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Surjectivity of differential operators on & and 2’ J
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For P € C[Xy,...,Xq4] set P(D) := P(— zax ,...,—iaf’Td), let X C R? be open.

Malgrange, 1956: P(D) : &(X) — &(X) surjective < X is P-convex for
supports, i.e. VK C X compact3 K C X compact

Vue &'(X): (supp P(D)u C K = suppu C K),
where P(¢) := P(—¢).
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For P € C[Xy,...,X4] set P(D) := P(— zax ,...,fia%d), let X C R? be open.

Malgrange, 1956: P(D) : &(X) — &(X) surjective < X is P-convex for
supports, i.e. VK C X compact3d K C X compact

Vue &' (X): (supp P(D)u C K = suppu C f(),
where P(¢) := P(—¢).

Convex sets are P-convex for supports for every P £ (.

P(&) = X aj<m @al®, deg(P) = m, elliptic :¢
VE e RN{0}: 0# Pp(é) := > laj=m 9a&® (Pm principal part of P)

For elliptic P every open X C R% is P-convex for supports.
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Hormander, 1962: P(D) : 2'(X) — 2'(X) surjective & X is P-convex for
supports and P-convex for singular supports, the latter meaning that
VK C X compactd K C X compact

Yu e &'(X) : (singsupp P(D)u C K = singsuppu C K),
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Hormander, 1962: P(D) : 2'(X) — 2'(X) surjective & X is P-convex for
supports and P-convex for singular supports, the latter meaning that
VK C X compactd K C X compact

Yu e &'(X) : (singsupp P(D)u C K = singsuppu C K),

Convex sets are P-convex for singular supports for every P # 0.
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Hormander, 1962: P(D) : 2'(X) — 2'(X) surjective & X is P-convex for
supports and P-convex for singular supports, the latter meaning that
VK C X compactd K C X compact

Yu e &'(X) : (singsupp P(D)u C K = singsuppu C K),
Convex sets are P-convex for singular supports for every P # 0.
P hypoelliptic :< ¥V X C R% open,u € 7'(X) : (P(D)u=0= u€ &(X))

For hypoelliptic P every open X C R? is P-convex for singular supports.

P elliptic = P hypoelliptic
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Necessary conditions for P-convexity properties:
f: X — R satisfies the minimum principle in a (fixed) closed subset F of R? if
for every compact set K C F'N X we have

Inf f(z) = inf f(z),

where Jp K denotes the boundary of K in F'.
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Necessary conditions for P-convexity properties:
f: X — R satisfies the minimum principle in a (fixed) closed subset F' of R% if
for every compact set K C FN X we have

Inf f(z) = jnf f(z),
where Op K denotes the boundary of K in F.
We set dx : X — R,z — dist(x, X¢), the boundary distance of X.

X is P-convex for supports = dx satisfies the minimum principle in every
characteristic hyperplane H for P, i.e. in

Hyp={xcR% (N,z) =8} (BER,N € RY|N| =1,P,(N) =0)
where P, (§) = 3| = @a® for P(§) = 32|, <m @al”, deg(P) = m.

minimum principle not satisfied

minimum principl

N
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Necessary conditions for P-convexity properties:
f: X — R satisfies the minimum principle in a (fixed) closed subset F' of R% if
for every compact set K C F'N X we have

o ~ it
Inf f(z) = inf f(z),

where Jp K denotes the boundary of K in F'.

We set dx : X — R,z — dist(x, X¢), the boundary distance of X.

X is P-convex for supports = dx satisfies the minimum principle in every
characteristic hyperplane H for P, i.e. in

Hyp={z € R% (N,z) = 5} (B € R,N € RY,[N| =1, P,,(N) = 0)
where P, (§) = 3| = @a® for P(§) = 32|, 1< @al”, deg(P) = m.
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Necessary conditions for P-convexity properties:
f: X — R satisfies the minimum principle in a (fixed) closed subset F of R% if
for every compact set K C F'N X we have

inf = inf
Inf f(z) = nf f(2),
where Op K denotes the boundary of K in F'.
We set dx : X — R,z — dist(z, X°), the boundary distance of X.

