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First example of hypercyclic C0-semigroup due to Rolewicz (1969):
a > 1, µa the Borel measure on R with Lebesgue density
ρ(x) = a−|x|

⇒ the closure of

B : C1
c (R) → Lp(R, µa), f 7→ f ′

generates a hypercyclic C0-semigroup T on Lp(R, µa) for all
1 ≤ p < ∞.

(T is the left translation semigroup T (t)f = f(·+ t))
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ρ : R → (0,∞) measurable, µ Borel measure on R with Lebesgue
density ρ.
Closure of

B : C1
c (R) → Lp(R, µ), f 7→ f ′

generates C0-semigroup T on Lp(R, µ) (1 ≤ p < ∞) iff

∃ M ≥ 1, ω ∈ R ∀t ≥ 0 : ρ(x) ≤ Metωρ(x + t)

for almost all x ∈ R.

T then given by T (t)f = f(·+ t).

Desch, Schappacher, Webb (1996):

T hypercyclic ⇔ ∀x ∈ R ∃(tn)n∈N ↑ ∞ : limn→∞ ρ(x± tn) = 0

Bermúdez, Bonilla, Conejero, Peris (2005):

T mixing ⇔ limt→±∞ ρ(t) = 0

Matsui, Takeo, Yamada (2003):

T chaotic ⇔ ∀x ∈ R ∃t > 0 :
∑

k∈Z ρ(x + kt) < ∞
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Questions

Given Ω ⊂ Rd open, F : Ω → Rd continuous.
Moreover, µ locally finite, regular Borel measure on Ω.
When does the ”operator”

Af :=
d∑

i=1

Fi
∂

∂xi
f = 〈F,∇f〉

generate a C0-semigroup T on Lp(Ω, µ) (1 ≤ p < ∞)?
When is T hypercyclic, mixing, or chaotic?
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Assume that for each x ∈ Ω there is unique solution
t 7→ ϕx(t) =: ϕ(t, x) of the initial value problem

y′ = F (y), y(0) = x

which is defined for all t ≥ 0.

Define for f ∈ C1
c (Ω) and t ≥ 0, x ∈ Ω

T (t)f(x) := f(ϕ(t, x)).

⇒ T (0)f = f and because ϕ(t + s, x) = ϕ(t, ϕ(s, x)) we have
T (t + s)f = T (t)T (s)f and for fixed x ∈ Ω

d

dt
T (t)f(x)|t=0 =

d∑
j=1

Fj(x)
∂

∂xj
f(x).
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Good candidate for the C0-semigroup T generated by

Af =
d∑

i=1

Fj
∂

∂xj
f

given by
T (t)f := f(ϕ(t, ·))

provided that for each x ∈ Ω there is a unique solution t 7→ ϕ(t, x)
of the initial value problem

y′ = F (y), y(0) = x

which is defined for all t ≥ 0.
From now on we make the general assumption that this is the case.
(⇒ ϕ(t, ·) is one-to-one and continuous ∀ t ≥ 0)
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µ locally finite, regular Borel measure on Ω

For t ≥ 0 we define the Borel measure µt on Ω as

µt(B) := µ(ϕ(t, ·)−1(B))

Theorem

For 1 ≤ p < ∞ the following are equivalent:

i) The family of mappings

T (t) : Lp(Ω, µ) → Lp(Ω, µ), f 7→ f(ϕ(t, ·)), t ≥ 0,

is well-defined and defines a C0-semigroup.

ii) µt has a µ-density gt ∈ L∞(µ) for each t ≥ 0 and there are
constants M ≥ 1, ω ∈ R such that ‖gt‖∞ ≤ Metω for all
t ≥ 0.
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Definition

A locally finite, regular Borel measure µ on Ω is called admissible
(for F) if condition ii) is satisfied.
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Definition

A locally finite, regular Borel measure µ on Ω is called admissible
(for F) if condition ii) is satisfied.

ϕ(t, ·) : Ω → Ω injective (t ≥ 0)
⇒ ϕ(t, ·) has an inverse mapping ϕ(−t, ·) from ϕ(t, Ω) to Ω
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Definition

A locally finite, regular Borel measure µ on Ω is called admissible
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Definition

A locally finite, regular Borel measure µ on Ω is called admissible
(for F) if condition ii) is satisfied.

