14] verbatim, relying on the following result. Recall that s
is one of the parameters of our model as defined in Assumption A.

PROPOSITION 3.2. Let a € 8. Then there is an open interval I containing a and
C > 0 such that for all A = A,(i) with £ € N,i € Z4, all w € Q and all normalized
eigenfunctions f of Hx(w) corresponding to an eigenvalue p € I we have:

2
> /A erezc (3.2)

Proof. We want to apply Proposition 2.1. Thus for H = Hj(w) we want to find a
comparison operator Hy(w) = —A + V,,, with the following property: For

()

we have
dist({Vo,w # Vper + Vu}, F) =19 >0 (3.3)

independently of w. Assume first that a is a lower band edge. We set

Vo.w = Vper + Vw(l - Xr) + Axr Zf( - k)
k

for some A € (9—,9+) and 0 < r < s, where

Xr = Z XA (k)

kezd
Clearly, (3.3) is satisfied for each \,w, A. Moreover, for some I as asserted,
dist(I,0(H3(w)) > 6 >0 (3.4)

for all w € 2 and A. To verify this we use Theorem 2.2:
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Note that a is a lower band edge of Hper + ¢— - ) _yez4 f(- — k). Consequently, for A
as above the corresponding band edge a(A) of H(A\) := Hper + q— - D _yeza f(- — k)(1 —
Xr) + A+ Xpeza f(- = k)xr satisfies

a()) > a,

since the difference is (A —g-) - 3 _xcz4 f(- — k)xr so that we can apply Theorem 2.2.
For the restriction Ha()\) of H(A) to the cube with periodic boundary conditions we

have that
min{a()\) — a,dist(a, 8% \ {a})} < dist(c(Ha())),a) < dist(a(Ha (w),a).

Here, the latter inequality follows from g < gx(w) by the min-max principle. Therefore,
(3.4) follows for a suitable open interval I containing a.

(3.4) implies that ||(H3(w) — )| is uniformly bounded in i € I, w and A, and an
argument using uniform relative bounds in w shows the same for ||(H}(w) — u)~1V]|].
Thus we can apply Proposition 2.1 and get the asserted (3.2).

In the case of upper band edges, which are band edges of Hper +q4 - D xez4 f(- — k)
we add the same auxiliary potential to shift the band edge to the left (this follows from
A < g4+) and use the same arguments as above, incl. Proposition 2.1.

4. INITIAL LENGTH SCALE ESTIMATES

In this section we will prove the initial length scale estimates which are necessary for
multi-scale analysis. Let us first consider the case of band edges above the bottom of
the spectrum and recall that in this case, i.e. the case of Theorem 1.1 we assume that
the coupling constant density g satisfies:

q-+h 94
/ g(s)ds < h™ and / g(s)ds < h™ for some 7 > d/2 and small h > 0.
9+—h

By standard Combes-Thomas estimates, the exponential decay rates for resolvents we
are aiming at will be reduced to proving a lower bound on the distance of the spectrum
of the box hamiltonians Hj (w) to a given band edge a.

PROPOSITION 4.1. Assume (4.1) and let a € 8%. Then for any € € (0,21 — d) there
isa B >0 and ¢* = £*(1,€) such that

P {dist(o(Ha(w)) N (a,00),a) < £#~2} < £~¢ ifa is a lower band edge (4.2)
and
P {dist(o(Ha(w)) N (=00,a),a) < £8~%} <% ifais an upper band edge  (4.3)

for A = Ay(0) and ¢ > ¢*.
Proof. Assume that a is a lower band edge. We use Theorem 2.2 with

W= f(-kandV=Ver+q- Y f(-—k)

kezZd keZd
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and choose C and ); as asserted there. For 0 < h = C~1¢6%—2, 8 < 2, £ € N consider
Qep = {w € Qgr(w) > g- +hfor all k € A (0)}. (4.4)

Then

g-+h
P(Qep) >1-|Al- / g(s)ds > 1— [A|RT =1 - C~7¢d-72-H),
q

Moreover, for w € €, we have by monotonicity that

dist(o(Hp (w)) N (a,0),a) > dist(6(=A +V + h-W)N(a,),a)
>C-h
=2,

Starting with 0 < £ < 27 —d we find 8 > 0 such that £ < 7(2 — 8) — d, and these 8, £
will do for large enough 2.
For an upper band edge we use

Qup ={we Yg(w) < gy —hforall k € Ay(0)}

and apply Theorem 2.2 in the same way as above. We now turn to the discussion of
the infimum of the spectrum. Here we will use results from the theory of Lifshitz tails
(see [23, Chapter TV], [15] for a general discussion) in order to arrive at the analog of
Proposition 4.1 without a disorder assumption of the form (4.1).

PROPOSITION 4.2. Let a = infX. Then for any £ > 0 and B € (0,2) there is an
£* = ¢* (&, B) such that

P {dist(o(Ha(w)),0) < £#7?} < €7¢ (4.5)

for A = A,(0) and £ > ¢£*.