X is P-convex for supports = dx satisfies the minimum principle in every
characteristic hyperplane H for P, i.e. in

Hygp = {z €R% (N,z) = B} (B € R,N € R%,|N| = 1, P,y(N) = 0)
where P, (§) = 3|0 )= @a® for P(§) = 32|, 1<m @al”, deg(P) = m.

X is P-convex for singular supports = dx satisfies the minimum principle in
every affine subspace z + V+, 2 € R?, where the subspace V C R satisfies

su P(x+
0=0p(V):=inf liminf Peevjgj<t [P@ + O]
t>12€R,|z|—00 SUDgcprd, |¢)<t [P (T + &)
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Necessary conditions for P-convexity properties:
f: X — R satisfies the minimum principle in a (fixed) closed subset F of R% if
for every compact set K C F'N X we have

inf = inf
Inf f(z) = nf f(2),
where Op K denotes the boundary of K in F'.
We set dx : X — R,z — dist(z, X°), the boundary distance of X.

X is P-convex for supports = dx satisfies the minimum principle in every
characteristic hyperplane H for P, i.e. in

Hyp={z €R% (N,z) = B} (B € R,N € RY,[N| =1, P,,(N) = 0)
where P, (§) = 3|0 )= @a® for P(§) = 32|, 1<m @al”, deg(P) = m.

X is P-convex for singular supports = dx satisfies the minimum principle in
every affine subspace z + V+, 2 € R?, where the subspace V C R satisfies

su P(x+
0=0p(V):=inf liminf Peevjgj<t [P@ + O]
t>12€R,|z|—00 SUDgcprd, |¢)<t [P (T + &)

op(€) = op(span{¢}), & € R = op homogeneous of degree 0;
P hypoelliptic & VN € RE|N|=1: op(N) #0
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Theorem

Given P with principal part P,,, X C R? open. Let W C R? be a subspace such
that dx satisfies the minimum principle in 2 + W+ for every z € R9.

i) If {£€ €RY; P,(€) =0} C W then X is P-convex for supports.
i) If {€ €R?; op(&) =0} C W then X is P-convex for singular supports.
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Theorem

Given P with principal part P,,, X C R? open. Let W C R? be a subspace such
that dx satisfies the minimum principle in 2 + W+ for every z € R9.

i) If {£€ €RY; P,(€) =0} C W then X is P-convex for supports.
i) If {€ €R?; op(&) =0} C W then X is P-convex for singular supports.

Sketch of proof: X P-convex for [singular] supports <

Vu € &(X) : dist([sing]supp u, R\ X) > dist([sing]supp P(D)u, R4\ X)
Set K := [sing]supp P(D)u and fix z € {y € X; dist(y, R"\ X) < dist(K, R\ X)},
we have to show z ¢ [sing]supp u.

Thomas Kalmes PDO with a single characteristic direction 7/17



Theorem

Given P with principal part P,,, X C R? open. Let W C R? be a subspace such
that dx satisfies the minimum principle in 2 + W+ for every z € R9.

i) If {£€ €RY; P,(€) =0} C W then X is P-convex for supports.
i) If {€ €R?; op(&) =0} C W then X is P-convex for singular supports.

Sketch of proof: X P-convex for [singular] supports <
Vu € &(X) : dist([sing]supp u, R\ X) > dist([sing]supp P(D)u, R4\ X)
Set K := [sing]supp P(D)u and fix z € {y € X; dist(y, R"\ X) < dist(K, R\ X)},
we have to show z ¢ [sing]supp u.
dx satisfies minimum principle in  + W+ = 3Ja : [0,7] — X cont. piecewise
affine:
al) a(0) =z, a3) a(T) ¢ [sing]supp u,
YNK =10, ad) a([0,T)) C o+ W,
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Theorem

Given P with principal part P,,, X C R? open. Let W C R? be a subspace such
that dx satisfies the minimum principle in 2 + W+ for every z € R9.

i) If {£€ €RY; P,(€) =0} C W then X is P-convex for supports.
i) If {€ €R?; op(&) =0} C W then X is P-convex for singular supports.