Corollary

Let F : Ω → Rd be continuously differentiable, ρ : Ω → (0,∞) and
µ(dx) = ρ(x)λ(dx). Then, the following are equivalent:

i) µ is admissible for F

ii) There are M ≥ 1, ω ∈ R such that for all t ≥ 0

ρ(x) ≤ Metωρ(ϕ(t, x))|det Dxϕ(t, x)| for almost all x ∈ Ω
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Theorem

Let µ be admissible for F and T the C0-semigroup on Lp(Ω, µ)
given by T (t)f = f(ϕ(t, ·)).

i) The generator A of T is an extension of

B : C1
c (Ω) → Lp(Ω, µ), f 7→ 〈F,∇f〉.

ii) If F is continuously differentiable and if for every x ∈ Ω the
unique solution t 7→ ϕ(t, x) of

y′ = F (y), y(0) = x

not only is defined for all t ≥ 0 but for all t ∈ R then the
generator A of T is given by the closure of

B : C1
c (Ω) → Lp(Ω, µ), f 7→ 〈F,∇f〉.
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Already introduced the Borel measures

µt(B) = µ(ϕ(t, ·)−1(B))

We need a second family of Borel measures on Ω.

Ω σ-compact, ϕ(t, ·) continuous ⇒ ϕ(t, C) is Fσ-subset of Ω for
every closed C ⊂ Ω.

Closed subsets of Ω generate the Borel σ-algebra over Ω, ϕ(t, ·)
one-to-one ⇒ ϕ(t, B) is Borel subset of Ω whenever B is.

µ−t(B) := µ(ϕ(t, B))

is well-defined Borel measure on Ω
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Theorem

Let µ be admissible for F . For the C0-semigroup T on Lp(Ω, µ)
given by T (t)f = f(ϕ(t, ·)) the following are equivalent:

i) T is hypercyclic.

ii) T is weakly mixing.

iii) ∀K ⊂ Ω compact ∃ (Ln)n∈N measurable subsets of K,
(tn)n∈N ∈ [0,∞)N:

lim
n→∞

µ(K\Ln) = 0

and
lim

n→∞
µtn(Ln) = lim

n→∞
µ−tn(Ln) = 0.
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Corollary (Case d = 1)

Ω ⊂ R, F continuously differentiable. Let for every x ∈ Ω the
unique solution t 7→ ϕ(t, x) of

y′ = F (y), y(0) = x

not only is defined for all t ≥ 0 but for all t ∈ R.
Let ρ : Ω → (0,∞) be measurable such that dµ = ρ dλ is
admissible for F .
If λ({F = 0}) = 0, the following are equivalent:

i) T given by T (t)f = f(ϕ(t, ·)) is hypercyclic on Lp(Ω, µ)
ii) If Ω1, . . . ,Ωm are different components of Ω\{F = 0} and

xj ∈ Ωj , there is (tn)n∈N such that for all j = 1, . . . ,m

lim
n→∞

ρ(ϕ(tn, xj))
∂

∂x
ϕ(tn, xj) = 0

lim
n→∞

ρ(ϕ(−tn, xj))
∂

∂x
ϕ(−tn, xj) = 0.
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Example (Desch, Schappacher, Webb)

Ω = R, F ≡ 1

⇒ ϕ(t, x) = x + t, ∂
∂xϕ ≡ 1

Let ρ : R → (0,∞) be measurable such that ρ(x) ≤ Metωρ(x + t)
for some M ≥ 1, ω ∈ R and all t ≥ 0, x ∈ R.
⇒ T hypercyclic on Lp(R, ρ dλ) iff for each x ∈ R there is (tn)n∈N

ρ(ϕ(tn, x))
∂

∂x
ϕ(tn, x) = ρ(x + tn) → 0

ρ(ϕ(−tn, x))
∂

∂x
ϕ(−tn, x) = ρ(x− tn) → 0
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Example

Ω = R, F (x) = x ⇒ ϕ(t, x) = xet, ∂
∂xϕ ≡ et

ρ : R → (0,∞) measurable such that dµ = ρ dλ is admissible for F
⇒ the closure of

B : C1
c (R) → Lp(R, µ), f 7→ (x 7→ xf ′(x))

generates a hypercyclic C0-semigroup on Lp(R, µ) iff for all
(x1, x2) ∈ (−∞, 0)× (0,∞) there is (tn)n∈N such that

lim
n→∞

etnρ(xje
tn) = lim

n→∞
e−tnρ(xje

−tn) = 0 (j = 1, 2)

(take e.g. ρ(x) := 1
π (1 + x2)−1)
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Theorem

Let µ be admissible for F . For the C0-semigroup T on Lp(Ω, µ)
given by T (t)f = f(ϕ(t, ·)) the following are equivalent:

i) T is mixing.

ii) ∀K ⊂ Ω compact ∃ (Lt)t≥0 measurable subsets of K:

lim
t→∞

µ(K\Lt) = 0

and
lim
t→∞

µt(Lt) = lim
t→∞

µ−t(Lt) = 0.
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Corollary (Case d = 1)

Ω ⊂ R, F continuously differentiable. Let for every x ∈ Ω the
unique solution t 7→ ϕ(t, x) of

y′ = F (y), y(0) = x

not only is defined for all t ≥ 0 but for all t ∈ R.
Let ρ : Ω → (0,∞) be measurable such that dµ = ρ dλ is
admissible for F .
If λ({F = 0}) = 0, the following are equivalent:

i) T given by T (t)f = f(ϕ(t, ·)) is mixing on Lp(Ω, µ)
ii) For every x ∈ Ω\{F = 0}

lim
t→∞

ρ(ϕ(t, x))
∂

∂x
ϕ(t, x) = lim

t→∞
ρ(ϕ(−t, x))

∂

∂x
ϕ(−t, x) = 0.