Proof. Let us first consider the case of reflection invariant potentials which is treated
in [17]. Denoting the Schrédinger operator —A+Vj.,+V,, on A with Neumann boundary
conditions by HY (w) it is clear from the min-max principle (compare [8, Ch.6.3]) that

the first eigenvalues obey
Ey(HR () < Ei(Ha(w)),

where the latter refers, as usual, to the operator with periodic boundary conditions.
Hence it is enough to prove

P{Ei((HY (W) Sa+ 1} <8
To this effect infer from [17], p. 804 that
P {E1(H{ (w)) < a+£72} < exp(~K£4/?) (46)

for some K > 0. This is on the one hand not enough distance to a but on the other
hand a much better decay in £, the sidelength of the cube. Consider the bigger cube
AL as a union of (%)“ cubes of sidelength £ € N. Using the fact that

Hy (w) 2 @ Hy, () (4.7
ke(tZ)40A L,
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we get that
E\(HY, (w)) 2 inf Ey (Hy, 1) (w))

As there are (%-)“ smaller cubes in Az and the probability that a fixed one of them
contributes an eigenvalue below a + £~2 is given by (4.6) we obtain:

L d
P{B(HR, (W) Sa+£7) Sem(-KE/) () (48)

Choosing £-2 ~ LA-2, i.e. £~ L'~7 integer, we arrive at an estimate
P {E(HY. (w) < a+LP~?} < exp(-KL*)L"

for some a > 0 and v. Clearly this implies the desired polynomial decay in L.

In the general case we use the ideas from [22] in order to get the analog of (4.5). To
this end consider boundary conditions of the type HX(w) which are defined in [22] by
the help of a periodic strictly positive generalized eigenfunction h of Hper. In [22] it
is described how to modify the proof of [17] in order to show that these operators still
satisfy (4.6) above. Moreover, from Proposition 1 in [22] it follows that (4.7) is valid.
The final observation necessary to adopt the above proof to the general case is the fact
that, as for the Neumann boundary conditions, we have

HY(w) < Hp(w)
which is apparent from the special choice of x in [22].

5. MULTI-SCALE ANALYSIS

Let 8 > 0 be fixed, |y| := max; |y;| for y € R? and dist(-,-) be the corresponding
distance function. For a cube A,(z) = {y € R? : |z — y| < £/2} with center z €
Z4 and sidelength ¢ € N let ¢,. € C$°(A¢(z)) be chosen such that ¢, = 0 for
dist(y, 9A¢(z)) < do, and @,z (y) = 1 for dist(y,8A.(z)) > 280. We can choose the , ;
such that |8;¢,,z| and |8;0;,-| are uniformly bounded in £ and z for all %, j. x¢, will
denote the characteristic function of A, and (with [-, ] denoting the commutator)

W(yp) :=[-A,¢]

for suitable functions ¢. A tool which we use throughout the following sections is
the geometric resolvent equation which is the following relation between resolvents of
Hamiltonians restricted to different regions A C A’. If ¢, denotes a C?>-function on A
it reads

Sa(Hr — 2)™1 = (Hr = 2)72¢a + (Ha — 2) "W (ga)(Hr —2)7!
for z in the resolvent set of Hy and Hy:.
For operators on cubes we introduce some more notation in order to facilitate the

following calculations. With Vj.r and V = V,, as in Section 1 let

Hyz=—-A+Veer +V  on L2(Ay(z))
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with periodic boundary conditions and Ry z(z)(H,,z — 2)~}. For z = 0 the subscript z
will be dropped from the terminology defined above.
In the following we work with a fixed energy E € R.

Definition 5.1. A cube A(z) is called y-good for some v > 0 if

sup W (@e.2)Rez(E +i€)xes,qll < e
e#0

Note that by independence the probability P (A, is y-good) does not depend on z.

For the following lemma let £ be a multiple of 3, T := £Z¢ and ¢ > ¢. By Qgood We

denote the subset of those w € Q for which no two disjoint v-bad cubes of size £ with

center in TN A3y exist. This means that diam I’y < %l for the union I'y of y-bad boxes.
N 2d

LEMMA 5.2. (i) If P (A 1-good) > 1= n, then P (Rgp04) > 1—c (4[) 2.

(ii) Let w € ngod- Ifz €T and y €T such that Ay3(y) U Ays(z) C Ay, then

3|z—y|e?

. _ -4 .
Ixe/3,cR3e (E +i€)xe/s 4l < (3% [|R3e (E +ig)|| (5.1)

Proof. (i) follows from elementary combinatorics.
(ii) At first, suppose that A,(z) is y-good and A¢(z)NA¢/3(y) = 0. Then @¢zxe/3,y =
0 and therefore the geometric resolvent equation implies

Xt/3.2 B3t Xes3,y = Xey3,2Re.aW (0e,z) RaeXes3,y

= x¢/3,Re.aW(pe,z) Z Xe/3,2; Rae Xe/3,y-
Z;€LN(Ar(x)\Arys3(2))

Let z; be chosen from the Z; such that "Xt/s';,, R3¢’Xt/3.y“ becomes maximal. Thus,
using also that A.(z) is y-good,

Ixe/3,2Rsexe/3,5ll < 3% Ixes3,20 Rae Xesayll-

This process can now be repeated to construct points zy,...,zx € I as long as A¢,z, _,
is v-good and does not hit Ay/3(y) or dA3e . The same type of estimate (using adjoints)
can be applied to y as a starting point, yielding points y1,...,y;. The process moves
in steps of £/3. Therefore, it follows from A./3(y) U Ay/3(z) C A and the assumption
on diam T, that j + k > 3|z — y|¢~! — 4 iterations can be performed before the process
stops on both sides. Estimating finally ||x¢/3,2, R3e'Xe/3,9;ll < || R3e]| yields (5.1). The
lemma is proved.

LEMMA 5.3. Let £ > 0 and assume that E satisfies a Wegner estimate as given in
Theorem 3.1. Then there exist constants ¢, ¢ and ¢3 such that: If

P (A, y-good) 21 -1
for some multiple £ of 3, vy > 0 and 1 > 0, then

P (Ay v'-good) > 1 -1’
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for every multiple £' of 3 with £' > 4¢ and

!