Sketch of proof: X P-convex for [singular] supports <
Vu € &(X) : dist([sing]supp u, R\ X) > dist([sing]supp P(D)u, R4\ X)

Set K := [sing]supp P(D)u and fix z € {y € X; dist(y, R"\ X) < dist(K, R\ X)},
we have to show z ¢ [sing]supp u.
dx satisfies minimum principle in  + W+ = 3Ja : [0,7] — X cont. piecewise
affine:
al) a(0) = =, 03) a(T) ¢ [singlsuppu,

a2) a([0,T) N K =0, ad) o([0,T])) Cx+ W+,
By a2)+a3)3e > 0: [sing]suppunB(a(T),e) = 0, KN(a([0, T])+B(0,¢)) = 0.
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Theorem

Given P with principal part P,,, X C R? open. Let W C R? be a subspace such
that dx satisfies the minimum principle in 2 + W+ for every z € R9.

i) If {£€ €RY; P,(€) =0} C W then X is P-convex for supports.
i) If {€ €R?; op(&) =0} C W then X is P-convex for singular supports.

Sketch of proof: X P-convex for [singular] supports <

Vu € &(X) : dist([sing]supp u, R\ X) > dist([sing]supp P(D)u, R4\ X)
Set K := [sing]supp P(D)u and fix z € {y € X; dist(y, R"\ X) < dist(K, R\ X)},
we have to show z ¢ [sing]supp u.
dx satisfies minimum principle in  + W+ = 3Ja : [0,7] — X cont. piecewise
affine:

al) «(0)
(

a3) o(T) ¢ [sing]suppu,

a?2) a([0, ])OK @, ad) a([0,T)) C o+ W,
By a2)+a3)3e > 0: [sing]suppunB(a(T),e) = 0, KN(a([0, T])+B(0,¢)) = 0.
By ad): V3 € R,N € R [N| = 1, P (N) = 0[op(N) = 0] :

(Hns 0 (a[0,T]) + B(0.2)) # 0 = Hy 30 B(a(T),€) #0).
where Hy 5 := {y € R%; (N,y) = 8}

Thomas Kalmes PDO with a single characteristic direction 7/17



Theorem

Given P with principal part P,,, X C R? open. Let W C R? be a subspace such
that dx satisfies the minimum principle in 2 + W+ for every z € R9.

i) If {£€ €RY; P,(€) =0} C W then X is P-convex for supports.
i) If {€ €R?; op(&) =0} C W then X is P-convex for singular supports.

Sketch of proof: X P-convex for [singular] supports <
Vu € &(X) : dist([sing]supp u, R\ X) > dist([sing]supp P(D)u, R4\ X)

Set K := [sing]supp P(D)u and fix z € {y € X; dist(y, R"\ X) < dist(K, R\ X)},
we have to show z ¢ [sing]supp u.
dx satisfies minimum principle in  + W+ = 3Ja : [0,7] — X cont. piecewise
affine:

al) a(0) =z, a3) o(T) ¢ [sing]suppu,
a2) o([0,T))NK =0, ad) a([0,T)) C o+ W,
By a2)+a3)3e > 0: [sing]suppunB(a(T),e) = 0, KN(a([0, T])+B(0,¢)) = 0.
By ad): VBER,N € R |N|=1,P,(N)=0[op(N)=0]:

(Fvs 01 (a((0,T]) + B(0,2)) # 0 = Hy s 0 B(a(T),€) £0).

Consequence of Holmgren's uniqueness theorem [Hérmander's continuation of dif-
ferentiability theorem]: [sing]suppu N B(a(0),&) = 0, by al) = ¢ [sing]suppu  ©
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Theorem

Given P with principal part P,,, X C R? open. Let W C R? be a subspace such
that dx satisfies the minimum principle in 2 + W+ for every z € R9.

i) If {£€ €RY; P,(€) =0} C W then X is P-convex for supports.

i) If {€ €R?; op(&) =0} C W then X is P-convex for singular supports.