Thomas Kalmes Trier University Faculty of Mathematics

Hypercyclic, mixing, and chaotic semigroups generated by first order differential operators



Corollary (Case d = 1)

Ω ⊂ R, F continuously differentiable. Let for every x ∈ Ω the
unique solution t 7→ ϕ(t, x) of

y′ = F (y), y(0) = x

not only is defined for all t ≥ 0 but for all t ∈ R.
Let ρ : Ω → (0,∞) be measurable such that dµ = ρ dλ is
admissible for F .
If λ({F = 0}) = 0, the following are equivalent:

i) T given by T (t)f = f(ϕ(t, ·)) is mixing on Lp(Ω, µ)

ii) For every x ∈ Ω\{F = 0}

lim
t→∞

ρ(ϕ(t, x))
∂

∂x
ϕ(t, x) = lim

t→∞
ρ(ϕ(−t, x))

∂

∂x
ϕ(−t, x) = 0.

Thomas Kalmes Trier University Faculty of Mathematics

Hypercyclic, mixing, and chaotic semigroups generated by first order differential operators



Corollary (Case d = 1)

Ω ⊂ R, F continuously differentiable. Let for every x ∈ Ω the
unique solution t 7→ ϕ(t, x) of

y′ = F (y), y(0) = x

not only is defined for all t ≥ 0 but for all t ∈ R.
Let ρ : Ω → (0,∞) be measurable such that dµ = ρ dλ is
admissible for F .
If λ({F = 0}) = 0, the following are equivalent:

i) T given by T (t)f = f(ϕ(t, ·)) is mixing on Lp(Ω, µ)
ii) For every x ∈ Ω\{F = 0}

lim
t→∞

ρ(ϕ(t, x))
∂

∂x
ϕ(t, x) = lim

t→∞
ρ(ϕ(−t, x))

∂

∂x
ϕ(−t, x) = 0.

Thomas Kalmes Trier University Faculty of Mathematics

Hypercyclic, mixing, and chaotic semigroups generated by first order differential operators



Theorem

Let µ be admissible for F and assume that for every compact
K ⊂ Ω there is tK > 0 such that ϕ(t, K) ∩K = ∅ for all t > tK .
For the C0-semigroup T on Lp(Ω, µ) given by T (t)f = f(ϕ(t, ·))
the following are equivalent:

i) T is chaotic.

ii) The set of periodic points of T is dense in Lp(Ω, µ).
iii) ∀K ⊂ Ω compact ∃ (Ln)n∈N measurable subsets of K,

(tn)n∈N ∈ [0,∞)N:

lim
n→∞

µ(K\Ln) = 0 and
∑
k∈Z

µk tn(Ln) < ∞.
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not only is defined for all t ≥ 0 but for all t ∈ R.
Let ρ : Ω → (0,∞) be measurable such that dµ = ρ dλ is
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If λ({F = 0}) = 0, the following are equivalent:

i) T given by T (t)f = f(ϕ(t, ·)) is chaotic on Lp(Ω, µ)
ii) If Ω1, . . . ,Ωm are different components of Ω\{F = 0} and

xj ∈ Ωj , there is t > 0 such that for all j = 1, . . . ,m∑
k∈Z

ρ(ϕ(kt, xj))|
∂

∂x
ϕ(kt, xj)| < ∞
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results extendable to generators of the form

Af =
d∑

j=1

Fj
∂

∂xj
f + hf

with h : Ω → R continuous.

⇒ results depend explicitly on
p ∈ [1,∞)
replace measures µt, µ−t by

µp,t(B) =
∫

ϕ(t,·)−1(B)
hp

t dµ

and

µp,−t(B) :=
∫

ϕ(t,B)
ht(ϕ(−t, ·))−p dµ resp.

where ht(x) := exp(
∫ t
0 h(ϕ(s, x)) ds)
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theorem characterizing hypercyclicity/transitivity valid for
arbitrary families of (weighted) composition operators on
Lp(X, µ) with X locally compact, σ-compact, Hausdorff

analogue results for spaces of continuous functions C0,ρ(Ω)
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