2d
1
n=a (%) w0,

42 c2 log ¢

Proof. Choose @, € C§°(A¢) with ¢¢(y) = 1 for dist(y,A¢) > do and such that |0;@,|
and |9;0;@;| are uniformly bounded in £ for all 4, j. The geometric resolvent equation
implies

W(pe)R3exe /s = W(pe)@e Rae xe s
= W(pe)Re xe 3 + W(pe )Re W (Pe)Rae Xe3-

Thus
W (we)Rerxe sl (5.2)
< |IW(pe)Raexesll + C (|Rell + IVRe ) W (@e ) Rae xer3ll- (5-3)
To further estimate
W (0e)Rae xessll < I(Ape)Raexe sl + 2l[(Voe) - VRaexesll (54)

we first note that by covering supp(Aye ) and Ay /3 with cubes of sidelength ¢/3 one
can conclude from Lemma 5.2 that

Y 2d _ .
I@ee)Roexessl <O (%) @954 1Rael 55)

with probability P > 1 — ¢(¢'/£)%4n2.
To control the second term on the r.h.s. of (5.4) we use the following standard esti-
mate: There exist constants C; and C; (independent of L and w) such that

1
llpHzgll* 2> Sl198;9ll* — Cillpgll? — Call(V)gll® (5.6)

for every g € D(Hr) and @ € C§°(AL). This estimate uses uniform (in w and L) relative
form boundedness of Vi + V,, with respect to Hy and can be proven by a calculation
as for example in [35, p. 317ff].

Choosing L = 3¢, ¢ = (8py) and g = Raexy/3f, f € L*(Ase) in (5.6) yields after
a simple calculation that [|(Vye) - VR3pxe /s3]l can be estimated by a sum of terms of
the form ||¢R3e-x ¢ /3]l, where ¢ is a first or second order partial derivative of p,. All
these terms can be estimated as in (5.5) and therefore by (5.4) this estimate also holds
for ||W(pe)Rae x e 3l In exactly the same way we estimate {|W (42 ) Rae xeysli in (5.2)
and arrive at

4

l 2d _ l'_
IWloe)Rexepll <€ (7)) @ F Rl 1+ IRell + VR )  67)

o\ 2d
with probability P > 1—¢; (-‘2-) n°.
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By the Wegner estimate (3.1) we know with probability P > 1 — 2CweL?® that
dist(E,0(HL)) > €, i.e. [|[RL|| < 1/e. The choice L = 3¢ and € = g3—372¢(¢')~¢~2¢
gives ]

IRsell < C(€)+* with P 21— 2(&)7¢ (5.8)

Furthermore
VRL(E +i€) = VRr(c) + (E +ip — c)VRL(c)RL(E +ie),
where arguments using relative form boundedness guarantee the existence of ¢ € R with
c+1<info(HL) and |VRL(¢)|| < C uniformly in L and w. Thus
|RL|l + IVRL|| < C(1 + -;-) with P >1-—2CweL*.
The choice L = # and & = z2—(£)~¢~24 proves that

IRl + VRl < CEYEH™ with P 21— 2(¢)7¢. (5.9)

From (5.7), (5.8) and (5.9) we get

4

Y, 2d ”
Wloe)Rexenll <O (%) @l 4(eyerss (5.10)

with P > 1 - ¢;(§)%¥n? — 1(¢')~¢. A simple calculation shows that the r.h.s. of (5.10)

is
4¢. dlog3 logC (2¢+6d)log?
< -0 |y(1-=) - - - .
< exp ( [7( 7 7 7 7
The proof of Lemma 5.3 is therefore completed by choosing ¢3 = 2¢ + 6d and estimating
LEMMA 5.4. Let a € 9% and 0 < £ < 27 — d under the assumptions of Theorem 1.1
orlet a =inf ¥ and £ > 0 under the assumptions of Theorem 1.2. Let a € (1, %%).
Then there exists a neighborhood I of a such that for every E € I thereisan £* € N
and « > 0 with the property

P (A, isy-good) > 1—£° fork=0,1,2,...,
k

where €y > £* is an arbitrary multiple of 3 and ¢, = [eg"]s. Here [z]; denotes the
largest multiple of 3 which is smaller or equal to z.

The rest of this section will be used to prove Lemma 5.4. Under the given assumptions
we know from Propositions 4.1 resp. 4.2 that there exist 8 > 0 and £* such that

dist(a,0(H,)) > €42 with P >1-¢7¢

for £>¢*,ie.for E€I:= (a—3£/2,a+ }£°~2) we have

dist(E,o(Hy)) > %Zﬁ‘2 with P >1-¢7¢, (5.11)
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We will now use the following Lemma whose proof is given in an Appendix and based
on an improved version of the Combes-Thomas method as introduced in [1].

LEMMA 5.5. Let I, £ and B be given as above. Then for E € I it holds with
probability P > 1 — £~¢ that

sup ||W (pe) Re(E +i€)xysll < e
€#0
if0 < < B/2and ¢ > £* with ¢* sufficiently large.
Therefore, if we choose £ > ¢* a multiple of 3, v = Zg"l, and 79 = £ 6, then
P (Ay, is Yo-good) > 1 —£5¢.

With this & and & = [eg"]3 we have £y41 > 4€y for all k if £* is large enough.
Since E satisfies a Wegner estimate by Theorem 3.1 we can therefore inductively apply
Lemma 5.3 and conclude that

P (Ag, is ve-good) > 1 — g, (5.12)
where a0 log ¢
c o
beyr” b Ly1
and
ek+1 2d —2€ 1 3
Mk+1 = O (77) 0+ Eek+l‘ (5.14)

By a calculation as in [2, Proof of Lemma A.3] one can check that the v, are strictly
bounded from below by a positive number, i.e.