Corollary

i) Assume 3N € R4 |N| =1: {¢ € RY; P, (€) = 0} =span{N}. Then X is
P-convex for supports iff

VB3 € R: dx satisfies minimum principle in Hy g,

i) Assume 3N € R4 |N|=1: {¢ € R% op(£) = 0} = span{N}. Then
X C R? is P-convex for singular supports iff

VB € R: dx satisfies minimum principle in Hy g,

where Hy 5 := {z € R%; (N, z) = 8}.
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An approximation theorem of Runge type J
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We equip &(X) with its natural locally convex topology generated by the
seminorms

VK C X compact,! € Ng : || flli,x := sup sup |0%f(z)|.
la|<lz€K
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We equip &(X) with its natural locally convex topology generated by the
seminorms

VK C X compact,! € Ng : || flli,x := sup sup |0%f(z)|.
la|<lz€K

For P € C[Xq,...,Xa]\{0} we set
ép(X):={feé(X); P(D)f =0in X}.

&p(X) is a closed subspace of &(X), equipped with the subspace topology.
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We equip &(X) with its natural locally convex topology generated by the
seminorms

VK C X compact,! € Ng : || flli,x := sup sup |0%f(z)|.
la|<lz€K

For P € C[Xq,...,Xa]\{0} we set

Ep(X) == {f € &(X); P(D)f =0in X}.

&p(X) is a closed subspace of &(X), equipped with the subspace topology.

2'(X) equipped with the strong dual topology,
Dp(X):={ue P'(X); P(D)u=0}

equipped with subspace topology.
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We equip &(X) with its natural locally convex topology generated by the
seminorms

VK C X compact,! € Ng : || flli,x := sup sup |0%f(z)|.
la|<lzeK

For P € C[Xq,...,Xa]\{0} we set
Ep(X) = {f € £(X); P(D)f =0in X},
&p(X) is a closed subspace of &(X), equipped with the subspace topology.
2'(X) equipped with the strong dual topology,
Dp(X) = {u € 7'(X); P(D)u =0}
equipped with subspace topology.

Malgrange 1956: P hypoelliptic = &p(X) = P, (X) as locally convex spaces and
therefore: topology of &p(X) is generated by the seminorms
{Il “ llo,rx; & € X compact}, i.e. the compact-open topology.
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Lax-Malgrange Theorem

For X; C X5 CRY open and P elliptic the following are equivalent.
i) The restriction map rg : Ep(X2) — &p(X1), f — fix, has dense range.

ii) X does not contain a compact connected component of R4\ X;.
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For X; C X5 CRY open and P elliptic the following are equivalent.
i) The restriction map rg : Ep(X2) — &p(X1), f — fix, has dense range.

ii) X does not contain a compact connected component of R4\ X;.

d=2,P(D) = (0 +i02) gives Runge's Approximation Theorem.
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Lax-Malgrange Theorem
For X; C X5 CRY open and P elliptic the following are equivalent.
i) The restriction map rg : Ep(X2) — &p(X1), f — fix, has dense range.

ii) X does not contain a compact connected component of R4\ X;.

d=2,P(D) = (0 +i02) gives Runge's Approximation Theorem.
Consider the class of differential operators P(D) for which
INeRYIN|=1: {€ €RY% P, (&) =0} = span{N}

which contains e.g.
o P(D)=i2 + A, with (z,t) = (z1,...,24-1,t) € R? (time-dependent free
Schrodinger operator),
o P(D) =2 —Q(D,) with (z,t) = (21,...,74-1,t) € R? and elliptic
Q € C[Xy,...,X4-1] of degree > 2 (non-degenerate parabolic operators).

When has

re gp(Xg) — gP(Xl),f — f|X1 resp. rg .@lP(XQ) — @};(Xl),u — U|x,

dense range?
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Theorem

Given P with 3N € R4 |N| =1: {¢ € R% P,,(¢) =0} = span{NN} and let
X1 € X5 C R? be open and P-convex for supports.
Assume

VBEeER: (C compact connected component of R%\ X; N Hyg=C¢ Xg),
where Hy 3 = {x € R%; (N, x) = B}. Then, both restriction maps

re : Ep(X2) = Ep(X1), f = fix, and 79y 1 Dp(Xz) = Dp(Xa),u = yjx,
have dense range.
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Theorem

Given P with 3N € R4 |N| =1: {¢ € R% P,,(¢) =0} = span{N} and let
X1 € X5 C R? be open and P-convex for supports.
Assume

VBEeER: (C compact connected component of R%\ X; N Hyg=C¢ Xg),
where Hy 3 = {x € R%; (N, x) = B}. Then, both restriction maps

re : Ep(X2) = Ep(X1), f = fix, and 79y 1 Dp(Xz) = Dp(Xa),u = yjx,
have dense range.