Y>>0 forallk. (5.15)

From the definition of ¢ we get fp41 < (2€;)* if £* is large enough. This and (5.14)
yield the estimate

- 1\ -
Mkt < (cei‘f;‘ (2d+26)/ec 5) e,

The term in brackets is bounded by 1 for all k if £* is sufficiently large since a €
(1,(2d+2¢)/(2d + ¢)), i.e.

M1 < Lgy for k=0,1,2,.... (5.16)
Lemma 5.4 follows from (5.12), (5.15) and (5.16).

6. FROM FINITE BOXES TO THE WHOLE SPACE

The goal of this section is to turn the finite box resolvent estimates proven in Section 5
into the basic estimates for R(z,w) = (H(w) — z)~! needed to prove localization and
exponential decay for eigenfunctions. The main result is

THEORFM 6.1. Let Q : R® = R be bounded, measurable and of compact support.
Under the assumptions of Theorem 1.1 there exists a neighborhood U of ¥ and under
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the assumptions of Thecrem 1.2 there exists a neighborhood U of inf ¥ such that the
following holds with probability one:
(a) For almost every E € U

sup ||R(E +ie)Q|| < oo.
e#0

(b) For almost every E € U there exist C and v > 0 such that

sup ||x. R(E +i€)Q|| < Ce™ !
e#0

for every z € Z°%. Here Xz := XA, (z)-

Although the above statements could be proven “from first principles” (compare [2,
Theorems 2.1 and 2.4], we have decided to base our proof on the following deterministic
fact:

PROPOSITION 6.2. Let H = —A +V where V_ is in the Kato class and V. is locally
in the Kato class. Then there exists a subset Sy C R of full measure, i.e. |R\ Sp| =0,
such that

sup [lxa(H — E —ie)'xsll < 00
e#0

for every E € Sy and every pair cf compact subsets A and B of R9.

Results of this type go back to de Brange's work [5]. The above formulation is found
in (33, Lemma 3]. The Kato class includes all the potentials discussed in the present

paper.
As additional preparation for the proof of Theorem 6.1 we need

LEMMA 6.3. Let I be asin Lemma 5.4 and E € I be fixed. With ¢*, ¢, andy > 0 as
in Lemma 5.4 let vk := X3¢, — Xatu_,- Then, if £* is sufficiently large, with probability

P >1-¢.¢ it holds that

sup [ Rac, (E +ie)W (ac, )| < e~Hrte, (6.1)
€

and
sup [ Foc, ( +16)Q| < CllQlloo gt~/ 2*e=57t-1, (62)
&

Proof. By Lemma 5.4 we have P (A,,_,v-good) > 1 — l‘fl, and therefore we can
apply Lemma 5.3 with £ = £x_; and £' = 9¢, yielding

Ik Roeu W (032, )| < €774

with 2
9£k _25 1 _e
P>1-¢g (lk-l) ek-l 2(9&;) s (6.3)
where

4ek—1 C2 log ng
! = 1- - - ~ .
TEY ( 92, ) PR TA
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If ¢* is sufficiently large, then 4/ > /2 for all k and, by a calculation as in the proof
of Lemma 5.4, the probability in (6.3) can be estimated by P > 1 — e;‘. This proves
(6.1).

To prove (6.2) we use Lemma 5.2 with £ = £,_;, £’ = 3¢, and n = Z;fl (possible
by Lemma 5.4). We have |Q| < ||QllcoXe._, /3,0 if £* is sufficiently large, and suppyx
can be covered with C(£/tx-1)? < Clz_d/a cubes of sidelength £,_,/3, all of whose
centers having at least distance 3f¢—; to 0. Thus (5.1) proves

4k Roe Qll < ClIQlloo 2% (3%=7%-1)° || Ross | (6.4)

with P > 1 —c(4 /Zk_l)"’dl;fﬁ. Wegner’s estimate yields
1
|Roe. || < CEF?? with P >1- 54‘- (6.5)

This and (6.4) imply (6.2) using C (£ /€k-1)226 2% + 16;¢ < £ for large ¢*.

We are now in a position to complete the Proof of Theorem 6.1(a): Take U to be the
(union of) neighborhood(s) provided by Lemma 5.4. Since ), f;f < oo we conclude
from the Borel Cantelli lemma that for every fixed E € U and almost every w there exists
ko = ko(w) such that (6.1) and (6.2) hold for every k > ko. For these w and arbitrary
f € L"’(Rd) we get the following estimate using the geometric resolvent equation and
Lemma 6.3:

(1 = xae., ) R(E +i€)QfI?
= Y [IWeR(E +ie)Q S|

k> ko

<2 Y (IweRoe, (E +ie)QSI? + Ik Roe, (E + i)W (0o, )P k41 R(E +i€)QfII2)
k>ko

<clelz Y (fid‘“’“*‘e"5"‘~-')2anP +267%7%0 S |y R(E +ie) Q|2

k>ko k>ko+1

If we choose ko sufficiently large such that 2e™%7%o < 1, then it follows that

11 = Xako) R(E +i6)QfI < 2CNQI%, T (638wt ) 12
k>ko

< ClIfIP

uniformly in € # 0. Thus we have proven that if E € U is fixed, then for almost every
w there exists a.compact subset K = K(w) C R? such that

sup 1(1 — xx)R(E +ie,w)Q|| < . (6.6)
e#0

Fubini’s theorem implies that the following holds with probability 1: For almost
every E € U there exists a compact subset K = K(E) C R? such that (6.6) holds. For
almost all of these E’s it is by Proposition 6.2 also true that

S\;g lIxkE)R(E +ie,w)Q] < oo.
€
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This combines to prove part (a) of Theorem 6.1, i.e. the existence of a subset Uy C U
with |U \ Uo| = 0 and such that sup,,, | R(E +i€)Q|| < oo for E € Up with probability
1.