Corollary

Let
e P(D) = i% + A, with (z,t) = (21,...,24-1,t) € R? or

o P(D) =2 —Q(D,) with (z,t) = (21,...,74-1,t) € R? and elliptic
Q € C[Xy,...,X 1] of degree > 2.

Moreover, let Y; C Y, C R?! T C R be open such that Y5 does not contain a
compact connected component of R?~!\Y; then

re : Ep(Yox I) = Ep(Yr x I) and 79y : Dp(Ya x I) — Dp(Yr x 1)

have dense range.
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The linear topological invariant (€2) for kernels J
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Let P(D): &(X) — &(X) be surjective.
Given a locally convex space F, is P(D) : &(X, F) — &(X, F) surjective?
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Let P(D): &(X) — &(X) be surjective.
Given a locally convex space F, is P(D) : (X, F) — &(X, F) surjective?

"Yes" if I is a Fréchet space (Grothendieck).

In general "No" for F' = E; being the strong dual of a Fréchet space E (Vogt,
1983).

Thomas Kalmes PDO with a single characteristic direction 13 /17



Let P(D): &(X) — &(X) be surjective.
Given a locally convex space F, is P(D) : (X, F) — &(X, F) surjective?
"Yes" if F'is a Fréchet space (Grothendieck).

In general "No" for F' = E; being the strong dual of a Fréchet space E (Vogt,
1983).

"Yes” in case of F' =’ if and only if &p(X) has () (Vogt, 1983).

"Yes" if &p(X) has () and F' = Ej being the strong dual of a Fréchet space E
with (DN) (Vogt, 1983).
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Let P(D): &(X) — &(X) be surjective.
Given a locally convex space F, is P(D) : &(X, F) — &(X, F) surjective?
"Yes" if F'is a Fréchet space (Grothendieck).

In general "No" for F' = E; being the strong dual of a Fréchet space E (Vogt,
1983).

"Yes” in case of F' =’ if and only if &p(X) has () (Vogt, 1983).
"Yes" if &p(X) has () and F' = Ej being the strong dual of a Fréchet space E
with (DN) (Vogt, 1983).

Let E be a Fréchet space with a fundamental sequence of seminorms
[l ll-l2<... forye E',n €N, let |lyll}; := supsep oy, <1 (¥ T)]-
E has (Q) &

VEeNII>kYn>13Ne€ (0,1),C>0: |- <O -1 M- 1151
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&p(X) has (Q) if
e P is elliptic, X arbitrary (Vogt, 1983)
e P is hypoelliptic, X convex (Vogt, 1983)
@ P is hypoelliptic, X C R? P-convex for supports
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&p(X) has (Q) if
e P is elliptic, X arbitrary (Vogt, 1983)
e P is hypoelliptic, X convex (Vogt, 1983)
@ P is hypoelliptic, X C R? P-convex for supports

For a, m € N¢ define | : m| := Z?:1 aj;/m;; P is called semi-elliptic if it is

possible to write
P)= ) aat"

Ja:m|<1

such that V¢ € RN\{0} : PO(€) := 30, =1 @al®™ # 0.
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&p(X) has (Q) if

o P is elliptic, X arbitrary (Vogt, 1983)

e P is hypoelliptic, X convex (Vogt, 1983)

@ P is hypoelliptic, X C R? P-convex for supports
For a, m € N¢ define | : m| := 2?21 aj;/m;; P is called semi-elliptic if it is
possible to write

P = ) an&”

Ja:m|<1

such that V¢ € RN\{0} : PO(¢) := 2 jam|=1 @& # 0.
P elliptic = P semi-elliptic = P hypoelliptic

Examples: P(&) = 2971 €2 — i€y, more general P(¢) = Q(&1,...,6a—1) — ik
with Q € C[X1, ..., Xq_1] elliptic, deg(Q) > 2.
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&p(X) has (Q) if
o P is elliptic, X arbitrary (Vogt, 1983)
e P is hypoelliptic, X convex (Vogt, 1983)
@ P is hypoelliptic, X C R? P-convex for supports