For the following proof of part (b) of Theorem 6.1 assume that E € Up. Given
z € 7%, choose k such that z € Age, \ Ase,_, and assume that supp @ C A,,_,/3. One
more application of the geometric resolvent equation gives

lIxeRQI < lixzRoe, Qll + lixzRoe W (00, ) RQI. (6.7)

From (a) above and (6.1) we se that the second term on the r.h.s. can be estimated by
lIx2Roe, W (w0t )RQIl < ClixzRoe, W (as, )|l < Ce~¥rés < ceHrlel (6.8)

withP >1 —Z;E. Lemma 5.2, Wegner’s estimate (compare (6.5), and some calculations
are used to estimate the first term on the r.h.s. of (6.7):

[IXzRoeu QI < [|Qlloo (3%)%%/ =1~ $712lj| Ry, |
< C”Q”c‘oei-\‘&de—-§7|z|+9d(1033)¢../t.,..1

< C”Q”oo|$|0(5+2d)e—%7III+CI3I"“

< e"1'|¢|

(6.9)

for 0 < ' < /3 and |z| sufficiently large (note @ < 2) with probability P > 1 —
C(30k/tk-1)?6.% — 367¢ > 1 = Ce¢ (compare (5.16). Inserting (6.8) and (6.9) in
(6.7) we see that

Ix-RQIl < Ce~ll (6.10)

holds for every E € Up and large |z| with P > 1 — CZ;‘. Summability of K,:E implies
that f(l)ir every E € Uy with probability 1 there exists ko such that (6.10) holds for every
z €R\ Az, .

Fubini’s Theorem shows that with probability 1 (6.10) holds for large |z| and almost
every E € Up, and therefore almost every E € U. Finally, part (a) of Theorem 6.1 allows
us to drop the restriction ‘large |z|’ from the preceding statement, thus completing the
proof of part (b).

7. GENERALIZED EIGENFUNCTIONS AND SPECTRAL AVERAGING

In this section we will introduce two more basic results from spectral theory which will
be used in the conclusion of the proofs of our main results.

Theorem 6.1 says that certain properties of the resolvent hold with probability one
for almost every E in a given set. To use this in the proof of our main results we
will need to know that the exceptional energies, where these properties do not hold,
can be ignored, i.e. with probability one have no effect on the spectrum of H(w). To
this end we will use a result on spectral averaging, which is essentially due to [21] with
generalized versions given in [2] and [3].

PROPOSITION 7.1. Let Hy = —A + W, where W is locally uniformly in L?, (R%),
wherep=2ifd < 3andp > $ ifd > 4. Let f be defined as in Section 1, Hy := Ho+\f
and Ex(-) be the spectral resolution of H).

Then for any Borel set L with |L| = 0 it holds that Ey(L) = 0 for almost every A.
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Since f is relatively bounded with respect to —A and g > x := xa, (o) it is seen that
H), satisfies the general assumptions used in the proof of spectral averaging in [3]. By
Proposition A.2.2 of [2] it also holds that {g(Hx)x¢ : g € L2(R), ¢ € L*(R®)} is dense
in L?(RY). Thus Proposition 7.1 is a special case of Corollary 1.3 in [3].

We will also use a result on generalized eigenfunctions of Schrédinger operators.
First, recall that every self-adjoint operator H in a separable Hilbert space H has an
ordered spectral representation, i.e. a unitary operator

N
U:H— @LZ(R,dpj) (N € NU {c0}),

i=1

such that UHU ! = M4, the operator of multiplication by the variablein &;L*(R, dp;).
Here the p; are bounded Borel measures and p; 4 is absolutely continuous with respect
to p; for all j (see e.g. [36, Theorem 8.1]). The measure p := p; is a spectral measure
for H, i.e. for Borel sets L we have u(L) = 0 if and only if E(L) = 0, where E(-) is the
spectral resolution for H [25].

For the following proposition let H} = {f|(z)®f € H'}, where H' is the first order
(L?-) Sobolev space over R? and (z) = (1 + |z|?)/2.

PROPOSITION 7.2. Let H = —A +V in L*(R%), where V is uniformly locally in L?
withp=2ifd <3 and p> ¢ ifd > 4. Let p be a spectral measure and s > d/2.

Then for p-almost every E € R there exists a non-trivial weak solution ¢ of Hp = Eyp
with ¢ € H!,.

Results of this type are quite standard and follow from the theory of expansions in
generalized eigenfunctions. In the concrete case we may use that V' is —A-bounded with
relative bound 0. Theorem 3.6 of [24] shows that under this assumption (p)(z)~?(H —
z)~™ is a Hilbert-Schmidt operator for s > d/2, z € p(H), and m sufficiently large
(depending on d), here (p) = F~!(z)F, F the Fourier transform.

This allows to apply the results of [25], which, in particular, establish the existence
of weak solutions ¢ of Hy = E¢p with ¢ € {(z)*(p)~'f|f € L?} = H!, for p-almost
every E. Non-triviality of the ¢ follows from the expansion theorem in [25].

8. PROOF OF LACALIZATION
Let U be the neighborhood of 8% resp. inf ¥ provided in Theorem 6.1. To w € 2 let

S, :={E €U :for all y € Z% there existC, ¥ > 0 such that
sup ||xz R(E + i€, w)x,l| < Ce~"lfor all z € 29}
e#0

and )

S, := S, \ {eigenvalues of H(w)}.
For energies in S,, we will be able to establish exponential decay of generalized eigen-
functions using

LEMMA 8.1. Let E € S,, and ¢ € H!, be a weak solution of (H(w) + Af)p = E¢p.
Then there exist C and vy > 0 such that

lo(y)| < Ce="¥!  for every y € R%.
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Proof. For R > 0 choose functions ggr € C§°(|z| < R) with gr(z) = 1for |z] < R—1
and such that |Vggr| < C and |Aggr| < C uniformly in R.

By the spectral theorem and dominated convergence it holds for general self-adjoint
operators H and their spectral resolution P that s-lim,,o(H — E —ie)"!(H — E) =
I — P({E}). Since E is not an eigenvalue of H(w) it follows that

lim R(E +ie,w)(H(w) - E)JrRY = gRY- (8.1)

Since (H(w) — E)p = —Afyp we have (H(w) — E)grp = W(gr)p + gr(H(w) — E)p =
W (gr)y — M for large R. Thus we can use (8.1) to get that for arbitrary y € Z¢ and
R large

lIxyell = lIxygrell )
< sup llxy R(E +ie, )W (an)ol + [\ sup Ixy R(E + i, )l 82)
[ [

The first term on the r.h.s. of (8.2) is estimated by

I(Agr)R(E — i€, w)xyllllpljzi<rll + 21 (VgR)R(E — ie, w)xy |l (V)| jzi<rll-

Using E € S, and ¢ € H!, we can further estimate this by p(R)e~"® with v > 0 and
a polynomial p. Thus, after taking the limit R — oo, we conclude from (8.2) that

Ixyell < Al sup lIxy R(E + i€, w)xsupp 11l | foll < Ce™"™ ] fol] (8.3)

for some v > 0, where E € S, was used again.
For the weak solution ¢ of (H(w) + Af)y = Ey we have the subsolution estimate
(e.g. [4, p.18)) \ \
le(z)|* < Clixz4ll
for every z € R®. This implies ¢ € L2, i.e. || fy|| < 0o, and also |o(y)| < Clixyell <
Ce™ "Wl by (8.3).
From the definition of S, and S, and Theorem 6.1 together with a countability
argument it follows that [U \ S| = 0 with probability one, i.e. there exists Qp C Q with
U\ Su| =0 for every w € Q. (8.4)
Let w € Qg be fixed, Hy := H(w) + Af and Py(-) the spectral resolution of H). By
Theorem 7.1 there exists a subset My C R with |R\ M| = 0 and

P\(U\S,)=0 forevery A € M,. (8.5)

Let now also A € My be fixed and p be a spectral measure for Hy. By (8.5) we have
pU\S,)=0. (8.6)
Proposition 7.2 yields that for y-almost every E there exists a non-trivial weak solution
¢ € H!, of Hyp = Eyp. By (8.6) and Lemma 8.1 it follows that for p-almost every

E € U there exists a non-trivial exponentially decaying solution ¢ of Hxp = Ep, in
particular, ¢ is an eigenfunction of Hy. Thus p-almost every E € U is an eigenvalue of
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H,. The set of eigenvalues is countable and therefore |y is a point measure, i.e. Hy
has pure point spectrum in U. All its eigenfunctions decay exponentially.

Using P (%) = 1 in an application of Fubini’s theorem to (wo,w’) with w' = (wk; k #
0), together with the fact that |R \ Mp| = 0 and the distribution of wp is absolutely
continuous, we conclude that H(w) has pure point spectrum in U with exponentially
decaying eigenfunctions for almost every w.

9. DISCUSSION

Our main results allow several extensions and generalizations which we have not in-
cluded in the main body of the text for the sake of clarity of the presentation:

Extensions. (i) Compactly supported f:

In A.2 we can allow f of arbitrary compact support. This leads to minor changes in the
proof of formula (1.1). Proposition 4.2 can first be applied to Vpe, =Vper +0- 3, f(-—
k), G- =0,and f := XA, (0)f- It then follows from monotonicity that (4.4) holds under
the more general assumptions on f. Finally the definition of the set Q4004 in Lemma
5.2 has to be changed. It should now be the set of those w € 2 such that no two y-bad
cubes of sidelength £ with centers in N A, and of distance larger than the diameter of
the support of f should exist, thus guaranteeing the independence of the corresponding
box hamiltonians.

The basic methods used in this paper to prove localization also apply to non-compactly
supported f which decay at infinity like |z|]™™ for sufficiently large m. This will be
discussed in a separate publication [8].

(ii) General lattices:

Our results extend to the case of a I'-periodic potential Vg, and

Vu(z) = 2 rer qe(w)f(- — k) where T is a general d-dimensional lattice, i.e.

I'= {Z‘,-‘:l a;v;;a; € Z} for some basis {vy,...,vq} of R?. In Theorem 1.2 one then has
to assume reflection symmetry with respect to I, cf. [17]. All necessary modifications
in the proofs are straightforward.

(iii) Closing gaps:

Theorem 1.1 also applies to the case of a "closing gap”, i.e. the situation where an
upper band edge a of Hper +q4 ) f(- — k) coincides with a lower band edge of Hp,, +
g- > f(- — k). For example this happens if Hp, has a gap of length a, f = xa, (g
and g+ — ¢g— = a. In this case a is an interior point of ¥, but nevertheless our methods
show that H, is pure point P-a.s. with exponentially decaying eigenfunctions in a
neighborhood of a. In fact, with the method of proof of Proposition 3.2 we see that
adding an auxiliary potential we get an operator whose spectrum does not contain a.
Hence we have a Wegner estimate near a. For the initial length scale, we have to
consider the event Q4 = {w € Q; gr(w) € [g- + h,q+ — h] for all k € A,(0)} and then
use the same arguments as before.