For a, m € N¢ define | : m| := 2?21 aj;/m;; P is called semi-elliptic if it is
possible to write
P = ) an&”
Ja:m|<1

such that V¢ € RN\{0} : PO(¢) := 2 jam|=1 @& # 0.
P elliptic = P semi-elliptic = P hypoelliptic

Examples: P(&) = 2971 €2 — i€y, more general P(¢) = Q(&1,...,6a—1) — ik
with Q € C[X1, ..., Xq_1] elliptic, deg(Q) > 2.

P semi-elliptic = {¢ € R?; P,,(£) = 0} is a subspace of R,

P semi-elliptic < P semi-elliptic

Thomas Kalmes PDO with a single characteristic direction 14 /17



Theorem

Let P be semi-elliptic with principal part P,, and let X C R% be open.
If dx satisfies the minimum principle in = + {¢ € R%; P,,(¢) = 0} for every
x € R? then X is P-convex for supports and &p(X) has (Q2).
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Theorem

Let P be semi-elliptic with principal part P,, and let X C R% be open.
If dx satisfies the minimum principle in = + {¢ € R%; P,,(¢) = 0} for every
x € R? then X is P-convex for supports and &p(X) has (Q).

Corollary
Let P be semi-elliptic such that {¢ € R%; P,,(¢) = 0} = span{N} with |[N| = 1.
Tfae

i) X is P-convex for supports.

ii) X is P-convex for supports and &p(X) has ().

iii) VB € R: dx satisfies the minimum principle in
Hyp = {z € R% (N, z) = 8}
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Representation of &p(X)’ for hypoelliptic P, X P-convex for supports due to
Grothendieck-Kothe enables for a nice interpretation of the above corollary:
FE be a fixed temperate fundamental solution for P(D), K CRY compact
o u € &(RIK) regular at infinity w.r.t. E iff for one (then every) 1 € &(R?)
with suppt N K = 0 and supp (1 — ¢)) compact:
E x P(D)(yu) = Yu.

RRANK) := {u € & (RNK); u regular w.rt. E}
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with suppt N K = 0 and supp (1 — ¢)) compact:
E x P(D)(yu) = Yu.

RRANK) := {u € & (RNK); u regular w.rt. E}

o (K,)nen be a compact exhaustion of X. There is m € Ny s.th.

VneNue RRN\K,): Julipr = sup  Ju(@)|(1+]]*)™™ < oo
TERINK 41
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o (K,)nen be a compact exhaustion of X. There is m € Ny s.th.

VneNue RRN\K,): Julipr = sup  Ju(@)|(1+]]*)™™ < oo
TERINK 41
R, = {u € RRNK,); |Jull} < oo}( D R(RN\K,_1)) equipped with || - ||
is Banach, lim (Ru, || - 1) =2 &p(X) topologically, (|| - ||%)nen dual

norms of a fundamental sequence of seminorms on &p(X).
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FE be a fixed temperate fundamental solution for P(D), K CRY compact
o u € &(RIK) regular at infinity w.r.t. E iff for one (then every) 1 € &(R?)
with suppt N K = 0 and supp (1 — ¢)) compact:
E x P(D)(yu) = Yu.

RRANK) := {u € & (RNK); u regular w.rt. E}

o (K,)nen be a compact exhaustion of X. There is m € Ny s.th.

VneNue RRN\K,): Julipr = sup  Ju(@)|(1+]]*)™™ < oo
TERINK 41
R, = {u € RRNK,); |Jull} < oo}( D R(RN\K,_1)) equipped with || - ||
is Banach, lim (Ru, || - 1) =2 &p(X) topologically, (|| - ||%)nen dual

norms of a fundamental sequence of seminorms on &p(X).
(Q) for &p(X) thus means Vk € NIl > kVn >13X € (0,1),C > 0Vu € U, R, :

sup fu()|(1+|zf*) ™™ <

z€RNK;
C( sup ful@) M1+ [2[1)7) ( sup  Ju(@)'TAL A+ faf?) 7Y™,
z€ERA\ K, cERI\K,,
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