(iv) The support of g is not an interval:
In fact this case is closely related to the preceding remark: we still have

U a(H,,e,.+q~Zf(‘-k))C2C U U(Hper+Q'Zf('—k))
k k

gesuppyg 9€(9-.9+]
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for the almost sure spectrum ¥.. We can not exclude however, that boundary points of
¥ are no fluctuation boundaries. The latter are given by

ot =0 U o(Hu+a X 10-H)
k

9€(9-.9+)

which is a subset of ¥ since g is supported near g_ and ¢4. Qur Theorem 1.2 then
holds with O replaced by Of1uc: X which can be easily seen from the proof. Note that
this includes the case of closing gaps, since those appear in 94X by use of the open
interval (g—,q+)-

(v)p=4 for d>5:

As a general assumption concerning the potentials involved we posed V € L? = for
p > % and d > 4. The reason is that this implies that the potentials encountered
are in the Kato class. It is easy to see that all the necessary background concerning
deterministic Schrodinger operator is available for the limiting case p = -‘% for d > 5,
since those potentials are operator small with respect to —A (cf. [27]). In particular,
for the Combes-Thomas estimates and the trace estimates needed in Section 6 it is not
hard to see that the limiting case can be included.

Comparison with other results on band edge localization:

Apart from results for Landau hamiltonians (see the references in [1]) we want to men-
tion mainly the recent papers [10], [11] and [1}:

While presenting their results for acoustic and electromagnetic models, the methods
used by Figotin and Klein in [10] and [11] also apply to random perturbations of periodic
Schrédinger operators and lead to a result like our Theorem 1.1, see Remark 10 in [10].
However, their methods of proving the Wegner estimate and the initial length scale
estimate require the assumption (in the Schrédinger case)

0<U-< Y f(z-k)<Uy<oo forae zeR*
keZ4d

on the single site potential f and also boundedness of Vje,. This excludes unbounded
f and f’s with small support as allowed by our Assumption A.

In [1] Barbaroux, Combes and Hislop provide a very general and powerful framework
for band edge localization. This work includes periodic background potentials as a
special case. However, in the periodic case it does not cover our results in full generality.
In particular, their general result requires a condition ((H9) in [1]) which needs to be
verified in concrete cases. In Proposition 6.4 of [1] and the remark following its proof
this is done for the case of large disorder, i.e. that the support of the distribution
density g is R or at least large. In the case of a periodic background our Theorem 2.2
provides the equivalent of condition (H9) in [1] for arbitrary, possibly small, disorder.
Furthermore, the proof of the Wegner estimate in [1] is given for bounded single site
potential while we have included singularities. Also the localization result of [1] needs
T > 3d/2 rather then 7 > d/2 in the decay assumption (1.2). The reason for this is that
in addition to the improved Combes-Thomas method of [1] we also use an improved
multiscale analysis based on the de Branges result. In [1] the assumption 7 > d is used
in a similar context and it is noted in Remark 11 that 7 > d/2 would be sufficient if
the improved Combes-Thomas method would be exploited.
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An important advantage of [1] is that a "linear” version of the Wegner estimate (3.1)
is proven, i.e. the term |A|? is replaced by |A|. This improved form of the Wegner
estimate is not needed in the proof of localization and is found at considerably higher
effort than our proof of Theorem 3.1 . It allows, however, to show Lipshitz continuity
for the integrated density of states.

APPENDIX: Proof of Lemma 5.5

Here we give a proof of Lemma 5.5. In order to do this we first give a result for the
resolvent of deterministic Schrédinger operators with a spectral gap and then apply
it to the random operators H,(w) studied in Section 5. The deterministic result is
an improved Combes-Thomas-type estimate, which differs from the ‘classical’ estimate
by yielding a better exponential decay rate for localized resolvents at fixed energy E.
Basically the rate is found to be proportional to the square root of the distance of E to
the spectrum, while the original method only gave a rate proportional to the distance.
This improvement was first used in [1, Ch.3], from where we also take all essential parts
of the proof. The main difference in the result and proof given below is that we need to
apply the method to complex energies E + ie. Some other steps in the proof are taken
from a version of ‘classical Combes-Thomas’ in [32, Lemma 3.1].

Let V be a potential on R? which is locally uniformly in L? with p as in assumption
A of Section 1. Let A = A,(i) for some £ € N and i € Z¢, H = (-A+V)a in L?(A) with
periodic boundary conditions, and let (r, s) be a spectral gap of H. Also let dy > 0, x,
X € L*(A) with [Ixlleo < 1, IXlle < 1, dist(supp x,0A) > do, dist(supp X,0A) > bo,

and ¢ := dist(supp x,supp x) > 1.

LEMMA A.1 Under the above assumptions there exist positive constants Co, C; and
C: only depending on & and sup, ||V||zs(a,(z)) auch that for every E € (r,8), € > 0
andi € {1,...,d} the following estimates hold:

C>(Co + 3) Ci(s—r)'/2
Gulo49) g (-G 25) (4.1)

X(H — E —ie) x| <
I( ie) x| < s

and

. N C2(Co + ) ( Ci(s —r)'/? )
Gi(H —E —ie) x| < - 172 :
l1%8:( i)~ xll < P Cots " 6) (A2
where n = dist(E, o(H)).
Proof. We will need a smooth function measuring the distance to supp x. For this
we use the regularized distance (see [30, p.170f]):
There exist constants ¢; > 0, ¢ > 0 and B, such that every closed set F ¢ R?
admits a C®-function O : R? \ F = (0, 00) with the following properties:

cidist(z, F) < Op(z) < cpdist(z, F) for z € R\ F,

|8%0F(z)| < Ba(dist(z, F))*~1¢l for z € R?\ F.

The constants ¢;, ¢co and B, do not depend on F!

Fix a C*-function u : R = R such that u(z) = 0 for z < 1/2 and u(z) = z for
z > 1. Also choose ¢ € Cg°(A) such that ¢(z) = 1 for dist(z,A) > do, ¢(z) = 0 for
dist(z,0A) < 80/2, and ||Vy||« is bounded by a constant only depending on d. With
F = supp x define p € C§°(A) by p(z) = p(z)u(OF(z)/c1) for z € A\ F and p(z) =0
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for £ € F. One gets ||Vp|loo < C with a bound only depending on ¢;, c2, By and &,

but not on F.
For 0 < B <1 a calculation shows that

e’?’(H-E —ie)e P =H - E —ic +ifW (A.3)

on D(H), where H := H — 2|Vp|2 and W := (=iV) - (Vp) + (Vp) - (—iV). Note here
that D(H) = D(H) C D(W) and that D(H) is invariant under multiplication by e=4*.

The discussion of relative operator bounds in Section 1 and the fact that this implies
form bounds [26, Theorem X.18] shows that there is a constant Co > —s only depending
on sup, ”V”Lp(Al(z)) such that H + Co > 1and ||[(H + Co)-l/2W(I? + Co)-l/zu <1l

It follows that for every w € D(H)
I(# - E - ie +iW)wl|| > [I(A +iBB)(H + Co)'/ul, (44)
with the bounded operators
A= (H+Co) Y (H - E —ie)
and
B = (H+ Co)"*W(H + Co)~V2.

There is a constant ¢’ > 0 only depending on |Vpl|e such that for 8 < ¢n'/? one
has dlist_(E,a(H)) > n/2. For such 8 it follows that 0 ¢ o(Re A) since Re A = (H +
Co)™'(H - E).
Let d4 := dist(0,0(Re A) N (0, 00)), d— := dist(0, o(Re A) N (—00,0)), and let P+ (Re A4)
be the spectral projections on (0, 00) respectively (—oo,0) for Re A.

B is symmetric, thus for u € L?(A) and u4 := Py (Re A)u a calculation leads to

lull I(A +iBB)ul| 2 Re{(us — u-),(A +iBB)(us +u-))
2 di [lu4l|® + d-|ju||* - 2Im(uy, (6B + Im A)u_)
= d+”U+”2 + d—"u-"2 - 2Im(u’+) ﬂBU_),

where at the end it was used that ImA = —e(H + Cp)~! commutes with Py (Re A).
H has the spectral gap (r,s — 1/2). Thus

E—-r n
> > .
d “Co+s " Co+s (AG)
and /2-E /2 E
s—=n/2- n s -
> > . .
q 2 s 2G+s 2 2CoTe) (4.7)
It follows that
dod. > E-1)s—E) _ n(s—r)
= T9(Co +5)7 T 4(Co+9)%
Thus, if
ﬂsd__\'s"’lﬂ (A.8)

Co+3)"
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and therefore # < min {c’, oS } 172 it follows that B < 1./dyd_. Using that
||B]| < 1 we get for such 3 that

1 1
[2Im(u4., BBu-)| < §d+|lu+l|2 + 5‘1—”“-"2-
Therefore (A.5), (A.6) and (A.7) imply

: l 2 - 2 _____ 2
llull (A +i8B)ull 2 5d+[lu+ll” + d—llu I* 2 ACo ¥ )IIUII

ie.

(A +i8B)ull > —=——=lull.

4(C+)

Inserting this with u = (H +Cj)'/?w in (A.3) gives the conclusion that H — E—ie —iW
is invertible and

“(}? +Co)V/*(H - E —ie + iﬂw)—lll < 4(_C_on_+i)

for 8 as in (A.8). From (A.3) it follows that for the same j

4(Co + p)

e®(H — E —ie)~e~P?|| < ( " (A.9)

|le??8:(H — E —ie)~'e™?||
< [1B:(H + Co) 2| ||(H + Co)/*(H — E +iBW —ie) ™|
+ |B(8ip)oo | le?(H ~ E — ie) 'e™#| (4.10)
< C(Co + s).
n
(A1) follows by choosing 8 = & 0';: n'/? and using (A.9) in
IX(H — E —ie)~ x| < lixe 7| [|eP?(H — E — ie)'e™7#|| [l x|
S C(CO + S)e_ﬁd.
n

Here we finally used that Op(z) > cidist(z,F) > 16 for z € suppx and § > 1. (A.2)
follows in the same way from (A.10).

We can now prove Lemma 5.5 from Lemma A.1. The expression |W(p,)R:(E +
i€)x¢/all is estimated by 5 sum of terms as in (A.1) or (A.2) with H = Hy(w) and coef-
ficients bounded uniformly in £. The Jy required in Lemma A.1 coincides with the dp of
Section 5 and the functions appearing for x and y all satisfy ¢ := dist(supp x, supp x) >
2/6 > 1 for ¢ sufficiently large. If a € 9T is a lower band edge, then we choose
(r,8) := (sup{Z N (—00,a)},a + £~2). Since o(Hy(w)) N (-o0,a) C £ N (—00,a) it
follows from Proposition 4.1 that (r,s) is a spectral ‘gap of H,(w) for w € Qo with
P () > 1—£7¢. (A more direct argument using Proposition 4.2 applies for a = inf ¥
under the assumptions of Theorem 1.2.)
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For every w € Qo and E € I(a — 3£65-2,a + 3¢#~2) one has n = dist(E, 0(H(w))) >
062, Inserting all this in the estimates found from (A.1) and (A.2) one gets that

—C4CB/2

sup W (0e) Re(E +i€)xessll < f’—‘e-cz"""’ < et Pe
&

with positive constants which all can be chosen uniformly in w € Qp and £ because of
the uniform local LP-bounds of the random potential. If 0 < 3 < 3/2 and £ > £* with
¢* sufficiently large, then the r.h.s. can be estimated by exp (—£°). A similar argument
holds when a € 8% is an upper band edge, which completes the proof of Lemma 5.5.
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